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What do we know about the nucleon?

Despite more than half a century of exploration, the nucleon is still a very mysterious
object, and the most abundant piece of matter in the visible Universe

Parton Dynamics

 Intrinsic motion of quarks and gluons?
« Transverse motion and spin-k,; correlations?

Spatial Imaging

e
I N8 « 3-D tomography of nucleon?
CRN
Spin and Orbital Angular Momentum
10-10m oton - « How nucleon spin emerge from quark and gluon d.o.f?

« What role do orbiting quark and gluon polarization play?

Mass Origin

* How does mass arise from QCD dynamics and confinement?

neutron

10-14m « Connection between mass generation and parton structure?
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The Nucleon Landscape
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Hadron Structure Dominated

Nucleon is a many body dynamical system of quarks
and gluons

Changing x we probe different aspects of nucleon
wave function

How partons move and how they are distributed in
space?

Theoretically such information is encoded into the
3D distributions of the nucleon: Transverse
Momentum Dependent distributions (TMDs) and
Generalized Parton Distributions (GPDs)




The Nucleon Landscape

Wigner Distributions

kr, (GeV)

TMDs(z, k) = /der W(x,ki,71)

GPDs(z,r,) = /dsz_ W, ki,r1)

3-D Structures of Nucleon:

TMDs: Spin-dependent 3D momentum space

images from semi-inclusive scattering

GPDs: Spin-dependent 2D coordinate space
(transverse) + 1D (longitudinal momentum)

images from exclusive scattering
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Transverse Momentum Dependent distributions
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Spin-Dependent Quark TMDPDFs

Individual TMDs can be projected out of the correlator: Quark

Polarization

« Unpolarized Quarks:

1 Pk1iS1;
ST @@, k)l = file, kD) — L2 i, k)

 Longitudinally Polarized Quarks:

Nucleon
Polarization

1 ki-S
5 Trly s @@, kDl = Avgisle, kD) — =5 r=gir@, k)

« Transversely Polarized Quarks:

1, . s ; k2 (1 i i
E’I‘r[za’+'y5 Sz, k)] = S hix,k2)+ WJ&(EQJ'Z — kJ_k'_?l_)SJ_jhiLT($a k3)
sqfki
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Spin-Dependent Quark TMDPDFs

Leading Quark TMDPDFs O—» Nucleon Spin @ Quark Spin

f1: unpo|qr'ized TMDPDF Quark Polarization
glL: heh C'fy TMDPDF Un-Pc(:lIJz-;rized Longitudin:\LII)y Polarized Transvers¢(a-:_3; Polarized
h,: transversity TMDPDF
fjl_T: Sivef‘s fUﬂC"'iOﬂ (T—Odd) Unpolarized Boer-Mulders
L
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Progresses in the Study of Quark TMDPDFs

» Theoretical analysis RN i)

Lo . MSHT20

« TMD factorization, evolution and resummation: 17

Boussarie et al., TMD handbook, 2304.03302; ol
Collins, Foundations of perturbative QCD; ...... e b(GeV )

> Phenomenological parametrizations and extractions TEErET—

* Unpolarized:

Moos, JHEPOS (2024); Bacchetta, JHEP10 (2022); Bury, JHEPI10 (2022);
Scimem, JHEPO06 (2020),; Bacchetta, JHEP06 (2017); ......

e Sivers, Boer-Mulders:

Bury, PRL126 (2021), JHEPOS5 (2021) ; Cammarota, PRD102(2020),
Zhang, PRD77 (2008), Lu, PRDS81 (2010) ; ......

* Others: helicity, worm-gear, gluon TMD:s, ......
Yang, PRL134 (2025); ...... u-quark Sivers function, PRL126 (2021)




TMDs from Lattice: Ratios of Mellin Moments

« Through the OPE, TMDs can be converted into local moments
that are straightforward to compute on the lattice.
« The ratio eliminates the soft function.

« One can extract the Boer-Mulders shift, Sivers shift, worm-
gear shift, etc. from the ratio of lowest order moments:
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LaMET: A New Horizon for Nucleon Structure from Lattice

Large-momentum effective theory: connecting Euclidean lattice and physical observables

Lorentz boost

p t

ﬁ |
Y

Ji, PRL110(2013), see Rev.Mod.Phys.93, 035005 (2021) for review

« Equal-time distributions can be directly computed in lattice QCD:

i@, P9 = [§Ze =P (P15 TU, 09(0) P?)
« Recovering light-cone distributions in the large-momentum limit:
— teo dx Yy K ~ z ( M2 AZQCD )
aw.w = | el ) 1@ P+ O\ e
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Recent Progresses in LaMET

Achieved great success in the studies of PDFs, LCDAs, GPDs, eftc.:

v" Quark unpolarized, helicity, transversity PDFs v Light meson LCDAs See Jun's talk
v Gluon PDFs  See Chen’s talk v Heavy meson LCDAs  See Hao-Fei’s talk
v Nucleon GPDs v' Deutrton PDFs v' Baryon LCDAs See Mu-Hua & Hao-Yang’s talk

4.0 2.0
5 DNN-abAsymp W JAM21nlo s
LPC 35 Model-4p L= JAM21nlonll — @%=0.0 GeV? Model 11T
4f P,=23GeV cT14 . s Fier . _ QP=0.19 GeV? —- Model IV
: 0.4 .
of  H=2GeV NNPDF3.1 \ — @?=0.39 GeV?
2.5 2 1053 s \
. Ur=3.2 GeV - MMHT2014 . = E;« " \ _ Q?=0.77 GeV?
T of ;5 2.0 ))o(- 0.2 & 1.0 » \
h pE=0 < 0.1 2
.t 15 : I
J
10 000 025 050 075 100 0.5
) X
3l u=2Gev T Ty —
1 . . . == .0°
1.0 05 0.0 U 10 15 0% 0.2 0.4 0.6 0.8 1.0 -04 -02 00 0.2 0.4 0.6 0.8 1.0 0.0 05 10 s

Proton unpolarized PDF, LPC 2020 pjon PDF, Gao et.al. 2022 Nucleon GPD, Holligan and Lin 2024 ~ Heavy meson LCDA, LPC 2025

Su(w, ) —bd(a, 1) (w1, x2, P? = limit)

1.50

dibaryon 150
28 proton+neutron 3.0
195 ’ &= This Work o 1%
' 24 JAM 22 66 25
1.00 2 JAM 20 S :
- 2 ,
X 0.75 1.6 f l 0.75 2.0
B Y -
5 4
s 0150 12 %G- S 050 15
08 ) 0.25 10
0.25; o2
6.00 0.4 0.00 0.5
! 0.
-0.25
00 02 04 06 08 10 04 M
—0.50

-0.75 -05 -0.25 0. 0.25 0.5 0.75 1.

