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Hadronic molecule
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Energy level method

® Raw data: finite volume energy levels EfY

® Get observables: Luscher's formula
PEFV~5(EFV)

® Quantization condition

» Boundary condition: Y(r) = y(r + L)
e B sin[kr+68(k)]

» Asymptotic behavior: Y, (r) ~

=

Luscher:1990ux

(V2+kHY(r)=0for r >R

kr

Non-interaction

/’ L
’ L

"4

Periodic boundary
condition

L, .
Long-range interaction
and small box
L. Meng et al, PRD109 (2024) 7, L071506;

Hansen et al. JHEP 06 (2024) 051;
Rishabh Bubna et al. JHEP 05 (2024) 168
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Potential method
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® Raw data: Nambu-Bethe-Salpeter wave function (NBS WFs)

Time-dependent

Time-independent

V(r) [MeV]
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Ishii:2006ec,Aoki:2009ji,Aoki:2012tk

AKA: HAL QCD (Hadrons to atomic nuclei from LQCD) method

Nambu-Bethe-Salpeter
wave function (raw data)

Derivative expansion
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See Yan Lyu’s talk
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Potential from wave functions

® Asymptotic behavior of equal-time BS amplitude (BSWF, or NBS WFs)  cp_pacs:20059zm

- -z dp  T(pk) ipz
V(s R) = €57 4 [ ks e

» T'(p; k): half-on-shell T-matrix
> ) (X; 75) satisfy the Lippmann-Schwinger eq. as the non-relativistic scattering wave function
® Time-independent HAL QCD (set m = 1, 1D case as an example)

[ dr'V (' Y, () = (5 + k2 )b, (7)

® Time-dependent HAL QCD: correlation without ground state saturation |gii-2012ssm

— m2,+k2 —2m 0 1 0? A ~
R(r,t) = D anthy, (rje” GVt (L2 L) R = (Ho+ V) ROt

n

® General problem: get potential V(r,7") once {¥) ()} or {R;(r)} are given

/ dr'V(r,7" \R(r',t) = K(r,t) RO (r) and KD (r) are known

PN
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To bind or not to bind ) F £

SOUTHEAST UNIVERSITY

® With (deeply) bound NN ® Without bound NN (or inconclusive)

2006 NPLQCD First dynamical calculations |
T 2011 NPLQCD M, ~ 390 MeV |
2012 Yamazakietal. M, ~ 510 MeV 2012 HALQCD M ~ 710 MeV
2015 NPLQCD 0 MeV : 2012 HAL QCD M, = 469 — 1171 MeV
A ! P A
2015 Yamazaki et tholled : " f
1 matics | x P
2 2015 CallLat , f/I,T ~'suuv wieV+P,D,F waveéi A,
2015 NPLQCD/ ™ < 450 MeV |
2020 NPLR ./ Mo ~ 450 MeV
w -2 ' 2019 “Mainz” By . -4
i 2020 CoSMoN M, ~ 714 MeV
3 . 2021 NPLQCD M, ~ 800 MeV
2025 BaSc M, = 714 MeV

[J However, we are observing a preponderance of evidence that the older methods with present statistics, are
yielding qualitatively incorrect spectrum —
I believe the old results are wrong (including those I was involved with)
I believe the di-nucleon system unbinds at pion masses heavier than physical

4'/:\1 Talk of A.Walker-Loud in lattice2023:https://indico.fnal.gov/event/57249/contributions/271301/
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To bind or not to bind

® With (deeply) bound NN

® Without bound NN (or inconclusive)

2006 NPLQCD First dynamical calculations |
T 2011 NPLQCD M., ~ 390 MeV i
2012 Yamazaki etal. M, ~ 510 MeV 2012 HALQCD M, ~ 710 MeV
2015 NPLQCD ~ 200 MeV 1 2012 HAL QCD M, = 469 — 1171 MeV
A 1 ,0‘ a =Y
2015 Yamazaki et trglled ! [ =
el s mg ics . x ¥
2 2015 CallLat f/I,T ~'suuv wieV+P,D,F waveéi A,
2015 NPLQCD < 450 MeV |
2020 NPLR lee ~ 450 MeV
w -2 ' 2019 “Mainz” M, =960 Me
i 2020 CoSMoN M, ~ 714 MeV
3 ‘ Di-nucleons do not form bound states at heavy pion mass D M, = 800 MeV

