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Theories on nontrivial backgrounds

• Studying theories on nontrivial backgrounds allows us to access information which is 
otherwise invisible in infinite flat space.

• An example: CFTs with a conformal boundary

𝒪i
𝒪j

𝒪k

𝒪i
𝒪j

̂𝒪 a

CFT data: {Δi, Cijk} Extended CFT data: {Δi, Cijk, ̂Δ a, ̂C abc, ̂b ai}



Theories on real projective space
• Real projective space is defined as

x

x′ 

xμ ∼ − xμ/x2

ℝd Sd /ℤ2

Weyl transformation

• Simplest non-orientable manifold in even d.

• Possible for any QFT with time reversal symmetry.

• Many studies in condensed matter and high energy physics in relation to subtle anomalies 
related to time reversal symmetry.

ℐ :



 SYM on 𝒩 = 4 ℝℙ4

•  SYM: “hydrogen atom” for high energy physics𝒩 = 4

- Integrable, amenable to susy localization, prime example of AdS/CFT.

- Can these be extended beyond flat space?

•  SYM on : Rigid and minimal𝒩 = 4 ℝℙ4

- Here we want to preserve half of supersymmetry [Wang ‘20].

- Unlike BCFT with 1/2-BPS boundary condition, there are no new d.o.f. and no choice of 
boundary conditions. 

- We can, however, choose to gauge (or not to gauge) charge conjugation when we identify 
the operators under ℤ2

τ : g → g* ∈ SU(N) (Ta)m
n → − (Ta)n

m𝒪(x) → 𝒪(x′ ) Charge 
conjugation



To gauge or not to gauge…
• Physically, the two situations are very different. Let’s consider 1pt functions

w/o gauging w gauging

1
NL/2

= N
1

NL/2 = 1

A new classical background 
asymptotic to AdS5 × S5/ℤ2

SUGRA 
dual:

A  quotient of ℤ2 AdS5 × S5 [Caetano, Rastelli ‘22]

• Side comment: Constructing the dual from string theory is difficult because  is a conformal 
isometry emerging only in the IR. 

ℤ2

• We consider the case of gauging charge conjugation because it’s simpler and more interesting 
(preserving integrability [Caetano, Ratelli ’22]).



Quotient AdS

Fixed Point
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~x0

• The  acts on  as an in version with respect to a unit hemisphereℤ2 AdS5

leaving the north pole invariant.

• But the  also acts on the internal ℤ2 S5

• Fixed locus : an O1 orientifold. We need the orientifold because the 5-form flux would 
vanish unless we also reverse worldsheet orientation (  in the field theory).

S2 ⊂ S5

τ

<latexit sha1_base64="RiIpqsy1gA0djKH82VjzddInx9w="></latexit>

(z0, ~z) !
✓

z0
z20 + ~z2

,� ~z

z20 + ~z2

◆

<latexit sha1_base64="K2ZD8DKjLHocqe1rQYRbvYXDTPU=">AAACRnicbVBLSwMxGPy2vmp9VT16CRahgi27tVaPBT14rGAf0C5LNs22odkHSVYopb/Oi2dv/gQvHhTxatrdg7b9IMww3wxJxo04k8o034zM2vrG5lZ2O7ezu7d/kD88askwFoQ2SchD0XGxpJwFtKmY4rQTCYp9l9O2O7qd7dtPVEgWBo9qHFHbx4OAeYxgpSUnbxd7jSFzrIs5VBK4TKCawFUCtfOeCtFqeyn1l9JAKU04+YJZNueDlomVkgKk03Dyr71+SGKfBopwLGXXMiNlT7BQjHA6zfViSSNMRnhAu5oG2KfSnsxrmKIzrfSRFwp9AoXm6t/EBPtSjn1XO32shnJxNxNX7bqx8m7sCQuiWNGAJBd5MUe6j1mnqM8EJYqPNcFEMP1WRIZYYKJ08zldgrX45WXSqpStWrn2UC3U79I6snACp1AEC66hDvfQgCYQeIZ3+IQv48X4ML6Nn8SaMdLMMfybDPwCSqysVQ==</latexit>

(�1,�2,�3,�4,�5,�6) ! (�1,�2,�3,��4,��5,��6)



As defects
• Let me also digress a bit and make a comment that the system can be more generally 

viewed as an example of holographic defects.

• The 0-dimension fixed point in AdS can be viewed as a defect with dimension -1.