Pion LCDA, LPC 2022 Proton transversity PDF, LPC 2023 Deuteron PDF, LPC 2025 Baryon LCDA, LPC 2025

11




TMDs from Lattice QCD within LaAMET

Factorization in LaMET:

fl"(ma bi,p,C?

Quasi TMDs

Ji, PLB811(2020); Ebert, JHEP04(2022)

Lorentz boost

L — oo
PZ > oo

v' Perturbative matching kernel

Srbi,p) =

HI‘(Cza .u')

Ajep M2 1

eXP %K(bJ_, 1) ln%llf(w, bi,p,¢) -l—(’)(

Cz

» Light-cone TMDs

P B

|
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TMDs from Lattice QCD within LaAMET

Factorization in LaMET:

Lorentz boost

L — oo

PZ > oo

Ji, PLB811(2020); Ebert, JHEP04(2022)

z

fr(@, by, pm, > VS1b, | = Hp(¢(?, p) exp[ﬂl Kby, pn>-|f(x,b, p, ) +O

? Intrinsic soft function ?

¢

? Collins-Soper kernel ?

Ajep M2 1

(

Cz

P B

|
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Rapidity evolution of TMDs: Collins-Soper Kernel

Rapidity scale evolution of TMDs governed by the Collins-Soper equation:

2Cdi€ln fTMD(wa by, u, C) — K(b_La IJ/)

P“ Yn
By canceling momentum-independent intrinsic soft function S,

Qo
and light-cone TMDs f, Collins-Soper kernel can be extracted
from the ratio of unsubtracted quasi TMDs:

 poul]]®

hard

_ 1 H(xP§,p) f(x,bi, pu, PP
K(x,b,) = ln(Pf/Pzz)ln( )

qar
H(CCP]_za u)f(w, by, I-L,P2z)

/ Ollinear
f could be either unsubtracted quasi TMD wave function or quasi
TMDPDF (beam function).




Highlights of Lattice QCD Results on the Collins-Soper Kernel

The Origins: Two Routes to the Collins-Soper Kernel

v From qua5| beam function

MS (=2 GeV)

s
e

* Quenched ensemble, single a = 0.06 fm;
* Nonphysical pion mass ~ m,; ~ 1.2 GeV,

< 1loop == 21 op — 3 loop

; T e ——
|
<& Hermite Vv Bernstein

v% i
. T fEgp {} B

hanahan Wagman and Zhao,
RD102; 014511 (2020)

U.l 0.2 0.3 U 1 0.5 0.6 0.7 0.8
br [fm]

* Tree-level matching kernel;
« Largest P? up to 2.58 GeV.

v From quasi TMDWF
00 LN\ [ i

' IEI\\ _"j - _
= Ir _,/ L —
—-0.4 1 \\\ .-’:y { . { i'{ T
NS P o |
AV N S 1

-081LPC, PRL125, ™ | {
192001 (2020) S

—1.29-- 1.00p T K(PiIP;=4/3) T Hermite
— - 2-loop T K(PIP;=412) I Bernstein
—— 3-loop n

\

0.1 0.2 03 04 05 06 07 0.8
b, /fm

2+1 flavor clover fermion ensemble, a=0.098fm:;

Nonphysical pion mass ~ m;=547 MeV;
Tree-level matching kernel,
Largest PZ up to 2.11 GeV.
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Highlights of Lattice QCD Results on the Collins-Soper Kernel

The Origins: Two Routes to the Collins-Soper Kernel

v" From quasi beam function

. . B T i =
I <o+ 1loop == 2loop — 3loop 7
<& Hermite Vv Bernstein

-0.2 YZE % w\% -

-0.4 ﬂ@ﬁ%?

08 hanahan Wagman and Zhao,
PRD102; 014511 (2020)

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
br [fm]

MS (=2 GeV)

h
e

* Quenched ensemble, single a = 0.06 fm;
* Nonphysical pion mass ~ m; = 1.2 GeV;
* Tree-level matching kernel;
« Largest P? up to 2.58 GeV.

v' From quasi TMDWF
00 LN\ [ i

. Is;\\ --j T _
x I _,/ L —
—0.4 1 \\\ .-’:y { u E i'i T
~3 P o 1l
¥ ~ - b

-081LPC, PRL125, ™~ | |
192001 (2020) S
—1.29-- 1.00p F  K(PiIP;=4/3) T Hermite

— - 2-loop T K(PIP;=412) I Bernstein
—— 3-loop n

\

0.1 0.2 03 04 05 06 07 0.8
b, /fm

2+1 flavor clover fermion ensemble, a=0.098fm:;

Nonphysical pion mass ~ m;=547 MeV;
Tree-level matching kernel,
Largest PZ up to 2.11 GeV.

« 2pts have better signals than 3pts on lattice, so with increasing precision, the quasi TMDWF

approach is becoming mainstream.

16



Highlights of Lattice QCD Results on the Collins-Soper Kernel

Continuous Improvements:

0.5
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S
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-2.0 T T T T T
0.1 0.2 0.3 0.4 0.5

b [fmn]

LPC, PRD106, 034509 (2022)

Better NPR scheme for nonlocal correlators;

Infinite P# extrapolation;

Systematic uncertainties taken into account;

0.6

0.7

Unexpected imaginary part from NLO

matching kernel.

