
Recent Study of Nuclear 
Charge Radii Evolution

Myeong-Hwan Mun, Seonghyun Kim, Eunja Ha, Y. Tanimura

Myung-Ki Cheoun

(Soongsil University, OMEG Institute & Dept. of Physics, Seoul, Korea)
https://omeg.ssu.ac.kr/

The 2024 Asian Nuclear Physics Association Symposium 
Conference Center, Huizhou-IMP Institute of Modern Physics, 

Chinese Academy of Sciences Nov 15–16, 2024 Huizhou City, Guangdong Province, 
China



Numerical results for elements abundances 

NEWS in RCNP 2024, Jan. 17, Osaka, Japan 

JINA REALIB

+ Neutrino-induced Reactions by QRPA & Branching Ratios 

1987 SN model

+ Modified (n,g) Reactions

Modified Neutrino Flux by Self-interaction : w/ and wo/

Pre-supernova Model

Neutrino Luminosity : EQ and NEQ

Hydrodynamics Model: HCK18, KCK19

Mass Hierarchy : NH and IH

Introduction Input Data Model for  neutrino-process for CCSN Explosion

𝑑𝑁𝑗

𝑑𝑡
= 𝑁𝑖 𝜆𝑖,𝑗 − 𝑁𝑗 𝜆𝑗,ℎ + … →

𝑑𝑌𝑗

𝑑𝑡
= 𝒀𝒊 𝝀𝒊,𝒋 − 𝒀𝒋 𝝀𝒋,𝒉 +⋯

Network calculation for nucleosynthesis

𝑌𝑗 =
𝑁𝑗
𝜌 𝑁𝐴



Contents 

1. Experimental evidences of OES and Kink structures

1-1. Odd-Even (Shape) Staggering (OES) : Xiaofei Yang Talk (11/15)
1-2. Kink

2. Deformed Relativistic Hartree Bogoliubov in Continuum 
(DRHBc) theory and other DFTs

3. OES and Kink of Hg and Au by DRHBc and other Skyrme DFTs
3-1. OES of Hg and Au
3-2. Kink of Hg and Pb

4. CM corrections and Magnetic Moments
5. Summary ANPHA Symposium, Huizhou, Guangdong, China, Nov. 

15-16,  2024

Myeong-Hwan Mun, E. Ha, Y. B. Choi, Myung-Ki Cheoun, 
PRC 110, 024310 (2024) 

Seonghyun Kim, Myeong-Hwan Mun, Myung-Ki Cheoun 
and Eunja Ha,  PRC 105, 034340 (2022)

Myeong-Hwan Mun, Seonghyun Kim, Myung-Ki Cheoun, W.Y. So, 
Soonchul Choi, Phys. Lett.B 847, 138298 (2023)

Y. Tanimura and M. K. Cheoun, 
PRC 109, 054323 (2024) ….



ANPHA Symposium, Huizhou, Guangdong, China, Nov. 
15-16,  2024

0. Introduction Charge Radii Measurement by Electron Scattering

Absolute measure of charge radii of RI !!
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0. Introduction Proton Charge Radius (Puzzle ?)
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0. Introduction Proton Charge Radius (Precise measurement)
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1. Odd Even  Shape staggering Charge Radii of Hg isotopes  in ISOLDE 
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1. Odd Even  Shape staggering Charge Radii of Bi and Pb  isotopes
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1. Odd Even  Shape staggering Charge Radii of Gold  (Au) Isotopes 
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1. Kink structure Kink structure in Pb and Hg isotopes



➢ Indeed, charge radii reflect various nuclear structure phenomena such as halo

structures, shape staggering and shape coexistence, pairing correlations, neutron

skins and the occurrence of nuclear magic numbers.

➢ The remarkably abrupt changes in charge radii are observed naturally across the

neutron-closure shells, namely the kinks at N = 20, 28, 50, 82, 126 [1~4].

[3] Farooq-Smith, G. J. et al. Phys. Rev. C 96, 044324 (2017).
[4] Kreim, K. et al. Phys. Lett. B 731, 97 – 102 (2014).

Phys. Lett. B 731, 97 – 102 (2014).Phys. Rev. Lett. 122, 192502 (2019).

