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I. Introduction
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1.   Charmonium(-like) states from experiments vs. Quark Model predictions
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2.   Experimental results of 𝟎, 𝟏, 𝟐 ++ charmonium-like states (PDG 2024) 

• X(3872）(aka 𝝌𝒄𝟏(𝟑𝟖𝟕𝟐) ): 𝑰𝑮𝑱𝑷𝑪 = 𝟎+𝟏++, 𝒎𝑿 = 𝟑𝟖𝟕𝟏. 𝟔𝟒 ± 𝟎. 𝟎𝟔 𝐌𝐞𝐕, 𝚪𝐱 = 𝟏. 𝟏𝟗 ± 𝟎. 𝟐𝟏 𝐌𝐞𝐕
X(3872) decay channels: 

𝑫𝟎ഥ𝑫𝟎∗ (𝟑𝟒 𝟏𝟐 %),  𝑱/𝝍𝝎 (𝟒. 𝟑 𝟏. 𝟐 %) , 𝜸𝑱/𝝍 𝟎. 𝟖 𝟑 % , 𝜸𝝍 𝟐𝑺 [𝟒. 𝟏 𝟏. 𝟒 % (PDG2022)]

Isospin violating:  𝑱/𝝍𝝆 (𝑱/𝝍𝝅+𝝅−, 𝟑. 𝟓 𝟗 %), 𝝅𝟎𝝌𝒄𝟏 𝟑. 𝟏−𝟏.𝟑
+𝟏.𝟓 %

• X(3860）(aka 𝝌𝒄𝟎(𝟑𝟖𝟔𝟎) ) 𝑰𝑮𝑱𝑷𝑪 = 𝟎+𝟎++ (preferred), 𝒎𝑿 = 𝟑𝟖𝟔𝟎−𝟑𝟐−𝟏𝟑
+𝟐𝟔+𝟒𝟎𝐌𝐞𝐕, 𝚪𝐱 = 𝟐𝟎𝟏−𝟔𝟕−𝟖𝟐

+𝟏𝟓𝟒+𝟖𝟖 𝐌𝐞𝐕

X(3860) decay channels:   𝑫𝟎ഥ𝑫𝟎, 𝑫+𝑫− (seen by Belle (2017), not seen by LHCb (2020))

• X(3915）(aka 𝝌𝒄𝟎(𝟑𝟗𝟏𝟓) ) : 𝑰𝑮𝑱𝑷𝑪 = 𝟎+𝟎++ , 𝒎𝑿 = 𝟑𝟗𝟐𝟐. 𝟏 ± 𝟏. 𝟖 𝐌𝐞𝐕, 𝚪𝐱 = 𝟐𝟎 ± 𝟒𝐌𝐞𝐕
X(3915) decay channels:   𝑫+𝑫−, 𝑫𝒔

+𝑫𝒔
−, 𝝎𝑱/𝝍, 𝜸𝜸

𝚪 𝑫+𝑫− /𝚪 𝑫𝒔
+𝑫𝒔

− = 𝟎. 𝟐𝟗 ± 𝟎. 𝟎𝟗 ± 𝟎. 𝟏𝟎 ± 𝟎. 𝟎𝟖

• 𝝌𝒄𝟐(𝟑𝟗𝟑𝟎) :   𝑰𝑮𝑱𝑷𝑪 = 𝟎+𝟐++ , 𝒎𝑿 = 𝟑𝟗𝟐𝟐. 𝟓 ± 𝟏. 𝟎 𝐌𝐞𝐕, 𝚪𝝌𝒄𝟐 = 𝟑𝟓. 𝟐 ± 𝟐. 𝟐 𝐌𝐞𝐕

X(3915) decay channels:   𝑫+𝑫−, 𝑫𝟎ഥ𝑫𝟎, 𝜸𝜸

𝚪 𝑫+𝑫− /𝚪 𝑫𝟎ഥ𝑫𝟎 = 𝟎. 𝟕𝟒 ± 𝟎. 𝟒𝟑 ± 𝟎. 𝟏𝟔

• X(3940）: 𝑰𝑮𝑱𝑷𝑪 =?? ??? , 𝒎𝑿 = 𝟑𝟗𝟒𝟐−𝟔
+𝟕 ± 𝟔𝐌𝐞𝐕, 𝚪𝐱 = 𝟑𝟕−𝟏𝟓

+𝟐𝟔 ± 𝟖𝐌𝐞𝐕
X(3940) decay channels:   𝑫ഥ𝑫∗ (𝒆+𝒆− → 𝑱/𝝍𝑿,  Belle 2007, 2008)
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3.  Formalism of Lattice QCD

