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|. Introduction

1. Charmonium(-like) states from experiments vs. Quark Model predictions
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0*(0™) 0°(17) 0°(1") 0%(0™) 0*(1™) 0'(2™) 0°(27) 0°(37) 2?7 =1 =112

Mult. State Input mass Theor. mass
(NR model) NR GI
1S J/0(13S)) 3097 3090 3008
17.(1'Sy) 2979 2082 2975
29 V' (2°S)) 3686 3672 3676
1.(2'Sp) 3638 3630 3623
3S ¥(3*S)) 4040 4072 4100
1.(3'Sy) 4043 4064
4S ¥(4°S)) 4415 4406 4450
1.(4'Sp) 4384 4425
1P y2(1%Py) 3556 3556 3550
x1(13Py) 3511 3505 3510
Yo(1°Py) 3415 3424 3445
_h(1'Py) 3516 3517
Y2(2°P3) 3972
Y1(2°P)) 3925 3953
x0(2%Py) 3852 3916
he(2'P1) 3934
3P X2(3°P3) 4317 4337
x1(3°P,) 4271 4317
Yo(3%Py) 4202 4292
h.(3'P;) 4279 4318
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Experimental results of (0,1,2)** charmonium-like states (PDG 2024)

X(3872) (aka x.1(3872)): IJP¢ =0%"1*", my = 3871.64 + 0.06 MeV, T, = 1.19 + 0.21 MeV
X(3872) decay channels:

D°D% (34(12)%), J/Yw (4.3(1.2)%) , ¥vJ /¥ (0.8(3)%), yyP(2S) [4.1(1.4)% (PDG2022)]
Isospin violating: J/¥p (J/Yr*n~,3.5(9)%), m°x ((3 1i}j§ %)

X(3860) (aka x.0(3860)) IJPC =0*0** (preferred), my = 3860125+19MeV, I, = 2011134188 MeV
X(3860) decay channels: D°D° D*D~ (seen by Belle (2017), not seen by LHCb (2020))

X(3915) (aka xo0(3915)): I¢JP¢ =070 , my = 3922.1 + 1.8 MeV, I, = 20 + 4 MeV
X(3915) decay channels: D*D~, DID;, w]/y, yy
r(p*p~)/T(DfD;) =0.29+0.09+0.10 + 0.08

Xc2(3930) 1 I¢JPC = 0%2**  my =3922.5+1.0MeV, T, , = 35.2 £ 2.2 MeV
X(3915) decay channels: D™D, D°D°, yy
r(p*p-)/r(p°p°) =0.74+0.43 +0.16

X(3940) : ISJPC =2"7" 'my = 3942*7 + 6 MeV, I, = 3773¢ + 8 MeV
X(3940) decay channels: DD* (ete™ — J/i¥X, Belle 2007, 2008)




3. Formalism of Lattice QCD

« Path integral quantization on finite Euclidean spacetime lattices

QCDfIRE
- ANEREE
7 = fDADII)DJ, eSlAaYy] _[DU det M[U] e SglUl (Monte CarloZE s )
_ _ 1 5[] H H FEQCDIRIAS ()
(O|u,y,y|) =§jDU det M[U] e SslY] o[U] . 1
t t MRSt
, : . Spacetime l
Green’s functions Product of fields discretization IR, BRI S IRLE

« Very similar to a statistical physics system
-+ Monte Carlo simulation——importance sampling according to  P[U] x det M[U] e SslU]

Gauge ensemble: {U;(spacetime),i=1,..,N} mmp (O|U ¢, 9|)= %z oluil + 0 (V%)



4. Spectrum of charmonium-like states from lattice QCD (only cc(g) operators)
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Courtesy to S. Prelovsek



Il. Lattice Methodology for Hadron-hadron Scattering

1. State-of-art Approach——LUscher’s formalism

;\’ 5 \\\\i 3 oS

=
1l oy

(see R. Briceno et al., Rev. Mod. Phys. 90 (2018) 025001 for a review). H Dty

det [F—l (F, E, L) + M(E)] ~0
E, (L): Eigen-energies of lattice Hamiltonian.

* Interpolation field operator set for a given JF¢

O; q1Tqy [G1T1q1[qT2q,] [qiT1q]|[qT2q3], -
* Correlation function matrix —— Observables

Ci;()& = <sz Oi(t)O;’(O)|ﬂ>

_ Z(moim) <n|0].+|sz> e~ Ent

All the energy levels E, (L) are discretized.

F (ﬁ, E, L) : Mathematically known function matrix
in the channel space (the explicit expression omitted

@ - - = —L(P) F(P,L) R(P)

M (E): Scattering matrix.

» Unitarity requires
Mazp = (K™ Dap — i8ap zqa
cm
« X is areal function of s for real
energies above kinematic threshold.
« The pole singularities of M (s) in the
complex s-plane correspond to bound
states, virtual states, resonances, etc..

Im(k)

[k

bound state

1
= k =—=+/s—4m?

Xﬁ/—\_,yx 2

resonances

virtual state




Comparison of the hadron spectra

Euclidean spacetime lattice Minkowski continuum spacetime
One particle states Cm——) Stable particles
Multiple particle states Bound states of hadrons
with discrete relative spatial —
Momentum (scattering
States in a finite volume t Resonances
All the energies are Continuum scattering states

Discretized. ) :
Luescher’'s Relation: ‘

T(p)=—0tiite) 1
E, = (m? 4+ p*)'/2 4+ (m+p*)">  Resonanceso ML VAT ot
- Fip)—g? 2 ”;f;' cntﬁ(p}—%{m%—.ﬂ
tan &(p) = v p L T L .
2 Zoo (1:_ {'gi’ '}2) {J‘ cot{dn(p)) = ag Farer . —|ps| = an E-"ulﬂ'.&rl‘
Bound state T = - . = oo
cot(8(pu)) — i
ng = Ey (pr) + En,(pg) . P = i|ps|



2. Present status of lattice QCD study on hadron spectroscopy
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hadron-hadron channels below 4.1 GeV

0~ " [n.fo, Xeon {'So}; Yw, DD, D*D* {*Py}; xean{ Do };

E2++ WU:D D 7¢Cb: DSDS {SZ}: ne, DD? ncnvDstvwva D 7¢¢{D2}3
Yw, DD” DD.S?D D’ a¢¢‘{D2} Xcm{PQ} XczT]{PQ}

377 [vw, ¥ {"Ps}; xeam {"Ds}; Xean {Ds}; men, nen’s w, v {'Fs}; vw, DD D D", ¢ {"F3}; Yw, Po {"Fs};
37" |DD", DD}, Yw, v¢ {°D3}; D"D", DID, ¢w, ¢ {"Ds};

Nefo {Fs}s xeon {"Ps}: Xeon { Fa}s Xen {CFs}s xeon {°F};

4" |lyw, DD*, D*D*, D_D: {°F,};

477 [gw, D*D7, ¢¢, DID; {"Ds}i xean{ Fa}i xean{ Fu};
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1. Our lattice setup

Anisotropic lattice (§ = % ~ 5): heavy particles (J/y) involved, compromise of the
t

I1l. X(3872) and y.1(2P)

H. Li, C. Shi, YC et al, arXiv: 2402.14541(hep-lat)

resolution in the time direction and the computational expenses.

