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A1 A2
= Ale_Elt + Age_E2t + ...

How to extract E, and A,?

Yu Lu, UCAS 2025,10,10



Issues of Direct Fitting

C(t) = Aje Bt 4 Aje B2t
C(t) = C(6) +8(8), d5(8) ~ N (0, Zwascnr w2y )

Since the expression is known, it is natural to do a direct x? fit:
@ > can be extracted by resampling method, such as Bootstrap.
@ fiX [tmin, tmax] and state numbers N.
© Define the x2, and let MINUIT or Isqfit go.
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Issues of Direct Fitting

C(t) = Aje Bt 4 Aje B2t
C(t) = C(6) +8(8), d5(8) ~ N (0, Zwascnr w2y )

Since the expression is known, it is natural to do a direct x? fit:
@ > can be extracted by resampling method, such as Bootstrap.
@ fiX [tmin, tmax] and state numbers N.
© Define the x2, and let MINUIT or Isqfit go.

However, this approach is cumbersome to answer:

How to select [tmin, tmax] and N?
® How to ensure it is numerically stable w.r.t initial values.
C(t) > C(t) + Ace Emat

(Can be partially solved by F-test, however not so decisive.)

Less elegant compared to GEVP
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Direct Fit V.S. Generalized Eigenvalue Problem (GEVP)

Direct Fit GEVP
Pros General LQCD Specific
Cons Instability, Subjective Expensive to add new
{O(1)O1(0))
Style Analytic Algebraic

C(t) — GEVP — Fit Spectra — Lischer Analysis — ...

However, GEVP is not perfect: idx=10, 11, £,=[1, exp

® Plateau is pronounced? 135
¢ Fit intervals?
e = Can we improve GEVP? & 120 _
® Review GEVP 115 .})
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How GEVP works?

C(t)vn = C(to)va(t, to), A(t, to) = e Enlt=10)

Calculate the k-th order derivative at t = t.
(recall C(t) =Y, Ame Emt)

L.H.S = 0X[C(t)vn)lt=t, = Z[(—E VK Ame Ento]y,

= [( E, kA e E”t°+z kA e E’"to}v
m#n
R.H.S = 8K[C(ty)vpe ErE10)] | —y) = (=)< C(to) v
= (7En)k|:Ane_Ent0 + Z Ame—Emto]Vn
m#n
= Z [((_Em)k - (_En)k)e_EmtOAm] vp =0,Vn

=Anvn =0 v, € ker(An),Vm # n

2025,10,10



GEVP Short Summary

Ct) =30 | Ape Emt . AmVa=0,Ym # n
C(t)vp = C(to)vne_E"(t_tO) Vn € Nmnker(Am)

2025,10,10 8 /39



GEVP Short Summary

Ct) =30 | Ape Emt . AmVa=0,Ym # n
C(t)vp = C(to)vne_E"(t_tO) Vn € Nmnker(Am)

=t )
Z
An=| Zn, ( " /. v, blocks A,,, = e Ent

GEVP Vi V,

& w7

2025,10,10



GEVP Short Summary

Ct) =30 | Ape Emt . AmVa=0,Ym # n
C(t)vp = C(to)vne_E"(t_tO) Vn € Nmnker(Am)

=t )
Z
An=| Zn, ( " /. v, blocks A,,, = e Ent

0 W ()5

® N rank-1 A, ~ N filters = N spectra.

2025,10,10



GEVP Short Summary

Ct) =30 | Ape Emt . AmVa=0,Ym # n
C(t)vp = C(to)vne_E"(t_tO) Vn € Nmnker(Am)

=t )
Z
An=| Zn, ( " /. v, blocks A,,, = e Ent

0 W ()5

® N rank-1 A, ~ N filters = N spectra.

® What if some Ap,s have full rank? (e.g. due to noise)
= GEVP does not apply!
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GEVP Exploration
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GEVP Exploration
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GEVP Challenges

GEVP is good, but

@ How to suppress the excited states contamination?

