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From AdS/CFT to Hydrodynamics

Figure 1: AdS/CFT1

The generating Function:
Zgauge = ZAdS

Apply AdS/CFT to “real-world”
such as the quark-gluon plasma
(QGP), which can behave like a
fluid.
A famous result is the KSS
(Kovtun, Son, Starinets)
bound.[hep-th/0405231]

η

s
>

1

4π
, (1)

where η is the bulk viscosity, and s
is the entropy density.

1https://en.wikipedia.org/wiki/AdS/CFT_correspondence
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Motivations

MHD (magnetohydrodynamics) is essential in diverse fields, including plasma
physics 2, quantum chromodynamics (QCD) [1707.00795] and superfluidity
[1808.01939].
However, the inherent complexity of MHD poses significant challenges for
traditional analytical methods and numerical simulations when calculating
these transport coefficients [1505.02783].
Gauge/gravity duality offers a novel perspective for calculating transport
coefficients [hep-th/0104066].
The KSS bound doesn’t hold anymore with the presence of strong magnetic
fields [1707.04182].
MHD with one magnetic field has been studied before [1610.07392,
1707.04182], and we want to generalize these studies.

2P. M. Bellan, Fundamentals of Plasma Physics. Cambridge University Press, 2006.
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Previous Works

For MHD with only one magnetic field:
[S. Grozdanov, D. M. Hofman, N. Iqbal [1610.07392]]

The symmetry associated with the U(1) current jνel ∼ ∇µFµν is a gauge
symmetry, which is redundant.
The generalized global symmetries are associated with the charge current
tensor Jµν = 1

2
εµνρσFρσ.

The conservation equations are ∇µTµν = Hν
ρσJρσ and ∇µJµν = 0.

The structure of the first-order stress-energy tensor can be given by the
positivity of the divergence of the entropy current ∇µSµ > 0.

[S. Grozdanov, N. Poovuttikul [1707.04182]]
The KSS bound η/s = 1/4π has been broken.
The equation of motion can be solved by the Wronskian method.
They also solved the resistivity using the Wronskian method, but we doubt
the correctness because we cannot find a solution regular everywhere.
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Notations & Symbols

Hydrodynamics in 4 dimension
uµ = {1, 0, 0, 0}: velocity. h(i)µ = δiµ: The direction of the magnetic-field.
γ the metric on the boundary.
We use the english letters i, j, k, a, b, · · · as the spacial direction {x1, x2, x3}.
Sometimes we also use {1, 2, 3} as a simplification of {x1, x2, x3}.

Gravity in 5 dimension
We use the greek letters µ, ν, ρ, σ, α, β, · · · indicate the coordinates in the bulk
{t, r, x1, x2, x3}.
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The Background
The action

S =
1

2κ2

∫
d5x
√

−g

(
R+ 12− 1

4

3∑
i=1

(Fi
µν)

2

)

+
1

κ2

∫
∂Σ

d4x
√
−γ

(
K− 3− 1

4
R[γ] +

3∑
i=1

1

8
F(i)
µνF(i)µν ln(rcΛ)

)
. (2)

where Λ is the UV cut-off, the boundary is at r = rc → ∞. The solution is given in
[1109.0471] as

ds25 = −f dt2 + dr2

f
+ r2

(
dx21 + dx22 + dx23

)
, f = r2 − r4+

r2
+

B2

2r2
ln r+

r
F1 = B dx2 ∧ dx3, F2 = B dx3 ∧ dx1, F3 = B dx1 ∧ dx2, (3)

The solution is invariant under the scale transformation

r → λr, t → t/λ, xi → xi/λ, B → λ2B, r+ → λr+. (4)
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Holographic Configuration

The generating function

W(gµν , bµν) =

⟨
exp
[
i
∫

d4x
√

−g(0)
(
1

2
Tµνg(0)µν + Jµνb(0)µν

)]⟩
. (5)

Transform r = 1√
u such that u = 0 is the boundary, and expanding g and b as

gµν = g(0)µν + u g(1)µν + · · · , Bµν = b(0)µν + b(1)µν ln(uΛ−2). (6)

The metric gµν satisfy the Dirichlet boundary condition, which means
gµν |u→0 = g(0)µν .
The gauge fields Bµν satisfy the mixed boundary condition, which means
there are dynamic Maxwell fields on the boundary.
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The one point functions are

⟨Tµν⟩ =− 2 i√
−g(0)

δ lnW
δg(0)µν

, ⟨Jµν⟩ = − i√
−g(0)

δ lnW
δb(0)µν

(7)

Then we have the Brown-York tensor

⟨Tµν⟩ =− lim
u→0

1

κ2

1

u

(
Kµν − Kγµν + 3γµν −

1

2
Gµν [γ]

−
3∑

i=1

1

4

(
H(i)

µλH
(i)λ
ν −

1

4
γµνH(i)

αβH
(i)αβ

)
ln(ucΛ−2)

)
,

⟨J(i)µν⟩ =−
1

4κ2u2
H(i)

µν . (8)

where Gµν [γ], Hµν = nαHαµν , and nα is the unit norm outward the boundary.
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On the boundary