[1] Gorges, C. et al. Phys. Rev. Lett. 122, 192502 (2019).
[2] Anselment, M. et al. Nucl. Phys. A 451, 471 – 480 (1986).ANPHA Symposium, Huizhou, Guangdong, China, Nov. 15-16,  2024

1. Kink Structure Kink structures in Sn and K  isotopes



Nature Physics volume 17, pages439–443 (2021)

Relative differences by two-point and three-point 

of mean square radii and binding energies of light nuclei around N = 28 and 32 
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1. Kink Structure Kink structures of other nuclei 
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1. Kink Structure Kink structures of other nuclei (Ca isotopes) 

(Anti-) OES in Ca isotopes !!



ANPHA Symposium, Huizhou, Guangdong, China, Nov. 15-16,  2024

1. Kink Structure Kink structures of other nuclei  (Ca isotopes)
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A Brief summary

Thanks to the recent development of  the laser spectroscopy, MR ToP

and RI accelerator facilities (and electron scattering) in the world

1. OES in Hg and Au isotopes turns out to be significant compared to any other nuclei

, for example, Pb isotopes. How to understand it ? and Anti-OES in Ca isotopes ?

2. Kink structures appear above any magic shell  in light and heavy nuclear isotopes.

How to interpret this behavior ?  

3. We need a more refined nuclear model, which needs to explain main properties of 

the whole nuclei in the nuclear chart by including the relativistic description, 

deformation, continuum, driplines etc. and also proper description of odd nuclei. 

1. Odd Even  Shape staggering Brief Summary  of OES staggering and Kink
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Theoretical framework for DRHBc
➢ We start from the following point-coupling Lagrangian density1)

[1] J. Meng (Editor). Relativistic Density Functional for Nuclear Structure (2016)
ANPHA Symposium, Huizhou, Guangdong, China, Nov. 15-16,  2024

2. Theoretical Approaches DRHBc (Relativistic MF approach with point coupling)
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2. Theoretical Approaches DRHBc (Relativistic MF approach with point coupling)
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2. Theoretical Approaches DRHBc (Relativistic MF approach with point coupling)



PC-PK1 + DRHBc : 4829 bound even-𝑍 nuclei with 8 ≤ Z ≤ 120 DRHBc Collaboration,

At. Data Nucl. Data Tables 144, 101488 (2022);158, 101661 (2024)
ANPHA Symposium, Huizhou, Guangdong, China, Nov. 15

-16,  2024

2. Theoretical Approaches DRHBc (Relativistic MF approach with point coupling)
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∆E/A < 0.02 MeV !!!

3. OE Shape Staggering Results Total Binding Energy in Hg, Au and Pb isotopes



Shape Coexistence
around N = 100

3. OE Shape Staggering Results Potential Energy Curve Evolution with Defor. for Hg
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Evolution of TBEs with deformation 
by DRHBC
for 79Au

3. OE Shape Staggering Results Potential Energy Curve Evolution with Defor. for Au
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# Shape Coexistence of Pb isotopes 186Pb and Rotational Band and Pairing

Prolate
=> Larger Pairing
=> Smaller MOI
=> Larger Energy width



Blue points are obtained by DRHBc
w/o considering shape coexistence !

=>We could not explain the OES data 
as well as small charge radii  !!

If we take into account 
the shape coexistence,
we obtained the red points by oblate deformation!!

 Can explain small charge radii !!

But still, we cannot explain the OES 
data of 181,183 and 185 of Hg.

However, remember the oblate minima of
181,183,185 of Hg are 2nd local minima.
We have to take prolate deformation.

Then the OES (blue stars) can be 
explained clearly by red lines. 
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3. OE Shape Staggering Results Nuclear Shape Transition of  Hg isotopes
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3. OE Shape Staggering Results Nuclear Shape Transition of Hg isotopes
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Nuclear shape transition of Au and 
no transition in Pb
by DRHBc

3. OE Shape Staggering Results Potential Energy Curve Evolution with Defor. for Au
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Nuclear shape transition of Hg isotopes by Skyrme and Fayans DFTs 

3. OE Shape Staggering Results Nuclear Shape Transition of Hg isotopes by other DFT
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Red lines for n1h9/2 shell decrease in odd nucleus
with the prolate deformation. But n1i13/2 shell 
increase with prolate deformation 
by adding a neutron to e-e Hg.

 like a seasaw from even to odd nuclei !! 