Lattice actions: Tadpole improved Symanzik’s gauge action (C. Morningstar, PRD60(1999)034509)
Tadpole impoved Clover action for Ny = 2 degenerate u, d sea quarks

and also the valence charm quark.

ens. M a; ! N Né,}) NE,C) My 1 mp mp+ E;;?* Ef_-):l EE,:*I Lq !
(MeV) (MeV) (MeV) (MeV) (MeV) (MeV) (MeV) (MLV)
M245  250(3) 7.276 401 70 120 3489(3)| 1873(1) 1985(2) 3858(3) 1958(2) 2064(4)  4022(5)
M305 307(2) 7.187 401 70 120  3496(2)| 1881(1) 1990(2) 3871(3) 1962(2) 2070(2) 4032(4)
M360 362(1) 7.187 401 70 120  3502(2)| 1884(1) 2003(2) 3888(2) 1970(1) 2084(3) 4054(4)
M415  417(1) 7.219 401 70 120 3509(2)| 1896(1) 2017(1) 3913(2) 1978(1) 2094(2) 4072(3)

Calculation of disconnected diagrams: distillation method (M. Peardon et al. (HSC),

PRD80(2009)054506).

H. Li et al, arXiv: 2402.14541(hep-lat)
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2. Lattice operators
* Flavor structure of DD* with quantum numbers [¢JF¢ = 0t1++
DDYZ = L (IDYD*) + [D°D*) — [D°D*) — D D))
« Two-particle operators with a relative momentum ¢

1
OAp = 3~ Y Oa(Roq)Op(—Roq)

9 ReO
» Several spatially extended cc operators with the same quantum numbers
- 1 _ . -
ch(t) - ﬁ C(X: t)"}’ﬁ’}’z‘hU(X: Y; t)f(y f) I{U (X, y; f) — ;D(_;:%g fy A-dr

r
|y —x|=r

 Our operator set for charmonium-like systems with 1¢JP¢ = 0t1++

. . _ r=0 mr=1 ;r=2 m~a=0,vs ~q=0,7147 ~g=1 mq=0
S—{O(I“}J—lj"' 57}_{065 70(2(_3 50(:(_: qODD .ODL_} ,ODD.O-IX'G!)W

}

* Finite volume energy levels can be obtained by solving the generalized eigenvalue problem

Cij (tl)“&’;n) (tr.to) = A" (t1,10)Cyy (t(})’i‘”;(,-n) (t1,t0)
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3. Schematic quark diagrams for the correlation matrix C;;(t) after Wick’s contraction

O123 Oss6 0
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c c (/l I/
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c c ]

- C C -C c C c .
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5@ | 5@ | |:|} 50 3™ | | 5® 5 | ©
“C C “C C - LU u
_ -C E - _
I e } D) - D) I
L u v i
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3. Effective energy plateaus from the GEVP analysis

(1) my = 250 MeV (2) m, = 307 MeV
= T * (a) (b) (c) (d) (e) (a) (b) (c) (d) (e)
a) cc—DD — J /Y operators. [LEUEE 71 | I o o e LT el I i i
b) cc — DD*: black points ot fibrent : ettt a| ! !
(correspond to J /Yw state) B S ] I R ¥ ] i ] l
disappear. > | [ [ [ [ > 'ﬂ 'ﬁ 'ﬁ [ jﬂ
> R IR . AU IR A
c) cc—J/Ypw:Energylevelsclose % bl kLl U] L p ] R 2 e Y R Y S
: ) — . W 40pE, 7 -xx,;hl—,, T R e L B I T: : I T eea Fex il
to non-interacting DD~ energies STEEEE! (U S TS 11 P RTA L B S22 55 N Ll S SRR
disappear. : : : : 1 : : : [ Z
d) DD* —J/Ypw: Energy levels ' ' ' ' ‘ ' \ ' \ ‘
—_— 3'5-l 1 -l 1 N L L -I L 'I 1 3'5'| ll' L Ll N 1 ll—l 1 " L Ll
Close to non_interactlng DD* and 25 30 35 25 30 35 25 30 35 25 30 35 25 30 35 40 2 30 3 25 30 35 25 30 35 25 30 3 25 30 35 40
t/ai f//ag
]/l,b(l) states. (3) my = 362 MeV (4) m, — 417 MeV
-. (2) (b) () (d) (¢) (a) (b) (c) (d) ()
e) ict Energy levels close to y.q EELZART WETCEY NI NI M _,-;%-ﬂ[/n,,:ﬁ@][ _ ;M;T SR e ‘
states. il il il i T
trl
f) In summary: In all the cases, wr } Iﬂ_ i i ] Hr i i
J/Ww energy has no sizable > [] ﬂ > | ] 1 [ } T ] [
changes w/o cc and DD* 3 Ftae — E é-} EH iil L..“._._.-.-u
40Ffxx .  Tr. Fr 40F = 1 i EF o Fx
operators. So J /Y w almost o222 rerzta g™ Wi #Lk-—* s sl
decouples from other states and ' 1 : '
is neglected from the discussion L I i Rt . .o L L LT
in this WO rk- - 25 ?:ﬂ 3.5 25 3.[] .‘;5 25 3.0 3.5 25 3.0 .’ilﬁ 25 3.0 .’;5 40 25 3.[] 3I5 25 3.0 .?Iﬁ 25 ’;0 .’ilﬁ 25 3.(] .’;5 25 .’ilﬂ 3.5 40
t/a t/ay
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m, = 360 MeVl. m, = 415 MeV|

0,071 o 04(0172)

1k mx =245 MeV= m, = 305 MeV|

. E q=0,7475
S O5(Op ")
i — B
B —_—_

c¢ cc+DD* ¢ ce+ DD* e ce+ DD* ¢ ce+ DD*

Identify the energy levels: Operator couplings:
e E4: around3.5GeV, should_be Xc1- e FE4: coupled most by cc operators.
* E;: close but below the DD* threshold. * E,: coupled most by 03;9 and substantially by c¢ operators.

 E;5: far from and in middle of the non- q=0
DD*’
« E,: coupled most by Oggf and a little by Oggg and c¢

operators.

