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引⼒波数值模拟

 总结与展望
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125 GeV Higgs&Standard Model



Theoretical completeness/Beauty?
Cosmological constant 
Hierarchy problem 
Strong CP problem
Grand Unified Theory 
Quantum Gravity

Experimental Evidence？
Dark Matter 
Baryogenesis
Neutrino masses 
Origin of flavor

Is the Standard Model complete?

Search for New physics



电弱相变

宇宙弦

⾼能标相变低能标相变

LISA,天琴,太极

‣ 研究背景                      随机引⼒波与新物理

随机引⼒波探测开启了探索早期宇宙背后新物理的⼀个新的窗⼝

脉冲星阵列计时 激光⼲涉引⼒波天⽂台（LIGO）



新物理&相变引⼒波

Chiara Caprini et al JCAP03(2020)024 

有限温场论计算
格点场论模拟建立理

论和实验的桥梁

PTA,LIGO,LISA,天琴,太极,…

Tunneling

重要的引⼒波源，主要科学目标之⼀

相变参数
引⼒波功率谱 实验探测

信噪比

超出粒⼦物理标准模型

新物理



Beyond Standard Model theory

Collider 
phenomenology

Equilibrium 
thermodynamics

Baryon asymmetry

CPV

&Transport Eq.

Bubble nucleation
&hydrodynamics

Gravitational waves

La
ttic

e 
sim

ula
tio

n

Perturbation

Or Lattice 

Thermal QFT

       电弱相变相关粒⼦物理宇宙学

QFT



Baryon Asymmetry of the Universe



‣ How to explain the Baryon Asymmetry of the Universe?

Nobel Peace Prize in 1975

 Baryon Number Violation        
Weak Sphaleron within SM


 C&CP Violation       


  BSM physics


 Out of thermal equilibrium         
BSM physics

The three Sakharov conditions 
for Baryon Asymmetry???



CP violation arises naturally in the quark sector of the Standard Model. It’s been 
observed in K, D, and B mesons.  But that’s not enough!!!

‣ BAU&CPV

The invariant phase using Jarlskog invariant

≪ 10−11

CKM matrix:

,   Tc is the SM cross-over temperature



Engel etal, Prog.Part.Nucl.Phys. 71 (2013) 21-74

‣ BAU& CPV



‣ BAU& Electroweak Sphaleron



‣ BAU mechanism

Popular Mechanisms 


•Leptogenesis → BAU related to the origin of neutrino masses 


• Electroweak Baryogenesis → BAU created during Electroweak 

phase transition 


• GUT Baryogenesis → BAU from B-violating decay of heavy 

GUT stuff 


•Affleck-Dine → BAU from rolling scalars carrying B charges 


•Hidden Sector Asymmetric Baryogenesis → BAU in an exotic 

sector related to dark matter



Radiation dominate Universe: H = (1/2t) 

Key Events in the early Universe



电弱

相变

QCD 

相图

‣ BAU& Non-equilibrium



Chup etal，Rev Mod  Phys.91.015001

电弱相变中
解释BAU

Tunneling

已
排
除
的

理
论

 CPV cancellation

正反物质不对称&强⼀阶电弱相变

Bian, Liu, Shu, PRL115 (2015) 021801









4dℒ 3dℒ ℒLat
3d

Monte Carlo 
simulation

Veff
3dVeff

4d

Thermodynamics of PT

‣ Methods for PT dynamics study

Perturbative 
3d approach

Perturbative 
4d approach

Lattice
simulation













The grand canonical partition function

‣ Finite temperature potential and free energy

The free energy

≡ J0(m) + J̃F(m, T )

high-T expansion m ≪ T
2307.00068









= Vresummed
soft

Vdaisy = Vresummed
soft − Vsoft

‣ 1-loop Effective potential at finite temperature

Daisy/ring resummation

1-loop

1-loop finite-T thermal effective potential

Arnold-Espinosa eff potential

 ~VT

Phys. Rev. D47 (1993) 3546 [hep-ph/9212235]

