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Why Renormalization
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What is Renormalization Part @

Renormalization: Bridging the lattice scheme with the physics

Lattice scheme Renormalization A well-defined Matching Physical
| —  Intermediate | —
results
(Eliminating the scheme results
lattice divergences)
RI-MOM, Ratio,
Self, Hybrid, -

* 1) Renormalization requires the ability to eliminate the divergence caused by the lattice effect.

* 2) The converted scheme 1s well-defined for effective matching or running ...



Comparison of Different Renormalization

* RI/MOM RI/SMOM Scheme

Strict subtraction

Well established
Widely applied

* Ratio Scheme Easy to use
Well subtraction
at short-distance

e Self Renormalization and Hybrid Scheme

Not suitable for non-local

(e.g. Gauge dependence,
Signal problem --)

Extra IR behavior
at large-distance

—— The best match for the LaMET formalism
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Review of the LaMET Method Part @

Large Momentum Effective Theory (LaMET)

LaMET Matching
| >

* With the LaMET, instead of taking light cone calcuation, one can perform an expansion for large
but finite P%. LCDA Matching kernel ~ Quasi-DA
e For LCDA: ¢(x1,T2; 1) = / dy1dys C(xl,m;yl,yz;Pz,u);ﬁ,&s(yl,yQ;Pz, ”ﬁ X.Ji PRL110 262002 (2013)

+0 ( A%QCD A%QCD A%QCD
(

xlpz)Q’ (CE‘QPZ)2’ [(1 — = xg)PZ]Q) ngh power correction



Baryon Quasi-DAs Part 2

» Definition of Baryon LCDAs:
- Q=02 ar (60,605 P) = (0169 £2 (610) Wi (€1, €0) g (€2m) W (€2, E0) (€om)| B(P, N)

& [ dPTE AP 6y pee oy, ML (€1,69; Py p) V.L.C & I.R.Z NPB 24652 (1984)
(21,22, p) = py. o O M.(0,0; P, 1) G.R.Farrar et.al. NPB 311585 (1989)

» Corresponding quasi-DAs on Euclidean lattice: C.Han et.al. JHEP 12044 (2023)
LPC, PRD 111, 034510 (2025)

50 P10z dz —i(T1p.121+ TPz A = z
ik Fu(pr,p2)® (21, 22) = / DL PEER eitmmanmnan) (00 (21, 2, T ) |P7)

{0

27 27

0,(,t;21,25) = €W (0, % + 2,1, fi (& + zyny, t)

|B(Pp, A))

Octet | n D A
fgh |ddu|uud|uds

X Tug W' (00,3 + zym,, £) gy (% + 25n,) X W' (00, )R (2, 1)




Meson and Baryon Quasi-DAs Part @

» Definition of Meson Quasi-DAs: » Definition of Baryon Quasi-DAs:
10

|B(Pp, A))

~ NN ~ PN 5 N 9) Xt 7,2 =EijkW”’ 0, X + z41n il)?+zn,t
0%, t;z) = mg'(x + zn,, OIpW"' (X + zn,, X, t)ng (X, t) y( 1 %2) _(_, in2)fa ( ) 11z, t)
X IogW) (0,% + zyn,, t)gljg (X + z,n,)

X W' (00, 2)RE (%, 1)

Re[e ™ Hy-,1(2)] Imle Hy-, ()]
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Lattice Setup Part 2

 Based on CLQCD Ensembles CLOCD, PRD 109, 054507

O Three different lattice spacing

Volume Lattice spacing measurement

C24P29 243 x 72 0.105 fm 293 MeV 864*4 1.96, 2.45, 2.94, 3.43 GeV
F32P30 323 x 96 0.077 fm 303 MeV TT7*4 1.99, 2.50, 2.99, 3.49 GeV
H48P32 483 x 144 0.052 fm 317 MeV 550*6 1.99, 2.48, 2.98, 3.48GeV




Part 2

1/;(21»22»132) = Y(z1,2,, P?)/Y(z, = 2z, = 0, P?)