• A -dimensional defect in the CFT is dual to a -dimensional submanifold in AdS. A 
familiar example is WL in the fundamental representation which is dual to an  string 
worldsheet.

p (p + 1)
AdS2

• Recently, there has been a lot of progress in studying holographic defect correlators both at 
tree level [Gimenez-Grau ‘23, Chen, Gimenez-Grau, XZ ’23] and at loop level [Chen, Gimenez-Grau, 
Paul, XZ ’24]. 



In this talk…

• Concretely, we will consider 2pt functions of 1/2-BPS operators (super gravitons) in the strong 
coupling limit.

• Although the details of the SUGRA effective Lagrangian are not known, we will show that it is 
possible to obtain all tree-level 2pt functions using analytic bootstrap techniques.

• As mentioned, there is no “derivation” of the AdS dual. This means that the construction is 
necessarily bottom-up and involves some unfixed ingredients.

• This may seem that we do not even have a starting point for doing calculations. However, this 
is not a problem for bootstrap approaches.



Kinematics
• We focus on super gravitons (1/2-BPS operators)
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Op(x, Y ) = Np tr(�
i1(x) . . .�ip(x))Yi1 . . . Yip

with  null vectors .SO(6) Y ⋅ Y = 0

• The  quotient breaks half of super symmetryℤ2
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PSU(2, 2|4) ! OSp(4|4)
conformal

R-symmetry
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• 1pt function can be non vanishing when  is evenp
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i  is new CFT dataap



Kinematics
• 2pt functions are partially fixed
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up to a function of three cross ratios
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• Crossing symmetry
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Gp1p2(⌘;�, �̄) = Gp1p2(1� ⌘; �̄,�)

• Scf Ward identities (analytically continue BCFT [Liendo, Meneghelli ‘16])
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<latexit sha1_base64="1zVX1bR4bxOGxxPo3Fv1uuFQJnY=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qIlKaW6EQq6cFnBPqCJZTKdtEMnkzAzEdpQN/6KGxeKuPUv3Pk3TtsstPXAhcM593LvPV7EqFSW9W1kVlbX1jeym7mt7Z3dPXP/oCnDWGDSwCELRdtDkjDKSUNRxUg7EgQFHiMtb3g19VsPREga8js1iogboD6nPsVIaalrHjlEocui4wuEk8K4aJ/dlydJZTzpmnmrZM0Al4mdkjxIUe+aX04vxHFAuMIMSdmxrUi5CRKKYkYmOSeWJEJ4iPqkoylHAZFuMvtgAk+10oN+KHRxBWfq74kEBVKOAk93BkgN5KI3Ff/zOrHyL9yE8ihWhOP5Ij9mUIVwGgfsUUGwYiNNEBZU3wrxAOkwlA4tp0OwF19eJs1yya6WqreVfO06jSMLjsEJKAAbnIMauAF10AAYPIJn8ArejCfjxXg3PuatGSOdOQR/YHz+APeelfc=</latexit>

⌘ = � (z � 1)2

4z
<latexit sha1_base64="Uki3yr0Ktss5LEqNFk84XOeF9Ww=">AAACFXicbVDLSgMxFM3UV62vUZdugkVoQctMKdWNUNCFywr2AZ1hyKSZNjTzMMkoZZifcOOvuHGhiFvBnX9jOp2FVg+EnJxzLzf3uBGjQhrGl1ZYWl5ZXSuulzY2t7Z39N29rghjjkkHhyzkfRcJwmhAOpJKRvoRJ8h3Gem5k4uZ37sjXNAwuJHTiNg+GgXUoxhJJTn6sSXoyEfnlscRTirmyb1jVrOrXk2ThiVuuUyUpt5p6uhlo2ZkgH+JmZMyyNF29E9rGOLYJ4HEDAkxMI1I2gnikmJG0pIVCxIhPEEjMlA0QD4RdpJtlcIjpQyhF3J1Agkz9WdHgnwhpr6rKn0kx2LRm4n/eYNYemd2QoMoliTA80FezKAM4SwiOKScYMmmiiDMqforxGOk8pEqyJIKwVxc+S/p1mtms9a8bpRbl3kcRXAADkEFmOAUtMAVaIMOwOABPIEX8Ko9as/am/Y+Ly1oec8++AXt4xt8xZ3Q</latexit>