S BTN YA A RT3

7 e ——

% SV19
1

O Pavial9 ~—— MAP22 = N°LL

™~ !

I il
0F

i !

&

=) L

N

= -1

q -

Z |

Z

= L

i -2

=L

0.0 0.2

Avkhadiev, Shanahan, Wagman and Zhao, PRD108, 114505 (2023)

v' b, -unexpanded matching coefficient mitigate the

0.4 0.6 0.8

bT [fm]

unexpected imaginary part.

v' Perturbative matching up to NNLL accuracy.
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Highlights of Lattice QCD Results on the Collins-Soper Kernel

Continuous Improvements:

10—

yyyyyyyyyyyyyy

B e B BNy M Pavialg B ART23 ]
Cirqep M osvio M vap2e M pv2s ]

0.0 0.2

Avkhadiev, Shanahan, Wagman and Zhao, PRL132, 231901 (2024)

014 | 0.6 0.8
bT [fm]

v" Physical pion mass;

v' Continuum limit from model constrain;
v Precision results with well-controlled systematic

uncertainties.

1.0

Kb,
0.5 ( E H)
|
]
00 ILPC 2025, in progress
' ]
-0.5 2N \\' . 4 i i I i -
-1.09 ---. 1-loop \\\ } { I
—-— 2-loop * !
—— 3-loop AN
. ¥ SVZES21 N\
- 5 4 \\
¢ LPC22 \
¥ ASWZ23
$  This work
=2.0 T T T T :
0.0 0.2 0.4 0.6 0.8 1.0
bJ_/ fm

v" Physical pion mass;

v' Continuum limit; See Jin-Xin’s talk
v Largest PZ up to 3GeV;

v" Well-controlled systematic uncertainties;

v Precision calculation up to 1fm.
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Overview of Collins-Soper Kernel Calculations on the Lattice

Authors/ . : Matching 2 . max  SyStematic -
Collaboration Pion mass  Continuum Method Kernel Largest P?  Reliable b Uncertainty Highlights
. First CS kernel extraction via quasi beam function.
SWZ 1.2 GeV No Quasi l?eam LO 2.58 GeV 0.8 fm No Quenched ensemble.
PRD102, 2020 function . )
Long-range extrapolation via models.
LPC : First extraction via quasi TMDWF.
PRL125, 2020 547 MeV No Quasi TMDWF LO 2.11 GeV 0.4 fm No Dynamical ensemble.
SVZES Mellin moments of Estimated but Extraction from the ratios of first Mellin moments.
JHEPO0S, 2021 422 MeV No quasi TMDPDF - 2.27Gev 0.5 fm not included Discussed the sources of systematic uncertainties.
. Operator mixing effect in NPR.
SWZ 538 MeV No Quasi l?eam NLO 1.5 GeV 0.5 fm No Power corrections and higher-twist effects.
PRD104, 2021 function . :
Considering NLO matching effects.
PKU/ETMC 827 MeV No Quasi TMDWF LO 3.3 GeV 0.3 fm No RI’/MOM renormalization.
PRL128, 2022
Wilson loop renormalization.
LPC Higher-twist effects in operators.
670 MeV No Quasi TMDWF NLO 2.58 GeV 0.6 fm Yes Direction of staple-shaped Wilson link.
PRD106, 2022 . z .
Infinite-P# extrapolation.
Systematic uncertainties are taken into account.
S‘VWEY Mellin moments of Universality of CS kernel from twist-2/3 quasi
PRD108, 2023 686 MeV No quasi TMDPDF - 136 Gev 04 fm No TMDPDFs of pion and proton
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Overview of Collins-Soper Kernel Calculations on the Lattice

Authors/ . . Matching 2 : max Systematic -
Collaboration Pion mass  Continuum Method Kernel Largest P?  Reliable bY Uncertainty Highlights
LPC Consistency check between two different actions.
220 MeV No Quasi TMDWF NLO 3.16 GeV 0.6 fm Yes Multiple lattice spacings and pion masses, but

JHEPOS, 2023 . .
without extrapolation.
Physical pion mass.

ASWZ . b, -unexpanded matching coefficient up to NNLL.

PRDI0S. 2023 148.8 MeV No Quasi TMDWF uNNLL 2.15GeV 0.8 fm Yes Mitigate unexpected imaginary part in matching
coefficient.

ASWZ, Multiple lattice spacings, and model constrained

148.8 MeV Model Quasi TMDWF uNNLL 2.3GeV 0.8 fm Yes continuum limit extrapolation.

PRL132, 2024 . . . .
Calculation directly at physical pion mass.

BGHMZ . -

PRDI12, 2025 300 MeV No Quasi TMDWF NLO 4.3 GeV (Large err.) Yes Coulomb gauge fixed correlators.

ABC?*S’T . . . . :

550026316 640 MeV No Quasi TMDWF NLO 3.33GeV 0.5 fm No Higher-twist effects in quasi TMDWF.
Precision calculation at transverse separations
beyond the nucleon radius (b =~1fm).

. Multiple latti i ti limit
LPC 135.5MeV  Yes QuasiTMDWF  uNLO 3.0 GeV 1.0 fm Yes ultiple latfice spacings, continuum fimi

In preparation

extrapolation.
Multiple pion mass (including physical), and chiral
extrapolation.