Yu Lu , UCAS Sleavy 2025,10,10 10 / 39



GEVP Challenges

GEVP is good, but

@ How to suppress the excited states contamination?

idx=[0, 1, 2, 3], Eg=I[], exp

Yu Lu , UCAS Sleavy 2025,10,10 10 / 39



GEVP Challenges

GEVP is good, but
@ How to suppress the excited states contamination?

@® If the SNR is bad or Ecfective plateau is short/questionable, is
it possible to enhance the signal or recover the missing states?

idx=[0, 1, 2, 3], Eg=I[], exp

aEo

Yu Lu , UCAS Sleavy 2025,10,10 10 / 39



GEVP Challenges

GEVP is good, but
@ How to suppress the excited states contamination?

@® If the SNR is bad or Ecfective plateau is short/questionable, is
it possible to enhance the signal or recover the missing states?

idx=[0, 1, 2, 3], Eg=[], exp idx=[1, 2], Eg=[], exp

Yu Lu , UCAS Sleavy 2025,10,10 10 / 39



GEVP Challenges

GEVP is good, but
@ How to suppress the excited states contamination?

@® If the SNR is bad or Ecfective plateau is short/questionable, is
it possible to enhance the signal or recover the missing states?
© How to push GEVP to its limit?
(e.g. Extract N + 1 or more spectra from N x NC(t)?)

idx=[0, 1, 2, 3], Eg=[], exp idx=[1, 2], Eg=[], exp

aEo
£
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@® Our Generalizations of GEVP
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Subtraction + GEVP = SGEVP

C(t) =) Ame Bt
n=1

‘Tension: Infinite A, V.S. Finite N x N C(t) matrix.‘

What if some A,s are "small”? Can we tune them freely?
Yes, We Can!

C'(t):=C(t) —efC(t+1) =D (1— e F)Ae Bt

n

= e(Eg, En)Ane 5"
n

Tune €(Eg, Ey)
make it larger/smaller if we want to enhance/suppress some
channels’ contribution

Yu Lu , UCAS Sleavy 2025,10,10 12 / 39
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Matrix Form & Spectral Density
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Matrix Form & Spectral Density

Single Point 1st-Order Subtraction:

C’(0) 1 —efe 0 ... 0 C(0)
Cc’(1) 0 1 —efe 0 Cc(1)
: =lo o0 1 0 :
C/(T/2—1) S o ) NeT))
</ Mg c
Multi Points n-th Order Subtraction: (Mg)X, (Mg, )<t - (Mg,)k2 ...
Eg=[1.5, 1.5]
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Matrix Form & Spectral Density

Single Point 1st-Order Subtraction:

C’(0) 1 —efe 0 ... 0 C(0)
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SGEVP Workflow

® Conventional GEVP, get good initial guess £,

(from Eggfoctive Plots or key thresholds like free energies)

® Tune to suppress the contamination
(both excited/low-lying states).

© Fine-tune the {E,} to make both E. and v, z time-invariant.
g

@ Possible error analysis (not easy, call for experts >_ <)
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© Results
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Realistic Examples

e C32P29, L3 x T =323 x 64,a = 0.10530(18)
* m, =292.4(1.1)MeV, m, L = 5.01
® four operators: {O), Orr(p=1,23)}

e (C(t) data from Zhengli Wang et.al. [JHEP 08 (2025) 064]
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Realistic Examples

e C32P29, L3 x T =323 x 64,a = 0.10530(18)
* m, =292.4(1.1)MeV, m, L = 5.01
® four operators: {O), Orr(p=1,23)}

e (C(t) data from Zhengli Wang et.al. [JHEP 08 (2025) 064]

idx=[0, 1, 2, 3], Eg=[], exp idx=[0, 1, 2, 3], Eg=[1.500], exp

aEo

aEo
°
s
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Check z(t)'s time-dependence

What if lowest O, is dropped? GEVP still works?
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Check z(t)'s time-dependence

What if lowest O, is dropped? GEVP still works?

idx=[1, 2, 3], E,=[], exp idx=[1,2, 3], E,=I], level 1
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idx=[1, 2, 3], ;=[0.900, 2.000], exp
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idx=[1, 2, 3], £,=[0.900, 2.000], level 2
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In Orr(p=123) Suppress p(1S5)?