 E3: coupled substantially by O 03;3 and cc operators.

interacting DD* energies Eggg and Egg*l.

=1
e E,: close but above Egﬁ*.
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4. A bound state below DD* threshold?

* Physical implication of £, and E5 :

(S. Prelovsek, PRL111(2013)192001) wf e — 245 .Mo\/f_ e — 305 .Mc\/f_ x — 360 i\IoV:____'rE,,___Al_lE;\io_\/
Leuscher formula for S-wave scattering ;'""47@'?‘""""‘"‘:?‘"""j'-::'_"_::f'_' e e B ;
2 i ) X AU |
L | : — F— — E
cotd = Zoo(1; 2=(—| p* ST R - e —
p cot §o(p) = \/—L 0(1;q%), g <2n) p s S S . :
gl e —— e R
R B i i B
=t : : ' -
3.7k - - B )
Ey(pn) = /m% +p%+Jm%* + P ; ; ; E | — =
E [ B E — Ej
P 3 3 F I &
Effective range expansion (ERE): 3.5 ) : )
p cot 60 (p) _ i n lropz - N c5+.DD*_ = (:(_;+.DD*_ = cE+lDD*_ N (;E+.Dl_)*
Ao 2
1
Pole singularity of the scattering amplitude (in the infinite volume): T &

p cot8y(p) —ip

* Solving ERE with E, and E5, we can obtain the parameters (ay, 1p)

* Using the derived (ag, 1p) as the approximation in the V — oo limit, then the pole equation gives the banding
energy Ez = Epp+(pg) — (mp + mp+), where pp satisfies pg cotdy(pg) — i pg = 0.
16



mx(MeV) 250(3) 307(2) 362(1) 417(1)
E, Ay(MeV) = By — BT, 9.1(1.3) 8.9(1.2) 5.3(1.3) 12.8(1.3)
p°(GeV?) 0.339(8) 0.335(6) 0.340(6) 0.342(4)
pcot do(p)(GeV) -2.02(66) -2.35(65) -2.76(89) -1.79(28)
8o (163.9729)° (166.172:9)° (168.172:9)° (161.97%4)°
Es3 As(MeV)= E3 — ET 70(3) 63(3) 80(3) 80(3)
p?(GeV?) 0.135(5) 0.122(6) 0.158(6) 0.158(6)
pcot do(p)(GeV) -0.054(19) -0.097(19) 0.012(22) 0.026(24)
8o (98.475%)° (105.4759)° (88.2753)° (86.273°9)°
Ey As(MeV)= Ey — B4 0. -26.1(9) -25.4(11) -19.0(7) -18.6(8)
p?(GeV?) -0.050(2) -0.049(2) -0.037(1) -0.036(1)
P Cot 2 (p)(GeV) “0.154(9) () “0.T46(10)(7) “0.063(11) (%) ~0.066(13)
(pi=)?(GeV?) -0.0135(4) -0.0210(4) -0.0292(3) -0.0400(3)
ao (fm) -1.55(10)(%) “1.50(12)(%) ~4.03(91) () —4.0(1.0)
ro (fm) 0.211(30)(*) 0.113(34)(*) 0.153(34)(*) 0.187(38)
Ep (MeV) —0.7121 (%) —9.7725 (%) —~1.370:8 (%) ~1.3798
 E, : The lattice energy is lower than the DD* threshold by 20 MeV or even more.

a,: Large negative, implies a bound state.

ro: Small positive, implies the compositeness X ~ 1 up to a O(p?) correction

(Y. Li et al., PRD105(2022)L071502).

The bound state is predominantly a DD* molecule.

Maybe suffering from the Left Hand Cut (lhc) issue.

PRL131(2023)131901, L. Meng et al., arXiv:2312.01930 [hep-lat])

(M.-L. Du et al.,
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M.-L. Du et al., PRL131(2023)131901

FIG. 1. The cut structure in the DD* system: (i) the blue
dotted vertical lines (c3) indicate the three-body right-hand
cuts, (ii) the green dotted vertical line (c2) shows the two-
body cut, and (iii) the red dotted horizontal line (cr,) is for the
left-hand cut. T and V' denote the amplitude and interaction
potential, respectively.

New singularities emerge in the on-shell partial-wave

AM + 2 K2k () amplitudes at imaginary values of k2 = k'? = p? < 0:
= _ _ U./’ﬂ- q 2 1
2 2Mp (pife)” ~ 7 [(AM)2 — mZ]
One Pion Exchange (OPE) A lhc introduces nonanalyticity to p cot § and sets the
upper bound on the convergence radius of ERE (p cot§
2
(a) mr>AM I () my <AM acquires an imaginary part for p? < (pll,’fc) ).
11 § 4
gll}i, x (2MD+mw)2 S?}Tc (2MD+m,):(MU 'ﬂ/xrn')z

— =B R Stars: resonance poles.

* (_M}J } .M-uv)z

Res

*

Mp+Mp )t Res Dots: virtual states poles
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M.-L. Du et al., 0.20¢
PRL131(2023)131901 0.15]
Case studies on T+ (3872) & S 010}
relevant DD* scattering. The 2 2—; 005l
data points are from lattice QCD ¥ N
calculation (M. Padmanath etal. = s 0%
PRL129(2022)032002) T -0.08p N |
-0.005 '0.000 0.005 0.010 -0.005 '0.000 0.005 0.010
(»/Epp-)* (»/Epp-)?
L. Meng et al., " 006
arXiv:2312.01930 [hep-lat] 0.20 -
Similar to the discussion above. 0.15 0.004-
The difference is that, the lattice 5 o.10 | © os. Ihct
finite volume energy levels are gg oos. e w g EE Lonsl
used to fix the parameters in the ¢ 200 ' 12 .
EFT involved. Then prediction of L 1 e Laos Pit 9-Re| a : /l«
the EFT (red curves) are 0% (a | LQCs+ERE——Fit 2.1m| O-OOO?
compared with ERE with out OPE. 010 005 0000 0008 o0of0 0015 00T 005 0000 0005 0010 0015 0020
(p/Epp-)* (p/Epp-)?
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0.AF ™~ lhc m, = 250 MeV 0.AF ™~ Ihg m, = 307 MeV
— 0.2F I 0.2F s
QL B N s 8
@, [ N [ R
x&? i 1 L Lo bl 0.0F Y
S 0.0} | e OF it .
= - ’ - ——— - ) I——— w’ ————————
o B _— e Tl - = =————T
S *-> S #*-3
] o —0.2 .
i 2= ap = —1.55(10) fm, 2" ag = —1.50(12) fm,
_oaf T ro = 0.211(30) fm. _oafk T ro = 0.113(34) fm.
02 01 0.0 0.1 0.2 03 02 01 0.0 0.1 0.2
0.AF = lhc m, = 362 MeV 0.4F >~ lhc m, = 417 MeV
0.2F ™ 0.2F .
i “\ - s _
i NG s N f o= S
0.0p============-==p-- ]'-—::: ::::.=-="“‘$‘=: ------------ 0.0pF=-=-=-===-=-====-====o---- }'—:::_—_:::#""'"“"" --------------
___________ v S I
0.2F A —0.2F b
i =T ag = —4.03(91) fm, i =" ag = —4.0(1.0) fm,
04 T ro = 0.153(34) fm. _0af T ro = 0.187(38) fm.
02 01 0.0 0.1 0.2 03 02 01 0.0 0.1 0.2