Adapted from Yong Zhao 20



Intrinsic Soft Function

* Rapidity divergence from gluons radiation collinear to lightlike gauge link:

e +a— FETET) 1 d(k-/k+)/ o FkTET)
Ile /dk dk (k+k_)1+s_2 d(k k )(k+k_)1+€

1.kt - - -
Vi = ElnF yr — too: rapidity divergence

renormalized by soft function:

S, 1,67,87) = < Tr(0IWaB D) 5+ W G 5-10)

* Physical TMDs are defined as

-/ p+
FIMD(G b 1 ¢) = lim Ll 40" /PT)
5 —0 S(bJ_, “’a—eZyn,a_)




Intrinsic Soft Function from Lattice QCD within LaMET

* Four-quark form factor with large P*:

Pz Pz
F@b,,P?*) = (m(P?)|[(qI'q)(b1)(q2Iq2)(0)| 7 (P?)) — e <—
« Factorization within LaAMET: Ji, Liu, Liu, Nucl. Phys. B 955 (2020) 115054 (’) sep
z,Y,P*,b.) ¢, Y, P*,b,)
Fbo, P = [dede Ha,a',p) &Y P01 = 2= OV g(y, Y b
b B / rde s P ey ¥ b) S Y b v
perturbative matching kernel subtracted quasi-TMD wave function
- =( >3 A )t A A . z
é(z, P*, b)) = lim (0| g(z1iz + bin )Y *vsUA(z7iz + bin 1, 0; L)g(0)| w(P?))
L—oo VZeRL+ z,b))
« Intrinsic soft function:
Sbi,u,Y, Y’
S b — b 9 9
I( J_’“) S(bJ_a ,U,,Y,O)S(bL, /1'909Y,)
F(bL,PZ)

~ Jdeda Ha, o', PAd@, ¥, b= b0 @, v, prby  0ce QED calculable.
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Highlights of Lattice QCD Results on the Intrinsic Soft Function

First Lattice Realization of the Intrinsic Soft Function:

100 q e 1 - loop
. \\ - SI,M_S
{\ ¥ P?=1.05GeV, y=2.17
N T P?=1.58GeV, y=3.06
‘g F P?=2.11GeV, y=3.98
\
\\
) \
\
1071 A \
] 1
] 1
1
1
1
1
1
I I I L I I I I
0.1 0.2 0.3 0.4

bl/fm

0.5 0.6 0.7

AN N NN

LPC, PRL125, 192001 (2020)

2+1 flavor clover fermion CLS ensemble, a=0.098 fm;
Nonphysical pion mass ~ m;=547 MeV;

LO matching kernel;

Largest P# up to 2.11 GeV,;,

Partial systematic uncertainties have been taken into

account.
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Highlights of Lattice QCD Results on the Intrinsic Soft Function

Continuous Improvements:

2.0
1.8 -5 Imp=350MeV  $m, =640 MeV
1.61 d=loop Fmy=545MeV  #m, =827 MeV
1.4 S wrs
N
~ 12055 )
= 1.0 S
£ 0.8 T e
0.6 N i
0.4 N L]
0.2_ \\ i i
00—
00 01 02 03 04 05 06 07
bJ_/fm

Li et.al, PRL128, 062002 (2022)

v Eliminated higher-twist contaminations in
form factors from combinations of different
Dirac structures;

v Verified that the intrinsic soft function is

essentially independent of the meson mass.

1.2 4

1.0 1

0.8

0.6 1

0.4 1

0.2

0.0

\\ ——- grenlloop _ [ aulu) T=2NT
1,MS = | as(ko)
N
S @ SPtPT(p, . u) on CLS
S W 501~ (p, ) on MILC
z \‘\\ (] S%”’l loop+(p, | 1) on MILC
\\\
S
N\\
& om Tsel
e 8 Tl
O] I ~~~~~
] EI %
T T T T T T
0.1 0.2 0.3 0.4 0.5 0.6
bJ_ [fm]

LPC, JHEPOS, 172 (2023)

v" Verified the robustness of the

results from different ensembles.

0.7 1
0.6 1
0.5 1
0.4 1
0.3 1
0.2 1
0.1 A

0.0

X LPC 23 (CLS)
X ] ¥ cA211.30.32
X i B cA21153.24

Oil 0;2 013 Oi4 0j5
b [fm]

Alexandrou et.al, arXiv:2509.26316

Considering higher-twist effects
in quasi TMDWEF.

The key obstacle lies in improving the signhal-to-noise
ratio of the form factor.
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Highlights of Lattice QCD Results on the Intrinsic Soft Function

=== 1-loop Fix T Pwr=3.87GeV, Prr=2.58 GeV
15l === 1-loop RGR LL I Pwe=430GeV, Prr=2.58 GeV
. T  Pwr=3.44GeV, Ppr=2.58 GeV ¥ Final results

Continuous Improvements:

* Under Coulomb gauge fixing, Wilson lines

S(b s )
e =
W (e}

. ; 77
E’ /
7’ /,

4 /

! I
Lo

S~o
~~a

vanish, signal-to-noise ratio can be significantly ol . % R
S % % ﬁ
: G ig
improved. Yong Zhao, Phys.Rev.Lett. 133, 241904 (2024) 00 o REfdaad
0.2 0.4 0.6 0.8 1.0
by [fm]
« Preliminary results for the Collins-Soper kernel
and intrinsic soft function have been performed. o | e oo | 3 owes |
MAPNN25 EEC24 ART25 I This Work
Bollweg, Gao, He, Mukherjee, Zhao, PRD 112, 034501 (2025). el L s ‘
.A? 0.0 \\‘71\
« The reliability of this approach still requires further s LI
0.5
verification.
-1.01
-1.5¢

00 0.1




Overview of Intrinsic Soft Function Calculations on the Lattice

Authors/ . . Matching 2 . max  Systematic .

Collaboration Pion mass  Continuum Kernel Largest P Reliable b} Uncertainty Highlights
LPC  First lattice QCD calculation.
PRL125, 2020 >47 MeV No LO 211 Gev 0.7 fm No * Operator mixing effects in NPR.
PKU/ETMC  350-827 * Higher-twist effects in form factors.
PRL128, 2022 MeV No Lo 3.3 GeV 0.7 fm No  Verified the independent of meson mass.
LPC 670 MeV No NLO 2.58 GeV 0.6 fm No * Consistency check between different actions.
JHEPOS, 2023
BGHMZ 2.58 GeV for FF, * Coulomb gauge fixed correlators.
PRD112, 2025 300 Mev No NLO 4.3 GeV for qWF 1.1 fm No * Greatly improved the signal-to-noise ratio problem.