See also Parwani method in Phys. Rev. D45 (1992) 4695 [hep-ph/9204216]  



‣ Thermal effective scalar potential for PT study

all fermions F and bosons 
B that are relativistic at 
temperature T

MS, MV , MF are the masses 
of the scalar fields S, vector 
fields V and fermonic fields F

High-T expansion



‣ Phase transition types

Second order First order

Taken from 2305.02357



Huang, Long, and Wang,1608.06619Curtin, Meade, Yu,1409.0005

Craig,Englert, and McCullough,1305.5251

๏Zh@ILC/CEPC
‣Collider search for 2step FOPT



Goncalves,Han,and Mukhopadhyay, 1710.02149

‣Collider search for 2 step FOPT

See also: Lee, Park,and Qian, 1812.02679

๏Off-shell Higgs@LHC



Model classes for one-step FOPT

Chung, Long, Wang, Phys.Rev.D 87 (2013) 2, 023509



‣ Thermal driven Class-I



‣ Tree driven-Class IIA



PT strength

Class IIA (1) no extra EWSB: xSM



GM model

νφ2+8νξ2≡ν2 ≈(246GeV)2 

Class IIA (1) with extra EWSB:

extra EWSB

Custodial symmetry



xSM: without extra EWSB GM: with extra EWSB



‣ Tree-level driven-Class II B
< 0 causes the potential to turn over

stabilizes the EW-broken vacuum

1705.02551 



‣ Loop driven-Class III



Finite-T potential in 2HDM

Tree-level

Class III 2HDM 



 modes are heavy and decouple at distances 》 1/T, and can be integrated out 

‣ Finite temperature EFT for the 3d Phase transition study

Procedure

Matsubara decomposition



‣ 3dSMEFT for the Phase transition study

𝑁𝑓𝜇𝐵 +
𝑁𝑓

∑
𝑖=1

𝜇𝐿𝑖
= 0

𝜇𝑐h = 𝜇𝑖

Partition function

                   

ℒ4𝑑 = ℒ𝑔𝑎𝑢𝑔𝑒 + (𝐷𝜇Φ)
†

(𝐷𝜇Φ) − 𝑉(Φ) + 𝑙̄𝐿𝛾𝜇𝐷𝜇𝑙𝐿 + 𝑒̄𝑅𝛾𝜇𝐷𝜇𝑒𝑅 + 𝑢̄𝑅𝛾𝜇𝐷𝜇𝑢𝑅 + 𝑑̄𝑅𝛾𝜇𝐷𝜇𝑑𝑅 + 𝑔𝑌 (𝑞̄𝐿
~Φ𝑡𝑅 + 𝑡̄𝑅

~Φ†𝑞𝐿)

𝐷𝜇 = 𝜕𝜇 − 𝑖𝑔
𝜎𝑎

2
𝐴𝑎

𝜇 − 𝑖𝑔′￼
1
2

𝐵𝜇
Φ =

1

2 ( 𝜒1 + 𝑖 𝜒2
𝜙 + 𝜙0 + 𝑖 𝜒3)

