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Milestones of hadron scattering

» Two-body

> 1991: Luscher — the famous formula

» 1992-2014 — development of Luscher formalism
» 2014: Bricefo — the most general form
» 2012: HadSpec — energy-dependent phase shift of I = 2 e
BEA/5K3's talk on
> 2013 HadSpeo —[ = 17w = 5

. . @ FHE s talk on Km
» 2012-now: scattering with charm, bottom, baryons, notably the debate on NN @ ##¥/%%% talk on baryonic systems

» Three-body
» 2014-2017: Hansen/Sharpe, Mai/Doring, Hammer/Pang/Rusetsky — development of three-particle formalism

» 2021: HadSpec — energy-dependent I = 3 i
. _ — PHYSICAL REVIEW LETTERS 133, 211906 (2024)
> 2021: GWQCD - I = 1w — a;(1260)
» 2024: CLQCD +Bonn—-1 =0 nnr - w(782) & Meson from Lattice QCD
> 2025-now: ongoing challenges: T,., Roper... B Y e, e Ceroelos, NG, Meibnere, ™
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Spectra with the desired
_ quantum number ‘
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Ein > L Ein >
@ Dudek’s talk in Hadron2025
» How to extract the information from spectra?

mmm)  Quantization condition: f(M (E,), F(E,, L)) =0
» More E,, and L give more constraints on M (E,,)

Multi-hadron resonances



Routine

Parametrizations

.
o
7

18

LQCD Quantization condition Analytic continuation

Operator set Finite-volume spectra Resonance parameters Riemann sheet pole /

Haobo Yan Multi-hadron resonances



Table of contents

B Scattering at light systems — nrr and

Multi-hadron resonances



Excitation of pion

Bellini et al (1961)
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Discovery of & Evidence of 7(1300)

» . the lightest hadron, Goldstone boson
» m(1300) very heavy, existence not even established
» Decay to nrr without centrifugal barrier

» A second step towards Roper - Nnm
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Lattice setup

configuration volume a/fm My /MeV Nt
C48P14 483 x 96 0.10530(18) 135.5(1.6) 259
F32P21 32° x 64  0.07746(18) 210.9(2.2) 459
F48P21 48° x 96  0.07746(18) 207.2(1.1) 222
F32P30 323 x 96 0.07746(18) 303.2(1.3) 567
F48P30 48° x 96  0.07746(18)  303.4(9) 201
H48P32 48° x 144 0.05187(26) 317.2(0.9) 274

[CLQCD, 2024]

» CLQCD ensembles with Ny = 2 + 1 Clover fermions at the same lattice spacing

» Two pion masses
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Operator construction

» OpTion is utilized to generate general N-hadron operators with arbitrary momenta

. Releases 2
] README [ MIT license

> OpTion 1.1.0 ( Latest
on Jul 24

OpTion + 1release

license MIT Mathematica 10.x 11.x 12.x 13.x Packages

(» I=3 simm or I=1 sur 1(1l300) *)
Print /@ NHadronOperatorAll[ {0, 0, 0}, "A1-", 1, MaxMom, {"P", "P", "P"}];

P1[0] P2[0] P3[0]

Pi[ex] P2[0] Ps[-ex] + P1[-ex] P2[0] P3[ex] +Pi[ey]| P2[0] P3[-ey] +P1[-ey| P2[0] P3[ey] + P1[ez] P2[0] P3[-e,] + P1[-e;] P2[0] P3[e;]

Pilex] Pa[-ex] P3[0] + Pr[-ex] P2[ex] P3[0] + Pi[ey]| P2[-ey] P3[0] + P1[-ey| Pa[ey] P3[0] + Pi[e;] P2[-€,] P3[0] +P1[-e;] P2[ez] P3[0]

P1[0] P2[ex] Ps[-ex] +P1[0] Pa[-ex] P3[ex] +P1[0] Pa[ey] P3[-ey] +P1[0] P2[-ey]| Pa[ey] + P1[0] P2[ez] P3[-€,] +P1[0] P2[-e;] P3[e;]

P1[ex,y] P2[0] P3[e_x,-y] + P1[ex,-y] P2[0] P3[ex,y] + P1[ex,z] P2[0] P3[e_x,-z] + P1[ex,-z] P2[0] P3[e_x,z] + P1[e_x,y| P2[0] Pa[ex,-y] + P1[e—x,-y| P2[0] P3[ex,y] +
Pi[ex,z] P2[0] Ps[ex,-z| + P1[e_x,-z] P2[0] P3[ex,z] + P1[ey,z] P2[0] P3[e_y,-z]| +P1[ey,-z] P2[0] P3[e_y,z] + P1[e_y,z] P2[0] Pa[ey, 2] + P1[e_y,-z] P2[0] P3[ey,:]