0.3

0.3

20



pcot dy/GeV

0.3

0.4F "~ __ |hc| m, = 250 MeV 0A4F "~-__ Ihd m, = 307 MeV
0.2F 0.2F
0.0 0.0
—0.2F —0.2F
i 2= ap = —1.55(10) fm, 2" ag = —1.50(12) fm,
_oaf T ro = 0.211(30) fm. _oafk T ro = 0.113(34) fm.
—0.2 —(.:l,l ﬂ-.i'l (Jl.l I'II.Z 0.3 —0.2 —i:l,l DT{'I ﬂjl (J..Z
0.4 0.A4F "~ lhq m, = 417 MeV
0.2 0.2F .
o o \\ _
- - \ foommamm== ——
0.0 0.0p==========mmmmmad-ee . e,
[ I —— -
0.2 —0.2F b
i =T ag = —4.03(91) fm, i =" ag = —4.0(1.0) fm,
04 T ro = 0.153(34) fm. _oak T ro = 0.187(38) fm.
) —(;.2 —i:l.l [‘.I,-(J ﬂtl ﬂjQ 0.3 —(;.2 —(.J.l l'],.ﬂ D:l 012

0.3
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To summarize on the bound state:

* m,; =417 MeV : Free from the OPE |hc issue, a bound state exists in the IV — oo limit
Ep = —1.3198 Mev, X ~1+0(p?)
This pole may correspond to X(3872), which is mainly a DD* molecule.

* m, < 360 MeV : OPE Ihc may have the effects on the existence and the pole position of a bound state.

* If the OPE |hc effects are similar to the case of T,£.(3872) relevant scattering in that, ERE can give a
ballpark description of the p? behavior of p cotd,, the singularity induced by OPE Ihc permit the
existence of a bound state, and result in a smaller binding energy.

* However, this conclusion may be debatable!
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5. Question: Where is the expected y.1(2P)

a)

Non-relativistic quark model expects y.;(2P) with a

mass around 3.95 GeV.

X(3872) is likelya DD* molecule.

There should be a state that has a large component of

Xc1(2P).

It might appear as a resonance.

The dynamics for the DD* scattering in 0%

t channel

Meson exchange

1++

s channel

Charmonium mediation

channel

Multiplet

State

Expt.

Input (NR)

Theor.

NR GI
2P X2(2°P3) 3972 3979
X1(23P) 3925 3953
Xo(2°Py) 3852 3916
he(2'P1) 3934 3956

4.1F

4.0

T. Barnes et al.,,PRD72(2005)054026

[ m, = 245 MeV|

[ m, = 305 MeV|

[ m,. = 360 MeV,

[ m, = 415 MeV|




* Levinson’ theorem:
6;(07) = 8;(0) = nym, 6;(0) =0
where n; is the number of bound states in a NR
scattering against a spherical potential.

* The authorsin PRL111(2013)192001 claims:

v" If a bound state is formed below the DD* threshold,
The next energy level (E3) correspond toa DD*
scattering state with the relative momentum p = 0.

v’ This state is pushed up due to the negative scattering
length.

v They did not pay enough attention to the E, energy
level.

3 (p)im

FE/GeV

4.0

3.9

3.8

3.7

3.6

3.5

0.5

0.0

-0.5

41 -_ My = 245 I\/’ICV-_

my; = 305 MeV|

. Problematic interpretation of the E3 level in S. Prelovsek, PRL111(2013)192001

[ m,. = 360 MeV

[ m, = 415 MeV

¢ e+ DD*  cé

cé + DD*

¢ e+ DD*

one bound state: a,<0

no bound state: ag>0

repulsive: ag<0

p

ce cc+ DD*

S. Sasaki et al.,
PRD74(2006)114507
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7. Our interpretation of the E; and E,4 levels

Generalized Levinson’ theorem:
6,(07) = 8;(Pmax) = (N — Ny,
n;: the number of bound states,
np: the number of bare states below the energy
corresponding to P, ax-
(F. Vidal et al., PRC45(1992)418,
Y. Li et al., PRD105(2022)116024)
Take the mm scattering relevant to p for instance,
ny =0, np =1whenE;(p) >m,.
The evolution of §;-(p):

2

4.1 mx =245 MeV= m, = 305 MeVE. m, = 360 MeV|L m, = 415 MeV]
4.0 T Tt = L .
39— - N ~ B — |
< B — L
D 38F — — —
= f 3
3.7 - - L - o
B B —_—
3'6 __ - » 0 —_— E/l
3.5F - — -
cc cé + DD~ cc cé + DD* cc cé + DD* cc cé + DD*

* For the case of this study:
ng =1, n, = 1when E ,(p) >m,_ 2p).
The evolution of §y(p):

v' Starts with §,(0%) = m;
v Goes down rapidly when p increases;
v Goes up when Epp+(p) approaching m,_ (2p);

v’ Goes up to §y(p) = m when passing m,,__ (2p)-
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mx(MeV) 250(3) 307(2) 362(1) 417(1)
E, As(MeV) = By — BT, 9.1(1.3) 8.9(1.2) 5.3(1.3) 12.8(1.3)
p°(GeV?) 0.339(8) 0.335(6) 0.340(6) 0.342(4)
pcot do(p)(GeV) -2.02(66) -2.35(65) -2, 76(89) -1.79(28)
8o (163.9729)° (166.172:9)° (168.1+29 (161.97%4)°
Es3 ANs(MeV)=Fs — ET . 70(3) 63(3) 80(3) 80(3)
p?(GeV?) 0.135(5) 0.122(6) 0.158(6) 0.158(6)
pcot do(p)(GeV) -0.054(19) -0.097(19) 0.012(22) 0.026(24)
Jo (98.4133)° (105.4F39)° (88.213:3)° (86.2150)°
Es Ax(MeV)= E; — ETD. -26.1(9) -25.4(11) -19.0(7) -18.6(8)
p?(GeV?) -0.050(2) -0.049(2) -0.037(1) -0.036(1)
pcot 50(p)(GeV) -0.154(9)(*) -0.146(10)(*) -0.063(11)(*) -0.066(13)
(pi=)?(GeV?) -0.0135(4) -0.0210(4) -0.0292(3) -0.0400(3)
ao (fm) -1.55(10) (%) -1.50(12)(*) -4.03(91) (%) —4.0(1.0)
ro (fm) 0.211(30)(*) 0.113(34)(*) 0.153(34)(*) 0.187(38)
Ep (MeV) —9.7+2:1 (%) —9.7725 (%) —~1.370:8 (%) ~1.3798

« E;: Gives a scattering phase around 6 (E3) ~ 90°;
 E,4: Gives a scattering phase close to §(E,) ~ 180°.