𝑉 (Φ) = 𝑚2Φ†Φ + 𝜆(Φ†Φ)2 + 𝑐6(Φ†Φ)3 𝑐6 = Λ−2

Model



First step

Integrate out superheavy mode
𝑔′￼∼ 𝑔, 𝑔𝑌 ∼ 𝑔, 𝜆 ∼ 𝑔2, 𝑐6 ∼ 𝑔4/Λ2
power counting

Debye mass

𝑚2
𝐷 =

11
6

𝑔
2

(𝜇̄)𝑇 2 +
𝑔2

4𝜋2
𝜇2

𝐵 +
𝑁𝑓

∑
𝑖=1

𝜇2
𝐿𝑖

𝑚′￼2
𝐷 =

11
6

𝑔
′￼2

(𝜇̄)𝑇 2 +
𝑔′￼2

4𝜋2

11
9

𝜇2
𝐵 + 3

𝑁𝑓

∑
𝑖=1

𝜇2
𝐿𝑖

𝑚′￼′￼2
𝐷 = 2𝑔2

𝑠𝑇 2

‣ 3dSMEFT for the Phase transition study

3d&4d fields






𝜆3 = 𝑇(𝜆(𝜇̄) +
1

(4𝜋)2 ( 1
8 (3𝑔4 + 𝑔′￼4 + 2𝑔2𝑔′￼2) + 3𝐿𝑓(𝑔4

𝑌 − 2𝜆𝑔2
𝑌) − 𝐿𝑏( 3

16 (3𝑔4 + 𝑔′￼4 + 2𝑔2𝑔′￼2) −
3
2

𝜆(3𝑔2 + 𝑔′￼2 − 8𝜆))))
               + 𝑇3𝑐6 −

3𝑔2
𝑌 𝑇

16𝜋2 (𝑔2
𝑌 − 2𝜆)𝒜( 𝜇𝐵

3 )

𝑔′￼2
3 = 𝑔′￼2(𝜇̄)𝑇 [1 +

𝑔′￼2

(4𝜋)2 (−
1
6

𝐿𝑏 −
20
3

𝐿𝑓)]
𝑔2

3 = 𝑔2(𝜇̄)𝑇[1 +
𝑔2

(4𝜋)2 ( 43
6

𝐿𝑏 +
2
3

− 4𝐿𝑓)] +
𝑔4

48𝜋2
9𝒜( 𝜇𝐵

3 ) +
𝑁𝑓

∑
𝑖=1

𝒜(𝜇𝐿𝑖)

⋮

𝐿𝑏 = 2ln( 𝜇̄
𝑇 ) − 2ln4𝜋 − 2𝛾𝐸

𝐿𝑓 = 𝐿𝑏 + 4ln2

𝜇̄
𝑑

𝑑𝜇̄
𝜆 =

1
(4𝜋)2 ( 3

8 (3𝑔4 + 𝑔′￼4 + 2𝑔2𝑔′￼2) + 24𝜆2 − 6𝑔4
𝑌 − 3𝜆(3𝑔2 + 𝑔′￼2 − 4𝑔2

𝑌))
⋮

𝜇̄
𝑑

𝑑𝜇̄
𝑔2 = −

19𝑔4

48𝜋2

𝜇̄
𝑑

𝑑𝜇̄
𝑔′￼2 =

41𝑔′￼4

48𝜋2

𝒜(𝑥) = 𝜓( 1
2

+
𝑖𝑥

2𝜋𝑇 ) + 𝜓( 1
2

−
𝑖𝑥

2𝜋𝑇 ) + 2𝛾𝐸 + 2ln4

𝜓(𝑧) = 𝜕𝑧lnΓ(𝑧)

‣ 3dSMEFT for the Phase transition study



Second step

Integrate out heavy mode


ℒ̄3𝑑 =
1
4

𝐺𝑎
𝑖𝑗𝐺𝑎

𝑖𝑗 +
1
4

𝐹𝑖𝑗𝐹𝑖𝑗 + (𝐷𝑖Φ𝑖)†(𝐷𝑖Φ𝑖) +
1
2

𝑚̄2
3Φ

†
𝑖 Φ𝑖 + 𝜆̄3(Φ†

𝑖 Φ𝑖)
2

+ 𝑐̄6,3(Φ†
𝑖 Φ𝑖)

3

h1 =
1
4

𝑔2(𝜇̄)𝑇 + ⋯

h2 =
1
4

𝑔′￼2(𝜇̄)𝑇 + ⋯

h3 =
1
2

𝑔 (𝜇̄)𝑔′￼(𝜇̄)𝑇 + ⋯

𝑔̄′￼2
3 = 𝑔′￼2

3

𝑔̄2
3 = 𝑔2

3(1 −
𝑔2

3

64𝜋 𝑚𝐷 )
𝜆̄3 = 𝜆3 −

1
8𝜋 ( 3h2

1

𝑚𝐷
+

h2
2

𝑚′￼𝐷
+

h2
3

𝑚𝐷 + 𝑚′￼𝐷 )