� =
(1� w1)(1� w2)

4
p
w1w2

<latexit sha1_base64="mQMN+dRvWoiRtyN2lE8E34pWX1Q=">AAACG3icbVDLSsNAFJ3UV62vqEs3wSK0CCUppboRCrpwWcE+oAlhMp20Q2eSODNRSsh/uPFX3LhQxJXgwr9xmmahrQeGOXPOvdy5x4soEdI0v7XCyura+kZxs7S1vbO7p+8fdEUYc4Q7KKQh73tQYEoC3JFEUtyPOIbMo7jnTS5nfu8ec0HC4FZOI+wwOAqITxCUSnL1uu1BntiCjBhML2yfQ5RUrNMH16pmV72aJg1b3HGZKE2909TVy2bNzGAsEysnZZCj7eqf9jBEMcOBRBQKMbDMSDoJ5JIgitOSHQscQTSBIzxQNIAMCyfJdkuNE6UMDT/k6gTSyNTfHQlkQkyZpyoZlGOx6M3E/7xBLP1zJyFBFEscoPkgP6aGDI1ZUMaQcIwknSoCESfqrwYaQ5WPVHGWVAjW4srLpFuvWc1a86ZRbl3lcRTBETgGFWCBM9AC16ANOgCBR/AMXsGb9qS9aO/ax7y0oOU9h+APtK8fo1egkQ==</latexit>

�̄ =
(1 + w1)(1 + w2)

4
p
w1w2

polynomials in  and  of 
degree 

σ σ̄
pm = min{p1, p2}



Witten diagrams
• The O1 orientifold induces vertices localized at a point in AdS.

• At tree level, i.e., , we encounter two types of Witten diagrams𝒪(1/N λ)

contact Witten 
diagram

exchange 
Witten diagram

• Method of images [Giombi, Khanchandani, XZ ‘20]

<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>= <latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+
x1 x2

x′ 2

x1

Only scalars can be exchanged.

p

<latexit sha1_base64="O728ZyqhFagfOoRL2wk0KBrD8vY="></latexit>

Wp =
�1X

k=
p�p1�p2

2

�(1� d
2+p)�(k+p1)�(k+p2)

�(
p+p12

2 )�(
p�p12

2 )

<latexit sha1_base64="gAmQKy1tqOMBdybcbxiX34W2mcg="></latexit>

⇥ ⌘k

�(
2+2k�p+p1+p2

2 )�(
2�d+2k+p+p1+p2

2 )

<latexit sha1_base64="Zxlf6a+x6r3iud2rbRU3JiuPYww=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi1Y1QdOOygn1AG8JkOmmHTmbCzEQIIf6KGxeKuPVD3Pk3TtostPXAwOGce7lnThAzqrTjfFuVtfWNza3qdm1nd2//wD486imRSEy6WDAhBwFShFFOuppqRgaxJCgKGOkHs9vC7z8SqajgDzqNiRehCachxUgbybfrowjpKUYs6+d+hgXPr13fbjhNZw64StySNECJjm9/jcYCJxHhGjOk1NB1Yu1lSGqKGclro0SRGOEZmpChoRxFRHnZPHwOT40yhqGQ5nEN5+rvjQxFSqVRYCaLqGrZK8T/vGGiwysvozxONOF4cShMGNQCFk3AMZUEa5YagrCkJivEUyQR1qavminBXf7yKumdN91Ws3V/0WjflHVUwTE4AWfABZegDe5AB3QBBil4Bq/gzXqyXqx362MxWrHKnTr4A+vzB/k0lP4=</latexit>Wcon = 1

<latexit sha1_base64="lSCG2rAVEnndx/M1tMRIqfDR9Bs=">AAACSHicbVC7SgNBFJ2N7/iKWtosBkERwq6I2giCKSwjGCNm43J3cqNDZh/M3BXCsp9nY2nnN9hYKGLnJKbIwwMDZ845l7lzgkQKTY7zZhVmZufmFxaXissrq2vrpY3NGx2nimOdxzJWtwFolCLCOgmSeJsohDCQ2Ai6F32/8YRKizi6pl6CrRAeItERHMhIfsn3QqBHDjJr5PfZ4BIE2V3uH+a+V0VJsOchwf7ZSG7MOPACUNmIO277pbJTcQawp4k7JGU2RM0vvXrtmKchRsQlaN10nYRaGSgSXGJe9FKNCfAuPGDT0AhC1K1sUERu7xqlbXdiZU5E9kAdncgg1LoXBibZX1hPen3xP6+ZUue0lYkoSQkj/vdQJ5U2xXa/VbstFHKSPUOAK2F2tfkjKOBkui+aEtzJL0+Tm8OKe1w5vjoqn1eHdSyybbbD9pjLTtg5u2Q1VmecPbN39sm+rBfrw/q2fv6iBWs4s8XGUCj8Au80s5Y=</latexit>

