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nonnegligible exponential ? 

conventional paradigm

Ensembles lattice spectra

Lüscher formula

scattering amplitudecorrelation function

possible challenges for L\”uscher formula

1’  Poisson formula : (for a regular function)  summation – integration = 𝑂 𝑒−𝛼𝐿 , 𝛼~𝑚𝜋

2’ separation of on-shell contribution and analytical continuation below threshold

𝑓 𝑞

𝑒−𝑞2/2𝜇
=

𝑓 𝑞 −𝑓( 2𝜇𝑒)

𝑒−𝑞2/2𝜇
+

𝑓 2𝜇𝑒

𝑒−𝑞2/2𝜇

regular on-shell

additional analytical properties below threshold ?

both issues matter when One-Pion-Exchange is important!

Ԧ𝑞 ∼
1

Ԧ𝑞2 +𝑚eff
2

2

, 𝑚eff
2 = 𝑚𝜋

2 − 𝑚2 −𝑚1
2

𝑚1 𝑚2

𝑚2 𝑚1

meff ≪ mπ such that meffL ≪ 1

left-hand cut below threshold



Finite Volume Hamiltonian method

a model-independent relationship if potential is SHORT-RANGED

V
solve Eigenvalues

solve 
scattering equation

Standard Lüscher Formula

Hilbert space 𝑛 , (𝑛 ∈ 𝑍3)

1 ⋯ 2
⋮ ⋱ ⋮
3 ⋯ 4

irreducible representation decomposition

Large dimensional matrix

Bridge
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𝑛ref; 𝑇1
−, 𝜇 = 1, 𝑟 = 1 ∝ ෍

𝑔∈𝑂ℎ

෍

𝜈=1

3

𝑐𝑛ref
𝑟=1

𝜈
𝐷𝜇=1,𝜈
𝑇1
−

(𝑔) |𝑔𝑛ref⟩irrep basis

subspace: 0,0, ±1 , 0, ±1,0 , |(±1,0,0)⟩

𝐼𝜈′𝜈 = ෍

𝑔∈𝐿𝐺(𝑛ref)

𝐷𝑇1
−
(𝑔) eigenvecs [𝑐𝑟=1], 𝑐𝑟=2 , … associated to nonzero eigenvals

Sketch : spinless system at rest

reference momentum ,e.g. 𝑛ref = 0,0,1

𝑛ref
′ , 𝑟′ 𝑉𝐿

𝑇1
−

𝑛ref, 𝑟 =
2𝜋

𝐿

3
|𝐿𝐺(𝑛𝑜)|

|𝐿𝐺(𝑛𝑜
′ )|

෍

𝑔∈𝐿𝐶(𝑛𝑜)

𝑐
𝑛ref
′
𝑟′ ⋅ 𝐷𝑇1

−
𝑔 ⋅ 𝑐𝑛ref

𝑟 𝑉(𝑛′, 𝑔𝑛)
Hamiltonian 

element

dynamicalkinematical
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• moving system : only substitution 𝑂ℎ → 𝐶4𝑣, 𝐶3𝑣, 𝐶2𝑣 is needed

• fermionic system: take care of double cover group 𝑂ℎ
2

• isospin symmetry :  incorporation of permutation group

Hilbert space 𝑛, 𝜎 , (𝑛 ∈ 𝑍3, 𝜎 = 0,±1)

Sketch : PV system at rest

convert to helicity representation 𝑛, 𝜆 =෍

𝜎

𝑒−𝑖𝐽𝑧𝜙𝑛 𝑒−𝑖𝐽𝑦𝜃𝑛
𝜎𝜆
|𝑛, 𝜎⟩

𝑔 𝑛, 𝜆 = 𝑒−𝑖𝜆𝜙𝑤 𝑔𝑛, 𝜆 ,  𝑔 ∈ 𝑂ℎ
+

𝑃 𝑛, 𝜆 = −𝑛,−𝜆

different helicity |𝜆| would not mix, as if spinless ! 

polarization would mix. 

𝜆 = ±1 𝜆 = 0

⊕

Sketch : others
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PV → PV

Application: Toy Model and issues from left-hand cut 

S-wave short

D-wave short

S-wave short
+ S-wave long

S-wave short + full long

𝑚eff𝐿 = 2
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Application: Toy Model and issues from left-hand cut 

V

eigenvalues 
𝑬𝒏

T-matrix 𝑻
𝒍′𝒍
𝑱

from LSE

𝑻𝟎𝟎(𝑬𝒏)
from Lüscher

Lüscher 
formula

𝑻𝟎𝟎(𝑬)
from LSE

comparison

Flow B

Flow A

input
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Application: Toy Model 1 and Model 2

pure S-wave short-range

pure D-wave short-range
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Application: Toy Model 3 pure S-wave short + pure S-wave long 𝑚eff𝐿 = 2

Blue: weaker 𝑔
Red: stronger 𝑔
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Application: Toy Model 3
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Application: Toy Model 4 pure S-wave short + full long
𝑚eff𝐿 = 2

Luscher formula (only S-wave)

Luscher formula (input some higher 𝑇
𝑙′𝑙
𝐽≤5

)

nucl-th/0104027 W. Glockle et al.
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• For short-ranged system, FVH method is equivalent to L\”uscher formula

• When long-range potential is important, then

1’  Lüscher formula cannot be applied below left-hand cut 

2’  Finite volume correction may be under-estimated

3’  contribution from high partial-wave may be significant

FVH method can resolve them simultaneously.

Application: Toy Model

Universal issues
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Application: X(3872)

short-range part 𝑉𝑐 ҧ𝑐 : 3𝑃0 model

long-range part 𝑉𝐷ഥ𝐷
∗

: OPE at hadronic level

Chen et al.  2402.14541
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Prospect

1’ a practical method to analyze lattice spectra of system whose long-range dynamic 

may be significant

• 𝑫𝑫∗ scattering (𝑻𝒄𝒄) see Xie Jia-Jun’s report at 14:50 tomorrow

• 𝑵𝑵 scattering (Almost done...)

3’ Extension to three-particle system 

• 𝝎 → 𝟑𝝅 system (Almost done...)

• Roper (𝑵∗(𝟏𝟒𝟒𝟎)) resonance (in preparation...)

2’ package 

effective potential

FVH package

finite volume spectra
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