𝑚̄2
3 = 𝑚2

3 + 𝜇̄3 𝑡𝑒𝑟𝑚𝑠 + ⋯

𝑐̄6,3 = 𝑐6,3 +
1

2(4𝜋)
h3

1

𝑚3
𝐷

𝜇̄3 = 𝑔2𝑇

‣ 3dSMEFT for the Phase transition study



Effective potential

𝑉3𝑑
𝑒𝑓𝑓 = 𝑉𝑡𝑟𝑒𝑒 + ℏ𝑉1𝑙𝑜𝑜𝑝 + ℏ2𝑉2𝑙𝑜𝑜𝑝

𝒪(𝑔2) 𝒪(𝑔3) 𝒪(𝑔4)

𝑉𝑡𝑟𝑒𝑒 =
1
2

𝑚̄2
3𝜙

2 +
1
4

𝜆̄3𝜙4 +
1
8

𝑐̄6,3𝜙6

𝑉1𝑙𝑜𝑜𝑝 = − (
𝑚3

𝜙

12𝜋
+

3𝑚3
𝜒

12𝜋
+ 2( 2𝑚2

𝑊

12𝜋
+

𝑚2
𝑍

12𝜋 ))
𝑉2𝑙𝑜𝑜𝑝 = − ((𝑉 𝑉 𝑉 ) + (𝑉𝐺𝐺) + (𝑉 𝑉𝑆) + (𝑉𝑆𝑆) + (𝑆𝑆𝑆) + (𝑆𝑆) + (𝑉𝑆) + (𝑉 𝑉 ))

S-scalar    V-vector boson      G-ghost

𝑚2
𝜙 = 𝑚̄2

3 + 3𝜆̄3𝜙2 +
15
4

𝑐̄6,3𝜙4

𝑚2
𝜒 = 𝑚̄2

3 + 𝜆̄3𝜙2 +
3
4

𝑐̄6,3𝜙4

𝑚2
𝑊 =

1
2

𝑔̄2
3𝜙

2

𝑚2
𝑍 =

1
4 (𝑔̄2

3 + 𝑔̄′￼2
3 )𝜙2

‣ 3dSMEFT for the Phase transition study



Γ = 𝐴𝑒−𝑆3               𝐴~𝑇 4

𝑆3 = 4𝜋∫ ⅆ𝑟𝑟2[ 1
2 ( 𝑑𝜙(𝑟)

𝑑𝑟 )
2

+ 𝑉3𝑑
𝑒𝑓𝑓(𝜙, 𝑇 )]

Γ~𝐻

𝑆3 ≈ 140

𝑇𝑛𝑇𝑐

𝑉3𝑑
𝑒𝑓𝑓(𝜙𝑐, 𝑇𝑐) = 𝑉3𝑑

𝑒𝑓𝑓(0,𝑇𝑐)

𝜕𝑉3𝑑
𝑒𝑓𝑓(𝜙, 𝑇)

𝜕𝜙
𝜙=𝜙𝑐

= 0

            the lowest fermionic mode𝜇̄ = 𝜋𝑇

          the lowest nonzero bosonic mode𝜇̄ = 2𝜋𝑇

  the lowest logarithmic contribution𝜇̄ = 4𝜋𝑒−𝛾𝐸𝑇

‣ 3dSMEFT for the Phase transition study



‣ 3dSMEFT for the Phase transition study



‣ BNPC & Strongly First-order EWPT

Δ𝐵 = Δ𝐿 = 3𝑁𝐶𝑆(𝑡)

Chern-Simons number

Γ𝑠𝑝h = lim
𝑉,𝑡→∞

⟨𝑁𝐶𝑆(𝑡)2⟩
𝑉𝑡

𝑃 𝑇𝑠𝑝h =
𝐸𝑠𝑝h(𝑇 )

𝑇
− 7ln

𝑣(𝑇 )
𝑇

+ ln
𝑇

100𝐺𝑒𝑉
> (35.9 − 42.8)

