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When is hydro valid?

QFT at finite temperature: important, complicated (no quasi particle, no
perturbative method)

Universal effective theory describing dynamics of conserved charges over
large scales, towarding thermal equilibrium

complicated
microscopic
dynamics

Qomaves Teq

hydrodynamics

[Kovtun, '12]



When is hydro valid?

# QFT at finite temperature: important, complicated (no quasi particle, no
perturbative method)

# Universal effective theory describing dynamics of conserved charges over
large scales, towarding thermal equilibrium

complicated
microscopic

» When is hydro valid? dynamics

Qovsves Teq

hydrodynamics

[Kovtun, '12]



Hydro equations

* Hydrodynamic equations: conservation equations of global

symmetry B o
5 Pa T %Ja =0
Z, i
# Constitutive equations & gradient expansion in 5—; ~ 0,0, ﬁggggiﬁg
dynamics
pa=p0 (1) + p(0) + pP (%) + ...
Jo =3O + ID(@y) + ID(0%) + ... | e
\4 4  hydrodynamics
[T(t, z), v'(t, @), p(t, f)]
v t

[Kovtun, '12]



Convergence of dispersion relations

# Hydro modes wi(k) =0 when k—0

Example: sound mode Wsound (k) = Fvsk — ilk? + . ..

# Does the series w(k) = bik + b:k* + bsk® + ... converge in hydro?

k=0
hydro mode(s)
- > Re(w)
T_l
v
\4 non-hydro mode(s)
Im(w)

A

[Whiters, 2018; Grozdanov, Kovtun, Starinets, Padi, 2019, ...]



Convergence of dispersion relations

# Hydro modes wi(k) =0 when k—0

Example: sound mode Wsound (k) = Fvsk — ilk? + . ..

#* Does the series w(k) = bik + b2k* + bsk® +... converge in hydro?

k=0 k=k

hydro mode(s ¢

X ( ) > Re(a)) *\ > Re(a))

—1 | pole
T a)c collision
v
\4 non-hydro mode(s) v
Im(w) Im(w)

% | k.| is the radius of convergence! (equilibrium scales)

[Whiters, 2018; Grozdanov, Kovtun, Starinets, Padi, 2019, ...]



QNM in holography
G (w,k) =0

PP

=5 Imto

real k

[Kovtun, Starinets '05, ...] [talks by Landsteiner]



QNM in holography

(w, k) =0

pPp
2 2 2 2
® Retw
_1 |
_2 L
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=5 Imw

Imto
|
Imto
|
-

...............

[Whiters, ’18; Grozdanov, Kovtun, Starinets, Padi, ’19, ...]



Close to QCP?
T

tunable parameter

[Arean, Davison, Gouteraux, Suzuki, 21, ...]



Holographic system

# Gubser-Rocha model

/d4xf ( ——ea¢ F2__(a¢) L62 cosh ¢ — 122:(3%)2) |

# At zero density, neutral diatonic solution with linear axion fields Yr = mag

# Charge and energy diffuse separately

[Gubser, Rocha, ’09; Andrade, Withers, ’13; ...YL, Wu, '21;...]



Holographic system

neutral diatonic black hole solution

# T=0, the near horizon geometry /
conformal
-
AdSy X2
# semi-local quantum liquid (SLQL) \

infinite correlation time, finite correlation length
[lgbal, H.Liu, Mezei,’11; Hartnoll, Shaghoulian,’12]

# At low temperature ( T < m ), only near horizon regime get
modified

quantum critical -~

v s~ T ~ /mnrg

tunable parameter
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Tt~ 1

Pole collision

a =2

2
Gefr

~ (T/m)®

> 1

a slow mode

k,,—iw,)