2Q3

gg}g 63316T 640 MeV No NLO 3.33 GeV 0.5 fin No - Higher-twist effects in quasi TMDWFE.
LPC 200-300 No NLO 3GeV 1 fm Yes

In progress MeV




TMDs from Lattice QCD within LaAMET

Factorization in LaMET:

Lorentz boost

L >
PZ -

Ji, PLB811(2020); Ebert, JHEP04(2022)

v' Perturbative matching kernel

fr(wablaﬂ',cz)\/SI(bJ_,N) = HI‘(Cz,l"’)

2 A% M?
epol Kby, p lnf f@,b1,p,Q) -I—(’)( ?zCD’ (P?)2’ bilcz)

v' Intrinsic soft function

v' Collins-Soper kernel

Everything is ready




Nucleon Unpolarized TMDPDF

« The first lattice QCD calculation of nucleon unpolarized TMDPDF: LPC, PRD109, 114513 (2024)

b, = 0.12fm = (1.64GeV)~? b, = 0.24fm = (0.82GeV)~? b, = 0.36fm = (0.55GeV)™?

N
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Nucleon Unpolarized TMDPDF

xf(xl b_l.' ﬂ:{ )

xf(x, bJ.' ﬂl { )
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LPC, PRD109, 114513 (2024)

DN

AN

MILC ensemble, a = 0.12 fm;

m, = (220, 310) MeV, and extrapolate to
physical pion mass;

Largest PZ up to 2.58 GeV, and infinite
momentum extrapolation;

NNLO + RGR matching kernel;

Systematic uncertainties.
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Boer-Mulders Functions

The Boer-Mulders function is related to the probability of finding a transversely polarized quark
inside an unpolarized proton:

L T
hy = F -

The Boer-Mulders function is time-reversal odd (T-odd):

T: hilx,k3) - —hi(z,k2)

The Boer-Mulders function inbeds the correlation between the quark spin and its transverse
momentum.
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Boer-Mulders Functions

P*=1.84 GeV, b, =0.196 fm

Boer-Mulders function from nucleon and pion:

[
&3 nucleon
2.4 £ pion
= 18 n =2 GeV
~T ¢ =4 GeV?
3
—H 1.2
)
—4— 0.6
=
%
0 —~ I —
——
-0.6
0 0.2 0.4 0.6 0.8

Pion: LPC, PRDI11, 094507 (2025)
Nucleon: LPC, JHEP 08, 086 (2025)

v CLS ensemble, a = 0.098 fm;
v m, =338 MeV,

v' Largest PZ up to 2.11 GeV;

v NNLO + RGR matching kernel.

More details see Lingquan s talk
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Pion Unpolarized TMDPDF

P*=1.83 GeV
P*=2.43 GeV
P:=3.04 GeV

—
W

f(P% b1 =0.24 fm,x)
.o p—
n =

g
=)

03 04 05 06 07

e
[}

[
=)

P*=1.83 GeV
P*=2.43 GeV
P*=3.04 GeV

=0.48 fm, x)
= n

f(Pby
=]
W

e
=

0.3)

FPby,x

0.4)

FPiby,x

2.0

L.5¢

1.0r

0.5F

0.0r

Bollweg, Gao, He, Mukherjee, Zhao, PRD 112, 034501 (2025).

| | MAP22 ; I Pi= 183 GeV
| T JAM23 Pi=243GeV |
J, T T $  PDF Lat | P:=3.04GeV
{ }  PDFJAM21
Wi
L1 j
00 02 04 06 08 10 12
by [fm]
MAP22 ' I Pi=183GeV
JAM23 P:=243GeV |
$  PDF Lat [ P=3.04GeV
! ¢ PDF JAM21

HotQCD ensemble, a = 0.06 fm,
m, = 300 MeV,

Largest P# up to 3.04 GeV;
Coulomb gauge fixed
correlators.
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Pion TMD Wave Function

Re[¥*(z,b.)] on MILC Re[U~(x,b.)] on MILC Re[¥~(z,b.)] on CLS

LPC, PRD 109, L091503 (2024)

e CLS, a =0.098 fm, and
MILC, a = 0.12 fm.

0.0 - BN by =0.12 fm by =0.36 fin ~ by =06 fm 0.0 - by =0.12 fin by =0.36 fm - by =0.6fm .0 4 B by =0.1fm by =0.3 fm by =0.5fm .
B by =024 fm by =0.48 fin B by =024 fn by =0.48 fn W by =0.2fm by =04fm BN by =0.59 fin i mTC >~ 670 M eV,
—0.2 44— - - - - — —0.2 4 . - - - 4 . - - r -
0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 04 0.6 08 1.0 il 0.2 04 06 0.8 1.0 Z
z z z « Largest P” up to 2.64 GeV;
Im[U+(z,b,)] on MILC Im[¥~(z,b, )] on MILC Im[¥—(z,b,)] on CLS

B by =0.12fm by =0.36 fin by =0.6 fm B by =0.12fn by =0.36 fm by =0.6 fm B by =0.1fm by =0.3 fm by =0.5 fin
B b, =024 fm by =0.48 fin BN b, =024 fmn by =0.48 fm by =02 fm by =04fm WM b, =0.59 fm
—0.4 : . . ! 5 044 ! ' . : i —04+ : ' ! ' 4
0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 04 0.6 08 10 0.0 0.2 04 06 0.8 1.0
T T I
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Overview of Intrinsic Soft Function Calculations on the Lattice

Authors/ . . . 2 Systematic
Collaboration Pion mass Continuum Matching Kernel Largest P Uncertainty
Nucleon Unpolarized LPC 310, 220 MeV
TMDPDF PRD109, 2024 (extra to continuum) No NNLO 2.58 Gev Yes

Nucleon Boer-Mulders LPC

Function JHEPO0S, 2025 338 MeV No NNLO 2.21 GeV No
Pion Unpolarized BGHMZ

TMDPDF PRDI112, 2025 300 MeVv No NLO 3.04 GeV No
Pion Boer-Mulders LPC

Function PRDI111, 2025 338 MeV No NNLO 221 GeV No
Pion TMD Wave Function LPC 670 MeV No NLO 2.64 GeV No

PRD109, 2024




The Grand Feast of Lattice TMDs Has Just Begumn:«++-

Lattice QCD + LaMET provides a new perspective on exploring the 3-D structure of hadrons.

