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Why Renormalization

• Scheme Conversion

1

𝑎
𝑐𝑢𝑡 → certain scheme a

Part ①

Renorm

• Divergence Subtraction

linear divergence

log divergence

Renorm

MS
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Renormalization

• 1) Renormalization requires the ability to eliminate the divergence caused by the lattice effect.

• 2) The converted scheme is well-defined for effective matching or running …

Renormalization: Bridging the lattice scheme with the physics

What is Renormalization

MatchingLattice scheme

results

A well-defined 

intermediate

scheme

Physical

results
(Eliminating the 
lattice divergences)

RI-MOM, Ratio, 

Self, Hybrid, …

Part ①
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Comparison of Different Renormalization

(Eliminating the 
lattice divergences)

Part ①

• RI/MOM RI/SMOM Scheme

Martinelli et.al, NPB (1994); 

Alexandrou et.al, NPB (2017); Stewart, Zhao, PRD (2018)

He et.al, PRD (2022); Bi et.al, PRD (2023)

• Ratio Scheme

Radyushkin et.al, PRD (2017)

• Self Renormalization and Hybrid Scheme

Ji et.al, NPB (2021); Huo et.al, NPB (2021)

Pros Cons

Strict subtraction

Well established 
Widely applied
…

Easy to use

Well subtraction 
at short-distance

Extra IR behavior

at large-distance

Not suitable for non-local 

(e.g. Gauge dependence, 
Signal problem …)

—— The best match for the LaMET formalism  



Part 2 Baryon quasi-DAs on Lattice
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• With the LaMET, instead of taking light cone calcuation, one can perform an expansion for large 

but finite 𝑃𝑧.

• For  LCDA:

Matching kernel Quasi-DALCDA

High power correction

X.Ji PRL110 262002 (2013) 

Review of the LaMET Method Part ②

LaMET Matching𝜓 𝜓𝜓

t

𝑦

𝑧

𝜓

𝜓

𝜓

t

𝑦

𝑧

Large Momentum Effective Theory (LaMET)
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Baryon Quasi-DAs

➢ Corresponding quasi-DAs on Euclidean lattice:

➢ Definition of Baryon LCDAs:

V.L.C & I.R.Z NPB 24652 (1984)

G.R.Farrar et.al. NPB 311585 (1989)

C.Han et.al.  JHEP 12044 (2023) 

LPC, PRD 111, 034510 (2025) 

Part ②

𝑓𝑖
′

𝑔𝑗′

ℎ𝑘
′

𝑧1
𝑧2

𝑧3

0

𝜖𝑖𝑗𝑘

| ۧ𝐵(𝑃𝐵 , 𝜆)

✕ 𝑃𝑧

(1 − 𝑥1−𝑥2)𝑃
𝑧ℎ

𝑥1𝑃
𝑧𝑓

𝑥2𝑃
𝑧𝑔

෠𝑂𝛾 Ԧ𝑥, 𝑡; 𝑧1, 𝑧2 = 𝜖𝑖𝑗𝑘𝑊𝑖𝑖′ ∞, Ԧ𝑥 + 𝑧1𝑛𝑧 𝑓𝛼
𝑖′ Ԧ𝑥 + 𝑧1𝑛𝑧, 𝑡

× ෨𝛤𝛼𝛽𝑊
𝑗𝑗′ ∞, Ԧ𝑥 + 𝑧2𝑛𝑧, 𝑡 𝑔𝛽

𝑗′
Ԧ𝑥 + 𝑧2𝑛𝑧 ×𝑊𝑘𝑘′ ∞, Ԧ𝑥 ℎ𝛾

𝑘′ Ԧ𝑥, 𝑡
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Meson and Baryon Quasi-DAs

➢ Definition of Baryon Quasi-DAs:➢ Definition of Meson Quasi-DAs:

LPC, arXiv:2508.08971 (2025)

Part ②

𝑓𝑖
′

𝑔𝑗′

ℎ𝑘
′

𝑧1
𝑧2

𝑧0

0

𝜖𝑖𝑗𝑘

| ۧ𝐵(𝑃𝐵 , 𝜆)