WZ2
� (⌘) = W�(⌘) + W̄�(⌘)

<latexit sha1_base64="AWiaDMqla6WPp4eHt5i89ziaIvk=">AAACInicbZDLSgNBEEV7fMb4irp0MxiEuDDMiERdCAGzcBnBGCETQk2nkjTpedBdI4Qh3+LGX3HjQlFXgh9jJ0bQxIKGyz1VdNX1Yyk0Oc6HNTe/sLi0nFnJrq6tb2zmtrZvdJQojjUeyUjd+qBRihBrJEjibawQAl9i3e9fjHj9DpUWUXhNgxibAXRD0REcyFit3Jnng0q9AKjHQab14bDlVVASFDwkODj/RX6AezhGrVzeKTrjsmeFOxF5NqlqK/fmtSOeBBgSl6B1w3ViaqagSHCJw6yXaIyB96GLDSNDCFA30/GJQ3vfOG27EynzQrLH7u+JFAKtB4FvOkcb62k2Mv9jjYQ6p81UhHFCGPLvjzqJtCmyR3nZbaGQkxwYAVwJs6vNe6CAk0k1a0Jwp0+eFTdHRbdULF0d58uVSRwZtsv2WIG57ISV2SWrshrj7J49smf2Yj1YT9ar9f7dOmdNZnbYn7I+vwB7rqQ4</latexit>

W̄�(⌘) = W�(1� ⌘)



Analytic bootstrap
• We start with an ansatz

<latexit sha1_base64="H5F6Up0at7j+4UNSSLbMXhlr4no=">AAACSnicbVA9SwNBFNyLUWP8OrW0WQyCEAl3QaKNENHCMoL5gCQc7zabZHHvg909IRz3+2ys7PwRNhaK2LiXXBGTDCwMM294b8cNOZPKst6N3Fp+fWOzsFXc3tnd2zcPDlsyiAShTRLwQHRckJQznzYVU5x2QkHBczltu0+3qd9+pkKywH9Uk5D2PRj5bMgIKC05JvQ8UGMCPL5JnDh07NCpJvh6hXpOE1zuuSDiOXPeLa8KkcQxS1bFmgIvEzsjJZSh4ZhvvUFAIo/6inCQsmtboerHIBQjnCbFXiRpCOQJRrSrqQ8elf14WkWCT7UywMNA6OcrPFXnEzF4Uk48V0+m18pFLxVXed1IDa/6MfPDSFGfzBYNI45VgNNe8YAJShSfaAJEMH0rJmMQQJRuv6hLsBe/vExa1Ypdq9QeLkr1u6yOAjpGJ+gM2egS1dE9aqAmIugFfaAv9G28Gp/Gj/E7G80ZWeYI/UMu/wdT07Os</latexit>

Ap1p2 = Ap1p2,e + Āp1p2,e +Ap1p2,c

<latexit sha1_base64="S7+GN5/yswuzHPO2VcrLwnbSkzs="></latexit>

Ap1p2,e(⌘,�, �̄) =
X

X

�XhRX (�, �̄)W�X (⌘)
<latexit sha1_base64="DFDeFGL+fZ0lCAXC6yTQFefu+OE="></latexit>

Āp1p2,e(⌘,�, �̄) = Ap1p2,e(1� ⌘, �̄,�)

Exchange part:

The exchange part is determined by selection rules

-R-symmetry selection rule 

-Non-extremal:  etcp < p1 + p2

R-symmetry polynomials  can be obtained from solving the R-symmetry Casimir equation, 
which can be identified with the Casimir equation for 4pt conformal blocks in 3d [Dolan, Osborn ‘03].

hX(σ, σ̄)



Analytic bootstrap
Contact part:

<latexit sha1_base64="SiVKV46acT17D9g6Hppuj6DZKCM="></latexit>

Ap1p2,c =
pmX

a=0

pm�aX

b=0

�a+b�pm,evencab�
a�̄b

We require contact vertices have no derivatives, but we include all R-symmetry structures.