Collins-Soper Kernel: Intrinsic Soft Function: TMD distributions:
v’ Continuum limit X Continuum limit X Continuum limit
v" Physical pion mass X Physical pion mass 7# Physical pion mass
v Power corrections X Power corrections # Power corrections
v’ Systematic uncertainties X Systematic uncertainties 7 Systematic uncertainties
v Reliable predictions ~ 1fm X Reliable predictions X Reliable predictions ~ 1fm

O Achieve high-precision calculations (extrapolation to physical point, well-controlled systematic
uncertainties, b~1fm);

O Enable computations of more polarized TMDPDFs;

O New methods, new observables, ..... Thank you for your attention!
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Overview of Collins-Soper Kernel Calculations on the Lattice

Authors/ . : Matching 2 . max  SyStematic -
Collaboration Pion mass  Continuum Method Kernel Largest P?  Reliable b Uncertainty Highlights
. First CS kernel extraction via quasi beam function.
SWZ 1.2 GeV No Quasi l?eam LO 2.58 GeV 0.8 fm No Quenched ensemble.
PRD102, 2020 function . )
Long-range extrapolation via models.
LPC : First extraction via quasi TMDWF.
PRL125, 2020 547 MeV No Quasi TMDWF LO 2.11 GeV 0.4 fm No Dynamical ensemble.
SVZES Mellin moments of Estimated but Extraction from the ratios of first Mellin moments.
JHEPO0S, 2021 422 MeV No quasi TMDPDF - 2.27Gev 0.5 fm not included Discussed the sources of systematic uncertainties.
. Operator mixing effect in NPR.
SWZ 538 MeV No Quasi l?eam NLO 1.5 GeV 0.5 fm No Power corrections and higher-twist effects.
PRD104, 2021 function . :
Considering NLO matching effects.
PKU/ETMC 827 MeV No Quasi TMDWF LO 3.3 GeV 0.3 fm No RI’/MOM renormalization.
PRL128, 2022
Wilson loop renormalization.
LPC Higher-twist effects in operators.
670 MeV No Quasi TMDWF NLO 2.58 GeV 0.6 fm Yes Direction of staple-shaped Wilson link.
PRD106, 2022 . z .
Infinite-P# extrapolation.
Systematic uncertainties are taken into account.
S‘VWEY Mellin moments of Universality of CS kernel from twist-2/3 quasi
PRD108, 2023 686 MeV No quasi TMDPDF - 136 Gev 04 fm No TMDPDFs of pion and proton




Overview of Collins-Soper Kernel Calculations on the Lattice

Authors/ . . Matching 2 : max Systematic -
Collaboration Pion mass  Continuum Method Kernel Largest P?  Reliable bY Uncertainty Highlights
LPC Consistency check between two different actions.
220 MeV No Quasi TMDWF NLO 3.16 GeV 0.6 fm Yes Multiple lattice spacings and pion masses, but

JHEPOS, 2023 . .
without extrapolation.
Physical pion mass.

ASWZ . b -unexpanded matching coefficient up to NNLL.

PRDI0S. 2023 148.8 MeV No Quasi TMDWF uNNLL 2.15GeV 0.8 fm Yes Mitigate unexpected imaginary part in matching
coefficient.

ASWZ, Multiple lattice spacings, and model constrained

148.8 MeV Model Quasi TMDWF uNNLL 2.3GeV 0.8 fm Yes continuum limit extrapolation.

PRL132, 2024 . . . .

Calculation directly at physical pion mass.

BGHMZ . -

PRDI12. 2025 300 MeV No Quasi TMDWF NLO 4.3 GeV (Large err.) Yes Coulomb gauge fixed correlators.

ABC?*S’T . . . . :

550026316 640 MeV No Quasi TMDWF NLO 3.33GeV 0.5 fm No Higher-twist effects in quasi TMDWF.
High-precision lattice calculation at transverse
separations beyond the nucleon radius (b, ~1fm).

. Multiple latti i ti limit

LPC 135.5MeV  Yes QuasiTMDWF  uNLO 3.0 GeV 1.0 fm Yes ultiple latfice spacings, continuum fimi

In preparation

extrapolation.
Multiple pion mass (including physical), and chiral
extrapolation.
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Overview of Intrinsic Soft Function Calculations on the Lattice

Authors/ . . Matching 2 . max  Systematic .

Collaboration Pion mass  Continuum Kernel Largest P Reliable b} Uncertainty Highlights
LPC  First lattice QCD calculation.
PRL125, 2020 >47 MeV No LO 211 Gev 0.7 fm No * Operator mixing effects in NPR.
PKU/ETMC  350-827 * Higher-twist effects in form factors.
PRL128, 2022 MeV No Lo 3.3 GeV 0.7 fm No  Verified the independent of meson mass.
LPC 670 MeV No NLO 2.58 GeV 0.6 fm No * Consistency check between different actions.
JHEPOS, 2023
BGHMZ 2.58 GeV for FF, * Coulomb gauge fixed correlators.
PRD112, 2025 300 Mev No NLO 4.3 GeV for qWF 1.1 fm No * Greatly improved the signal-to-noise ratio problem.