• Path integral quantization on finite Euclidean spacetime lattices

𝒁 = න𝑫𝑨𝑫𝝍𝑫ഥ𝝍𝒆𝒊𝑺 𝑨,𝝍,ഥ𝝍 → න𝑫𝑼𝐝𝐞𝐭𝑴[𝑼] 𝒆−𝑺𝒈[𝑼]

𝓞 𝑼,𝝍, ഥ𝝍 =
𝟏

𝒁
න𝑫𝑼 𝐝𝐞𝐭𝑴[𝑼] 𝒆−𝑺𝒈[𝑼] 𝓞[𝑼]

• Very similar to a statistical physics system

• Monte Carlo simulation——importance sampling according to 𝓟 𝑼 ∝ 𝐝𝐞𝐭𝑴 𝑼 𝒆−𝑺𝒈 𝑼

Green’s functions Product of fields
Spacetime 

discretization

Gauge ensemble:  {𝑼𝒊 𝐬𝐩𝐚𝐜𝐞𝐭𝐢𝐦𝐞 , 𝒊 = 𝟏,… ,𝑵} 𝓞 𝑼,𝝍, ഥ𝝍 =
𝟏

𝑵


𝒊

𝒪 𝑼𝒊 + 𝑶
𝟏

𝑵
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Courtesy to S. Prelovsek

4.  Spectrum of charmonium-like states from lattice QCD (only 𝒄ത𝒄(𝒈) operators) 
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1. State-of-art Approach——Lüscher’s formalism
(see R. Briceno et al., Rev. Mod. Phys. 90 (2018) 025001 for a review).

II. Lattice Methodology for Hadron-hadron Scattering

• Interpolation field operator set for a given 𝑱𝑷𝑪

𝓞𝒊: ഥ𝒒𝟏𝚪𝒒𝟐 ഥ𝒒𝟏𝚪𝟏𝒒 ഥ𝒒𝚪𝟐𝒒𝟐 𝒒𝟏
𝑻𝚪𝟏𝒒 ഥ𝒒𝚪𝟐ഥ𝒒𝟐

𝑻 , …

• Correlation function matrix —— Observables 

𝑪𝒊𝒋 𝒕 & = 𝛀 𝓞𝒊 𝒕 𝓞𝒋
+ 𝟎 𝛀

=

𝒏

𝛀 𝓞𝒊 𝒏 𝒏 𝓞𝒋
+ 𝛀 𝒆−𝑬𝒏𝒕

All the energy levels 𝑬𝒏(𝑳) are discretized. 

𝐝𝐞𝐭 𝑭−𝟏 𝑷, 𝑬, 𝑳 +𝓜 𝑬 = 𝟎

𝐸𝑛 𝐿 : Eigen-energies of lattice Hamiltonian. 

𝐹 𝑃, 𝐸, 𝐿 : Mathematically known function matrix

in the channel space (the explicit expression omitted

• Unitarity requires

ℳ𝑎𝑏
−1 = 𝒦−1

𝑎𝑏 − 𝑖𝛿𝑎𝑏
2𝑞𝑎

∗

𝐸𝑐𝑚

• 𝒦 is a real function of 𝑠 for real 

energies above kinematic threshold. 

• The pole singularities of ℳ(𝑠) in the 

complex 𝑠-plane correspond to bound 

states, virtual states, resonances, etc..  

𝑘 =
1

2
𝑠 − 4𝑚2

ℳ 𝐸 : Scattering matrix. 
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2.  Present status of lattice QCD study on hadron spectroscopy



10

𝟒. 𝟏 𝐆𝐞𝐕
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1.   Our lattice setup

• Anisotropic lattice (𝝃 =
𝒂𝒔

𝒂𝒕
≈ 𝟓): heavy particles  ( Τ𝑱 𝝍)  involved, compromise of the 

resolution in the time direction and the computational expenses.   

• Lattice actions:  Tadpole improved Symanzik’s gauge action (C. Morningstar, PRD60(1999)034509)

Tadpole impoved Clover action for 𝑵𝒇 = 𝟐 degenerate 𝒖, 𝒅 sea quarks

and also the valence charm quark. 

• Calculation of disconnected diagrams: distillation method (M. Peardon et al. (HSC), 

PRD80(2009)054506).   