» z-dependence of normed bare Y (z4, z,, P?) on different lattice spacing

Bare quasi-DA results

Normed Bare quasi-DA i:

Lambda axial term fix z;=0 fm

P%=0 GeV

Bare results for Lambda quasi-DA, PZ =0 GeV, fix 2,=0.000 fm

P%=0.5 GeV

Bare results for Lambda quasi-DA, P? = 0.5 GeV, fix 21=0.000 fm ( A;=0.000 )

1.0 T t Bare, a=0.1053fm 1.0 . - . } Bare, 2=0.1053fm
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} Bare, 3=0.0519fm } Bare, a=0.0519 fm
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0.6 - R . 0.6 7 . ’
o
S ' ‘ g ' '
b ) b b
Divergence? °] + + ] + »
b b ' ¢
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Bare quasi-DA results: Linear divergence

Linear divergence form for Normed Bare quasi-DA v :

k

M ; Pria) =
(Zh 22 a) «r a ln(aAQCD)

p|(

PZ=() GeV Log scale

Bare results for Lambda quasi-DA, PZ =0 GeV, fix 2,=0.000 fm

Part 2

|21 — 22

|

+mg)Z| X m(z1, 22; P:; a)

Lambda bare result linear divergence atz1 =0,22 > 0
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/ o | ' L i } 1ol & z=020fm
' . R ’ ' @ z2=025fm
— , ! L ., ¥ 22=030fm
\ . 22 = 0.35fm
. 1.2 z2 = 0.40 fm
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Z129 < 0

max(z1,22) 2122 >0




Ratio scheme quasi-DA results

Ratio scheme quasi-DA pratio ;

Part 2

l;bvratio(zllZZIPZ) — l/;(zerZIPZ)/l/;(erZZ'PZ — O)

» z-dependence of ratio scheme quasi-DA Y™4°(z,, z,, P?) on different lattice spacing

Lambda axial term

Mg

P#=0.5 GeV
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0.704
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fix le() fm

Ratio scheme for Lambda quasi-DA, P? = 0.5 GeV, fix z2;=0.000 fm ( A,=0.000)

f

!

'.....’

$ Ratio, a=0.1053 fm
}  Ratio, a=0.0775 fm
}  Ratio, a=0.0519 fm

Short Large
distance distance
V ?
—iO —iS —iD —0.5 dO 0.5 ﬁO £5 50

)I.z 222PZ

¢~(211Z21P2)/lﬁ(zl'221P2 - 0)

gives extra IR behavior
at large distance
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Self-renormalization scheme Part @

== = = = = = = = = = = = = e = = e e = = = = = = = = = = = = = = = =)
Self renorm: Use Lattice data to renorm them:-selves
e 1) Latti turbation th : ~ s M (z1, 22,0, P%,q) . Jlzm—=l  zmzm<0
) Lattice perturbation theory gives a Mszs (21, 22,0, P, 1) = ZREzl,zzQ,a,IJJ) z_{max(21,zz) 212 >0

parametrization of the Lattice divergences

Zr(21, 2, a, 11) = exp K@ LA mg) s+ Ny [hl[l/(‘IAQCD”] +ln [ d ] + f(z1, 20) E

nlaAqep] — In[p/Aws] In(aAgcp)

e 5 saidl

i S B Lattice
i il gt T Volume

MR Bt LT spacing

we can fit the terms with lattice spacing dependence

« 2) With data from different lattice ensembles

C24P29 243 x 72 0.1052 fm
* 3) Remaining terms can be obtained by matching with the F32P30 327 x 96 0.0775 fm
perturbative result at the short-distance region. H48P32 483 x 144 0.0520 fm

16



° ° ° ° - 21 — 22 2122 0
Self-renormalization: 2-step fitting Z:{max<zl,|z2) 22, Part®

(fitting the lattice spacing dependence)
k

pup In(1/aAqcp)
aln(aAqep)

d
n +1n {1 + ]
bo ln(u/AM—S) ID(QAQCD)
ﬁX AQCD = 0.2 GeV

In M(z1,29; P, =0;a) = E-I—g(zl,ZQ)—l—f(zl,zQ)az-I—

* Step-2 (matching the perturbative result)

9(z1, 22) — In Zgzg(21, 22; 1, Agrg) = moZ + bo

7 3
1 1 d
5 n +8n + —In

8 4

aCp [7. 22u2eE
Zes(, 20 o Asgg) = 1 + F[ 1

e Re- matrix element & renorm factor

MR(Zl,ZQ; Pz = 0) = exp (9(21,22) — moé — b())

k

Yo 1 In(1/aAqcp)
a ln(CLAQCD)

b " In(e/Ag) l“lnmfm)“

ZRr(z1,%2;0) = exp [ Z+moZ+ fz1,22)a” +



Self fitting step-1

k

Yo

bo

~

< +g(21722) + f(zlazQ)a’z +

~ aln(aAqcp)

In M(z1,22; P. = 0;a)