At the zeroth order, the stress-energy tensor and the charge current are

Tµν
(0) = (ε+ p) uµuν + p gµν −

3∑
i=1

µ(i)ρ(i) h(i)µh(i)ν ,

J(i)µν(0) = 2ρ(i) u[µh(i)ν], i ∈ {1, 2, 3} (9)

where ε is the energy density, p is the pressure, µ is the chemical potential, ρ is
the charge density.
The divergence of the entropy current is

∇µSµ = −
[
Tµν
(1)∇µ

(uν
T

)
+

3∑
i=1

J(i)µν(1)

(
∇µ

(
h(i)ν µ

T

)
+

uσH(i)σ
µν

T

)]
(10)

where T is the temperature.
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∇µSµ = −
[
Tµν
(1)∇µ

(uν
T

)
+

3∑
i=1

J(i)µν(1)

(
∇µ

(
h(i)ν µ

T

)
+

uσH(i)σ
µν

T

)]
(11)

∇µSµ > 0 gives the form of a positive-definite quadratic, and then 1st-order
transport coefficients can be given.

So the stress-energy tensor and the charge current are

Tµν
(1) =−

3∑
a,b=1

ζabPµν
a Pαβ

b ∇αuβ − 2

3∑
a,b=1
a̸=b

ηabPµα
a Pνβ

b ∇(αuβ), (12)

J̃ab(1) = −r(ab)TS̃(ab) − r[ab]TS̃[ab]. (13)

Sabc = hµb h
ν
c

(
∇[µ

(haν]µ
T

)
+

uσHaσ
µν

T

)
, (14)

where J̃ab(1) = 1
2
ϵacdJcdb(1), S̃ab = 1

2
ϵacdSbcd.
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0th-order Transport Coefficients

0th-order transport coefficients can be read from the stress-energy tensor as

Ttt = ϵ =
3

2κ2

(
1

u2+
+

1

4
B2 ln(u+Λ−2)

)
,

Taa = p− µaρa =
1

2κ2

(
1

u2+
− B2

2
+

1

4
B2 ln(u+Λ−2)

)
Jata = −ρa =

1

4κ2
B. (15)

Tµν have a non-vanishing trace, which indicate the fluids are non-conformal.
They satisfy the thermodynamic equation

ε = Ts− p+
3∑

i=1

µi
eρ

i
e +

3∑
i=1

µi
mρ

i
m. (16)
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1st-order Fluids
To solve transport coefficients at the 1st order, we add perturbations to the fluids
like

gµµ = g(0)µν + δhµν(t) = ηµν +

∫
dω e−iωtδhµν(ω). (17)

Plug them into the stress-energy tensor and the charge current, we have

Tµν = (ϵ + p)δµtδνt + pg(0)µν −
3∑

a=1

µ
a
ρ
a
δµaδνa

+

∫
dωe−iωt

[
(ϵ + p) (−δµtδhνt − δνtδhµt) + p δhµν −

3∑
a=1

µ
a
ρ
a
(δµaδhνa + δνaδhµa)

+iω
1

2

3∑
a,b

ζabδµaδνaδhbb + iω
3∑

a ̸=b

ηabδµaδνbδhab

 . (18)

Jaµν = −ρ
a
(δµtδνa − δνtδµa)

+

∫
dωe−iωt [

ρ
a
(δνaδhµt − δµaδhνt − δµtδhνa + δνtδhµa)

+
1

4
iωϵαµν

((
r(αa) + r[αa]

)
ϵ
αmn

δBa
mn +

(
r(αa) − r[αa]

)
ϵ
amn

δBα
mn
)
. (19)
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The Kubo Formula

Notice that 1st-order transport coefficients appear only in the imaginary part, we
have Kubo formula like

ηab = lim
ω→0

ImGTT,ab
ab (ω)

−ω
, ζaa = lim

ω→0

ImGTT,aa
aa (ω)

−ω
, ζab = lim

ω→0

ImGTT,bb
aa (ω)

−ω
,

r(ab) = lim
ω→0

ImGJ̃̃J,(ab)
ab (ω)

−ω
, r[ab] = lim

ω→0

ImGJ̃̃J,[ab]
ab (ω)

−ω
, (20)

where the retarded Green’s function are like

GTT,λσ
µν = −2

δTµν

δhλσ
, GJ̃̃J,(ab)

ab = −
δJ̃ab(1)
δb̃(ab)

, GJ̃̃J,[ab]
ab =

δJ̃ab(1)
δb̃[ab]

. (21)
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1st-order Gravity

The perturbations are added to the bulk

gµν −→ gµν + δgµν(t), Bµν −→ Bµν + δBµν(t), (22)

The Brown-York tensor

δTtt = lim
u→0

1

κ2

1

u
(δg1′ 1 + δg2′ 2 + δg3′ 3), δTaa = lim

u→0
− 1

κ2

1

u
(δgb′ b + δgc′ c + δgt′ t)

δT12 = lim
u→0

1

κ2

1

u
δg1′2, δT13 = lim

u→0

1

κ2

1

u
δg1′3, δT23 = lim

u→0

1

κ2

1

u
δg2′3,

(23)