H. Li et al, arXiv: 2402.14541(hep-lat)

III.  𝑿(𝟑𝟖𝟕𝟐) and 𝝌𝒄𝟏(𝟐𝑷)
H. Li, C. Shi, YC et al, arXiv: 2402.14541(hep-lat)
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2.   Lattice operators

• Flavor structure of 𝐷ഥ𝐷∗ with quantum numbers 𝐼𝐺𝐽𝑃𝐶 = 0+1++

• Two-particle operators with a relative momentum Ԧ𝑞

• Several spatially extended 𝑐 ҧ𝑐 operators with the same quantum numbers 

• Our operator set for charmonium-like systems with 𝐼𝐺𝐽𝑃𝐶 = 0+1++

• Finite volume energy levels can be obtained by solving the generalized eigenvalue problem 
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3.  Schematic quark diagrams for the correlation matrix 𝑪𝒊𝒋(𝒕) after Wick’s contraction
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3.  Effective energy plateaus from the GEVP analysis

a) 𝒄ത𝒄 − 𝑫ഥ𝑫∗ − 𝑱/𝝍𝝎 operators.
b) 𝒄ത𝒄 − 𝑫ഥ𝑫∗: black points 

(correspond to 𝐽/𝜓𝜔 state) 
disappear.

c) 𝒄ത𝒄 − 𝑱/𝝍𝝎: Energy levels close 
to non-interacting 𝐷ഥ𝐷∗ energies 
disappear.

d) 𝑫ഥ𝑫∗ − 𝑱/𝝍𝝎: Energy levels 
close to non-interacting 𝐷ഥ𝐷∗ and 
𝐽/𝜓𝜔 states.

e) 𝒄ത𝒄: Energy levels close to 𝜒𝑐1
states. 

f) In summary: In all the cases, 
𝐽/𝜓𝜔 energy has no sizable 
changes w/o 𝑐 ҧ𝑐 and 𝐷ഥ𝐷∗

operators. So 𝐽/𝜓𝜔 almost 
decouples from other states and 
is neglected from the discussion 
in this work. 



15

Identify the energy levels:

• 𝑬𝟏 :  around 3.5 GeV, should be 𝜒𝑐1.
• 𝑬𝟐 :  close but below the 𝐷ഥ𝐷∗ threshold.
• 𝑬𝟑 :  far from and in middle of the non-

interacting 𝐷ഥ𝐷∗ energies 𝐸𝐷ഥ𝐷∗
𝑞=0

and 𝐸𝐷ഥ𝐷∗
𝑞=1

.

• 𝑬𝟒 :  close but above 𝐸𝐷ഥ𝐷∗
𝑞=1

.  

Operator couplings:

• 𝑬𝟏 :  coupled most by 𝑐 ҧ𝑐 operators.

• 𝑬𝟐 :  coupled most by 𝒪𝐷ഥ𝐷∗
𝑞=0

and substantially by 𝑐 ҧ𝑐 operators.

• 𝑬𝟑 :  coupled substantially by 𝒪𝐷ഥ𝐷∗
𝑞=0

, 𝒪𝐷ഥ𝐷∗
𝑞=1

and 𝑐 ҧ𝑐 operators.

• 𝑬𝟒 :  coupled most by 𝒪𝐷ഥ𝐷∗
𝑞=1

and a little by 𝒪𝐷ഥ𝐷∗
𝑞=0

and 𝑐 ҧ𝑐

operators.  
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4.  A bound state below 𝑫ഥ𝑫∗ threshold? 

• Physical implication of 𝐸2 and 𝐸3 :
(S. Prelovsek, PRL111(2013)192001)

Leuscher formula for 𝑆-wave scattering

𝑝 cot 𝛿0(𝑝) =
2

𝜋 𝐿
𝒵00 1; 𝑞2 , 𝑞2 ≡

𝐿

2𝜋

2

𝑝2

𝐸𝑛 𝑝𝑛 = 𝑚𝐷
2 + 𝑝𝑛

2 + 𝑚𝐷∗
2 + 𝑝𝑛

2

Effective range expansion (ERE):

𝑝 cot 𝛿0 𝑝 =
1

𝑎0
+
1

2
𝑟0𝑝

2

Pole singularity of the scattering amplitude (in the infinite volume): 𝒯 ∝
1

𝑝 cot 𝛿0 𝑝 − 𝑖𝑝

• Solving ERE with 𝐸2 and 𝐸3, we can obtain the parameters (𝑎0, 𝑟0)