»  Step-1 fit result Fit result z1=0 (log scale)

Interpolate to a0 = 0.05 fm

Lambda linear divergence joint fitting resultat z21 = 0,22 > 0

ln( 1/03AQCD)

Part @

d

In

zl,2z2:0.15~0.70 fm 00T = = .
\
—0.2 "\\.~\
Parameters: \\\
04
k 0.7792 27)| [ 0+ 10 ]
g 1410 —T.020 (30) [ 9t 10 ]
f -14_-1@ 1.2 (5.9) [ 9+ 10 ] s
g -14 -9  1.066 (40) [ 0+ 10 ]
f_-14_-9 9.4 (5.5) [ 0t 10 ]
g -14_-8  1.100 (43) [ 0t 10 ] .
f 14 -8  -0.3 (5.4) [ 9+ 10 ] § 22=005Mm
g 14 -7  1.124 (46) [ 0+ 10 ] T 22=010fm
f .14 -7  -0.7 (5.4) [ 0+ 10 ] Lo ® m=o015fm
g -14_-6  1.135 (47) [ 0t 10 ] ® 22=020fm
f_-14_-6  -0.6 (5.4) [ 0 +10 ] % Z-gam
g -14 -5  1.133 (46) [ 0+ 10 ] 1 M
f 14 -5  -0.2 (5.3) [ 0+ 10 ] 3 22=040m
g -14_-4  1.119 (44) [ 0t 10 ] . . . . .
f_-14_-4 9.5 (5.1) [ 0+ 10 ] 20 23 a fGe\?io 3.5 4.0
g 14 4  1.209 (43) [ 9+ 10 ]
f 14 4 6.0 (6.2) [ 0+ 10 ]
g -14.5  1.253 (49) [ 0t 10 ]

In(p/Ays)

0.0

—-1.0 4
-1.2

—1.4

+1n (1 +

ln(aAQCD)

Fit result z1=z2 (log scale)

Lambda linear divergence joint fitting result at z1 = z2 > 0

z1=z2=0.05 fm
z1=2z2=0.10 fm
z1=z2=0.15 fm
z1=22=0.20 fm
z1=2z2=0.25 fm
z21=z2=0.30 fm
z1=7z2=0.35 fm
z1=2z2=0.40 fm

o} (of o] @] [@] [@] [@] [@]

T T T
3.0 3.5 4.0

1/a (GeV)

T T
2.0 2.5




Self fitting step-2 Part @

9(z1, 22) — In Zgzg(21, 22; 1, Ajg) = moZ + bo

asCp |7 z% pre* e 7 z% u2e?7e 3 (21 — ZQ)QIMQeQ"yE
ZM_S(ZLZ%M,AM—S):lJr? éln 1 +§ln 1 +Zln 0

+4

Lambda result of matching the lattice matrix elements to the MSbar scheme perturbative expression

¢ Step_2 flt result Matching Region b explglzy.z2) — mgZ — bg), Z1=0.050 fm
—-—- Zws, 21=0.050fm b explglzi,zz) — moZ — bg), z1=0.100 fm
zl-,72-:0.05~0.20 fm 187 --+ 7§ 21=0100fm  §  explglzr.zz)— moZ — by), 21=0.150 fm
—=r Zpg, 21=0.150fm b explglzi.z;) — moZ — bg), 21=0.200 fm
—-—- Zps, 21=0.200 fm
Parameters: :"“"--.___
me  1.254 (11) [ 0+ 10 ] L O
b  6.1093 (23) [ 0+ 10 ] I
- N
Fit: Tl T TN
key ylkey] f(p) [key] Thsel TN *:}:‘-
_________________________________________ - SR RANY
g -41  0.6632 (58) 0.6636 (11) 5 }*‘ . Y. N
g -4 2  0.7873 (73) 0.7897 (15) E | b ;\“i AN
g -4 3  0.8843 (88) 0.8905 (20) N
g -4 4 8.960 (10) 0.9808 (25) * Lo ' ¢
g -3.1  0.5688 (45) 9.56330 (87) *
g -32  0.7001 (60) 0.6943 (11) '
g -3.3  0.8029 (74) 0.7981 (15)
g -34  0.8843 (88) 0.8905 (20)
g -2.1  0.4438 (39) 9.44705 (95) 10+ ‘
g -2.2  ©.5897 (45) 9.58605 (87)
g -2.3  0.7001 (60) 0.6943 (11)
g -2.4  0.7873 (73) 9.7897 (15)
g -1.1  0.2911 (23) 0.2924 (13)
0.8 1 .