δJ(a)12 = lim
u→0

1

2κ2
uδBa

12
′, δJ(a)13 = lim

u→0

1

2κ2
uδBa

13
′, δJ(a)23 = lim

u→0

1

2κ2
uδBa

23
′.(24)
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Shear Viscosity η

The related equation of motion is

δg12
′′
+

(
−1

u
+

F′

F

)
δg12

′
+

ω2 − B2uF
4uF2

δg12 = 0, (25)

which can be solved by the Wronskian method [1707.04182].
The ansatz is δg12(ω, u) = h(−)(u) + α(ω)h(+)(u) +O(ω2)

h satisfy

h(+)
(u) = h(−)

(u)
∫

du′
W(u′)(

h(−)(u′)
)2 , W(u) = exp

[
−

∫
du′

(
−

1

u′
+

F′(u′)
F(u′)

)]
=

u
F(u)

, (26)

where W(u) is the Wronskian.
The in-falling boundary condition near the horizon read

δg12(u) ∼ (u+ − u)−
iω
4πT g̃(u) ∼ h(−)(u+)

(
1− iω

4πT
ln(u+ − u)

)
(27)
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Finally, the result is

ηab =
1

κ2

1

2u3/2+

[
h(−)(u+)
h(−)(0)

]2
, (28)

where
[
h(−)(u+)

h(−)(0)

]2
can be solved numerically.

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

T / B

4π
η
12
/s

Figure 2: The profile of the scaling invariant viscosity to entropy density ratio 4πη[12]/s.

The KSS bound η/s > 1/4π has been broken.
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Bulk Viscosity ζ

The equations are

Z′′ +

(
F′

F
− 1

u

)
Z′ +

ω2 − B2uF
4uF2

Z = 0, Y′ −
(
F′

2F

)
Y = 0, (29)

where

Z = δg11 − δg22 or δg22 − δg33, Y = δg11 + δg22 + δg33. (30)

The solutions are

ζaa =
4

3
η, ζab = −2

3
η. (31)

The trace of the stress-energy tensor satisfy TrTµν ∼
∑3

a,b ζa,b = 0, suggests it
is conformal ar the 1st order.
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Resistivity—Symmrtrical Part r(ab)
The equation

δB̃′′
(ab) +

(
1

u
+

F′

F

)
δB̃′

(ab) +
ω2

4uF2
δB̃(ab) = 0, a, b ∈ {1, 2, 3} (32)

The result

r(ab) =
1

4κ2
u1/2+ . (33)

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.5

1.0

1.5

T / B

4κ
2
B
r a
b

Figure 3: The profile of the scaling invariant resistivity 4κ2
√
Br(ab).
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Resistivity—Anti-symmrtrical Part r[ab]

The equation

δB̃′′
[ab] +

(
1

u
+

F′

F

)
δB̃′

[ab] +
ω2 − 2B2uF

4uF2
δB̃[ab] = 0. a, b ∈ {1, 2, 3} (34)

The equation is significantly different when B = 0 or not, so we discuss them
separately.

When B = 0

The equation is the same as the sase in r(ab), and the result is the same

r[ab] = r(ab). (35)
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When B ̸= 0

The solutions of

b(±)′′

[ab] (z) + (
1

z
+

h′(z)
h(z)

)b(±)′

[ab] (z)− u2B
2h(z)

b(±)

[ab] (z) = 0 , z = u/u+, uB = u+b (36)

are

b(−)

[ab] (z) = c(u2B − 8 + 2u2B log z), b(+)

[ab] (z) = b(−)

[ab] (z)
(∫ z

0

dy
yh(y)[b(−)

[ab] (y)]2
+ γ
)
. (37)

Notice that we found the analytical solution of the equation, but the authors
of [1707.04182] didn’t, this may be due to the non-obvious of the log
divergence in the numerical methods.
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The result is

r[ab] =
c2γ√u+u2B

(
u2B − 8

)
2

2κ2 (u2B(4 logΛ + 1)− 8)
, a, b = 1, 2, 3 . (38)

where

γ = −
∫ 1

0

dz
( 1

zh(z)[b(−)

[ab] (z)]2
− 4

c2(u2B − 8)3(z− 1)

)
(39)

is a constant.
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Figure 4: The profile of the scaling invariant resistivity 4κ2
√
Br[ab] as a function of the

scaling invariant temperature TB = T/
√
B.
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Discussions and Outlook
Discussions

The 1st-order transport coefficients become the form of a matrix.
The resistivity can be separated into two parts, the symmetrical part and the
anti-symmetrical part.
The anti-symmetrical part of the resistivity cannot be solved by the same
method as the others because there is no solution that is regular everywhere.
For the equation of the resistivity, we found an analytical solution that
suggests a log divergence near the boundary.
At the 0th-order, the fluids is non-conformal. But if we consider only the
1st-order fluids, it becomes conformal, and we have non-zero ζ.

Outlook
General dimensions
Diffusion
Other methods, such as fluids/gravity correspondence and EFT
· · ·

There are so many things yet to be discovered.
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