BaSc Collaboration « John Bulava (Ruhr U., Bochum) Show All(19)
May 8, 2025

30 pages
e-Print: 2505.05547 [hep-lat]
Report number: LLNL-JRNL-2005660

viewin: ADS Abste{ Sqyehchmark of two methods

PN
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ound NN (or inconclusive)

D M, ~ 710 MeV
D M, ~ 469 — 1171 MeV

» =960 Me,
=r { M, ~ 714 MeV
D) M, = 800 MeV
SE1EE » RAIMEEIE -
Disclaimers:
ﬁ‘g@%gmmﬁ HE J ® | am not the member of the

HAL QCD group

u = ? e ® | will try my best to be fair
__.% "* H HE - - . « 1tmgm » tions | CLQCD-2025@Huizhou -E.
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Basics of Potential Scattering
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The only obseravble: cross section

® Scattering theory: interactions occur over a finite region
» Inner region (interacting region): V(r) #0 (r <R) |

» outer region (asymptotic region): V(r) =0 (r > R) i

|

® Asymptotic states (trajectories): particles are free long In asymptote_
before and after the collision

® The theoritical objects: S-matrix, scattering amplitude,
potential, wave functions...

® The observable: cross section

The orbit x(t) |

!
|
Approximate regiorl}

Classic

* of mieracion. |- scattering

On-shell scattering amplitude
Phase shift <P Cross section
Asymptotic wave function

® Non-observable
» Non-asymptotic behavior of y
» Off-shell T-matrix

» Potential
» Source term of femtoscopy E. Epelbaum, et al, Can the strong interactions between hadrons be
J;\j determined using femtoscopy?, arXiv:2504.08631
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Local potential vs Nonlocal potential

® General potential in coordinate and momentum space: (1D as an example)

V(r',r) = (' |Vir)

=4%r{ﬁmmvwwmvm@m

p’ -7

_ (27_‘_)—2 /dpdplv<p/,p)ei(p'r'—pr)

Potential matrix
element in C.M.F

@Wwwﬂﬁr{/@wmﬁwwm@WW»a/wvmwmwv

® Representation with derivative operator

V(r',r) = (2m) 72 /dpdp'V(p/7p)€i(p,r,_pr) h d
o - _—~exchange

— (20) [ dhdgV (g, ke o =" a=p —p

: o _ ptp

s=1 —r, k=5~ nonlocal

(2m) 2 / dkdqV (g, —i0,)e'FsTaf)
V(R, —i0,)d(s)

4,/;\1 Tamagaki, R., & Watari, W. (1967). Potential model approach. Prog. Theor. Phys. Suppl., 39, 23-90
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Local potential vs Nonlocal potential

® General potential in coordinate and momentum space: 1D as example

) —p
V(r',r) = (V)
= (2m)7% [ dpde! /') ' V1) oI
_ (271')_2/dpdp/V(p/,p)ei(plrl_pr)
(V) = (2m) 7" / dp'V(p, )", (V) = [ dr'V(r,r)b(r) | o
Potential matrix
® Representation with derivative operator (local limit) element in C.M.F
V(r',r) = (2#)_2/dkqu(p’,p)e“kSﬂR) , ,
p —P
= (2m) 2 / dkdgV(q)e!FstaR) {R =, = p’/ — D, o
_ _ _ p'+p
= V(R)d(s) s=r T 2 q
/ —_—
:V(T+T)5(T/—T) p p
2 Static boson-exchange

mmwszvmwwwzvmwm

4,/;\1 Tamagaki, R., & Watari, W. (1967). Potential model approach. Prog. Theor. Phys. Suppl., 39, 23-90
% Lu Meng (& #%) | Extracting Hermitian and regular potential from HAL QCD wave functions | CLQCD-2025@Huizhou




No reason to reject nonlocal potentials

® Reasons for favoring local potential:
» Easy for many-body calculation
» Static boson-exchange interactions
> ...

Vc (r) [IMeV]

® Reasons for favoring nonlocal potential
» Nonstatic potential
» Higher energy/short range
» Inelastic scattering Phase shift/
» Recoiling effect equivalent *

1000

200 -

| repulsive
100 -

core

L III

T
1 ]
T Aoki:2008hh  Sg channel 1

| |
| 27 |
| o,w 0
| |
| |

IT
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Reid93

AV18
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» Relativistic effect

» Many-body methods:
No-core shell model
Lattice EFT

> ...