Pi[ex,y] P2[-ey] Ps[-ex] + P1[ex,y] P2[ey] Ps[-ex] + P1[ex,z| Pa[-€z] Pa[-ex] + P1[ex,z] P2[ez] Ps[-ex] + P1[e x,y| P2[-ey] P3[ex] + P1[ex,y]| Pa[ey]| Palex] +
Pi[ex,z| P2[-ez] P3[ex] +P1[e x,-z] P2[ez] Pa[ex] +P1[ex,y]| P2[-ex] Ps[-ey] + P1[e_x,y] P2lex] Ps[-ey] + P1[ey,z| P2[-e,] P3[-ey]| + Pi[ey, 2| P2[ez] P3[-ey] +
Pl[ex,,y] P2 [-ex] Pg[ey] + Pl[eﬁx,,y] P2 [ex] P3[ey] + Pl[e,y,z] Pa[-ez] Pg[ey] + Pl[e,y,,z] P2 lez] P3[ey] + Pl[ex,z] P>[-ex] P3[-ez] + Pl[e,x,z] P>[ex] P3[-ez] +
Pi[ey,z] P2[-ey] P3[-ez] +P1[ey,z| P2[ey] P3[-ez] +Pi[ex, 2| P2[-ex] P3[ez] +Pi[ex, 2] P2[ex] Ps[ez] +P1]ey, 2] P2[-ey| P3[ez] +P1[ey, 2| P2[ey] P3[e;]

Pileg 1 Poley  1P2101+Piles IPrley  1P2[01 +Pileg 21 Poley -1P2101+Piles 21Poley 21 P[0l +Piley o IPley  IP2101+Piley IPrles  ]1P2[0] +

FEEE (Haobo Yan) |, Xl)I| (Chuan Liu) , XU#IBB (Liuming Liu) , &M (Yu Meng) , arXiv:2507.16070, JHEP (2025) (https://github.com/wittscien/OpTion)
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https://github.com/wittscien/OpTion
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Contractions
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Contractions
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%¢¢ L T T o S| Tee
TZ B TS TA \T];Y ™ \T_lj \T_E/ TC TYR TYL
L0 /TS0 LS00 e NG O G

f —_ ()
R - — Ty~ — ~0(50)
TT ™ TD TA TO TG
AN ¢> - N\
V7 ) ~0(10)
TT TA TU
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— 0 > TN 0(10)
D B A E ML ML > A code is written to write code
~— : ) o .
S0 L) O ~0(1) > Of course, distillation is applied
T A S Peardon et al (2009)
) SNE ~0(1)
D A
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Parametrizations

Quantization condition

Finite-volume spectra

Resonance parameters
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Quantization condition (FVU)

State-of-the-art formalisms
> FVU [Mai and Déring, 2017]

> RFT [Hansen and Sharpe, 2014]
o _ . > NREFT [Hammer, Pang, and Rusetsky, 2017]
» In FVU (Finite-Volume Unitarity):

f(_l(it) - 2"Y0) =0 ) )
det[(K " (s) = X77(s))EL — (B(s) + C(s))] = 0

=‘ ............... v >‘<
............... — =‘ ..’=

®agas®
B C ) K1
fixed by unitarity generic form fixed by unitarity Modified Inverse Amplitude Method (mIAM)
ap
Caﬁ — CO‘B + Cp
¢ s —mk

Two-body is input to three-body

>
» Results not sensitive to Spectator momentum cutoff dependence
> K~1 = 0 slowly below a cutoff

See Mai PRL (2019) for quantitative tests of smooth and hard cutoffs
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Finite-volume spectra and fit

E/M,
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s 32 = o] 1 1 1 1 - 1
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» 1=0,1,2 nirr levels as expected

» Aggregation of additional states in

1

» Indication of a resonance in 0~
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Finite-volume spectra and fit

E /M,
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» 1=0,1,2 nirr levels as expected

» Aggregation of additional states in

1

» Indication of a resonance in 0~
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Analytic continuation

K Riemann sheet pole j
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Pole positions

4

0.0 o(770) 0.0 72(500)
M, = 305MeV -0.5 S M, = 305MeV
502 =10 M, = 208MeV
R \ =
M, = 208MeV 15
g = N Phys.
— = T
-0.4- / W
-2.0- : ‘
phys.
| M NE L a5 |
3 4 6 2 3
T 7(1300)
M, = 305MeV
&-1.01
=
~
VA
g -1.57 M71r)hys. I |
=
-2.0+
fit/extrapolation
AIC
-2.5- - PDG
4 6 8 10
Rey/s/M,