෠𝑂𝛾 Ԧ𝑥, 𝑡; 𝑧1, 𝑧2 = 𝜖𝑖𝑗𝑘𝑊𝑖𝑖′ ∞, Ԧ𝑥 + 𝑧1𝑛𝑧 𝑓𝛼
𝑖′ Ԧ𝑥 + 𝑧1𝑛𝑧, 𝑡

× ෨𝛤𝛼𝛽𝑊
𝑗𝑗′ ∞, Ԧ𝑥 + 𝑧2𝑛𝑧, 𝑡 𝑔𝛽

𝑗′
Ԧ𝑥 + 𝑧2𝑛𝑧

×𝑊𝑘𝑘′ ∞, Ԧ𝑥 ℎ𝛾
𝑘′ Ԧ𝑥, 𝑡

LPC, PRL 127, 062002 (2021)

𝑚𝑖′

𝑛𝑖

𝑧1
𝑧0
0

| ۧ𝑀(𝑃𝐵)

෠𝑂 Ԧ𝑥, 𝑡; 𝑧 = 𝑚𝛼
𝑖′ Ԧ𝑥 + 𝑧𝑛𝑧, 𝑡 ෨𝛤𝛼𝛽𝑊

𝑖′𝑖 Ԧ𝑥 + 𝑧𝑛𝑧, Ԧ𝑥, 𝑡 𝑛𝛽
𝑖 Ԧ𝑥, 𝑡

1D 2D
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Lattice Setup Part ②

• Based on CLQCD Ensembles

 Three different lattice spacing

Ensemble Volume Lattice spacing 𝝅 mass measurement 𝑷𝒛

C24P29 243 × 72 0.105 fm 293 MeV 864*4 1.96, 2.45, 2.94, 3.43 GeV

F32P30 323 × 96 0.077 fm 303 MeV 777*4 1.99, 2.50, 2.99, 3.49 GeV

H48P32 483 × 144 0.052 fm 317 MeV 550*6 1.99, 2.48, 2.98, 3.48GeV

CLQCD, PRD 109, 054507
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Bare quasi-DA results Part ②

12

• z-dependence of normed bare ෨𝜓 𝑧1, 𝑧2, 𝑃
𝑧 on different lattice spacing 

𝑃𝑧=0 GeV

fix 𝑧1=0 fm

෨𝜓 𝑧1, 𝑧2, 𝑃
𝑧 = 𝜓 𝑧1, 𝑧2, 𝑃

𝑧 /𝜓 𝑧1 = 𝑧2 = 0 , 𝑃𝑧Normed Bare quasi-DA ෨𝜓：

𝑃𝑧=0.5 GeV

Lambda  axial term

Divergence?
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Bare quasi-DA results: Linear divergence Part ②

13

Linear divergence form for Normed Bare quasi-DA ෨𝜓 ：

Log scale𝑃𝑧=0 GeV

Divergence?
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Ratio scheme quasi-DA results

෨𝜓ratio 𝑧1, 𝑧2, 𝑃
𝑧 = ෨𝜓 𝑧1, 𝑧2, 𝑃

𝑧 / ෨𝜓 𝑧1, 𝑧2, 𝑃
𝑧 = 0

• z-dependence of ratio scheme quasi-DA ෨𝜓ratio 𝑧1, 𝑧2, 𝑃
𝑧 on different lattice spacing 

Part ②

Ratio scheme quasi-DA ෨𝜓ratio : 

𝑃𝑧=0.5 GeV fix 𝑧1=0 fm

Short
distance

√

Large
distance

?

Lambda  axial term

෨𝜓 𝑧1, 𝑧2, 𝑃
𝑧 / ෨𝜓 𝑧1, 𝑧2, 𝑃

𝑧 = 0

gives extra IR behavior
at large distance



Part 3 Self renormalization
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Self renorm: Use Lattice data to renorm them·selves

Part ③Self-renormalization scheme

• 1) Lattice perturbation theory gives a 

parametrization of the Lattice divergences

• 2) With data from different lattice ensembles

we can fit the terms with lattice spacing dependence

• 3) Remaining terms can be obtained by matching with the 

perturbative result at the short-distance region.