No reason to reject nonlocal potentials

800 —

600 —

p' [MeV] /

400 —

200

In principle, phenomenologically, or in practice :

Chiral NN force 1So I“

B -4
.\lonlocal NN force I%
0 T T T T hnd

Reinert:2017usi

200

400

600 800 1000
p [MeV]
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Unitary transformation

PN

® Potential is not observable: cannot be determined uniquely by scattering experiments
» Eg: high precision nuclear forces

® Observable-equivalent potentials are related by unitary trans. (UT) or field redefinition
HIp) = E|y) = UHUTU ) = EULp) = H[§) = EULp)
® UT can relate local potentials to nonlocal potentials

» Potential, Non-asymptotic 1 and off-shell T-matrix and are changed consistently

Ekstein:1960xkd
® UT was used to increase the convergence of many-body calculation

k? (fm2) k' (fm2)

Bogner:2009bt

k' (fm™) k% (fm?) k' (fm?)
0246810024681002 4681002 4681002 46 810

k? (fm2)

0 (fm)
A -3} A =20 fm VN % =15 fm” W A -10fm" 1
similarity renormalization group
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Query 1: potential is not observable

Query 1: Given the potential is not observable, is HAL QCD method still reasonable?

® In principle one may choose any composite operators with the same quantum numbers as the
hadron to define the BS wave function

® Different operators give different BS wave functions and different hadron potentials
» They are related by UT

» We anticipate they lead to the same observables such as the § and E,,
Aoki, S, et al, PTEP, 2012, 01A105; S. Aoki’'s talk @Lattice 2019

® In the HAL QCD simulations: once the setting of interpolating operators are fixed, the
“‘underlying” potential is fixed in principle

» |f ALL wave functions are known, the underlying potential could be inferred exactly

o R B T
2 + [+ @ 7
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Query 2: Additional information from WFs of interacting regi

Query 2: Additional information from WFs of interacting region?
® The Luscher’s method only concerns on the asymptotic region

® t-independent HAL QCD: extract the phase shift from the asymptotic WF
» The definite results: several 6 (k;)

® Potential from interacting region WFs orinteraction
» Specific parametrization of potential: e.g. derivative expansion
» function 6 (k): scheme-dependent
S L

Yamazaki, T., & Kuramashi, Y. PRD96(2017), 114511.
And subsequent reply and comment

PRD98(2018), 038501; PRD98(2018), 0385012

® To quantifying the uncertaities of phase shift other than §(k;): different parameterization of V

PN
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Numerical experiments Soh) Rk
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® Construct potential from two wave functions
» Potential give the two wave functions
» Arbitrary phase shift at the 3rd energy point

— 1.50—
Input '

1.0 ' - Mll‘lderlying * Illpllt :
1.25 3
st/ N\ N mverse+U'T ¢ DBy hands — Target

1.00 |
I - = I/inverse - Vinverse+UT‘

wave function
Phase shift [Rad]

0.0 0.75
05 = 0.50
0.25
-1.0
’ e 0.00 T _
0 2 4 6 8 10 0.0 0.2 0.4 0.6 0.8 1.0
r [fm] k [GeV]

PN

Lu Meng (& #%) | Extracting Hermitian and regular potential from HAL QCD wave functions | CLQCD-2025@Huizhou 18/39



Numerical experiments ) k%

SOUTHEAST UNIVERSITY

® Construct potential from two wave functions
» Potential give the two wave functions
» Arbitrary phase shift at the 3rd energy point

— 1.0 T ' T - ]

1.0 Illpllt ' I E— Vunderlying * Input ]

1.25 5-

----- mverse+ UL : ¢ By hands —— Target

0.5 = . !