100

For proton,  p1h9/2 shell increase, 
but p3s1/2 decrease !!

3. OE Shape Staggering Results Shape Transition and Occupation Probabilities (Hg)
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OP of Proton (neutron) h9/2 increases (decreases)
, which increases the charge radii  !

Similarly to the OES in Hg case

3. OE Shape Staggering Results Shape Transition of Au isotopes



ANPHA Symposium, Huizhou, Guangdong, China, Nov. 
15-16,  2024

neutronneutron 
+proton

neutron

Even-odd Prolate 181Hg

neutronneutron 
+proton

neutron

Even-even Oblate 
180Hg

If we add one neutron to e-e nucleus 180Hg, the OC of  
ni13/2 increases and n1h9/2 decreases in 181Hg.
The increase of charge radii of 181Hg is 
due to the increase of p1h9/2  shell OC.
The OES perhaps come from the tensor interaction ?? 

3. OE Shape Staggering Results Why Nuclear Shape Transition in Hg isotopes

Need to know
NST evolution !
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OC of 1i11/2 and 2g9/2 of neutrons 

increase above N=126 shell.

But OC of protons h9/2 do not change !

The Kink is to be understood by 

the swelling of neutrons 

in the symmetric core, 

not by the swelling of protons !! 

3. Kink Structure Results Kink structure around N = 126  shell for Hg isotopes
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neutron
neutron 
+proton

neutron

If we add one neutron to e-e nucleus 208Pb, 
the OC of  ni11/2 and n2g9/2 increase 209Pb, 
but no change of proton OC g9/2 and i11/2.

The increase of charge radii of 209Pb is due to 
the increase of neutron side and attract the proton radius.

The Kink perhaps come from the tensor interaction 
or symmetry energy ?? 

3. Kink Structure Results How to understand the Kink    

Phys. Rev. C 96, 024311 (2017)
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4. More Corrections CM corrections and AMM effects on Chare Radius
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4. More Corrections CM corrections and AMM effects on Chare Radius
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4. More Corrections CM corrections and AMM effects on Chare Radius



Summary and Conclusion
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1.  Our findings highlight the significance of SC in understanding the OES observed in the Hg isotopes. 
2.  Taking into account OD for most Hg isotopes, except for 181,183,185Hg, 

by the shape coexistence is crucial for explaining the OES phenomenon. 
3. But these three (prolate-shaped) odd nuclei are excluded from the SC and exhibit larger charge radii. 
4. It may indicate that the OES can serve as a useful tool for identifying the SC in Hg isotopes, or vice versa. 

5. The nuclear shape transition and the evolution of OP by the additional neutron in the range of 180-186Hg 
isotopes is essential for understanding the prominent OES observed in the Hg isotopes. The OES of Au 
has been calculated by DRHBc and reproduce the OES data. 

6. Furthermore, the DFT models like DRHBc model successfully reproduces the kink structure observed around the N = 126 shell. 
7. This kink structure arises from the increase in the OPs of i_{11/2} and 2 g_{9/2} states 

beyond the magic shell, influenced by the multi-particle and multi-hole interactions. 
8. This swelling effect of symmetric core pushes the proton states to the outer nuclear surface 

by the symmetry energy residing on the symmetric core surface and perhaps to the tensor force.

9. The second order CM correction may cancel the 1st order CM correction, so that the SO effect from ANM 
moment becomes meaningful.

10. It would be interesting to further investigate the OES and the kink structures of charge radii and matter radii 
in Ca, K, and Pb isotopes in the vicinity of each magic shell using the DFT models in future studies.



Remarks and Conclusion
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1. Other corrections, such as CM correction and ANM contribution are also the remained quantities 
in the charge radii study.

2. Charge symmetry breaking is another interesting topic which affects the charge radii and/or 
the density distribution in nuclei.  

3. Matter effects, such as effective masses, symmetry energy and equation of state, are to be discussed in
detail in the future.

4. Along this line, the study of NST in the experiment (LEES) could give valuable information for 
charge radii study of unstable nuclei. 

5. Laser spectroscopy for the isotope shift from the hyperfine interaction and LEE scattering could 
complement the charge radii and density distribution (proton as well as neutron density) study. 
(Xiaofei Yang Talk)  

6. Specifically, the OES of Ca and Zr is to be studied in both experimental and theoretical fields.  



Thanks for 
your attention !!
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