* Exactly as the expectation of the generalized Levinson’s theorem.

e Hint at the existence of a resonance.
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8. The possible existence of aresonance below 4.0 GeV

Breit-Wigner ansatz for a resonance :

1 1
T = ~

cotdg — i (mp — E) — &R
Resonance parameters derived through

do(E) = arctan (Z(mR — E))

by using E3 and E,.

Caution: The parameters (mg, ['3) may
change, since they are derived from only
two energy levels.

Only one experimental observation
X(3940):
my = 3942(9) MeV
[y = 37747 MeV
(Belle, PRL98(2007)082001;
PRL100(2008)202001)

180
[ 7 H
Fo ]
1 S -0
L 1 |
| 1 1
1 P
120 B E ‘ ==== mp+mp- B E \ ==== mp+mps
9“\ 90 L i *  Eg+mp+mp- L ! * Ep+mp+mp-
S Cp=63(23) MeV, [ ! Iy = 57(18) MeV,
6o 1 mp = 3924(5) MeV. | ; mp = 3926(6) MeV.
| |
30F =
- 1 I
F m,; = 250 McV N m,; = 307 McV
180 === : : = } 7 7 F
150F [ i
50 - - I \
L [
|
1201 —==- mp+mpe N i ‘ -=== mp+mps
9.“__ 90 N * Eg+mp+mp. [ ! * Eg+mp+mp-
S P = 37(13) MV, [ P ' = 56.7(9.6) MoV,
601 mp = 3969(4) MeV. | ! my = 3995(4) MeV.
L L i
30k [ i
o my = 362 McV 1 my = 417 MeV
3.9 4.0 4.1 4.2 3.9 4.0 4.1 4.2
E/GeV
m-(MeV)  250(3)  307(2)  362(1)  417(1)

mr(MeV)  3924(5)  3926(6)  3969(4)  3995(4)

T'r(MeV) 63(23)

57(18) 37(13) 57(10)
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9.

A joint analysis on E,, E3, E4 (ignoring the |hc issue tentatively)

Effective range expansion
(H.A. Bethe, PRD 76 (1949) 38):

1 1
pcotdy(p) =—+ =

2 4
T, + c ,
) oP 2D
* Poles of the amplitude
1
T « ,
pcotoy —ip
e A “virtual state” below the DD*
threshold
ClO > 0
* Aresonance pole:
Im{K)/GeV
0.2}
0.1:—
o -‘---i---' o Re(k)/GeY
-0.3 -0.2 -0.1 - 0.1 0.2 0.3
o
p —0.1; ‘

pcot 8p/GeV

pcot 6p/GeV

E T 11T [— m, = 250 MeV F - lhq m,; = 307 MeV
) F s : EL
0.0f---------= B P 0.0f---------==2 i RO LR RIS
— A W g ‘_____;,f—*!: R*\
~05F ~05F
—Lﬂ;// \\ | _LO?//
~L5F \:‘ { ~L5F \ ‘l
- AL i LI
90k | ~2.0F o Y
: ay = 3.93(4.48) fm, \ : = 5.31(6.91) fm, !
9Bk ( _ - f I
2.5¢ ro = 1.09(29) fn, LN 2.5¢ m - n 93(24) fm, \
N \ - c — \
-3.0F ey = —26(8) GeV ™", \ -30F ey = —28(8) GeV ™", \
: : L X . 2 f X [} . . : \
_3'5(1.2 —0.1 0.0 {].l .2 0.3 0.4 (0.5 _3'5{1.2 —().1 0.0 0.1 0.2 0.3 0.4 0.5
5 — 0.5p—— : :
-~ - s, mg =362 Me TG e— My = e
“==~Jhq e 362 MeV - : i 417 MeV
0.0f-----------gf=3----------- S 0.0f---------- e s ot
sk :74- \\\ sk :;. 1 %
f’ \\ ;’
|| S g ~10F N
/ \\ ’/ \l
~15F N -15 l\i
/ A
|
—20F " _ N T 20 ! \
¥ g = 1.05(42) fm, \ ap = 1.83(4 3) [m, \
2.3 ro = 2.09(62) fm, i —25 ro = 149(21) fm,
_: s f— \
-3.0 ey = —41(13) GeV™, T 30 ey = —27(4) GeV™? !
4\
L I L L L L ] \l L 'l I L L L L
_3'5().2 —0.1 0.0 .1 .2 0.3 0.4 (.5 3. 5{l 2 —().1 0.0 {H 0.2 0.3 0.4 (1.5
p?/GeV?
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1 1
p cot8y(p) = — + S 1op* + c2p*
Ao 2
(E23.4) ao (fm) 3.9(4.5)(%) 5.9(6.9)(%) 1.05(42)(%) 1.83(43)
ro (fm) 1.09(29)(*) 0.93(24)(*) 2.09(62)(*) 1.49(21)
c2 (GeV™?) —26(8)(*) —28(8)(*) —41(13)(*) —27(4)
C pp (MeV) T T T T T T T T TLRERGY T T T T 35Ty T T T T LI I14A(RB) () T T T T T i 81(16) |
L B MeV) LG ___S06TR() 67RO - —3.3(1.3) !
mx(MeV) 250(3) 307(2) 362(1)  417(1)
—— S BW ﬁt from E334
B“(E(L) ; B“(E()E) mg(MeV) 3924(5) 3926(6) 3969(4) 3995(4)
A T Tr(MeV) 63(23) 57(18) 37(13)  57(10)
m, = 250 MeV my = 307 MeV Pole from FE5 3 4
| = \, ’ ’ Repr(MeV)  391(24) 364(20) 410(13) 427(13)
Impr(MeV) —il108(34)  —i114(32)  —i61(20) —i87(14)
b mr(MeV)  3931(8) 3933(6) 3971(6) 4002(6)
wnors | Tr(MéV) 86(32) 85(27) 50(18)  75(13)
. My = 362 N[CVI . . My = 417 MCIV

61(0+) — 01(Pmax) =

“E/Gev

(n; —np)m

Resonance pole :