eq’ eq

0.0010

2n T

0.0015

0.0020

0.0010
3.5}
3_000000000000.0..oooo-.o.......... ®00000c00c00000 000000, 0000000000 00008
2.5}
0.0006
—Im[w] 2.0} —Iml[w]
27TT 27TT
1.5¢ an IR I“Ode (k . ) 0.0004
— 1l
eq’ e
1_00............................. [ AN NN NN NN (AN NN NNNENNNN] 9000 0O0OGOOS
0.0002
0.5¢
0.0 . . . 0.0000 |_s ,
0 20 40 60 80 100 120 0.0000 0.0005
_k
2n T
1.06
1.04 0.004}
104 0.002}
—Im[w] 1.00
2nT Re[w]
0.000
0.98 2n T
Rios ~0.002
0.94
-0.004}
0.015} 63 64 66
_k_
0.010 Sl 0.000  0.001
0.005 { \
Re[w] i :
S 0.000 ) ‘
-0.005 H
-0.010
-0.015

0.002

0003 0.004

k

2n T

0.005 _ 0.006



non-hydro modes

» General a«>0, non-hydro modes at low T

5 5\/
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3 —Im[w]
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slow mode 0
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QNM IR mode from SLQL



non-hydro modes

# General >0, non-hydro modes at low T

5W
41 0000 ]
—Imw] °
2n T

2t (X XX ]

IR mode

. slow mode 1 m \°
of D, ~ — 7
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non-hydro modes

# General >0, non-hydro modes at low T

upper bound on diffusion

. 1.0} g==mmmmmnnnn- L -
W 0.9} o
4r | :
3 08 IR mOde
—Im[a)] D, .
2n T \\\\.\/\4/ ng"'eq 0.7
2_ (XXX | :
- 06 "-...‘.
! \\\!B mOde ] | ....""’%-...,._
slow mode o ——— slow mode
O.
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(04 a

T\ T\ ? 1
a < 1 |R mOde weqNTa kequ(_) Veq " (—) , Teqg ™~ =

(6%
a>1 slowmode |Weqg~ keg ~m (%) Veq ™~ TY , Teq ™

[Hartman, Hartnoll, Mahajan, ’17; Arean, Davison, Gouteraux, Suzuki, 21]



The radius of convergence

* At low temperature, hydro works better at strong coupling

N
-

€

effective gauge coupling

Ger ~ (T/m)*



From quantum liquid to thermal liquid

# At general temperature,

case 1: at low T, hydro mode collides

S’Lg,e
\'

with a slow mode

# Hydro works better at high T

T/m

case 2: atlow T, hydro mode collides

with an IR mode X
# Hydro works better at low T )




Classical hydro is incomplete

# The incompleteness of classical hydro?

> fluctuation effect may be important (it is suppressed
by 1/N in holography)

> phenomenological constraints in hydro
# Stochastic hydrodynamics (phenomenological)

# EFT from first principle (symmetry + unitarity)

v T, v, p,...
/\I\f\f\f\f\ Al

[Crossley, Glorioso, H. Liu; distance
Heal,Loganayagam, Rangamani, 2015 ]

_—

[talks by Abbasi, Yin]



Schwinger-Keldysh effective field theory

# Should double all the degrees of freedom
U(tf,ti)

t; = —o0 ty — 00
® >
Po ® (
Ul(ty,t;)

WAL, A2,] — Ty (pOPez’fddm Ay, JV—i [ dix Angg)

# For a conserved current

eW[A]_/J,,A2/J,] _ /D901D¢2 6?:Ieﬁ’[Bll_L,le_L] |
a local action

fixed by symmetry principle
By, = A, +0,p1, Boy, = Ay, + 0up2

dynamical variable

[Crossley, Glorioso, H. Liu;

Heal,Loganayagam, Rangamani; 2015 ] ftalks by Abbasi, Yin]



Hydro EFT for diffusion from holography

k = O Horizon
P
P
. A > Re (60) \\
hydro mode(s)
—1 \\
\4 Complexified bulk direction

Im(w) non-hydro mode(s)

BZM
o2
Ieff[Ba,p,, Br,u,] = /dd+1x [XBG,OBT'O + ZTO-B(%’L o O'BaiaoBri))] To
o1
By,
Im(r)
[Crossley, Glorioso, H. Liu; | > Re(r)

de Boer, Heller, Pinzani-Fokeeva; 2018] |



SK EFT for diffusion + slow mode

k=0 hydro mode(s)
‘I > Re(w)
’L'_l
T O slow mode
.
T O | O
. O

Im(w) other non-hydro modes

[YL, Sun, Wu, '24]