1zaof

idx=[1, 2, 3], £;=[0.406, 1.700], exp
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...............
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idx=[1, 2, 3], £,=[0.406, 1.700], level 1
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With O,, suppress p(1S). Glimpse of p(25)?

idx=[0, 1, 2], Eg=[], exp idx=[0, 1, 2], £;=[1.500], exp
10 10
08 08
b 2 1]
g R | l g vt | I
06 06
bodod k-t
i | | " t
B et SCERE T P e S SE TR SV
] b
02 02
5 10 5 20 2 o H B 15 20 2
ta ta
idx=[0, 1, 2], £,=[0.406, 2.200], exp idx=[0, 1, 2], E;=[0.406, 2.200], level 3
=]y to
b
10 , { o2
20
08 =
. f}
g b} | =
® T T 10
06 =
|
f os .nuuno”H
04 )
o] Tveeee eeeen. [} }
02 - 05
5 10 Bt 20 2 o H 10 1 20 2
ta va
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p(2S) More Evidence?

® Include O,, explore all combinations with {Or(p=1,23)}
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p(2S) More Evidence?

® Include O,, explore all combinations with {Or(p=1,23)}

® Results somewhat consistent aE ~ 0.925
— p(25) ~ 1733 MeV V.S. PDG educated guess 1465 MeV

Effective Mass Plot

120
% (0, 1,2, 3) | Lows0.404, high=2.100
$- (0, 1,2) | lows0.404, high=2.070
115 (6, 1, 3) | low=0.405, high=2.110
=+ (0, 1) | ow=0.495, high=2.080
F (0, 2,3) | lows0.49, high=2.140
1101 % (0, 2) | Tow=0.499, high=2.130
©, 3 | ow=0.410, high=2.206
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p(2S) More Evidence?

® Include O,, explore all combinations with {Or(p=1,23)}

® Results somewhat consistent aE ~ 0.925
— p(25) ~ 1733 MeV V.S. PDG educated guess 1465 MeV

® No Kk,mu operators, so take the result with caveat.

Effective Mass Plot

120
% (0, 1,2, 3) | Lows0.404, high=2.100
$- (0, 1,2) | lows0.404, high=2.070
115 (6, 1, 3) | low=0.405, high=2.110
=+ (0, 1) | ow=0.495, high=2.080
F (0, 2,3) | lows0.49, high=2.140
1101 % (0, 2) | Tow=0.499, high=2.130
©, 3 | ow=0.410, high=2.206
105
5100
035
050 .
085
080
I z 3 3 3 5 = T
t va
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Preliminary results for PN (Data from Zhang Kuan)

® GEVP two state fit £} = 1985.2(9.2), E; = 2120(15)
® SGEVP one-state-fit E; = 1988.6(2.1), E; = 2131.1(2.0)
e Strict error analysis is on going (call for experts >_ <)

25

2.4 1

2.3

E(GeV)
IN]
[N]

1.9 T T T T T T l

T T
1] 2 4 6 8 10 12 14 16 18 20
ta

2.1
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idx=[0, 1], E;=[1.440, 2.190], exp

idx=[0, 1), E;=[1.360, 2.090], exp 1.200
1.200
1175 .
1175
1150 ) ‘
1150 l 4 ?
________ + T R, R " I
1125
1125 vy bt t
} ¥ 1100
W 1100 . ® N
1075
1075 Tl sob_ o}
" } F -
. -]
+ T 1.050
1.050
1025
1.025
1.000
1.000 0.0 25 5.0 75 10.0 125 15.0 17.5
0.0 25 5.0 75 10.0 12.5 15.0 17.5 va
va
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O Caveats
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Positivity Issue

® Realness of A,V is NOT ensured by Hermitian C(t), but by
(semi-)positive-definite C(t)

12v—13v)\$
2 3)°  \3 8

® In some subtractions, matrix may be indefinite /(T o T)/

A= (1£iv3)/2

(va| C(t) |va) =0, v, is complex.
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idx=[1, 2], £;=1). exp

10
0s
g
06
..... sbogd
-1
B I AR PSS g
02
o 3 o 5 B}
w
idx=[1. 2], E,=1], level 1 idx=[1, 21, E;=I1, level 2
o7 [ [
b 14 b
06
° 12
o it
. t
. 10
N .
04 Py N
% os .
5 .
< Yy
os
Ce
o2y et 04
o1 02
00 00
3 3 o - B} % 3 o s ) B
w v
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0.51 is just fine?