E -
=  Mp —1—
R l2
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Weak

Strong

Im[k,] (GeV)

Im[k,] (GeV)

0.4

0.2

0.0

-0.2

-0.4

05¢F

0.0

-0.5

Intrinsic attractive DD*

Intrinsic respulsive DD*

0.3
(a-1) ° X pole (a-2) s ob | @ et pole 02t (a-3) ©  pole |
©  Shadow pole of ¥ 0.2 9= o Shadow pole of ;| | =20 ¢ Shadow pole of ., |
- 2 5nd | ¢ DD pole - + DD ool 01}k 4 DD resonance
g =203 P 0.1 poe | © DD’ anti-resonance| |
: : . 0.0 —2=0 X(3872)9*=7.5 20 | 0.0 g’=0  X(3872)fq’~14.1 2
g*=0_ X(3872).8 q’=10.8 g°=0 ' ‘% < 5 \ 02-13.4 ﬁé 9=
% -0.1 F : =‘0.1 B * i
g 7 |
| g ¢ § i 0.2F gzzot s i
OO - OO a
Wo OCQIHBmmMD 03¢ ) _ 1 gZ-ZOﬁ 1
g2=.20 , . > . . gil_zo _0 4 .g =20 . . g/—‘_zp % g2:0 )
-06 -04 -02 0.0 0.2 0.4 0.6 . -0.4 -0.2 0.0 0.2 0.4 -0.2 0.0
, i ?=20 . | 2 ]
(b-1) ° {1 pole 193] (b-2) : ° L1 pole © Yo pole 1
¢ Shadow pole of ¥ | | 0.2 F Shadow pole of ¥/ q2=20 ¢ Shadow pole of ., |1
g°=20g | © DD pole ¢ DD pole 4 DD resonance |4
! 01F J ¢ DD antl-resonance_'
g°=0  X(3872)8¢’=7.7 ___q’=0 0.0 =53 =0 |00 0, X[38?2) .q =100 g ‘
®e o© 01F
¢ odo0 01}k _
g =6.6 02F
| g?=20 2_7.1 2-20] 0.2p 1-03f
g%mmnooo o Wooogtoom o oooocx:rﬂ‘ﬂﬂu%@ 03k 1-04F
1 i 1 1 1 i ' i 1 i 1 i 1 i 1 1 i i L i L i L g 20 _0.5 [ -2: L i " i " i 1 i
-08 06 -04 -02 00 02 04 06 08 -0. 5 -0.4 -03 -0.2 -0.1 0. O 0.1 0.2 03 0 4 0 5 -08 06 -04 -02 00 02 04 06 08

Relk,| (GeV)

Relk,] (GeV)

J.-Z. Wang et al., arXiv:2404.16575[hep-ph]

Relk,] (GeV)
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10. Related phenomenological studies

 Considering the mixing between DD* and y.;(2P).

mp (MeV) 3910-3925 3995 3990 3958
[z (MeV) 5—-70 72 ~ 60 ~17
Ref. E. Cincioglu et al., F. Giacosa et al., Q. Deng et al., G.J. Wang et al.,
EPIC76(2016)576 1JMPA34(2019)1950173 2312.10296 2306.12406
30 | .
: gru;m.im ] 24 s |
. o~ af | Spectral function:
: % 18 F ol
o S | et
; ) | 8 13k LATL AET4 38T6 IATH LEND 1 F
] ' w(M) =
. ! 6 | (M) 2t (M —mg)? + % /4
L______/\ 0-..‘|...|I..T|_._._.|_._._.+|
"% 385 i ‘ 395 400 405 3.84 3.88 3.92 3.96 4.00 4.04
e M (GeV)
E. Cincioglu et al., EPJC76(2016)576 Q. Deng et al., 2312.10296
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V. ((0,2)** charmonium-like resonance around 3.9 GeV

HSC Collab., PRD 109 (2024) 114503 (arXiv:2309.14071 [hep-lat]);
PRL 132 (2024) 241901 (arXiv:2309.14070 [hep-lat]).

1. Lattice setup——Ny =2 +1 QCD

HSC has established a very sophisticated L/as|T/a;| Nety | Nyeo | Nosres | L/fm |m. L
numerical framework to study the hadron- 16 | 128 | 478 | 64 | 8-16 | 1.9 | 3.8
hadron scatterings based on LUscher’s 20 | 256 | 288128 | 48 | 2.4 | 4.8
formalism 24 | 128 | 553160 | 24 | 2.9 | 5.7
1 (g _ _ .« 2qq
det|F~1 (P, E,L)+M(E)| =0, Mgl = (K1) —ibg .
Mesonmass / MeV| 7 K n | D D, D" | n. J/ Xeo X2
this calc.|391 550 5871886 1951 2010|2965 3044 3423(3) 3519(2)

expt.|140 494 548

1865 1969 2007

2984 3097 3415

3090
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e Focuson 07" and 2** states around 3.9 GeV

Ecn/MeV

4100 -
4000 F
3900 |
3800 -
3700
3600 -

3500

Tt A“‘[\"

T Tle K Rr ‘ thr.

T DD* ‘thr

[000]A  [000]E*  [000]T"  [000]AF

0.74 : : :
._;.......é -------- _-iw- __.._______%________E_ :::::::::::::::::::::{:: X(.2 ]_F n

072 F o 5 ium";m“mi- Zi“$ﬁimﬁ$“; Xf 2}3 skl

________________________ S T - S S 62 X63 1F el D*D* \tl
0.70 L T e B xc, (2P) 1 twln
0.68 |

_______________________________________________________________________ DD|ine
O ) A e
0.64 |

_______________________________________________________________________________________________ T ﬁc”ﬂthr.
0.62 L R o Xc:(1P)

o e > . . . . . . . . . o Xco(lp)

16 20 24 16 20 24 16 20 24 16 20 24

The energy levels obtained from only the cc-like operators.
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Finite volume energy levels in the rest frame of the system

ag Ecm

0.74 b Do~ |
. \_‘:’"‘-\ \ \ \\:::‘
ol - l'_“ t-_"‘. ::_

0.72} && ,
e ‘-.5:1 “ '-:-',:-_

0.70

0.68

0.66

0.64

0.62

0.60
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Finite volume energy levels in moving frames of the system

0.72 s

0.70

0.68

0.66 1

0.64 1

0.62 ¢
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Finite volume energy levels in moving frames of the system

0.70

0.68 |

0.66

0.641

0.62r

0.60 =




Finite volume energy levels vs. the JF¢ systems in the continuum

D Y — JPC =2+ 3+ gPC—1-+ 3+
at-rest only
at-rest only  at-rest only  [000]E~T, [[]DU]TE_ T, at-rest only

[000] A7 [000] A5 [000] A5 [000]7% T, [000] A5
10 levels (up to n.n’) 16 levels 41 levels 20 levels
45 levels (up to 1¢)
E. G., H.|
T op i JPG‘ — T [ JPC =0t )
at-rest only 11:1(:1, moving frames N incl. moving frames
[000] E+, [000]E*T, [000]T5" T, [000] AT, [001]A1+,
(000]T%F \[um]Bl, (002] B ) \111]51* [002) AT iy,
47 levels 86 levels 43 levels (up to 7.7’)

90 levels (up to 1¢)
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Parameterizations of coupled-channel partial-wave t —matrices respect the unitarity.