T T T
-0.8 -0.6 0.4 -0.2 0.8




Self scheme quasi-DA ijself

Part @

_ M(z1, 2; P;;a)

Self scheme quasi-DA s!f Mp(21,22; P,) =

Zr(z1, 22;a)

» z-dependence of quasi-DA %€ (z,, z,, P?) on different lattice spacing

Lambda Axial term fix z;=0.250 fm

P%=0.5 GeV P%=2.0 GeV
Self scheme for Lambda quasi-DA, P, =0.5 GeV, fix 2;=0.250 fm ( A;=0.631) Self scheme for Lambda quasi-DA, P, =2.0 GeV, fix 2,=0.250 fm ( A;=2.522)
¢ Self a=0.1053 fm b self,a=0.1053 fm
t  Self a=0.0775 fm | b Self,a=0.0775 fm
14 | } ) } b self.a=0.0519 fm 104 l } t b Self.a=0.0519 fm
b
“) N Hl |
1.2 4 t t 0.5 4 ]
‘ l‘ l ¢
, | |,
s h k | ¥ # H l‘ §
1.0 b } | 0.0
/ i |
'
0.8 4 / ‘ h -0.5 ' } }' |1
Poles? | M'H”f
te
20 15 _10 —05 0.0 05 10 15 2.0 6 4 2 0 2 4 6 8
Az =Z2P; Az =z2P:

MS: In(p?2%), In(p?23), and In(p? (21 — 22)%)
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Hybrid scheme Part @

* 1) Short-distance region

MM—S (21, 22, 0, Pz, ,u,)
MM—S (zla <25 09 07 /’L)

- Sshort (Zl ; Z2)

« 2) Long-distance region

~

MM_S (Zlv 225 07 sz [1;)
My (sign(z1)zs, sign(z2)22, 0,0, i)

: Slong(zl ; Z2)

* 3) Mixing regions

Mz (2 , 22,0, P?,
Mg (1022, 0P () - 224)
My (21, sign(22)22,,0,0, 1)

22



Hybrid scheme quasi-DA hybrid

Hybrid scheme quasi-DA p"vbrid

1.0

0.9 4

0.8

0.7 4

0.6

0.5 4

Part (@

» z-dependence of quasi-DA Y™P"e(z, z,, P?) on different lattice spacing

P%=0.5 GeV

Lambda A term

fix z,=0.250 fm

Hybrid scheme for Lambda quasi-DA, P,= 0.5 GeV, fix z;=0.250 fm ( A;=0.631)

i,

n

+

Short-distance region

M

Long-distance region
Hybrid, a=0.1053 fm
Hybrid, a=0.0775 fm
Hybrid, a= 0.0519 fm

I}M
1}‘}
'h

T
-2.0

T
-1.5

T
-1.0

0.8 1

0.6 1

0.4 1

P%Z=2.0 GeV

Hybrid scheme for Lambda quasi-DA, P,= 2.0 GeV, fix z,=0.250 fm ( A;=2.522)

H*H

l“ Jit,

Short-distance region

Mixing region
Long-distance region

$ Hybrid, a=0.1053 fm
{ Hybrid, a=0.0775 fm
$  Hybrid, a=0.0519 fm




Schemes Comparison (Hybrid)

Bare Matrix
Element

Mg

Divergence?
/

——
\

Ratio scheme

Mg

0.7 1

0.6

0.5 4

0.4 4

0.3

0.2 1

0.1+

0.0 1

1.0

0.9

0.8

0.7 1

0.6

Bare results for Lambda quasi-DA, P, = 0.5 GeV, fix z;=0.250 fm ( A;=0.631)

Short-distance region .
Mixing region 4 .
Long-distance region + . b e t
¢ Bare, a=0.1053fm . ot
+  Bare, a=0.0775fm ¢ 4
P .
¢ Bare, a=0.0519 fm |
b o
.
.
b '
. +
} . b
[ ] N '
} b
+ ' '
. | + }
8 Pt
' + . L
RN .ot
b o . <
* ¢ =
. ®
-2.0 -1.5 -1.0 —0.5 0.0 0.5 1.0 15 2.0
Az =2:P;

Ratio scheme for Lambda quasi-DA, P, = 0.5 GeV, fix 2;=0.250 fm ( A;=0.631)

Short-distance region
Mixing region
Long-distance region
Ratio, a= 0.1053 fm
Ratio, a= 0.0775 fm
Ratio, a= 0.0519 fm