Ensemble Volume
Lattice 
spacing

C24P29 243 × 72 0.1052 fm

F32P30 323 × 96 0.0775 fm

H48P32 483 × 144 0.0520 fm
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Self-renormalization: 2-step fitting

fix ΛQCD = 0.2 GeV

b0• Step-1 (fitting the lattice spacing dependence)

• Re- matrix element & renorm factor

• Step-2 (matching the perturbative result)

Part ③



Self fitting step-1

• Step-1 fit result

z1, z2: 0.15~ 0.70 fm

18

Interpolate to a0 = 0.05 fm

Part ③

Fit result z1=0 (log scale) Fit result z1=z2 (log scale) 
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z1-, z2-: 0.05 ~ 0.20 fm

• Step-2 fit result

Self fitting step-2 Part ③
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Self scheme quasi-DA ෨𝜓self

• z-dependence of quasi-DA ෨𝜓self 𝑧1, 𝑧2, 𝑃
𝑧 on different lattice spacing 

Self scheme quasi-DA ෨𝜓self : 

𝑃𝑧=0.5 GeV

fix 𝑧1=0.250 fm

𝑃𝑧=2.0 GeV

Lambda Axial term

Part ③

Poles?

𝑀𝑆:



Part 4 Hybrid scheme
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Hybrid scheme: Use suitable schemes for different regions

Part ④Hybrid scheme

• 1) Short-distance region

• 2) Long-distance region

• 3) Mixing regions

𝑧0 𝑧s
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Hybrid scheme quasi-DA ෨𝜓hybrid

• z-dependence of quasi-DA ෨𝜓ℎ𝑦𝑏𝑟𝑖𝑑 𝑧1, 𝑧2, 𝑃
𝑧 on different lattice spacing 

Hybrid scheme quasi-DA ෨𝜓ℎ𝑦𝑏𝑟𝑖𝑑

𝑃𝑧=0.5 GeV

fix 𝑧1=0.250 fm

𝑃𝑧=2.0 GeV

Lambda A term

Part ④



Bare Matrix 
Element

Hybrid schemeRatio scheme

Self scheme

Schemes Comparison (Hybrid) Part ④

24

𝐋𝐚𝐫𝐠𝐞
𝐝𝐢𝐬𝐭𝐚𝐧𝐜𝐞

?

𝐃𝐢𝐯𝐞𝐫𝐠𝐞𝐧𝐜𝐞?

𝐏𝐨𝐥𝐞𝐬?

𝑾𝒆𝒍𝒍
𝒅𝒐𝒏𝒆

√
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Quasi-DA results under Hybrid renormalization Part ④

• Hybrid renormalized large momentium baryon quasi-DA

 Match with MS matrix element Different regions in Hybrid  Renormalized quasi-DA

𝚲 quasi-DA Proton quasi-DA

Re Im Re Im

𝑃𝑧 = 2.0GeV

well-defined and smooth in all regions



Part 5 Summary
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Renormalization

Towards Reliable Light Baryon LCDA on Lattice: 

Summary Part ⑤

LaMET MatchingLattice scheme

results

A well-defined 

scheme

Light cone

results
(Calculating the 
LaMET matching 
kernel under self 
scheme)

Ratio scheme

Self renormalization

Hybrid scheme

LPC, PRD 111, 034510 (2025) LPC, arXiv:2508.08971 (2025) 

Done!
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Summary Part ⑤



Part 6 Backup
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Baryon LCDAs Part ①

✕ 𝑃𝑧

(1 − 𝑥1−𝑥2)𝑃𝑧ℎ

𝑥1𝑃𝑧𝑓

𝑥2𝑃𝑧𝑔

• Definition of baryon LCDA:

• Leading twist octet baryon LCDA:

C.Han et.al.  JHEP 07019 (2024);

V.L.C & I.R.Z NPB 24652(1984); G.R.Farrar et.al. NPB 311585(1989) 
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Lattice Setup

➢ Definition of the Operators on Lattice

Part ⑥

𝑇 = γ𝑡 + γ𝑧

Matrix 

element

Source-side

Operator

Sink-side

Operator

Projection Operator
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