𝛤𝑠𝑝h < 𝐻

1910.00234

Baryon Number Preserving Condition (BNPC)



Sphaleron energy 𝑃 𝑇𝑠𝑝h

	 	 	 	 	 	 Renhui Qin, Ligong Bian, 2407.01981

‣ BNPC



Bounce solution

PT strength

Phase transition 

inverse duration

Bubble nucleation

‣ GW parameters and FOPT



The probability, that a randomly chosen point is still in the false vacuum, given by 

The fraction of the space which has already been 
converted to  the broken phase

r(t,tʹ) : the comoving radius of a bubble nucleated at tʹ  
propagated until a subsequent time t

a(t): the scale factor, vw(t): the wall velocity.

Using temperature T instead of time variable t, we have

The transition completes when P(t) ≈ 0.7, which leads to a  percolation temperature Tp  when

I(Tp) = 0.34. 

‣ GW parameters and FOPT



Sound Wave

MHD turbulence

phase transition duration:

Root-mean-square four-
velocity of the plasma: 

‣ GW  spectrum from FOPT

peak frequency:

peak frequency:

peak frequency:

Bubble collisions



‣对撞机&引⼒波探测强⼀阶电弱相变

＋
B

SM

Sym
metr

y b
rea

kdow
n

Symmetry breaking process

SM+Scalar Singlet

SM+Scalar Doublet

Profumo, Ramsey-Musolf, Wainwright, Winslow 
14, Bian, Huang, Shu 15，Cheng, Bian 17, Bian, 
Tang 18,Chen, Li, Wu, Bian,19…

Dorsch, Huber, Mimasu,No.14,Bernon, 
Bian, Jiang 17, Bian, Liu 18, Huang, Yu, 
18,…

Zhou, Cheng, Deng, Bian, Wu 
18,Zhou, Bian, Guo,Wu 19, Ramsey-
Musolf  etal 21,  Zhou, 
Bian,Du,22,…

Bruggisser, Harling, Matsedonskyi, Servant,18,

Bian,Wu,Xie 19, Bian,Wu,Xie 20,…

Bi, Bian, Huang, Shu, Yin 15, Bian, Guo, Shu 
17,Baum, Carena, Shah, Wagner, Wang 20, …

Cao, Huang, Xie, & Zhang 17, Zhou, 
Bian, Guo 19, Cai,Hashino,Wang,Yu,22…

SNR > 10 for two-step and one-step SFOEWPT

Higgs&GWs

SM+Scalar Triplet

NMSSM

SMEFT

Composite Higgs

PTA,LIGO,LISA,天琴,太极,…

EWPT 



电弱重⼦数

WIMP/FIMP

强⼀阶


PRL124 (2020) 171802

三代夸克和轻⼦质量等级问题与FOPT离散的味对称性     与畴壁（DW）A4

 JCAP 02 (2021) 032 


⼀阶相变效应



⼀阶相变与Seesaw scale

L-R Type-II Type-ICSB



Baker , Kopp, and Long, Phys.Rev.Lett. 125 (2020) 15, 151102

see also: Chao, Li, Wang, JCAP 06 (2021) 038  

过
滤
暗
物
质
  

<

 暗区⼀阶相变

WIMP 暗物质与强⼀阶相变



Liu, Bian, Cai, Guo, Wang, PRL130 (2023) 051001

Hubble-sized perturbations

 真空延迟衰变与曲率扰动限制相变



low-scale and slow 1st PTs motived for dark PT and BAU 

BBN

 PPTA-GW

Liu, Bian, Cai, Guo, Wang, PRL130 (2023) 051001

 真空延迟衰变与曲率扰动限制相变



PBH from postponed vacuum decay

Probability for a Hubble volume 
not to decay until time tn 

PBH abundance
Collapse of the 
Hubble horizon

SJW

 PBH 暗物质和⼀阶相变



 PBH 暗物质和⼀阶相变



➢ Case 1: PBHs constitute all dark matter, ΩGW to be probed 
CE,ET

➢ Case 2: GWs explain the CPL observed by NANOGrav, PBHs 
explain the coalescence events observed by the LIGO-Virgo 
collaboration

PBH from Delayed vacuum decay PBH is more abundant in strong and slow first-order PTs.