• Using the derived (𝑎0, 𝑟0) as the approximation in the 𝑉 → ∞ limit, then the pole equation gives the banding 
energy  𝐸𝐵 = 𝐸𝐷ഥ𝐷∗ 𝑝𝐵 − 𝑚𝐷 +𝑚𝐷∗ , where 𝑝𝐵 satisfies  𝑝𝐵 cot 𝛿0(𝑝𝐵) − 𝑖 𝑝𝐵 = 0.
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• 𝑬𝟐 :  The lattice energy is lower than the 𝐷ഥ𝐷∗ threshold by 20 MeV or even more.
• 𝒂𝟎:  Large negative, implies a bound state. 
• 𝒓𝟎:  Small positive, implies the compositeness 𝑋 ∼ 1 up to a 𝒪(𝑝2) correction 
• (Y. Li et al., PRD105(2022)L071502). 
• The bound state is predominantly a 𝐷ഥ𝐷∗ molecule.
• Maybe suffering from the Left Hand Cut (lhc) issue. 

(M.-L. Du et al., PRL131(2023)131901, L. Meng et al., arXiv:2312.01930 [hep-lat])
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M.-L. Du et al., PRL131(2023)131901

New singularities emerge in the on-shell partial-wave 
amplitudes at imaginary values of 𝑘2 = 𝑘′2 = 𝑝2 < 0:

𝑝𝑙ℎ𝑐
1𝜋 2

≈
1

4
Δ𝑀 2 −𝑚𝜋

2

A lhc introduces nonanalyticity to 𝑝 cot 𝛿 and sets the 
upper bound on the convergence radius of ERE (𝑝 cot 𝛿

acquires an imaginary part for 𝑝2 < 𝑝𝑙ℎ𝑐
1𝜋 2

). 

Stars: resonance poles.
Dots: virtual states poles  

One Pion Exchange (OPE) 
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M.-L. Du et al., 
PRL131(2023)131901

Case studies on 𝑇𝑐𝑐
+(3872)

relevant 𝐷𝐷∗ scattering. The 
data points are from lattice QCD 
calculation (M. Padmanath et al. 
PRL129(2022)032002)

L. Meng et al., 
arXiv:2312.01930 [hep-lat]

Similar to the discussion above. 
The difference is that, the lattice 
finite volume energy levels are
used to fix the parameters in the 
EFT involved. Then prediction of 
the EFT (red curves) are 
compared with ERE with out OPE.



2020
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To summarize on the bound state:

• 𝒎𝝅 = 𝟒𝟏𝟕 𝐌𝐞𝐕 :  Free from the OPE lhc issue, a bound state exists in the 𝑉 → ∞ limit 
𝐸𝐵 = −1.3−1.0

+0.8𝑀𝑒𝑉, 𝑋 ≈ 1 + 𝒪(𝑝2)
This pole may correspond to 𝑋(3872), which is mainly a 𝐷ഥ𝐷∗ molecule. 

• 𝒎𝝅 < 𝟑𝟔𝟎 𝐌𝐞𝐕 :  OPE lhc may have the effects on the existence and the pole position of a bound state. 

• If the OPE lhc effects are similar to the case of 𝑇𝑐𝑐
+(3872) relevant scattering in that, ERE can give a 

ballpark description of the 𝑝2 behavior of  𝑝 cot 𝛿0, the singularity induced by OPE lhc permit the 
existence of a bound state, and result in a smaller binding energy. 

• However, this conclusion may be debatable!
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5.  Question: Where is the expected  𝝌𝒄𝟏(𝟐𝑷)

T. Barnes et al.,PRD72(2005)054026

a) Non-relativistic quark model expects 𝜒𝑐1(2𝑃) with a 
mass around 3.95 GeV. 

b) 𝑋(3872) is likely a  𝐷ഥ𝐷∗ molecule.
c) There should be a state that has a large component of 

𝜒𝑐1(2P). 
d) It might appear as a resonance. 
e) The dynamics for the 𝐷ഥ𝐷∗ scattering in 0+1++ channel

Meson exchange Charmonium mediation 
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6.  Problematic interpretation of the 𝑬𝟑 level in S. Prelovsek, PRL111(2013)192001

• Levinson’ theorem:
𝛿𝑙 0

+ − 𝛿𝑙 ∞ = 𝑛𝑙𝜋, 𝛿𝑙 ∞ = 0
where 𝑛𝑙 is the number of bound states in a NR 
scattering against a spherical potential. 

• The authors in PRL111(2013)192001 claims:

✓ If a bound state is formed below the 𝐷ഥ𝐷∗ threshold,
The next energy level (𝐸3) correspond to a 𝐷ഥ𝐷∗

scattering state with the relative momentum Ԧ𝑝 = 0.
✓ This state is pushed up due to the negative scattering 

length.
✓ They did not pay enough attention to the 𝐸4 energy 

level. 