SK EFT for diffusion + slow mode

k=0 hydro mode(s)
> Re(w)
7} e’ B
(04 | . 2u
T slow mode T, + e Cs 55
&
. To
i . ’ 001
\Te — € ¢
" by, B,
o<Lr<T<m
T
\

Im(w) other non-hydro modes

o= / dvdzdy [XBGOBTO +ioT b,b..

o

— 0 b,i0pbri — ;(Bai = bai)(Bri = bm')] ;
WA, Azu] /DQO1DQ02 etlefi[Biu, Bay]

— / D901D902D,U1ZD,U22 eiSeff[BluyB2u7'Uli7'U2i]



SK EFT for diffusion + slow mode

Ta

S = / dvdzxdy [XBaoBro + 90T bg;by;

— baia()bm' = %(Baz’ — bai)(Bri — brz)] )

v

0 hydro mode(s)
6—1 > Re(w)
’L'_l
slow mode ’
\.
\4

Im(w) other non-hydro modes



SK EFT for diffusion + slow mode

k=0 hydro mode(s)
‘—I > Re(w)
’L'_l
T¢ slow mode e

5= / dvdzdy [XBaOBTO +ioT b,b..

o

= baiaﬂbri — _(Bai - bai)(BT'i o bT’i)]7
T

vy

\4

Im(w) other non-hydro modes

(1) Integrate out b-fields, perform the limit w — 0, recover the standard diff.



SK EFT for diffusion + slow mode

k=0 hydro mode(s)
‘-I > Re(w)
a T_l
T slow mode e ™~

5= / dvdzdy [XBaOBTO +ioT b,b..

o

= baiaObri — _(Bai - bai)(BT’i o bTi)]’
T
\_ vy

\4

Im(w) other non-hydro modes

(2) Redefine baz' — Baz’ + Vi b'rz' o B'rz' + Ui,

we recover the SK EFT for Maxwell-Cattaneo diffusion theory by Jain and
Kovtun

L = xBaoBro+ 10T (Bgi+4i)(Bai + Vai) — C1VaiVpi — 0 (Bai +a; ) 0o ( Bri +vrs).

[Jain, Kovtun, '23]



SK EFT for diffusion + slow mode

k=0 hydro mode(s)
‘—I > Re(w)
’Z'_l
T O slow mode e h
S = / dvdzdy [XBaOBrO + 10T bg;bg;
— 0 baia()bm' = ;(Bai - bai)(B'ri — brz)] )
. : g
T O | O
O O

Im(w) other non-hydro modes

(2) Redefine  bai = Bai +Vai,  bri = Bri + v,

we recover the SK EFT for Maxwell-Cattaneo diffusion theory by Jain and
Kovtun

E — XBaOB'rO + iUT(Bai + vaz’)(Bai + vaz’) — C1Vq;Upj — U(Bai + vai)BO(Bri + vri):

dynamical, normal mode of gauge field

[Jain, Kovtun, ’23] between “the Dirichlet wall”




SK EFT for diffusion + slow mode

k=0 hydro mode(s)
> Re(w)
’L'_l
T slow mode . N
S = / dvdzdy [XBaOBTO + 0T by,
— baia()bmj = ;(Bai — bai)(Br'll — brz)] )
\_ S
T
v

Im(w) other non-hydro modes

Glsw(w, k) = icoth (%‘)) ImefV(w, k)
(3) Fluctuation-Dissipation theorem

—i 8*°W 2i0Tk? —i 62W k2
G5 (w, k) = ' = — : , R _ g _ &
ul:K) 6Ag(—w, —k) 6 Aar(w, k) liw(l — iwT) — DE?|? Gur(w, k) 6Au(—w, —k) A (w, k) iw(l —iwr) — DE2’
—16°W 2i0Tw? . <9 2
(@5%) 0Aue(—w, —k) 0 A (w, k)  |iw(l — iwT) — DE?|? Gop(w, k) = §Aus(—w, —k) 6Arp(w, k) iw(l — iwr) — Dk2’
—i6*W 2t0T . <2 .
GS (w, k) = ! S L R B —i W iwo
" 0Aay(—w, k) 0Ay(w, k) |1 — dwr|* Gl k) = S ) Ao B~ 1= twr’