Eg=[0.51] idx=[1, 2], E;=[0.510], exp
10° r
— 1 /—
i
107! \\
i\
5 I o8
& 102 H
s H 3 e d |
b 0 f | 1
g 100 !
a !
!
. ! 04 A obpog
10 i . t
— rosiive . } | }
—— Negative
1075 02
0.0 05 1.0 15 2.0 o 5 10 15 20 2!
aE Ya
idx=[1, 2], £,=[0.510], level 1 idx=[1, 2], £;=[0.510], level 2
. b oo t o
ml”“k I 03] b2 ‘HH
PERRRE bbb bbb dpgh Lt ‘
030 .
008 .
0zs
= oos T o
& <
os
004 om0
._HHMMHHH
L 0.05
oon ol e et
3 3 ® P 20 % 3 7 » s ) S
w w
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= 0.51,1.25 is problematic

Ey=[0.51,1.25]

idx=[1, 2], £;=[0.510, 1.250], exp

Surpression Factor

107*
—— Positive
—— Negative

107°
00

num=0, t=2,
c[2]=

10

[[7035.93673059 2446.00313763]
[2446.00313703 -975.54334924]],

clel=

[[1165.52387762 527.89528302]

[ 527.89528302
Eigenvalues=

-19.85263655]],

[[-5382.43372607+0.]

-37.08836965+0. ]

[6.39332773+1.3003420477 |

Q.

Yu Lu , UCAS

+0.J
+0.J

Sleaviy

Discard the imaginary part to
get E.q plot
Z is not well defined.
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[z

[0.51, 0.51, 1.25] is too noisy

E,=[0.51,0.51,1.25]

g
5
L

Es=[0.510, 0.510, 1.250], level 1

l|} mu

[rotteI

Eg=[0.510, 0.510, 1.250], exp

—

o




@ Conclusions
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® Conventional GEVP should check both E s and V.

® SGEVP can suppress the contamination from excited states &
restore the missing states.

® SGEVP can extract N 4+ 1 from N, “nearly” for free.
(such as p(25))

e Complex eigenvalues (due to indefinite) hinder free subtraction

® DOF from E, challenges strict error analysis
(call for experts in the audience >_<)
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Thont D
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@ Backup Slides
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C, := cosh x, S, := sinh x
cosh (x £ A) = C,Ca £ 5:5A =
sinh (x £ A) = 5,Ca + CSa

Ceyn —2Cg, G+ Coon = 2(Ca — Cg,) G

For cosh-type correlation function

Cy(t) = Y anaj2e E T 2cosh(Ey(t — T/2))
" 4
Cji(t) =Y ainaj,2e ET/22(cosh E, — cosh Eg)cosh(E,(t — T/2))

We make the following subtraction (for all Cj; along t-axis)

C’(0) 1 —2Cg, 1 0o ... C(0)
C’(1) 0 1 —2Cg 1 ... c(1)
: “lo o0 1 :
c'(T/2-2) C(T/2)

This discards contribution from Eg, and suppress Eg £ 4.
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Z and Normalization Issue

27 = (nli) = (n| O] |0)
1= v,:rC(to)v,, = 2:(V,TA,,,V,7)67E’"t0 = (vnTA,,v,,)efE"t0

m
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Z and Normalization Issue

27 = (nli) = (n| O] |0)
1= v,:rC(to)v,, = 2:(V,TA,,,V,7)67E’"t0 = (vnTA,,v,,)efE"t0

m

= 3l (o) vie ™5 = | 3w il &
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Z and Normalization Issue