The matrix [;; is diagonal and has imaginary part Im /;; =

glgmg]gp)
Ky = ms —s
p p
0** channel
Channels considered:

nen, DD, DDy, 1, Yw,D*D*, Pep

Both rest and moving frames are considered

K-matrix parameterization and results

K

_ 9i9;
U™ m2—g

L 4

ij

[e1],, = @ie)[K1], (20) ™ +1,

atEcm

[000] AT

0.68-

b

0.64

0.62-

- S I {1 R W i N ===

—pPi =

2k;

Vs

0.60

L s
I e &21\_‘ : 3
3 T R p [ — 3 ——— 3 e
g z [
g I 1 g F3 5 E 3 g
a o o = g 8 3 o z a
16 20 24 16 20 24 16 20 24 16 20 24 16 20



* Parameters of the K matrix fitted from 90 energy levels up to Y ¢ threshold.

Channel couplings g 45 in the K-matrix Pole couplings c 45 in the T-matrix
¢ CiCj
— (0.7065 £ 0.0015 = 0.0004) (S~ So) ~ g
a;9ppys,y = (0.1174 £+ 0.0226 + 0.0039) -
. . aflc-'?c-??{ 'Soj | ™ 0
a,9p.p,{'s,y = (0.189 + 0.046 + 0.026)
al’ICDD{]SU} = 0093(28)
a1 Gyol's =(—0.127 = 0.069 + 0.230)
ng;D*{.g —=(0.330 £ 0.095 £ 0.023) a |Cmn’{ 'So}| & 0
Y on(1Ss}omon {150} = (0.144 + 0.097 £ 0.038) afICD.;Ds{]Su} = 0.128(56)
Y DD{1S,}—D.D, =(—-0.974 + 0.301 £ 0.027) aflcww{]Su} = 0.083(83)
}"‘? "?{ gu}'_"?? ’? - (2 55 j: 103 :i: 0.73) a;lcﬂﬁi)m{lsu} - 0.227(97)
Yub{iSo —pd{iSyt = (1.36 £ 0.90 + 0.26)
a‘EICWGﬁ{ 'So ) ~ 0’
ywm{iﬂ4 Vsye{D,} T (162 + 254 £ 43)
2 __ 910
X /Naos = 90—10—16— 1.42, No significant couplings to closed charm channels.
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 There is only one pole between Yw and D*D* threshold.

pip;lti;|? JFPC — o++ m, =~ 391 MeV
DD{'S;} —» DD{S,}
045" p.D.{'Sy} — D, D.{'So}
D*D*{ISU} » D*D*{lsu}
0.3
0.2
0.1+
O ! \.fl O !
DD{]S(]} — D':,I)&FSC.}
02 DD{S,} — D*D*{15,}
0.1F
O . : : o
01+ D.D.{'Sy} — D*D*{'Sy}
(\ 1 1 L4 1 e 1 | S 1
Y il SO - v'! o
Yw{ Sp} = Yw{ Sa} ww{®Ds} — Yw{®Dy}
0.1F nen{%So} — nen{So}
Y@{'So} — P {'So}
Lo, - - O ——m
0.2
{’s ('S0}
0.1
1 1 g 1 G 1 cl 1
0.67 0.68 0.69 0.70 0.71 0.72
lIlI‘t-'Ecm
1 1 1 1 L 1 1 L
3800 3840 3880 3920 3960 4000 4040 4080
Ecm/MeV

PC _ g+t a;m = a;Re /s
J 0 ¢ iRev/so 01 02 03 04
o—-1L 1 -0 L Ol o—
0.67 0.68 0.69 0.70 0.71
at Cm‘){lsn}|
0.004
- ‘
3 a |en, b, (150}
30.008}
) ‘
3
™
| 0012 r cztlcukl,v{lsnﬂ
I
[ | | . .
20.016}
Gi ‘wa[lsu} |
| sign lmk;
0.020 ney | DD | perf } DD, } Yw DD } e ay |ey, n{lb'u}| ~0 “' {18, %| ~0
— — — — — T + L%ne t | Cnan' {15
it [eygpsy | ~ 0
°

Pole position:

JSo = [(3995 +14) —

[

> (67 + 38)] MeV
Partial decay widths: B; = % = |¢;|?
Ipp = 23(13) MeV,
Ip.p, = 28(26) MeV,
Iyw = 915° MeV
Rapid turn-on of D*D* at threshold due to the
large coupling cp«p-

pi(Re sg)

JRe sg !
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3.

27t channel

Channels considered: n.n, DD,DD*,D.D,Yw, D*D*, ¢

K-matrix parameterization and results:  K;; =

a,m = (0.7025 £+ 0.0012 + 0.0007)

Ipppp,) = (=379 £5.0£3.94) - q,
9p.b.(pyy = (—3.3£43£25)-q,
Ip-p s,y = (158 £0.154+0.22) - a;!

— (163 +23.1+7.5) - a?

(81 4 129 + 100) - a?

Yyal3syt—palss,) = (0.55+0.72 +0.81)

Vb5, oyl = (219 £0.77 £0.11)
Ipb{p,; = 10 - a,(fixed)

Vien{'Dy}=nn{'D,}

YDD{'D,}»D,D,{'D,} =

86—8-23

7/ Naos. = goosom = 114,

. glg] a
~-+ 2a S Vi
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Cross sections

pipiltij|” JPC = ot+ my & 391 MeV
DD{'Dy} — DD{'D,}

04r DD*{fiDZ} _}DD*{iDz}

DsDs{'Dy} = DsDy{'Dy}

03F D*D*{3%;} — D*D*{%S,)
02-

0.1

?