SK EFT for diffusion + slow mode

k=0 hydro mode(s)
> Re(w)
a T_l
T O slow mode - ~

S = / dvdzdy [XBaOBrO + 10T bg;bg;

o

— 0 baia()bm‘ — ;(Bai - bai)(B'ri - b’rz)] )

‘ \. v
T O | O
O O

Im(w) other non-hydro modes

Poles: “semi-circle” law

(3) Fluctuation-Dissipation theorem

—i W 2i0Tk? —i 52W - 0
GS ,k — 1 = : , R _ 1 _ o
tt(w ) 5Aat(_w) _k) 5Aat(w, k) |zw(1 - ZWT) - 1)]{:2|2 Gtt(w, k) 6Aat(—w, —k) 5A'rt((.U, k) %d(]. — in) — Dk? ’

—i 82W 2icTw? i 82W sl

Gf{t w;k - — i . ) R — =
(@k) 0Au(—w, —k) §Aps(w, k)  |iw(l — iwT) — Dk2|? Gop(w, k) = A, (—w, —F) 0 Ao (w0, k) iw(l—iwr) — Dk2’
—i8°W 2i0T . 9 .
G (w, k) = ’ = : : R —10°W wo
R S o —R) Ay, F) T Gl k) = S o R s A f)  T—iwr’



SK EFT for diffusion + IR mode

k=0 hydro mode(s)

.—I i >
T O IR mode(s) Re(w)

m O QO

\/
Im(w) other non-hydro mode(s)



SK EFT for diffusion + IR mode

k=0 hydro mode(s)

.—I i >
® IR mode(s) Re(w)

T

m O QO

\/
Im(w) other non-hydro mode(s)



SK EFT for diffusion + IR mode

k=0 hydro mode(s)
>

T R ( ) bz": ) C

T | IR mode(s) "% e eC - 005
| " 5

: : ‘ 001

b, Ty — i€ e

: Blﬂ

w, T <r.<<m

Imv(a))

other non-hydro mode(s)

S = /dvda:dy [XBaOB'rO — ¢1(Bai — bai)(Bri — b'r'i)] L

/ dwdk,dk,
(2m)?

[ — 2nTo coth (%) Or(w, T) baiby; — AnTo Gir(w, T) baz'b'ri]



SK EFT for diffusion + IR mode

hydro mode(s)

.—I i >
Q IR mode(s) Re(w)

T
' ‘ S = /dvdwdy [XBaOB'rO = Cl(Baz' == bai)(Brz' = bri)] Tk

' dwdk,dk Bw

I (27T)3 Y [ — 27 T'o coth (7) QIR(w, T) baiba,i —4nTo gIR(w, T) baibri]

m O \ O
Im(w)

other non-hydro mode(s)



SK EFT for diffusion + IR mode
k=0 Hydro mode(s) g
T | ITR_rLode(s) Re(w)

/ dwdk,dk,
(2m)3

[ — 27T'o coth (%‘}) Or(w, T') baibe; — 47To Gr(w, T) baz‘bm']i
= R S T i i 3 - *,J

m \ /
Im(w)
other non-hydro mode(s)
(1) Whenw — 0, Gmr(w)= —4% , recover the standard diff.

However, there are some differences to the previous slow mode case.



SK EFT for diffusion + IR mode

k=0 hydro mode(s)
>
T_l
IR mode(s) Re(w)

.
|
5 = [ dvdady [xBaoBro = c1(Bus — ba) (Bri = 8. + -
duwd,dk Bu i
/ (21)? L [ — 27To coth (7) OR(w, T) bgibe; — 47To Gir(w, T) baz‘bm‘]i
IR SRS o e S i ‘,“J
m

\/
Im(w)
other non-hydro mode(s)

(2) One could replace the IR geometry by AdS2 or Lifshitz geometries.