2Q3

gg}g 63316T 640 MeV No NLO 3.33 GeV 0.5 fin No - Higher-twist effects in quasi TMDWFE.
LPC 200-300 No NLO 3GeV 1 fm Yes

In progress MeV




Overview of Intrinsic Soft Function Calculations on the Lattice

Authors/ . . . 2 Systematic
Collaboration Pion mass Continuum Matching Kernel Largest P Uncertainty
Nucleon Unpolarized LPC 310, 220 MeV
TMDPDF PRD109, 2024 (extra to continuum) No NNLO 2.58 Gev Yes

Nucleon Boer-Mulders LPC

Function JHEPO0S, 2025 338 MeV No NNLO 2.21 GeV No
Pion Unpolarized BGHMZ

TMDPDF PRDI112, 2025 300 MeVv No NLO 3.04 GeV No
Pion Boer-Mulders LPC

Function PRDI111, 2025 338 MeV No NNLO 221 GeV No
Pion TMD Wave Function LPC 670 MeV No NLO 2.64 GeV No

PRD109, 2024
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Leading Power Spin Dependent Quark TMDPDFs

* The quark distribution functions are obtained by applying certain projection to the quark-quark

correlation matrix:

Bk, Pys) = / di¢ eih€ (PS | B;OW0, i) | PS)

THT®] = / dig i€ (PS| §;(0)T W0, wi(€)| PS)

* The correlation matrix satisfies following symmetries from hemiticity, parity and time-reversal

invariance:
&Tk,P,S) = ~°®k, P, S)~° Hemiticity

&k,P,S) = ~v°®k,P,—S)~° Parity

&*(k,P,S) = ~5C®(k,P,S)CTvs  Time reversal

* For staple-shaped gauge link (TMD correlations) the last constraint can be relaxed.
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Leading Power Spin Dependent Quark TMDPDFs

* At leading twist accuracy:
Ve = AlP“+%A’1€“”p“PyklpSLa
AH = ANAzP“—|—iA1kJ_-SLP“
TH — AgPlrgY —l—)‘NAzP[“k + 7 Ak S PR+ L AL Bk,

and
1 ~ 1
B(k, P,S) = —{A1P+ AAnTsP + AsPrs8, + AlkL-SmsP + 27 AL P Pk oS
+WA, €”Upao';u/)’5p kJ_a + A2 P75’é_1_ + A3kL SJ.P75%J_}

red terms denote the constrain on time-reversal is relaxed.
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Leading Power Spin Dependent Quark TMDPDFs

* The projections define the eight leading-twist quark TMDPDFs:

+ J—
T = %/% Tr[[ @6kt — z PT)

_ /dﬁ_dzéJ_ ei@PTE™—k1-£1) (PS| Y(0)TWL(0, &) (&)| PS) £=(0,&£,€1)

2(27)3
then
9 ke iS 1
7 = fi@, k) - L fin(e, k)
k,-S
Pyl — ANG1L(x, k%) — J'Mlgf'T( ,ki)
lio ] k1 (1
Blir ) = iy, kD) + Ak b, kD) + (2 g
Ll
JMth(w,ki)

KK )SJ_Jh (@, k32)
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Theoretical Definition of TMDPDFs
SIDIS

Theoretical Complexity of Quark TMDPDF

* Process-dependence of Wilson lines:

t
SIDIS: future-pointing

)\n—f—g_]_

K DY: past-pointing

* Rapidity divergence from gluons radiation collinear to
lightlike gauge link:

FTET) _ 1 fdk—/kT) / d(kTk™) fkTk)
(kTk—)1+e 2 ) k= /kT “(ktk—)lte

_1l kt
}’k—z nk—

Tgiv ~ /dk+dk_

Rapidity divergence renormalized by soft function: S

n

1 — -
Sbr,p,8%,67) = [ Tr(0IWabL) 5+ Wb s-10)

Pyﬂ) n
P

Yy — too: rapidity divergence

DY

1L
§<

P

6 as the rapidity regulator.

0 DY

n
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Theoretical Definition of TMDPDFs

» Physical TMDPDF is defined as: e. g. unpolarized

FOL b, pu, 67/ PY) = (PlYyOn/2+b ) W(An/2+b,)|s— v(—An/2)|P) = Unsubtracted TMDPDF

- +
FIMD(p by ¢) =| lim L X0L,1,07/PT)
§=—0 4/S(by, p,6"e2¥n, )

Rapidity regulator cancelled in the ratio, leaving the rapidity scale { dependence ~ e

* Rapidity scale evolution controlled by the Collins-Soper equation:

a

dCln fTMD(wa b_La 2% C) — K(bJ_a ﬂ')

2¢

Scale evolution controlled by RGE

d 1 2
uzd—#,zln fTMD(wa b, s C) = D) Fcusp(as) ln% - '7H(a,g) = ’)’“([,l,, C)

2
—3 Kb, winks
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Theoretical Definition of TMDPDFs

* The two evolution kernels following:
d d
d K(bJ_a ll') 2Cd_c '7;1,(”'9 C) - _I‘cusp(as(u))

So the physical TMDPDF defined this way is independent of rapidity scheme:

¢
Co

f™P@, b, 1, ) = P, b, po, Co)exp[ / ,'m(u Co)]exp[ K(by, p)n>-

* The system of differential equations gives the TMD evolution.




Collins-Soper Kernel, Intrinsic Soft function, and TMDPDFs from Lattice QCD

t

_ (AT e AN _)\nz. _)\nz P /
FObi,p, &) = lim (P| (552 + b )y Wa(532 + by, =275 L)y(—25%) | P) : . ¢
L— oo VZsRL, by, 1)
P B
Zg(L,by, p) = Nimmwlm(bﬁunm s

* f follows the RGE:

» Quasi TMDPDF is defined as

d ~ <
”’2d_u2 Inf(x,bi, p, ) = vrlas(w) oL

vr is the anomalous dimension of quark-Wilson line vertices, as f contains logarithmic divergence
from quark-Wilson line vertices only.

This log divergence can be removed by dividing a renormalization factor extracted from the quasi
matrix element in the rest frame at perturbative zand b, .
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Collins-Soper Kernel, Intrinsic Soft function, and TMDPDFs from Lattice QCD

« f also satisfies the rapidity evolution equation:

z)2
P> d lnf(iB bi,p,C) = K(bl’u)+g((P : )

d Pz perturbative

One can extract the Collins-Soper kernel from the PZ dependence of f.

« f still contains rapidity scheme dependence, which can be removed by further dividing the so-called

intrinsic/reduced soft function capturing this scheme dependence in f.