S. Sasaki et al.,
PRD74(2006)114507
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7.  Our interpretation of the 𝑬𝟑 and 𝑬𝟒 levels

• Generalized Levinson’ theorem:
𝛿𝑙 0

+ − 𝛿𝑙(𝑝𝑚𝑎𝑥) = (𝑛𝑙 − 𝑛𝑏)𝜋,
𝑛𝑙:  the number of bound states,  
𝑛𝑏:  the number of bare states below the energy   

corresponding to 𝑝𝑚𝑎𝑥.
(F. Vidal et al., PRC45(1992)418,

Y. Li et al., PRD105(2022)116024)
• Take the 𝜋𝜋 scattering relevant to 𝜌 for instance,

𝑛1 = 0, 𝑛𝑏 = 1 when 𝐸𝜋𝜋 𝑝 > 𝑚𝜌.

The evolution of 𝛿𝑙=1(𝑝):        

• For the case of this study:
𝒏𝟎 = 𝟏, 𝒏𝒃 = 𝟏 when 𝑬𝝅𝝅 𝒑 > 𝒎𝝌𝒄𝟏 𝟐𝑷 .

The evolution of 𝛿0(𝑝):        

✓ Starts with 𝛿0 0+ = 𝜋;
✓ Goes down rapidly when 𝑝 increases;
✓ Goes up when 𝐸𝐷ഥ𝐷∗(𝑝) approaching 𝑚𝜒𝑐1 2𝑃 ;

✓ Goes up to 𝛿0 𝑝 ≈ 𝜋 when passing 𝑚𝜒𝑐1 2𝑃 .
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• 𝑬𝟑 :  Gives a scattering phase around 𝛿 𝐸3 ∼ 90∘;
• 𝑬𝟒:   Gives a scattering phase close to 𝛿 𝐸4 ∼ 180∘. 
• Exactly as the expectation of the generalized Levinson’s theorem. 
• Hint at the existence of a resonance. 
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8.  The possible existence of a resonance below 4.0 GeV

• Breit-Wigner ansatz for a resonance :

𝒯 ≈
1

cot 𝛿0 − 𝑖
∼

1

𝑚𝑅 − 𝐸 −
𝑖Γ𝑅
2

,

• Resonance parameters derived through 

𝛿0 𝐸 = arctan
Γ𝑅

2 𝑚𝑅 − 𝐸

by using 𝐸3 and 𝐸4.

• Caution: The parameters (𝑚𝑅 , Γ𝑅) may      
change, since they are derived from only 
two energy levels. 

• Only one experimental observation    
𝑋(3940):

𝑚𝑋 = 3942 9 MeV
Γ𝑋 = 37−17

+27 MeV
(Belle, PRL98(2007)082001;  

PRL100(2008)202001)
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9.  A joint analysis on 𝑬𝟐, 𝑬𝟑, 𝑬𝟒 (ignoring the lhc issue tentatively)

• Effective range expansion 
(H.A. Bethe, PRD 76 (1949) 38):

𝑝 cot 𝛿0(𝑝) =
1

𝑎0
+
1

2
𝑟0𝑝

2 + 𝑐2𝑝
4,

• Poles of the amplitude

𝒯 ∝
1

𝑝 cot 𝛿0 − 𝑖𝑝
• A “virtual state” below the 𝐷ഥ𝐷∗

threshold
𝑎0 > 0

• A resonance pole:
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𝒑 𝐜𝐨𝐭 𝜹𝟎(𝒑) =
𝟏

𝒂𝟎
+
𝟏

𝟐
𝒓𝟎𝒑

𝟐 + 𝒄𝟐𝒑
𝟒

𝜹𝒍 𝟎
+ − 𝜹𝒍(𝒑𝒎𝒂𝒙) = (𝒏𝒍 − 𝒏𝒃)𝝅

Resonance pole :

𝑬 = 𝒎𝑹 − 𝒊
𝚪

𝟐
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J.-Z. Wang et al., arXiv:2404.16575[hep-ph] 

Intrinsic attractive 𝐷ഥ𝐷∗ Intrinsic respulsive 𝐷ഥ𝐷∗
W

ea
k

St
ro

n
g
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10.  Related phenomenological studies

• Considering the mixing between 𝐷ഥ𝐷∗ and 𝜒𝑐1(2𝑃). 