“““Hn“ |

b”b

—

Large

distance
’,

h
M""’vhh”

T T T
—-2.0 -1.5 -1.0

A2 =z2P7

Self scheme

Hybrid scheme

Ms

My

Part (@

Self scheme for Lambda quasi-DA, P, =0.5 GeV, fix z,=0.250 fm ( A;=0.631)

Short-distance region
Mixing region
Long-distance region

147 ‘ } } } }  Self,a=0.1053 fm
t self, a=0.0775 fm
l } self,a=0.0519 fm
1.2+ | t t k
by
1.0 / L | }} ’ }
0.8 } h
Poles? |
o _1s 10 —05 0.0 05 10 15 2.0
Az =2P;
Hybrid scheme for Lambda quasi-DA, P,= 0.5 GeV, fix z2;=0.250 fm ( A;=0.631)
Short-distance region
Mixing region
i Long-distance region
Lo ‘ * ‘ l- | 4 b Hybgrid_ a= 0.10:'?3 fm
4 i, }  Hybrid, a= 0.0775 fm
0.9 1 b L ‘ b Hybrid, a=0.0519 fm
0.8 h k h }
Well *h’
0.6 1 done * h }
0.5 }
20 15 1.0 05 0.0 0.5 10 15 2.0

Az =23P;




A1 =z1P:

Quasi-DA results under Hybrid renormalization Part (@

* Hybrid renormalized large momentium baryon quasi-DA ( PZ = 2.0GeV)

A quasi-DA Proton quasi-DA
Re Im Re Im

-6 -4 -2

Lambda hybrid renormalized quasi-DA Lambda hybrid renormalized quasi-DA Proton hybrid renormalized quasi-DA Prgton hybrid renormalized quasi-DA
Real part central value at P, = 2.0 GeV Lo Imaginary part central value at P, = 2.0 GeV Real part central value at P, = 2.0 GeV Imaginary part central value at P, =2.0 GeV
6 0.75 6 1o
0.8 : Lo
4 0.6 050 4 05
0.5
2 0.4 025 2
0.2 0.0
0 000 0 0.0
0.0
=2 -0.25 -2
~0.2 -0 =0.5
=4 -0.50 -4
-0.4
-1.0
e -0.75 -6 -1.0
-0.6
et oz 4 6 0o 2 4 6

-6 -4 -2
A2 =22P; Ay = 2P,

-6 -4 -2

Az =2z:P; Ay =z;P;

well-defined and smooth in all regions
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Summary

Towards Reliable Light Baryon LCDA on Lattice:

Lattice scheme Renormalization

results

M

C24P29

F32P30

G36P29

H48P32

243 x 72

323 x 96

36°x108

483 x 144

| e

A well-defined LaMET Matching
| >
(Calculating the

LaMET matching
kernel under self

scheme

i scheme

Ratio scheme ) Done!
0105 fm Self renormalization

0.077 fim

0.068 fin Hybrld scheme

LPC, PRD 111, 034510 (2025)

LPC, arXiv:2508.08971 (2025)

Light cone

results

=

R
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Summary

Thanks For Your Attention!
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Baryon LCDAs Part @

C-r--x1P, C.Han et.al. JHEP 07019 (2024);
VL.C & LR.Z NPB 24652(1984); G.R Farrar et.al. NPB 311585(1989)

* Leading twist octet baryon LCDA:

30




Lattice Setup Part (6)

> Definition of the Operators on Lattice

Matrix 02 (Zaa 293 if7 ﬁ) = [ dgib‘e_iﬁ'f<0|08mk(f, t; <1 Z2)@Src (07 0; 07 O)T‘O>
element

Source-side  Omoa = (u' Cys7'd)u, Projection Operator
Operator Ob 2(u” Cys7'd)s + (' Crsn's)d + (sT Cysy'd)u. T =y, +v,
mo \/E
O) = [u” (z1n.)(Cyu(z2n.)]ysd(23n.) Oy = [u" (z1n2)(C")d(22n2)]v55(23m2)
Sink-side Oé = [“T(Zlnz)(075’Yt)u(22?’bz)]d(23nz) Of = [ul (21n.)(Cys7y")d(zan2)]s(23n)

Operator ,
1
Og — [UT(21HZ)§C['>”ta’Y”]U(Zz?’bz)]’}%’md(zzanz) Of]; — [UT(21RZ)§C[’}’t7’Y”]d(zznz)]%’me‘i(zzmz)
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