• We then plug the ansatz into the suerpconformal Ward identities and then try to solve for the 
unknown coefficients.

• We can explicitly evaluate the ansatz and it is a rational function in the cross ratios.



Analytic bootstrap

- :pm = 3
The fields which can be exchanged are . We find everything is fixed up to an overall 
constant. In particular, the ratio of exchange contributions are fixed

{X} = {sp1−1, sp1+1}

<latexit sha1_base64="09z4hKkNm6bLSzHVKTH2B6RmRDg=">AAACLHicbZDLSsNAFIYnXmu9RV26GSyCIJZEpLoRCnXhsoK9QBPCZDpph04mYWYilJAHcuOrCOLCIm59DidNFtp6YODnO//hzPn9mFGpLGtmrKyurW9sVraq2zu7e/vmwWFXRonApIMjFom+jyRhlJOOooqRfiwICn1Gev6klfd7T0RIGvFHNY2JG6IRpwHFSGnkmS0nEAinDtMjQ+Sl0ktjz76wsyxbhOc5vC38haeknlmz6ta84LKwS1EDZbU9880ZRjgJCVeYISkHthUrN0VCUcxIVnUSSWKEJ2hEBlpyFBLppvNjM3iqyRAGkdCPKzinvydSFEo5DX3tDJEay8VeDv/rDRIV3Lgp5XGiCMfFoiBhUEUwTw4OqSBYsakWCAuq/wrxGOk0lM63qkOwF09eFt3Lut2oNx6uas27Mo4KOAYn4AzY4Bo0wT1ogw7A4Bm8gg8wM16Md+PT+CqsK0Y5cwT+lPH9A+b+qJM=</latexit>

�sp1�1

�sp1+1

=
p1 � 1

p1 + 1

Recall that the parameter  has the meaning of 3pt times 1ptλ
<latexit sha1_base64="1rMrT6qDFVI0AAPb9+DHuKtTaD8=">AAACBXicbVDLSgMxFM34rPU16lIXwSK4KjNFqhuhUBcuK9gHtEPIZDJtaGYmJBmhDLNx46+4caGIW//BnX9j2s5CWw8EDuecy809vuBMacf5tlZW19Y3Nktb5e2d3b19++Cwo5JUEtomCU9kz8eKchbTtmaa056QFEc+p11/3Jz63QcqFUviez0R1IvwMGYhI1gbCdknA27CAUaZQiK/bqJMIFegmsgxEsiuOFVnBrhM3IJUQIEWsr8GQULSiMaacKxU33WE9jIsNSOc5uVBqqjAZIyHtG9ojCOqvGx2RQ7PjBLAMJHmxRrO1N8TGY6UmkS+SUZYj9SiNxX/8/qpDq+8jMUi1TQm80VhyqFO4LQSGDBJieYTQzCRzPwVkhGWmGhTXNmU4C6evEw6tapbr9bvLiqNm6KOEjgGp+AcuOASNMAtaIE2IOARPINX8GY9WS/Wu/Uxj65YxcwR+APr8weJXJie</latexit>

�sp = Cp1p2pap
<latexit sha1_base64="MzQHpJ3Mx2j6HsmA9df4BMypU8c=">AAACA3icbVDLSgMxFM34rPU16k43wSK4KjNFqhuhUBcuK9gHtMOQSdM2NDMTkztCGQpu/BU3LhRx60+4829M20G09cCFk3PuJfeeQAquwXG+rKXlldW19dxGfnNre2fX3ttv6DhRlNVpLGLVCohmgkesDhwEa0nFSBgI1gyG1YnfvGdK8zi6hZFkXkj6Ee9xSsBIvn1Y9VPpu9IvyfFlR98p+Hn6dsEpOlPgReJmpIAy1Hz7s9ONaRKyCKggWrddR4KXEgWcCjbOdxLNJKFD0mdtQyMSMu2l0xvG+MQoXdyLlakI8FT9PZGSUOtRGJjOkMBAz3sT8T+vnUDvwkt5JBNgEZ191EsEhhhPAsFdrhgFMTKEUMXNrpgOiCIUTGx5E4I7f/IiaZSKbrlYvjkrVK6yOHLoCB2jU+Sic1RB16iG6oiiB/SEXtCr9Wg9W2/W+6x1ycpmDtAfWB/frheXkw==</latexit>