	 Liu，Bian, Cai, Guo, Wang，PRD 105（2022）L021303 


 PBH 暗物质和⼀阶相变



T. W. B. Kibble 

宇宙弦

‣宇宙弦

相变后U(1) 对称性自发破缺通常形成于GUTs

Yann Gouttenoire et al JCAP07(2020)032 

引⼒波辐射 宇宙弦成圈

Phys.Rev.D 30 (1984) 2036

Phys. Rev. Lett. 126, 021802 



‣ 畴壁

Kibble mechanism
1002.1555



1807.00786

‣ GW sources



‣ 引⼒波源



Bian*, Shu*, Wang, Yuan*, Zong, 2205.07293, PRD (Letter)

‣ PPTA 数据 & 宇宙弦



NANOGrav, 2009.04496 PPTA, 2107.12112

Some CPL signals, SGWB ？？？

Hellings-Downs Curve

‣脉冲星计时阵列实验与随机引⼒波



PPTA,2306.16215EPTA,2306.16214

NANOGrav,2306.16213CPTA ,2306.16216

New dataset from PTAs



Gravitational wave sources for Pulsar Timing Arrays

Bian,Ge,Shu,Wang,Yang,Zong,2307.02376



Romero, Martinovic,Callister, Guo, et al., Phys.Rev.Lett. 126 (2021) 15, 151301High-scale PT

LIGO-Virgo O3

‣  LIGO-Virgo search for FOPT



95% CL. 
Excl.

‣ PPTA search for FOPT
PPTA DR2 dataset constrain low-scale phase transition，dark sector and QCD scale FOPT



Φ(t, x) ： Higgs field doublet defined on sites;


 Ui (t, x) and Vi (t, x) ：SU(2) and U(1) link fields, defined on the link between the neighboring 

sites x and x + i ，Φ(t, x), Ui (t, x) and Vi (t, x) are defined at time steps t + ∆t, t + 2∆t, . . .;


 Conjugate momentum fields：Π(t+∆t/2, x), F (t+∆t/2, x) and E(t+ ∆t/2, x), are defined at time 

steps t + ∆t/2, t + 3∆t/2. 

Temporal gauge

 U0 (t, x) = I2, V0 (t, x) = 1 

leapfrog

Di, Wang, Zhou, Bian*, Cai*,Liu*, Phys.Rev.Lett. 126 (2021) 251102

‣ 格点电弱理论



Field basis equation of motion

‣ ⼀阶电弱相变模拟
Lattice implementation

Di, Wang, Zhou, Bian*, Cai*,Liu*, Phys.Rev.Lett. 126 (2021) 251102

Lattice Simulation

Expansion&PercolationNucleationFinite-T Veff

Finite-T calculation

PT temperature（      ）
duration（      ）
strength（      ）

Tunneling



γ⋆ = R⋆ /(2Rc ) 

γ⋆ = 2.98，vw=0.94 

γ⋆ = 4.84，vw=0.98 

R⋆ Lw

Di, Wang, Zhou, Bian*, Cai*,Liu*, Phys.Rev.Lett. 126 (2021) 251102

‣ ⼀阶电弱相变真空泡碰撞、合并产⽣引⼒波



‣ Two-step FOPT potential
 Type-a

Motivated for DM&EWBG, see:1804.06813,1702.06124,1609.07143, 1605.08663, 1605.08663,etc 

1st



 Type-a
‣ Two-step PT with the second-step being FOPT

Zhao, Di, Bian, Cai,2204.04427 



 Type-a

solid: both 


dash-dot curves: h


dotted curves : φ

R* Lw

‣ Two-step PT with the second-step being FOPT

Zhao, Di, Bian, Cai,2204.04427 



 Type-b Without Global U(1)
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Classical conformal + Dimensional transmutation

‣ Two-step PT with first-step being FOPT

Zhao, Di, Bian, Cai,2204.04427 



Without Global U(1)