B = 1.00" |

5 ‘E‘ ' - = Vin\"erse - VEnvorse+UT 1

Z 00 2 0.75] !
05 < 0.50
0.25

-1.0
» e 0.0Q' T ‘
0 2 4 6 8 10 0.0 0.2 0.4 0.6 0.8 1.0
r [fm] k [GeV]
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Numerical experiments Soh) Rk

SOUTHEAST UNIVERSITY

® Construct potential from two wave functions
» Potential give the two wave functions
» Arbitrary phase shift at the 3rd energy point

— 1.50—
Input '

1.0 ' - Mll‘lderlying * InI)Ut :
1.25 3
st/ N\ N mverse+U'T ¢ By hands — Target

1.00 |
I - = I/inverse == Vinverse+UT‘

wave function
Phase shift [Rad]

0.0 0.75
05 = 0.50
0.25
-1.0
’ e 0.00 P — _
0 2 4 6 8 10 0.0 0.2 0.4 0.6 0.8 1.0
r [fm] k [GeV]
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Derivative expansion

PN
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Derivative expansion

® Derivative expansion

Vir,r")y = Vo(r)d(r —r") + Vi(r)o(r — ?“’)d% + Va(r)o(r — 7“’);,{—%4 + ...
oLO KM ()
WA = gLz _

Vo(’I“)R (7“) =K (T):>V0(T) = R(l)(F)
®NLO

ROy L RO(r) Vo(r) \ [ KW(r)

RO(r) £ RA)(p) Vi(r) )~ \ K®¥(r)

Aoki, S., & Yazaki, K. (2022). PTEP, 2022(3), 033B04.
® Advantages:
» Efficient for long-range potential: pionic dynamics, chiral symmetry

E.g two-pion tail of DD* interaction Y. Lyu et al., Phys. Rev. Lett. 131, 161901 (2023).
» Local potential: easy for many-body calculation

® Several possible problems beyond the LO
» Hermitian problem
» Singular potential
N Unconvergent potential=unconergent three-body observables
% Lu Meng (& #%) | Extracting Hermitian and regular potential from HAL QCD wave functions | CLQCD-2025@Huizhou




Hermitian

® Derivative expansion of HAL QCD group

4

Vir,r')y =Vo(r)d(r —r") 4+ Vi(r)d(r — r’)ci‘,,{—z +Va(r)d(r — 1)L + ...

!

» Non-Hermitian: all the differential operators acting to the right p
» d?R(r)/dr? can be calculated directly = algebra eq.
» Equivalent expansion in momentum space

. . . 1~
V(p',p) =V(g,p) = Volg) + Vi(g)p + 5‘/2((1)192 -+

® Optional hermitian Derivative expansion:

V(',p)=V(g, k) =Volg) + Vi(@)k + %Vz(q)k2 +

» Have to solve differenttial eq.

2 o 2
Vl(r)zr + ZT Vi(r) =Vi'(r )+2V1(r>z+2vl( 32

PN
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Hermitization?

5

® Hermitization of the non-Hermitian potential
» Scheme-dependent

» Inconsistent 3-body observable
» Inconsistent with the exact observable

0 — {y} —> Vyuu—> 0

<. 27

Aoki, S., Iritani, T., & Yazaki, K. (2020). PTEP, 2020(2), 023B03.

ol Rk

SOUTHEAST UNIVERSITY

Lu Meng (& #%) | Extracting Hermitian and regular potential from HAL QCD wave functions | CLQCD-2025@Huizhou

24/39



Singular potential

® Singular potential
® NLO derivative expansion

ROy L RO \|( Volr) \ _ ( KO(r)
( RO(r) R () ) ( Vi(r) ) i < K2(r) )

® singular at the zero of det of the coefficient matrix

® An example from toy model
» In simulation, it is challenging to handle the singularity NN =05 T =0T 5 =007 =07
» Wave functions are obtained at discrete point. V(x)

(G = Ui

J;\j Aoki, S., & Yazaki, K. (2022). PTEP, 2022(3), 033B04.
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Convergence ) Rk
=05, MU=0.3T==0012, R0 5
® Derivative exansion of the separable interaciton delta(k)
0.4}
® Three wave functions M@® as input in order | o
® The 2-body phase shift is improved with order 0.3
However, 0.25 NNLO
® The potential shape does not convergent | Exact
0.1
® The 3-body observables? * NLO
k
02 04 06 08 1.0 1.2 mu
LO, m=0.5, mu=0.3, c=-0.012, R=9.5 NLO, m=0.5, mu=0.3, ¢=-0.012, R=9.5 V(X';'NLO’ m=0.5, mu=03, c=-0012, H=95
V(x) | gYx) —
o.oozw‘é ““““ ———¢| °2 A
-0.05/ 0.15
_o0| 00—y ¢ | 2
; -0.1} I J
~0.15} : 0 A ‘ ‘ —— ‘
: 0.2/ r f" 4 10
-0-20;* -03 2
-0.25; —04
~0.30" -05" B
Y Aoki, S., & Yazaki, K. (2022). PTEP, 2022(3), 033B04.
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Three-body observables