Similar to the slow mode case, one can perform a redefinition of fields
baz’ - Baz’ + Vai , bri — Bri + Upi

to obtain the effective action S[B, v].



SK EFT for diffusion + IR mode

k=0 hydro mode(s)
>
T_l
T | IR mode(s) Re(w)
S = / dvdzdy [XBaOBrO — ¢1(Bai — bas)(Bri — bm')]+
dwdk,dk Bw |
/ 2n)? Z [ — 27To coth (7) Gir(w, T) bgiby; — 47T0 Gir(w, T) baibri]
m v
Im(w)
other non-hydro mode(s) G5, (w, k) = i coth (5_“’) ImGE (w, k)
(3) Fluctuation-dissipation theorem
) . 2, 2 Bw
os —10°W _ —4inTok?w? coth(5?) Im(Gir) s TG k2
“ 0 Au(-w, —k)0Au(w, k) [(-w? + 4T DRGm) — WM To0ml T G = o(~w —fc)‘fs/A (w, k)~ (—w? +4wTZZlZ;QfSk— w4rTGGm
o5 _ —i82°W _ —4inTow? Coth(%w)lm(gm) i 82W W 4rToGm

T 2 2 2 = 2 R _ —
0Aaz(—w, —k) 6 Az (w, k)  |(—w? + 47T Dk2Gr) — w24nTGG1R| Gaa 6Age(—w, k) 0A,o(w, k) (—w? + 4rTDE2GR) — w?4nT6G R’

oS —i °W _ —4dinTow? cothS%”) Im(Gir) ’ or _ _i82W | —4nToGm
7 e oy R R O a1 o w2




SK EFT for diffusion + IR mode

=~
|
-

hydro mode(s)

.—I i >
® IR mode(s) Re(w)

T
‘ S = /d'vda:dy [XBaOB'rO — ¢1(Ba; — b4i)(Bri — bri)] i
dwdk,dk ‘
/ o y [ — 27To coth (%“’) Gir (W, T) baiba; — 47T Gir(w, T) bm-bm-]
m O \ O
Im(w) Poles: (1) IR pole;
other non-hydro mode(s) (2) standard diffusive mode
(3) Fluctuation-dissipation theorem
oS — —i 8°W _ —4irTok*w? coth(5) Im(Gir) GR — —i0°W B AnToGrk? /
U §Au(—w, —k)0Au(w, k) |(—w? + 4rTDE2GR) — w24rT5Gg|? " 5Au(—w, —k) 6An(w, k) (—w? + 47T Dk2GR) — w?4n TGk~
oS — —16°W _ —4irTow’ coth(%2) Im(Grr) GR _ 4 _ wArToGr
% §Age(—w, —k) 6 Aga(w, k) |(—w? + 47T Dk2Gig) — w?4nTGGg 2 " 0Aw(—w, k) 6Ar(w, k) (—w? +4nTDE?Grr) — w?4rT6 Gk’
oS — —i0*W _ —4irTow! coth(22) Im(Gir) GR — —i *°W —4rToGr

W § Ay (—w, —k) 6 Ay (w, k) |1+ 47T6Gr|? W Ay (~w, —k)0Ar(w, k) 1+ 47T6GR’



Summary

# We have studied the charge diffusive hydro near a semi-
local quantum liquid (conformal to Ads, x R?)

# Depending on the IR gauge coupling, pole collisions are
different: (1) slow mode; (2) IR mode

# The upper bound for the diffusion constant is always
satisfied. Different behaviors of the radii of convergence for
thermal liquid

# EFT for hydro mode + slow mode

# EFT for hydro mode + IR mode



Future work

# Study other different types of hydro modes
# Study hydrodynamic system in different critical states
# GConstruct EFT for other sectors

# Study the effects of non-hydro modes from EFT



Thank you!




Thank you!