𝒎𝑹 (MeV) 3910-3925 3995 3990 3958

Γ𝑅 (MeV) 5 − 70 72 ∼ 60 ~17

Ref. E. Cincioglu et al., 
EPJC76(2016)576

F. Giacosa et al., 
IJMPA34(2019)1950173

Q. Deng et al., 
2312.10296

G.J. Wang et al., 
2306.12406

E. Cincioglu et al., EPJC76(2016)576 Q. Deng et al., 2312.10296

Spectral function:

𝜔 𝑀 =
1

2𝜋

Γ

𝑀 −𝑚𝑅
2 + Γ2/4
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IV. ( 𝟎, 𝟐 ++ charmonium-like resonance  around 3.9 GeV 

HSC Collab., PRD 109 (2024) 114503 (arXiv:2309.14071 [hep-lat]);

PRL 132 (2024) 241901 (arXiv:2309.14070 [hep-lat]).

1. Lattice setup——𝑵𝒇 = 𝟐 + 𝟏 QCD

HSC has established a very sophisticated
numerical framework to study the hadron-
hadron scatterings based on  Lüscher’s
formalism

𝐝𝐞𝐭 𝑭−𝟏 𝑷, 𝑬, 𝑳 +𝓜 𝑬 = 𝟎, 𝓜𝒂𝒃
−𝟏 = 𝓚−𝟏

𝒂𝒃
− 𝒊𝜹𝒂𝒃

𝟐𝒒𝒂
∗

𝑬𝒄𝒎
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• Focus on 𝟎++ and  𝟐++ states  around 3.9 GeV

The energy levels obtained from only the 𝒄ത𝒄-like operators.
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Finite volume energy levels in the rest frame of the system
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Finite volume energy levels in moving frames of the system



36

Finite volume energy levels in moving frames of the system



37

Finite volume energy levels vs. the 𝐽𝑃𝐶 systems in the continuum



38

• Parameterizations of coupled-channel partial-wave 𝒕 −matrices respect the unitarity.

𝑲𝒊𝒋 =

𝒑

𝒈𝒊
𝒑
𝒈𝒋

𝒑

𝒎𝒑
𝟐 − 𝒔

+

𝒂

𝜸𝒊𝒋
𝒂
𝒔𝒂 , 𝒕−𝟏

𝒊𝒋
= 𝟐𝒌𝒊

−𝒍𝒊 𝑲−𝟏
𝒊𝒋
𝟐𝒌𝒋

−𝒍𝒋
+ 𝑰𝒊𝒋

The matrix 𝐼𝑖𝑗 is diagonal and has imaginary part Im 𝐼𝑖𝑗 = −𝜌𝑖 = −
2𝑘𝑖

𝑠

2.  𝟎++ channel

• Channels considered:
𝜼𝒄𝜼,𝑫ഥ𝑫,𝑫𝒔

ഥ𝑫𝒔, 𝜼𝒄𝜼
′, 𝝍𝝎,𝑫∗ഥ𝑫∗, 𝝍𝝓

• Both rest and moving frames are considered

• K-matrix parameterization and results

𝑲𝒊𝒋 =
𝒈𝒊𝒈𝒋

𝒎𝟐 − 𝒔
+ 𝜸𝒊𝒋
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• Parameters of the 𝑲 matrix fitted from 90 energy levels up to 𝝍𝝓 threshold.

Channel couplings 𝒈𝑨𝑩 in the 𝑲-matrix Pole couplings 𝒄𝑨𝑩 in the 𝑻-matrix 

𝒕𝒊𝒋(𝒔 ≈ 𝒔𝟎) ∼
𝒄𝒊𝒄𝒋

𝒔𝟎 − 𝒔

No significant couplings to closed charm channels.
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• There is only one pole between 𝝍𝝎 and 𝑫∗ഥ𝑫∗ threshold.

• Pole position:

𝒔𝟎 = 𝟑𝟗𝟗𝟓 ± 𝟏𝟒 −
𝒊

𝟐
𝟔𝟕 ± 𝟑𝟖 𝐌𝐞𝐕

• Partial decay widths:  ℬ𝒊 =
𝚪𝐢

𝚪
= 𝒄𝒊

𝟐 𝝆𝒊 𝑹𝒆 𝒔𝟎

𝑹𝒆 𝒔𝟎
, 

𝚪𝐃ഥ𝐃 = 𝟐𝟑 𝟏𝟑 𝐌𝐞𝐕,
𝚪𝐃𝐬ഥ𝐃𝐬 = 𝟐𝟖 𝟐𝟔 𝐌𝐞𝐕,

𝚪𝝍𝝎 = 𝟗−𝟗
+𝟏𝟖𝐌𝐞𝐕

• Rapid turn-on of 𝑫∗ഥ𝑫∗ at threshold due to the 
large coupling 𝒄𝑫∗ഥ𝑫∗
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3.  𝟐++ channel