The intrinsic/reduced soft function is defined from

Spy(bi, 1, Y,Y) = e¥YTYIKbLw+DbL,m 4 ...

as
Sib, p) = eDPbL,p)

One can extract the intrinsic/reduced soft function from TMD factorization of a meson form factor.
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Collins-Soper Kernel, Intrinsic Soft function, and TMDPDFs from Lattice QCD

» Factorization between quasi and physical TMDPDFs in LaMET:

~ nsz 2 2
f(wa bJ_a |22 Cz)/ vV SI(bJ_a /1') - H(%) K(bJ_,“)l C fTMD(w b_La |22 C) + O(A?CDa (PMZ)za b2 14- )

> Polarized TMDPDFs:

* Decomposition of leading-twist TMDPDF's * Analogue for quasi TMDPDFs
72 b)) = b epob ST .1 b rig% 3N €pabJ_SJ_ AL
Fains@:b1) = fi@,by) — =P fin(@, bo) Falns@;b1) = f@,by) - LTL2L fin(@, by)
] b.-S 3 _
fane@s b)) = Spgin(e,by) — =5 =gir(w, b1) @, by) = Spgiute,by)— b; 2L G @, )
[i73,50*Pys] . Srbd Z[i0 ™ ys] _ A SLb? -
Ja/hs (,b1) = SThi(z,bi)+ b, hiy(x,by) fons M@ b)) = Sthi(x,bl)+ b, hiz(x,by)
1 o bTb 1 o bTb
+(§ng_ Jl;iJ')S_Lphf'T(iU,bJ_) +(59J_p— bﬁ_l)SJ‘ph (213 bi)
e*Pb E*b1pral
— b:‘phf(zc,bﬁ T b, “hi~(@,b1)
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Collins-Soper Kernel from Lattice QCD

At leading power accuracy, CS kernel can be extracted from the P? dependence of TMDs:

Fsbss s/ VSO0 = H(S) LK) covn i, b )

Taking ratio, S; and f TP cancelled each other, then

K(x,b1) =

1 (H(a:Pf,u)f(wabLau,Pf))
z =z r
ln(Pl/P2) H(mPlz,u)f(w,bJ_,M,Pf)

FTMD ¢ould be either unsubtracted quasi TMD wave function or quasi TMDPDF (beam function).
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Intrinsic Soft Function from Lattice QCD

» TMD soft function is defined by two conjugate light-like Wilson lines:

1 —
Sy, p,Y,Y) = ==Tr(0|T[U]}, (=00, b.)y U, (+£oo,bi)y]|0) ;

N
T[Un_(:too’ O)YUn_|_(_ooa O)Y’] | 0>

Intrinsic soft function reflects the rapidity independent part:

Sb,,un,Y,Y) = YHYIKbLwW+DbL,w

° Z.
» Four-quark form factor with large P*: P eﬁe P

Fby,P?) = (m(P?)|(g:iI'q)b1)(g2T'g2)(0)| w(P*))

0 oep
Factorization of form factor in the framework of LaMET:
bz, Y,P?*b)) o, Y, P*,b))
Fob,. P9 = [dode He. o' p?)2&EY> P50 S T R Te VA VA N
(J_a ) / raxr (mama ) S(Y,Y,b_]_) S(Y,,Y,,bJ_) ( ’ ’ J_)

perturbative matching kernel subtracted quasi-TMD wave function




Intrinsic Soft Function from Lattice QCD

» Subtracted quasi-TMD wave function:

qg(z, P* b)) = lim (0] @(zhiz + b1 )Yy ysUA(zhz + bin, 0; L)q(0) | w(P?)) Al

e VZ@L T 2,b1) ~ A\
p? L
> Intrinsic soft function: -

S, K, Y, Y’
S(bJ_a M Ya O)S(bJ_a K Oa Y,)
F(b,, P?)
[dxdx’ H(x,z’, P?¢(x,Y ,P?,b)o(x’, Y, P*, b))

Srbi, p) =

leading order matching:

. F(b,y, P? 1
o1y = AN g0, P b T O(as’ <PZ>2)

Lattice QCD calculable.
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TMDPDFs from Lattice QCD

» Matching from quasi TMDs to TMDs:

* Hadronic matrix element from equal-time correlators:

h¥(z, P*,b1) = lim (P*|9(bi)T

b
\_\ Z X Uj(bJ_ﬁ'_L — bL'ﬁ'_L + Lﬂz; bJ_ﬂ_L + Lﬂz A Lﬂz; Lﬁ'z — Zﬂz)
P(zn,) | P*)

* Subtracted quasi TMDPDFs:

~ . N 7,0 z
fr(x, P*,b,,p) = lim dz _iz@pP? hi(z, P*,b.)
a0 J 2T VZgQRL+ z,b1,a)Zo(1/a, p,T)

L— oo
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TMDPDFs from Lattice QCD

> Divergences in bare quasi TMDPDF » Renormalization

- Wilson loop:

Linear divergence

Logarithm divergence TN

Linear divergence
/

N
by
I
i

1

i

Pinch-pole singularity

Zero-momentum
matrix element:

Pinch-pole singularity

Logarithm divergence

Ji, PRL120(2018), NPB964(2021), PLB257(1991); Zhang, PRD95(2017), NPB939(2019); Ishikawa, PRD96(2017); Green,
PRL121(2018); Huo, NPB969(2021); Chen, NPB915(2017); Musch, PRD83(2011); ......
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TMDPDFs from Lattice QCD

Equal-time correlators,

directly calculable on lattice

* Connected at large-momentum limit

.fI‘ (.’IJ, b.La Czalu)

\

/SI (b_L7 ,U,)

Quasi TMDPDF

Lorentz boost

Intrinsic soft function

L —> o
Space-like correlators,
Physical TMDs
Ji, PLB811(2020); Ebert, JHEP04(2022)
Matching kernel
Lin(2)h AZ M? 1
C—Z)eéln(c)‘f(x,bl,u,@i—(’)( Qb 51 5
u ¢ (P BRC,
Collins-Soper kernel Physical TMDs
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