. 20F
o I
£ |
9 10}
2
Z.
= Z 0
nb>
I
10 F
- s
=
o) I
20k

¢ experimental data from Ref. [34] |
== N4LO+* NN potential of Ref. [36] ]

T off-shell ambiguity of the N4LO+
NN potential [29]

T ——

E. Epelbaum, et al, Can the strong interactions between hadrons be

700150 200 250 300

k. [MeV]

3H binding energy [MeV]

determined using femtoscopy?, arXiv:2504.08631

-7.0

exp

‘37‘4«7 k%

SOUTHEAST UNIVERSITY

5

Lu Meng (& #%) | Extracting Hermitian and regular potential from HAL QCD wave functions | CLQCD-2025@Huizhou

27139



) &8 K%

SOUTHEAST UNIVERSITY

EST expansion

PN
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Separable representation

® The problem: V‘R<’i)> — ‘K(’i)>
K% = (E — Hy)RY

Ernst, D. J., Shakin, C. M., & Thaler, R. M. (1973). Phys. Rev. C, 8, 46-52.
® Ernst-Shakin-Thaler (EST) method:

V = Z KMV (K| ZAmn KM|RDY = 5,,.;

» Hermitian potential
» No singularity
» On-shell and off-shell equivalent: three-body observable convergent

PN
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Separable representation

® Application: on-shell and off-shell equivalent separable potentials of Paris potentials

» Purpose: to solve the 3-body Fadeev function
» Convergent 3-body observables

» High efficiency
k=0.4911 fm™! | k=1.0980 fm"~
| l 1s o 1] Is c) |
o _ o ¢
1F _
A 1 2 Rank-3 EST
o a ]
o -
lOm 0
20 500 4l i
0 1 2 3 4 5 @ 1 2 3 4 5 &6
p(fm) p(fm™)

Haidenbauer, J., & Plessas, W. (1984). Phys. Rev. C, 30, 1822-18309.

30/39
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Two underlying potentials

® Separable potential #°«2021an ,
Virr)=ws—e
’ R r r’/
® LO chiral nuclear force reieri20170si

_ p24p’?

‘/th(p7p,) — CG A2 ; Vope(q> — _49;7% (o;Q?I—OTZ%q + Csubal . 0'2) e A2

» Separable contact interaction + local one-pion exchange interaction

® For simplicity: S-wave and 150 NN interaction

® Solve the time-(in)dependent Schrodinger equation to get wave functions

® Time-independent method
» Choose { } as inputs

® Time-dependent method
» Initial wave functions

R(t=0,2) = =<
» Evaluate t=60
» Two o = {0.3,0.6} as two inputs

PN
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Separatable interaction

‘37‘4«7 J’\ g
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® The EST methods give the accurate potential in LO

® The DE method is convergent

N, e He kT
Vir,r') =ws—;
: f : 0={0.3}, t=60.
-0.05" —0.05" ]
- — Ounderlying ——- OEST 1 E I 5underlying - 6EST
'%‘ = i
é -0.10 - OpE * Input ~0.10 -=+ 0pg ]
= -0.15 L0.15- ]
) - I
i-:"é 5 I ] I
Ay S0200 N —020 |
025 e 10250 o TTmmeeeeeaen ’
-t mdependent results ] t dependent results |
~0.30" | | e 1030 | '
0.0 02 04 06 0.8 1.0 1.2 OO 02 04 06 0.8 1.0 1.2 1.4

RN ki n

k/
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Separatable interaction

‘37‘4«7 J’\ g
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Phase shift [Rad]

® The EST methods give the accurate potential in LO

® The DE method is convergent

t dependent results

0={0.3, 0.6}, t=60. -

- 5underlying - T 5EST

==+ JpE

-0.05¢ ;_0_05;
E — Uunderlying - 5EST E E

-0.10 —-- ODE * Input -0.10

015" L0.15-

020 N T ~0.20 -

-0.25" ~0.25"
N mdependent results ]