• Channels considered:  𝜼𝒄𝜼, 𝑫ഥ𝑫,𝑫ഥ𝑫
∗, 𝑫𝒔

ഥ𝑫𝒔, 𝝍𝝎,𝑫
∗ഥ𝑫∗, 𝝍𝝓

• K-matrix parameterization and results:      𝑲𝒊𝒋 =
𝒈𝒊𝒈𝒋

𝒎𝟐−𝒔
+ σ𝒂 𝒔

𝒂 𝜸𝒊𝒋
𝒂
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Pole position and couplings 𝒄𝑨𝑩 in the 𝑻-matrix 

• Only one resonance pole between 𝝍𝝎 and 𝑫∗ഥ𝑫∗

• Pole position:

𝒔𝟎 = 𝟑𝟗𝟔𝟏 ± 𝟏𝟓 −
𝒊

𝟐
𝟔𝟓 ± 𝟏𝟓 𝐌𝐞𝐕

• Partial decay widths:  ℬ𝒊 =
𝚪𝐢

𝚪
= 𝒄𝒊

𝟐 𝝆𝒊 𝑹𝒆 𝒔𝟎

𝑹𝒆 𝒔𝟎
, 

𝚪𝐃ഥ𝐃 = 𝟐𝟔 𝟏𝟐 𝐌𝐞𝐕,
𝚪𝑫ഥ𝑫∗ = 𝟐𝟐 𝟏𝟒 𝐌𝐞𝐕

𝚪𝐃𝐬ഥ𝐃𝐬 = 𝟐−𝟐
+𝟑 𝐌𝐞𝐕

• Rapid turn-on of 𝑫∗ഥ𝑫∗ at threshold due to the large coupling 
𝒄𝑫∗ഥ𝑫∗

Cross sections
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4.  To summarize on the 𝟎, 𝟐 ++ channels

• The key observation: Only a single narrow resonance in each channel, lies above the 𝑫𝒔
ഥ𝑫𝒔 threshold

but  slightly below 𝑫∗ഥ𝑫∗ threshold.

• For both channels, the resonance couples strongly to open-charm decay channels. 

• Neither resonance has any significant couplings to closed-charm channels. 

• There is no indication of any further states in the energy region below the 𝝍𝝓 threshold. 

• No large scattering amplitudes for closed-charm system composed of a charmonium and a light 
hadron. 

• No additional states can be assigned to a tetraquark state. 
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(S. Prelovsek et al., JHEP 06 (2021) 035)

• Two volumes at 𝒎𝝅 = 𝟐𝟖𝟎𝐌𝐞𝐕, only open-charm scattering channels are considered. 

• The operator set includes ҧ𝑐𝑐 operators and (𝐷ഥ𝐷, 𝐷𝑠ഥ𝐷𝑠) operators with different relative momenta.

• Less finite volume energy levels. 

5.  Comparison with a previous lattice QCD study
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✓ A 0++ shallow bound state (𝐸𝐵 ∼ −4 MeV) 

is observed right below the 𝐷ഥ𝐷 threshold

𝑚 − 2𝑚𝐷 = −4.0−5.0
+3.7MeV

✓ Single-channel analysis of 𝐷𝑠ഥ𝐷𝑠(𝑙 = 0)
scattering

𝑚 − 2𝑚𝐷𝑠 = −6.2−2.0
+3.8 MeV

✓ A narrow resonance and a wider 

resonance appear around the 𝐷𝑠ഥ𝐷𝑠
threshold, through coupled 𝐷ഥ𝐷 − 𝐷𝑠ഥ𝐷𝑠
channel analysis
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✓ Single-channel analysis of 𝐷ഥ𝐷(𝑙 = 2) scattering

✓ One bound state pole, one narrow resonance, and 

one wider resonance observed in 0++ channel.