27 = (nli) = (n| O] |0)
1= v,:rC(to)v,, = 2:(V,TA,,,V,7)67E’"t0 = (vnTA,,v,,)efE"to

m

= 3l (o) vie ™5 = | 3w il &

i

eEntO/Q Zv{,* Cj:(tO EntO/QZ V]* <J| —Ento <n|l> — (Z V,jy* O]n) e—EntO/Q) <n|,>
J j
=1x{(n|li) =2
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Z and Normalization Issue

Z7" = (n|i) := (n] O |0)
1= v,:rC(to)v,, = 2:(V,TA,,,V,7)67E’"t0 = (vnTA,,v,,)efE"to

m

= 3l (o) vie ™5 = | 3w il &

i

oEnto/2 Z V:]v* (ln) e~ Ento (nliy = (Z V,JT* i) e_Ento/Q) (nli)

=1x{(n|li) =2

gbnto/2 Z V,j;* Cji(to)

-
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Z and Normalization Issue

Z7" = (n|i) := (n] O |0)
1= v,:rC(to)v,, = 2:(V,TA,,,V,7)67E’"t0 = (vnTA,,v,,)efE"to

m

= 3l (o) vie ™5 = | 3w il &

i

oEnto/2 Z V:]v* (ln) e~ Ento (nliy = (Z V,JT* i) e_Ento/Q) (nli)

=1x{(n|li) =2

gbnto/2 Z V,j;* Cji(to)

-

® Is oo — N good enough?
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Z and Normalization Issue

27 = (nli) = (n| O] |0)
1= v,:rC(to)v,, = 2:(V,TA,,,V,7)67E’"t0 = (vnTA,,v,,)efE"to

m

= 3l (o) vie ™5 = | 3w il &

i

eE,,to/Q Zvé* C-ﬂ(to Ento/QZ V]* <J| —Ento <n|l> _ (Z V,jy* <J|n> e—Ento/Q) <n|i>
J

=1x{(n|li) =2

ST o ® Is oo — N good enough?
b

® E,>>1,e En® decays quickly may
cause sign-flip in C(t) at short time.

Yu Lu , UCAS Sleavy 2025,10,10 36 /39



Z and Normalization Issue

27 = (nli) = (n| O] |0)
1= v,J,rC(to)v,, = z:(v,TAmvn)efE’"t0 = (vnTA,,v,,)efE"to

m

= 3l (o) vie ™5 = | 3w il &

i

eE,,to/Q Zvé* C-ﬂ(to Ento/QZ V]* <_]| —Ento <n|l> _ (Z V,jy* O‘n> e—Ento/Q) <n|i>
J

=1x{(n|li) =2

[T o ® Is oo — N good enough?

) ® E,>1,e Emt decays quickly may
cause sign-flip in C(t) at short time.

® Explain why GEVP requires

1o to, t — o0
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Z and Normalization Issue

27 = (nli) = (n| O] |0)
1= v,J,rC(to)v,, = z:(vJAmvn)efE’"t0 = (vnTA,,v,,)efE"t0

m

= 3l (o) vie ™5 = | 3w il &

i

eE,,to/Q Zvé* Cj,(to Ento/QZ V]* <_]| —Ento <n|l> _ (Z V,jy* O‘n> e—Ento/Q) <n|i>
J

J
=1x{(n|li) =2
LT e ® Is oo — N good enough?
frile. b
® E,>1,e Emt decays quickly may
cause sign-flip in C(t) at short time.
- e ® Explain why GEVP requires
100 to, t — o0
® Select C(t =1) is less
ME contaminated, but
oo r o r® ® |eads to a systematic error in Z.

Impact the BS Wave function
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Fit Spectra and y2/dof

0.414
; A SGEVPE
¢ GEVPE
0.412 1 ° A SGEVP x2/dof
®  GEVP y?/dof k10!
04104 A °
0.408 1 N [
“
w + 0 -8
© 0.406 +A : ) A 10 2
A ° ° o =
A A
0.404 - + +

0.402
10t

0.400

0.398

t/a
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3 X 3 — 4 x4 Noise Free
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2x 2 — 4 x 4 Noise Free
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