-0.30" | | e 1030
0.0 02 04 06 0.8 1.0 1.2 00

RN ki

02

04 06 08 10 12 14
k/
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Local interaction

$ &K%

St U’V’L
.~z~<;
SN Z @
&7,
S\ '~

ML

® The DE method gives the accurate results at LO

SOUTHEAST UNIVERSITY
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® Convergent EST results, not bad performance ctelP; = .
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Local interaction
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® The DE method gives the accurate results at LO

SOUTHEAST UNIVERSITY
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® Convergent EST results, not bad performance ctelP; = .
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Physical interaction o) Rf k8

Phase shift [Rad]

SOUTHEAST UNIVERSITY

® Including both separatable part and local part

® The performance of EST method is better Vere(p,p') = Ce™ :
® In t-dependent methods, singular potential Vope(q) = =5z | etz + Cowor - 02) e A

M
0={0.3}, t=60.

1.2 — Ounderlying ==~ OEST 51.2:
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Physical interaction
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® Including both separatable part and local part

® The performance of EST method is better

® In t-dependent methods, singular potential
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Combine local and seperable parameterizaiton

® Chiral nuclear force
» Long-range: pionic exchange interaction + Short-range: separable interaction

2, .72
/ _p°+p
chtc(pap) = (e A
g2 +m2
_ ga [ o1-qoa2-q — =
Vope(q> _ _4F7% ( q2‘|‘m72r + Csuba-l ' 0-2) € AZ

® Mixed strategy: W = Wopng + Wresi
» Long-range part: local potential
» Short-range part: EST method

PN
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Summary and outlook

NBS WFs [ _ 4 Potential [_Z Observables

® Re-emphasize some concepts
» Potential and non-asymptotic wave function are not observable
» Interpolating operators = potential
» Cannot rule out the nonlocal potential either in principle or phenomenologically
» Different V parameterizations to get uncertainties

® Derivative expansion beyond LO:
» Highly efficient for long-range interaction
» Beyond LO: singular, non-Hermitian, convergent of potential and 3-body observable

® EST expansion:
» Hermitian, no-singular, convergent potential and 3-body observable
» Efficient and robust; EST perform better for chiral nuclear force,
» Systemic uncertainty

® Outlook
» Combing EST and DE: short-range: EST, long-range: DE Thanks for
» Check: 3-body observable, peripheral phase shift your attention!
AN
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BACKUP

PN
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Bound state

U’d iy ,% ‘&@)
f?%iéik%

SOUTHEAST UNIVERSITY

® At LO, both EST and DE method give reasonable binding energy

, _p2—|—2p/2
® The EST method perform better in phase shift Vere(p,p') = Ce™ 22, o
I
® Singular potential in DE at NLO Vope (@) = — 472 ( a7tz + Csupo - 02) e A2
3o 3.0
I T 5underlying - 5EST i i U={03}’ t=60.
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Bound state ) &8 K%

SOUTHEAST UNIVERSITY

® At LO, both EST and DE method give reasonable binding energy

, _p2—|—2p/2
® The EST method perform better in phase shift Vetelp,p') = Cem a7,
g0y -
® Singular potential in DE at NLO Vope (@) = — 472 ( a7z + Csupo -02> e A
3.07 e E 307 L e e e e L e E
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) &8 K%
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Machine learning offer a solution?

Back-Propagation

Ue(r, r')[MeV?]

Residual of ===
Schrédinger Eq.

0
[ """""" =l
-2

¢ (r)
or
R(t, 1)

Wang, L., Doi, T., Hatsuda, T., & Lyu, Y. (2025). PoS, LATTICE2024, 076 i rifm)
® Deep neutral network as the representation of potential

» General potential function: nonlocal potential

® Cannot alter the fact that the solution is not unique
j dr'v(r,rY)RO@) = KO(r) = VyewRY , = K&

N: # of quadrature points
N wave functions to fix potential matrix V.