 Type-b
‣ Two-step PT with first-step being FOPT

Zhao, Di, Bian, Cai,2204.04427 



Without Global U(1)

solid: both 


dotted curves: h


dash-dot curves : φ


R* Lw

 Type-b
‣ Two-step PT with first-step being FOPT

Zhao, Di, Bian, Cai,2204.04427 







真空泡碰撞、合并、流体演化产⽣引⼒波

V i is the fluid 3-velocity

Ui = WV i ，W：relativistic γ-factor

有限温度有效势能

标量场-相对论流体运动⽅程

fluid momentum density

equation of state 


新物理

E = fluid energy density 

: 粒⼦和真空泡壁

相互作⽤



真空泡碰撞、合并、流体演化产⽣引⼒波

Bian,Jia,Zhao,Zhu,arxiv:230X.XXXXX



PQ era，PQ symmetry broken，second 
order phase transition，Tc ~ 109-1011GeV

QCD era，axion acquires a non-zero mass due to the 
QCD non-perturbative effect，T ~ 100MeV

Axion(global) strings form and 
enters the scaling regime

String-domain wall hybrid networks 
form  and eventually decay

axion field bias term

Gravitational waves and axion radiated by 
topological defects of two eras Detection of axion dark matter

PQ complex scalar:

The action in expanding universe with spatially flat FLRW metric:

Yang Li, Ligong Bian, Rong-Gen Cai, Jing Shu, 2311.02011 

‣ 宇宙弦模拟                           DFSZ轴⼦模型



PQ 
era:

QCD 
era:

after PQ 
transition

with bias 
term

before PQ 
transition

‣  Shape of potential

with nonzero axion mass
without bias term



‣模拟⽅案
PQ era-the first stageEquations of motion

Initial condition

two-point correlation functions

thermal spectrum



‣宇宙弦识别
String penetrates the square loop if the minimum phase range which contains the four 
points is greater than π and the phase changes continuously

For a specific square loop, assuming that the minimum phase at four points is θmin



‣宇宙弦的scaling 

: comoving string length

V: comoving volumestring core width:

string tension: Mean string separation
physical string length

nc: squre loops

Axion string network in the 
final moment of PQ era

In the scaling regime, Lm increases linearly with t, and the scaling parameter tends to 
be a constant. 
We found the scaling parameters exhibited logarithmic increase behavior,  as 
1809.0924, 1906.00967, 1806.0467,1806.05566



Top view of the shape of potential energy The distribution of fields in phase space

‣畴壁（Domain wall）识别

NDW=3

Comoving area density 

 θ,i (i = x, y, z) ：spatial derivatives of the dimensionless axion field θ(x)

Area parameter A of DW (scaling parameter of DW） 

∆A = (δx)  is the comoving area of one grid surface2



Axion string-domain wall hybrid network in our simulation

Red region          Axion string

Blue region         Domain wall

‣ String-wall evolution



Axion string-domain wall hybrid network destruction with gravitational waves 
and axions  emitted during this process

‣ String-wall evolution



‣ 宇宙弦模拟                           KSVZ轴⼦模型

The action in expanding universe with spatially flat FLRW metric:

Thermal effective potential 

Potential Shape 



‣模拟⽅案
Only PQ eraEquations of motion

Initial condition

two-point correlation functions

thermal spectrum



Surface tension          

、

            

‣场的空间构型
          


            

radial mode mass



‣Axion-Higgs String evolution



‣Related topics

3. DM and GW from FOPT

2. BAU and GW from FOPT
• Sphaleron process, bubble dynamics 

• DM and high/low-scale PT, DM out-of-equilibrium & FOPT, 
PBH DM&FOPT

1. EWSB and GW from FOPT
• Probing the Higgs Potential shape and EWPT patterns with GW 

production and Colliders complementarily  

• PT GW simulation, Electroweak sphaleron, PT dynamics

• Topological defects: Magnetic monopoles, cosmic strings, 

domain walls 

❖Lattice simulation

❖Pheno
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