✓ One resonance observed in 2++ channel. 
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Finite volume energy levels in the rest frame of the system



V.  Summary and perspectives 
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𝟏++ channel:  
• 𝑿(𝟑𝟖𝟕𝟐) as a (virtual) 𝑫ഥ𝑫∗ bound state at unphysical 𝒎𝝅

• Hint at a resonance between 3.9 and 4.0 GeV, which may correspond to 𝝌𝒄𝟏(𝟐𝑷)

• X(3940）: 𝑰𝑮𝑱𝑷𝑪 =?? ??? , 𝒎𝑿 = 𝟑𝟗𝟒𝟐−𝟔
+𝟕 ± 𝟔𝐌𝐞𝐕, 𝚪𝐱 = 𝟑𝟕−𝟏𝟓

+𝟐𝟔 ± 𝟖𝐌𝐞𝐕, decays to 𝑫ഥ𝑫∗

• 𝝌𝒄𝟏(𝟒𝟎𝟏𝟎):   𝑱
𝑷𝑪 = 𝟏++ , 𝒎𝝌𝒄𝟏 = 𝟒𝟎𝟏𝟐. 𝟓−𝟑.𝟗−𝟑.𝟕

+𝟑.𝟔+𝟒.𝟏𝐌𝐞𝐕, 𝚪𝐱 = 𝟔𝟐. 𝟕−𝟔.𝟒−𝟔.𝟔
+𝟕.𝟎+𝟔.𝟒𝐌𝐞𝐕, decays to 𝑫ഥ𝑫∗

(LHCb, arXiv:2406.03156[hep-ex])

𝟎++ channel:  
• Unique resonance around 3.9-4.0 GeV: 𝒎𝝌𝒄𝟎 = 𝟑𝟗𝟗𝟓(𝟏𝟒)𝐌𝐞𝐕, 𝚪𝝌𝒄𝟎 = 𝟔𝟕(𝟑𝟖) 𝐌𝐞𝐕

• Decay modes: 𝚪𝐃ഥ𝐃 = 𝟐𝟑 𝟏𝟑 𝐌𝐞𝐕, 𝚪𝐃𝐬ഥ𝐃𝐬 = 𝟐𝟖 𝟐𝟔 𝐌𝐞𝐕, 𝚪𝝍𝝎 = 𝟗−𝟗
+𝟏𝟖 𝐌𝐞𝐕

• X(3915）(aka 𝝌𝒄𝟎(𝟑𝟗𝟏𝟓) ) : 𝑰𝑮𝑱𝑷𝑪 = 𝟎+𝟎++ , 𝒎𝑿 = 𝟑𝟗𝟐𝟐. 𝟏 ± 𝟏. 𝟖 𝐌𝐞𝐕, 𝚪𝐱 = 𝟐𝟎 ± 𝟒𝐌𝐞𝐕
Decay channels:   𝑫+𝑫−, 𝑫𝒔

+𝑫𝒔
−, 𝝎𝑱/𝝍, 𝜸𝜸,  𝚪 𝑫+𝑫− /𝚪 𝑫𝒔

+𝑫𝒔
− = 𝟎. 𝟐𝟗 ± 𝟎. 𝟎𝟏𝟔

𝟐++ channel:  
• Unique resonance around 3.9-4.0 GeV: 𝒎𝝌𝒄𝟐 = 𝟑𝟗𝟔𝟏(𝟏𝟓)𝐌𝐞𝐕, 𝚪𝝌𝒄𝟐 = 𝟔𝟓(𝟏𝟓) 𝐌𝐞𝐕

• Decay modes: 𝚪𝐃ഥ𝐃 = 𝟐𝟔 𝟏𝟐 𝐌𝐞𝐕, 𝚪𝑫ഥ𝑫∗ = 𝟐𝟐 𝟏𝟒 𝐌𝐞𝐕, 𝚪𝑫𝒔ഥ𝑫𝒔 = 𝟐−𝟐
+𝟑 𝐌𝐞𝐕

• 𝝌𝒄𝟐(𝟑𝟗𝟑𝟎) :   𝑰𝑮𝑱𝑷𝑪 = 𝟎+𝟐++ , 𝒎𝑿 = 𝟑𝟗𝟐𝟐. 𝟓 ± 𝟏. 𝟎 𝐌𝐞𝐕, 𝚪𝝌𝒄𝟐 = 𝟑𝟓. 𝟐 ± 𝟐. 𝟐 𝐌𝐞𝐕

X(3915) decay channels:   𝑫+𝑫−, 𝑫𝟎ഥ𝑫𝟎, 𝜸𝜸，𝚪 𝑫+𝑫− /𝚪 𝑫𝟎ഥ𝑫𝟎 = 𝟎. 𝟕𝟒 ± 𝟎. 𝟒𝟑 ± 𝟎. 𝟏𝟔
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Thank you for your Attention!
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Thanks!
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