» M, = 305 MeV: resonance
» M, = 208 MeV: only few of the fits lead to poles
» Extrapolation to the physical pion mass
» . mlIAM (ChPT)
» nr. assume negligible M,, dependence
M (1300) = (1169 + 46) — i(62 + 169) MeV
My(770y = (727 £3) — i(72 £ 1) MeV
Ms (s00y = (433 £ 7) — (250 + 7) MeV

> Limitations

» Strangeness is not considered

» mIAM is constraining

» No continuum extrapolation

arXiv:2510:xxxxx — appearing tomorrow!
FEEIR (Haobo Yan) , Maxim Mai, Marco Garofalo, Yuchuan Feng, Micheal Déring, XlJJI| (Chuan Liu) , XU#0BE (Liuming Liu) , UIf-G. MeiBner, Carsten Urbach
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Puzzles on D;(2300)

» Abroad resonance Dy —» Dr was found by Belle collaboration in 2004

~ 140 ;

> :— , > Mp: = Mp*

éa 120 : W D’ D¢ D%,
S100 - ﬂ - Dy > mpttT <« mpP

» could be explained by UChPT where a two-pole structure

1S proposed Albaladejo et al, PLB 767 (2017) 465

» Should be tested on the lattice at a series of m,;

» Input for T,

I 0 SR Y
2 2.5 3 %.5
M, i (GeV/ieT)
Satpathy et al, PRB 159 (2003) 553.

@ Christoph Hanhart’s talk on Exotic Hadron Spectroscopy 2024
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What we know from single channel scattering

Rey/s — (D + 3D*)/MeV
0 My =j}17|[305 M.’eV M :o.391 ! | | |
100 150 200 _(!)_250 300 390 400 450
% imy = 138 MeV Exp. .
< 1001 : i | —HE
@ 56 1 A S ]
E = o |
—300 A
» Only one pole within the single-channel scattering picture
» Trajectory of the D pole is identified
bound state — virtual state — resonance Morior ot 1. PRD & ((2013)) 03450
HadSpec, JHEP 10 (2016) 011
HadSpec, JHEP 07 (2021) 123
Haobo Yan, Chuan Liu, Liuming Liu, Yu Meng, Hanyang Xing, PRD 111 (2025) 014503 HadSpec, JHEP 07 (2024) 012
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Dr — Dn — D.K — D*m coupled channel scattering

Al

A 1™+

1.15 = \—\
1.10} NN 12800
i
Losl
<2600
1.00 &l b _
. N ° » (0(1000) energy levels across irreps
> _
w ool s 40 0§ » Dm—Dn— DK S and D wave
Ny =
e > D*T[ 351,3P0,3P1,3P2 wave
0.90f of t
~ S E— 12200
0.85 - o
0'80 - L] © fed o o L]
. ] 12000
Preliminary
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Dr — Dn — DK — D*m coupled channel scattering — pole

imin
Sp
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Re(E) Re(E) Re(E) Re(E)
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D — Dn — D,K — D*m coupled channel scattering — pole

++ +

0.20 1

Preliminary |

R e
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0.05 S

=) =) )

E 000 — E
_005 """"""""""j ,,,,,,,,,,,,,,,,,,,, j‘ ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
70. 1 0 ,mmmmmm«i ,,,,,,,,,,,,,,,,,,,, 3» ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

AR —

Rc()

—-0.20 i ;
Re(E) Re(E)

» CLQCD results expected soon -- we do find ‘two poles’

» Combined picture
» M, = 391 MeV: bound + virtual + resonance

» M, = 305 MeV : virtual + virtual + resonance

» M, = 208 MeV : resonance + resonance

Im(E)
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Interlude: the n,n’ problem

» 1 mixes with topology charge, leading to a constant pollution  See, e.g. Ottnad et al, arXiv:2503.09895

Nl X _Q2_|_ Cq _I_O(V—z) See @ F1#F's talk for details
v\t v 2vy,
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» C = conn + disc — reconstruct the pion part to subtract off the excited state effect hep-1at/0106016
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Summary

» Discovery of m(1300) from QCD
» Two-pole structure of D;(2300) identified, results expected soon

» One step closer resolving the Roper resonance

Thank you!

T -
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Analytic continuation example

0.0

-0.1

» ltis possible to do a smooth
analytical continuation in our
energy of interest

» Spectator momentum cutoff is
chosen such that the analytical
continuation covers the interested
region of the Riemann sheet

-0.2

Im /s [GeV]

-0.3

-0.4

0.8 0.9 1.0 1.1 1.2 1.3 14
Re \/g [Ge\/] Sadasivan PRD (2022)
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