® Promising approach the systemic uncertainties of the different potential parameterization

PN
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discrepancy

4SS
(52 550)
Shwzaw
N7
7 I~

ML

ceive significant contributions from excited states. For
single hadrons, the excited state gap is roughly set by
2m,. Thus, the ground state is resolvable over a Eu-
clidean time of roughly 1 — 2 fm. In contrast, for NN
calculations, the excited state gap is roughly set by the
quantized momentum modes of the nucleon. With pe-
riodic spatial boundary conditions, these are AFE, =
2y/m?3 + p2 — 2my =~ p2/my with p, = /n(27/L) for
integer n. For typical sizes of the lattice L, these energy
gaps are O(20—50) MeV and thus, without a suppression
of the excited states, the ground state is not resolvable
until 4 — 10 fm in time while the S/N for NN calculations
has degraded around ¢t ~ 2 fm. Thus, for correlation func-

Di-nucleons do not form bound states at heavy pion mass

BaSc Collaboration « John Bulava (Ruhr U., Bochum) Show All(19)

May 8, 2025

30 pages
e-Print: 2505.05547 [hep-lat]

Report number: LLNL-JRNL-2005660

View in: ADS Abstract Service

This discrepancy was believed to be due to uncon-
trolled systematic uncertainties with the HAL QCD Po-
tential method [19-24]. At the same time, subsequent
work by HAL QCD raised serious concerns about the cal-
culations that observed bound states [16-18, 25]. This
was followed up by two-baryon calculations that uti-
lized a set of operators that enabled the use of momen-
tum space creation operators, in contrast to the local
hexa-quark (HX) creation operators used in Ref. [9-15]
(these operators will be defined subsequently). These
new methods found significantly reduced binding ener-
gies in the case of the h-dibaryon [26, 27|, or a lack of
bound states in the case of di-nucleons [28, 29]. This dis-
crepancy has long plagued progress toward the physical
point and led to a lack of confidence in results reported
for further two- and higher- nucleon quantities [30, 31].

PN
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Time-independent HAL QCD

P -
—

® The equal-time BS amplitude (BS wave function, BSWF) CP-PACS:2005gzm
(k) = (Olm (/2)ma(=/2)|m1 (k) ma(—k);in)

® Asymptotic behavior of BS wave function

- o 3 , o o
¢<x; k) — ezk-x + f (;iwz)?f3 p2T(p’k)~ e’

» T'(p; k) is the half-on-shell T-matrix

> ) (X; I_c)) satisfy the Lippmann-Schwinger eq. as the non-relativistic scattering wave function

» Using Nishijima, Zimmermann and Haag (NZH) reduction formula for composite local
operators

» No non-relativistic approximation, just a formal resemblance

® The BSWF at different energies {k;} in the lattice are the raw data of t-independent HAL QCD

® The general problem: i, (¥) = V from Schrodinger-like equations
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Observable or not? N Rk

® Non-observables

» Non-asymptotic behavior of i, e.g. the deuteron D-state probability

» Off-shell T-matrix Amghar:1995av
> Potential 1 LI 1 I I | LI ]
0.06- AV18 withn__ =8 -0.03
. o gh® 8 B @
» Source functions. - o ]
0.05 ® 0O »«e#oﬁﬂo‘ < oy ¢ A4 0—: 0.025
® Observables sl J 1 MNa
p I - -0.02
» Asymptotic behavior of Po03k a i
b 5]
i o --2.22
» Phase shift 0.02 - . d
' © © © ©000QC00NNNIIED 0000 © © ©_|_) )5
i » e Binding energy [MeV] . E
. a
» On-shell T-matrix 0.01}+ o a D-state probability - -223 9
g ° - ¢ Asymptotic D/S ratio -
» Correlation functions 0 - i 5 4 5 T

P ATfm ™"
@ :
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Some tips eh) L& K%

SOUTHEAST UNIVERSITY

Two different expansion

® using the potential to perform formal expansion
» A regular potential could be singular after expansion

® Using the potential generate the wave function and then use the wave function to generate
potential

® \Why only even term

odd derivative terms are absent in the hermitian potential with rotational and time-reversal
symmetries, we do not need such terms to describe scattering phase shift.

PN

Lu Meng (& #%) | Extracting Hermitian and regular potential from HAL QCD wave functions | CLQCD-2025@Huizhou 50/39



Proof of hermitian

V\R(i)> — K@

K% = (E - Hy)RY

V=Y |K") A (K™, ZA (K™ |RWY = §,,.;
Hermitian

Vi=2 [KM)AL, (K™

the matrix {(K|R(")} is Hermitian and so it is { A}

(K™ |R™) = ((E — Ho)R'"™ |R™)
_ <R(m)|E _ [_A]O‘R(n)>

5
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