Cp1p2p =
p
p1p2p [Lee, Minwalla, Rangamani, Seiberg ’98]

This gives 
<latexit sha1_base64="qgcnXQMZd2GzOW/kxFwuJkpVWIA=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqeyKVC9CoR48VrAf0C4lm2bb0Gw2TWYLZenv8OJBEa/+GG/+G9N2D9r6YODx3gwz8wIluAHX/XZyG5tb2zv53cLe/sHhUfH4pGniRFPWoLGIdTsghgkuWQM4CNZWmpEoEKwVjGpzvzVh2vBYPsFUMT8iA8lDTglYySc9dVfrmrGGVM16xZJbdhfA68TLSAllqPeKX91+TJOISaCCGNPxXAV+SjRwKtis0E0MU4SOyIB1LJUkYsZPF0fP8IVV+jiMtS0JeKH+nkhJZMw0CmxnRGBoVr25+J/XSSC89VMuVQJM0uWiMBEYYjxPAPe5ZhTE1BJCNbe3YjokmlCwORVsCN7qy+ukeVX2KuXK43Wpep/FkUdn6BxdIg/doCp6QHXUQBSN0TN6RW/OxHlx3p2PZWvOyWZO0R84nz//a5JH</latexit>

ap = C
p
p

• Let us implement this strategy starting from small values of .pm = p2

- : only  can be exchangedpm = 2 sp1
<latexit sha1_base64="FqQ5iUeIKLS4C7y5am3HMdZXS8c="></latexit>

Gp12 = µ1
��̄

⌘(1� ⌘)
+ µ0



Analytic bootstrap
- :pm ≥ 4

The other two fields  and  start to appear in the exchanges. But using the result from , 
superconformal Ward identities fix all parameters up to the trivial additive constant solution which only 
exists for  even.

t ϕ pm = 3

pm
<latexit sha1_base64="x2zfrwRDL+Z5BgAxEpNPF+ISOlk="></latexit>

Gp1p2 =

⇢X

p2S
apCp1p2p

�
hp,0Wp + ⌫php�4,2Wp+2 + ⇢php�4,0Wp+4

�
+ (⌘ ! 1� ⌘ , � $ �̄)

�

<latexit sha1_base64="WQ2eqVZdlRQSkpyXq+dDYL1GUKA=">AAACK3icbVDLSgMxFM3Ud31VXboJFkFQykwRdVmqoEsF+4BOGTLprYYmmSHJCGWY/3Hjr7jQhQ/c+h9m2gpaPRA4OfdcknPCmDNtXPfNKczMzs0vLC4Vl1dW19ZLG5tNHSWKQoNGPFLtkGjgTELDMMOhHSsgIuTQCgen+bx1B0qzSF6bYQxdQW4k6zNKjJWCUn3fF8TcUsLT8yxI48CLg+pB6iuBaSSzbL/+LWbY7wE3JL+LsQPuwFqCUtmtuCPgv8SbkDKa4DIoPfm9iCYCpKGcaN3x3Nh0U6IMoxyyop9oiAkdkBvoWCqJAN1NR1kzvGuVHu5Hyh5p8Ej9uZESofVQhNaZB9PTs1z8b9ZJTP+kmzIZJwYkHT/UTzg2Ec6Lwz2mgBo+tIRQxexfMb0lilBj6y3aErzpyH9Js1rxjipHV4fl2tmkjkW0jXbQHvLQMaqhC3SJGoiie/SIXtCr8+A8O+/Ox9hacCY7W+gXnM8vw56oDg==</latexit>

+Gp1p2,con +Bp1p2�pm,even

<latexit sha1_base64="Pv+ZC3izG6H3P9455lYneF2XdC8="></latexit>

Gp1p2,con = C

b pm
2 cX

t=1


4(�1)b

pm�1
2 cpp1(b 1+pm

2 c) p12
2
( 1+pm

2 � t)t(
2+pm

2 � t)t�(
3�p1�p2

2 )

�(t)�(p12

2 + t)
p
pm(b 1+pm

2 c) 1�p1�p2
2

(� + �̄)pm�2t

�

<latexit sha1_base64="m2CBs1Vj0erwCzpK8MtzWrbqh4c="></latexit>

⌫p =
((p� 2)2 � p212)(p

2 � p212)