c 1 L
DD{'Dy} - DD*{?Dy}
021 DD*{°Dy} = D*D*{°S;}

DD{'D,} = D,D,{*D;}
0.1r
o—! J o o—!
o1k DD{'Dy} - D*D*{°S;}
| DyDy{'Dy} = DD*{°Dy}
DyDy{'Dy} = D*D*{55,)}
o—! ‘ OO0 ‘ o
01k nen{ 'Da} = nenf{'Da}
Yw{’Sa} = Yuw{’S2}
WAfS WATD
Yo{°S2} = o {’S,}
=0 L : () O — Q' Z
0.67 0.68 0.69 0.70 0.71 0.72
G"’tE(:m
1 | | 1 | | 1 1
3800 3840 3880 3920 3960 4000 4040 4080
Ecm/MeV

o oo o o © 0 oo

JPC —9t+t

Pole position and couplings c4p in the T-matrix

agm = ¢;Rey/sy

0.1 02 03 04

0.0041

0.008F

=
=
—_
N

I'= —2adm/sp

2 0.016

0.0201

O 1
0.67

sign [m

7 |

0 68 069 0 I70
&0 @Cpap{p,y X0

acppyip,; = 0.103(25)

o
0.71 -

at |epd{ina|
GL ‘Cnr)‘[ar)z}‘ %

a,Cpppip,y = 0.123(39)

%  fen,, 0| B2 a,cp p qip,y = 0.032(32)
|- pesal| i O

a,Cpprgss,y = 0.336(99)

ki

DD | DD' | DD, | ww D'D* |49  [engrngt| ~ 0 e fegugosyy| ~ 0

-1 -1 +o s a3 ‘(i.,‘,;,‘,]{a,gj}‘”vo agcw(p{jsz} ~ O

Only one resonance pole between Yw and D*D*
Pole position:

i
JSo = [(3961 +15) — - (65 £15)| MeV

| l|2 pi(Re sgp)

JRe sy !
Ipp = 26(12) MeV,

I[pp = 22(14) MeV
Ip.p, =275 MeV
Rapid turn-on of D*D* at threshold due to the large coupling

Partial decay widths: B; =

Cp*p*
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4. To summarize on the (0,2)** channels

* The key observation: Only a single narrow resonance in each channel, lies above the D D threshold
but slightly below D*D* threshold.

* For both channels, the resonance couples strongly to open-charm decay channels.
* Neither resonance has any significant couplings to closed-charm channels.
* There is no indication of any further states in the energy region below the ¢ threshold.

* No large scattering amplitudes for closed-charm system composed of a charmonium and a light
hadron.

* No additional states can be assigned to a tetraquark state.
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5. Comparison with a previous lattice QCD study

(S. Prelovsek et al., JHEP 06 (2021) 035)

« Two volumes at m, = 280 MeV, only open-charm scattering channels are considered.
« The operator set includes ¢c operators and (DD, D;D,) operators with different relative momenta.
» Less finite volume energy levels.

P> | AP)C O Nops |P2 | APIC O Nops
O, | 0 | AF* ce 7 | Dieg | 1 B ce 11
D(0)D(0) 2 D(2)D(1) 1
D(1)D(1) 1 | Dicg | 2 Af éc 28
Dg(0)Dg(0) | 2 D(2)D(0) 2
D*(0)D*(0) | 2 D(1)D(1) 2
J/p(0)w(0) | 2 D(2)D(2) 1
Dicg | 1 Af ce 17 D(3)D(1) 1
D(1)D(0) 2 D«(2)Ds(0) | 1
D(2)D(1) 1 D(1)Ds(1) | 1
Dy(1)Dg(0) | 2 J/P(2)w(0) | 3
J/(1)w(0) 2
AP = A_l._ ’ |13‘2 =
A=A, PP =
A=Ay, |P|? =
A =By, P> =1

ESGeV], Ay P=0

EZC[GeV], A, PP=1

ESlIGev], A, P=2

ESCGeV), B, P?=1

41 a1 N 414 4.1+ i |
¢
4. ; 4.+ 49 > 4t
% — $ e \\ ®
39+ oo 39¢ t o 391
| ’ \% $ H
3.8+ 3.8+ 3.8+ 384
3.7+ 3.7+ 3.7+ 3.7+
3.6+ 3.6+ 3.6 3.6+
354 a5 ash 3.5
3.4 3.4 : 3.4 : : 3.4 : :
24 32 24 32 24 32 24 32
Lia Lia Lla Lia
[A] = 07[0],
] = 0¥[0], 2+[0],
(Al =0%[0], 2*(0], 2*2]
[A] = 2%[2].
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v A 0" shallow bound state (Eg ~ —4 MeV)
is observed right below the DD threshold
m—2mp = —4.0737MeV
v" Single-channel analysis of D.D. (I = 0)
scattering
m — 2mp_ = —6.275¢ MeV
v" A narrow resonance and a wider
resonance appear around the D D,
threshold, through coupled DD — DD,
channel analysis

2 _EQ
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= 2 = L
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v
(@)
0.002
g 0.000 \47\&
= -0.002
S
S -0.004
= o008
-0.008
390 395 400 405 410 415 420
Eem [GeV]
Xe2(3930) :  EP = (4.008 ©

v" One bound state pole, one narrow resonance, and

(b)

Single-channel analysis of DD (I = 2) scattering

0.014
0.022
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l +
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one wider resonance observed in 0™t channel.

v One resonance observed in 27t channel.
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Finite volume energy levels in the rest frame of the system
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1++

V. Summary and perspectives

channel:
« X(3872) as a (virtual) DD* bound state at unphysical m,,
* Hint at a resonance between 3.9 and 4.0 GeV, which may correspond to y.1(2P)

«  X(3940) : ISJPC =2"7" 'my = 3942%7 + 6 MeV, I, = 37%%¢ + 8 MeV, decays to DD*

© Xc1(4010): JPC =1%+ m, =4012.573§3] MeV, I, = 62.77]312¢MeV, decays to DD*
(LHCDb, arXiv:2406.03156[hep-ex])

O++

channel:
* Unique resonance around 3.9-4.0 GeV: m, = 3995(14)MeV, T, , = 67(38) MeV

- Decay modes: I')p = 23(13) MeV, Iy = 28(26) MeV, I, = 975% MeV

«  X(3915) (aka x.0(3915)): I°JPC =010*" , my = 3922.1+ 1.8 MeV, I, = 20 + 4 MeV
Decay channels: D*D~, D{D;, wJ/y, yy, T(D*D™)/T(D{D;) =0.29 +0.016

2++

channel:
* Unique resonance around 3.9-4.0 GeV: m, , = 3961(15)MeV, T, , = 65(15) MeV

* Decay modes: I'yp = 26(12) MeV, TIpp- = 22(14) MeV, I 5= 213 MeV

* Xc2(3930): I6JP€ =0%2*" my =3922.5+1.0MeV, T, , =35.2+ 2.2 MeV
X(3915) decay channels: D*D~, D°D°, yy, ©(D*D~)/T(D°D%) =0.74+0.43 +0.16
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Thank you for your Attention!
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