16(p� 3)(p� 1)2p

<latexit sha1_base64="kJ5ZCz4ZLNjnIxV/EDkdwx4uQQQ="></latexit>

⇢p =
(p� 1)((p+ 2)2 � p212)(p

2 � p212)

16(p2 � 4)p(p+ 1)2
⌫p



Comparing with SUGRA

• One can also try to compare with direct supergravity calculation. This provides checks and 
only fixes the ambiguity. Only the tension term of O1 is relevant

<latexit sha1_base64="mEvAHEbHRsx/+onXsrK+x7cYe0w="></latexit>

�TO1

Z

S2

e�
�
2

q
� det gP.B.

ab

• For  and , only the fluctuation field  is relevants t π = hα
α

<latexit sha1_base64="l4tLIdaPfS9/hr81wQlB/XI0gDA=">AAACCXicbVDLSgMxFM3UV62vUZdugkVoQcqMSHUjFHShuwr2IZ1xyKSZNjTzIMlIh9KtG3/FjQtF3PoH7vwbM9NZaPVAyMk593JzjxsxKqRhfGmFhcWl5ZXiamltfWNzS9/eaYsw5pi0cMhC3nWRIIwGpCWpZKQbcYJ8l5GOOzpP/c494YKGwY1MImL7aBBQj2IkleTo0IpoZXyYVM8sEfvpy4nurirj6m12J1VHLxs1IwP8S8yclEGOpqN/Wv0Qxz4JJGZIiJ5pRNKeIC4pZmRasmJBIoRHaEB6igbIJ8KeZJtM4YFS+tALuTqBhJn6s2OCfCES31WVPpJDMe+l4n9eL5beqT2hQRRLEuDZIC9mUIYwjQX2KSdYskQRhDlVf4V4iDjCUoVXUiGY8yv/Je2jmlmv1a+Py42LPI4i2AP7oAJMcAIa4BI0QQtg8ACewAt41R61Z+1Ne5+VFrS8Zxf8gvbxDR0dmLY=</latexit>

⇡(x, y) =
X

⇡I
p(x)Y

I
p (y)

<latexit sha1_base64="ARxFptxPszed0OX1WEWcJC+WUj8=">AAACBHicbVDLSgMxFM3UV62vUZfdBItQKZQZKdWNUNCFywr2Ae0wZNJMG5rJhCQjlKELN/6KGxeKuPUj3Pk3pu0stPVAyOGce29yTyAYVdpxvq3c2vrG5lZ+u7Czu7d/YB8etVWcSExaOGax7AZIEUY5aWmqGekKSVAUMNIJxtczv/NApKIxv9cTQbwIDTkNKUbaSL5d7AvqiyvXEcoXFdcpi0rtTPupuaa+XXKqzhxwlbgZKYEMTd/+6g9inESEa8yQUj0zVnspkppiRqaFfqKIQHiMhqRnKEcRUV46X2IKT40ygGEszeEaztXfHSmKlJpEgamMkB6pZW8m/uf1Eh1eeinlItGE48VDYcKgjuEsETigkmDNJoYgLKn5K8QjJBHWJreCCcFdXnmVtM+rbr1av6uVGjdZHHlQBCegDFxwARrgFjRBC2DwCJ7BK3iznqwX6936WJTmrKznGPyB9fkD7EKWYA==</latexit>

⇡p = 10psp + 10(p+ 4)tp+4

• At linear order, this gives rise to 1pt functions which fully agrees with the bootstrap calculation

<latexit sha1_base64="NBaWYyAYOgTxUxIiNnL+ARwmDHg=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgqsyIVJcFXbisYB/QDkMmzbShmSQmGWEY6q+4caGIWz/EnX9j2s5CWw9cOJxzL/feE0lGtfG8b6e0tr6xuVXeruzs7u0fuIdHHS1ShUkbCyZUL0KaMMpJ21DDSE8qgpKIkW40uZ753UeiNBX83mSSBAkacRpTjIyVQreKQjmQSkgj4EA/KJPLaejWvLo3B1wlfkFqoEArdL8GQ4HThHCDGdK673vSBDlShmJGppVBqolEeIJGpG8pRwnRQT4/fgpPrTKEsVC2uIFz9fdEjhKtsySynQkyY73szcT/vH5q4qsgp1ymhnC8WBSnDNpPZ0nAIVUEG5ZZgrCi9laIx0ghbGxeFRuCv/zyKumc1/1GvXF3UWveFHGUwTE4AWfAB5egCW5BC7QBBhl4Bq/gzXlyXpx352PRWnKKmSr4A+fzB3gglVQ=</latexit>

ap / p
p

<latexit sha1_base64="TBs8RB9cOlvvBmbSVlkYx7UHpMI="></latexit>

atp+4 /
q

(p+3)(p+4)(p+7)
(p+1)(p+5)

• The strategy is to expand in fluctuations and then integrate over the 2-sphere.



Comparing with SUGRA
• At quadratic order and without derivatives, we can only write down . It contributes only to 

the contact part
π2

<latexit sha1_base64="wMlJvKdjrUqphU62jAclGc+B3zc="></latexit>

⇧p1p2 =
25
p
p1p2(p1 + 1)(p2 + 1)

2

X

p2I

4⇡

(p1 + p2 + 1)!!

✓
p1
p

◆✓
p2
p

◆
p!(p1 � p� 1)!!(p2 � p� 1)!!(� + �̄)p

• However, this does not exactly match the bootstrap result
<latexit sha1_base64="/gG2fbgINmERFsKBUNncRPNPUqM="></latexit>

Gp1p2,con = C
(p1 + p2 + 1)(p1 + p2 � 1)

50⇡(p1 + 1)(p2 + 1)p1p2
⇥ (⌃@⌃ � p1)(⌃@⌃ � p2)⇧p1p2

<latexit sha1_base64="CxFc3umnwTMrdbOrENG61aIGqhU=">AAACA3icbZDLSgMxFIbPeK31NupON4NFEIQyI1LdCAVduKxoL9AZSibNtKFJZkgyQhkKbnwVNy4UcetLuPNtTNtZaOuBkI//P4fk/GHCqNKu+20tLC4tr6wW1orrG5tb2/bObkPFqcSkjmMWy1aIFGFUkLqmmpFWIgniISPNcHA19psPRCoai3s9TEjAUU/QiGKkjdSx9/072uPo0lfj68QPkcymPOrYJbfsTsqZBy+HEuRV69hffjfGKSdCY4aUantuooMMSU0xI6OinyqSIDxAPdI2KBAnKsgmO4ycI6N0nSiW5gjtTNTfExniSg15aDo50n01643F/7x2qqOLIKMiSTURePpQlDJHx844EKdLJcGaDQ0gLKn5q4P7SCKsTWxFE4I3u/I8NE7LXqVcuT0rVa/zOApwAIdwDB6cQxVuoAZ1wPAIz/AKb9aT9WK9Wx/T1gUrn9mDP2V9/gASBJfU</latexit>

⌃ = � + �̄

• The mismatch does not prove bootstrap is wrong. Instead it indicates that there must exist 
some other subtle contributions to contact terms (e.g., from EOM). A similar mismatch was 
also observed for defect 2pt functions with WL [Gimenez-Grau '23] .



Comparing with SUGRA

• Although the naive SUGRA analysis fails, it correctly captures two important features

- It depends only on the combination .σ + σ̄

- The correlator should be analytic in the power .p

• Note that the additive ambiguity term corresponds to  and is only present when  is 
even. The rest of the correlator is already analytic in . This suggests the ambiguities should 
be set to zero!

p = 0 pm

p

• This way the bootstrap calculation completely determines all tree-level two-point functions.



Outlook
• We studied a cute model which has very simple results. It would be interesting to reproduce 

these results from other methods such as integrability [Caetano, Rastelli ’22]. 

• We only looked at the SUGRA limit. But we can also go beyond it and consider stringy 
corrections.

- Use supersymmetric localization [Wang ’20]. Integrated 2pt functions can be analyzed 
similar to defect 2pt functions [Pufu, Rodriguez, Wang ’23; Dempsey, Pufu, Wang ’24; Billo, 
Galvagno, Frau, Lerda ’23, ‘24]. 

- Study the flat-space limit [Alday, XZ ’24] and combine worldsheet description?

• An immediate generalization of the tree-level result is to go to loops, using AdS unitarity 
method [Aharony, Alday, Bissi, Perlmutter ’16; Chen, Gimenez-Grau, Paul, XZ ’24].

- Similar analysis has been carried out for 4pt functions or defect 2pt functions. The 
simpler model considered here offers an attractive alternative. 



Thank you!


