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Introduction

© Motivation

© Review of the covariant L-S scheme




Motivation

e QCD is the fundamental theory of strong interactions
e Asymptotic freedom and color confinement
e Non-perturbative in the low energy region
e EFT: hadrons as the basic d.o.f.

e Hadron spectral physics: classifying hadrons

e Traditional quark model: mesons and baryons

%) %9

e Exotic states:

o 39 €9 8% O

[https:/itp.cas.cn/kxyj/kydt/202103/t20210331_5987996.html]

o XYZ states, Pc states, Tcc states, etc.
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M. Gell-Mann, Phys.Lett. 8, 214-215 (1964)
G. Zweig, CERN Report No.8182/TH.401 (1964)



Motivation

* Basic properties of hadrons
* Intrinsic properties: mass, lifetime, spin, parity, charge, etc.

* Observables: cross section, invariant mass distribution, angular distribution, etc.

* Beijing Electron Positron Collider (BEPC) [http://bepclab.ihep.cas.cn/bepczz/zxfzt/|

* Main goals: tau-charm physics and synchrotron radiation

The injector The storage ring Beijing Spectrometer 111 (BESIII)



Motivation

* Partial Wave Analysis (PWA)

* a standard method for extracting spin and parity from angular distributions

* Commonly used PWA formalism

Mesons and baryons: systematization and methods of analysis. (2008)

> mu“ipOle analYSis A.V.Anisovich, V.V.Anisovich, etc. (see Appendix 5.C. Multipoles)
K.C.Chou and M.L.Shirokov, J.Exptl.Theoret.Phys. (U.S.S.R.) 34,1230-1239 (1958)
> helicity scheme M.Jacob and G.C.Wick, Annals of Physics,7,4,404-428(1959)

S.U.Chung, SPIN FORMALISMS [https://suchung.web.cern.ch/spinfm1.pdf] (2014)

h M.Benmerrouche, etc. Phys.Rev.Lett. 77, 4716-4719 (1996)
K.Nakayama, J.Speth, T.S.H.Lee, Phys.Rev.C 65, 045210 (2002)
W.H.Liang, P.N.Shen, J.X.Wang and B.S.Zou, J.Phys.G 28, 333-343 (2002)

» covariant L-S scheme  B.S.7ou and D.V.Bugg, Eur.Phys.J.A,16,537-547 (2003)
B.S.Zou and F.Hussain, Phys.Rev.C.67.015204 (2003)

» covariant effective Lagrangian approac

* Why covariant L-S scheme?

v manifest Lorentz covariant form: convenient for multistep chain processes

v" with definite L-S quantum numbers: convenient for including L dependent form factors



Review of the covariant L-S scheme

B.S.Zou and D.V.Bugg, Eur.Phys.J.A,16,537-547 (2003)

Bui]ding blocks: B.S.Zou and F.Hussain, Phys.Rev.C.67.015204 (2003) pB, S8 [~ r = pB — PC )
: : , / Py _
- Spin wave function for bosons Pa; 84 — G+ —— e 9 (P)
¢,U1‘ i 7] \\ \’7;; — gm/(pA)ny /
« Pure spin wave function for fermion pairs pe, sc
(n)  _ (n+1) T pin 11
preeptn — Upge o, (pB, $B)Y5v(PC; 80) ‘I’lﬁ-'-unﬂ - uul---un(pBa SB) (7un+1 - M+ m; ¥ me >U(PCa Sc) + -+
n+1 _ e
Bt = 005, SB) i (P, Sa) BTN, = P, 85IV, U (P 84)
* Orbital angular momentum tensor Papers  _ Citeable — Published
- (L) 30
t P B 25
* Lorentz structures =
(pA),‘,,a Guvs €uvpo " 2 2
10 ?3 >
For radiative decay process of baryons: 5 .
-
0

* additional conditions due to gauge invariance

S.Dulat and B.S.Zou, Eur.Phys.J.A, 26,125-134 (2005)
S.Dulat, J.J.Wu and B.S.Zou, PhysRevD.83.094032 (2011)

10-49

50-99

100-249

The work on the strong and radiative decay of vector
mesons has currently been cited 58 times by BESIII!
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Theoretical Part

© Relativistic spin wave function (SWF)

© Lorentz covariant coupling structure




Relativistic SWF

* Klein—Fock—Gordon equation (1926)

 for spinless particles O.Klein, Z.Phys. 37, 895-906 (1926)
W.Gordon, Z.Phys. 40, 1, 117-133 (1926)
V.Fock, Z.Phys. 39, 226-232 (1926)

(D+m2)¢: 0

* Dirac equation (1928)
 for spin-1/2 particles P.A.M.Dirac, Proc.Roy.Soc.Lond.A 117 (1928)

(170, + m)(iv" 0y —m)yp = 0

* Majorana equation (1932)
 for spin-1/2 particles E.Majorana, Nuovo.Cim. 9, 335-344 (1932)

(iv"0, —m)yY =0




Relativistic SWF

* The Dirac—Fierz—Pauli formalism (1936~1939)
 for spin-(1/2+n) particles

Pradde’t, ™ = mByg
p’YO'éBBle' B mAO'fB152' B

YE1€2° - €Ep €1€2° " €p

P. A. M. Dirac, Proc.Roy.Soc.Lond.A 155 (1936)
M. Fierz, W. Pauli, Proc.Roy.Soc.Lond.A 173 (1939)

* Rarita—Schwinger equations (1941)
 for spin-(1/2+Kk) particles

(7% — m)"'blfll---uk =0 ’Ya%pz...,% =0
60[1’0&”2---;‘% — O ",baa,ug...,uk — 0

W. Rarita, J. Schwinger, Phys.Rev. 60, 61 (1941)




Relativistic SWF

* Group theoretical discussion by Bargmann and Wigner (1948)
e Casimir operators of the Poincaré group
1

C'1 — pﬂpu CZ — E ;U/Mw/papa - Mp,aMyap'upu

* Classified by irreducible representation (IRREP)

P;] C7>0& Cy > 0: Particles of finite mass and spin s.

O;] C1 =0& Cy = 0: Particles of zero rest mass and discrete spin.

O(E)] and [O'(E)] C; = 0& Cy = Z2 > 0 : Particles of zero rest mass and continuous spin.

* Bargmann-Wigner equations for spin-(N/2) particles (N=1,2,3...)

(i»yl’:au _ m),¢, =0 (k=1,2,---,N) V. Bargmann, E. P. Wigner, Proc.Nat.Acad.Sci. 34, 211 (1948)




Relativistic SWF
S.Weinberg, Phys.Rev. 133, B1318 (1964)

(1964~1969) S.Weinberg, Phys.Rev. 134, B882 (1964)
S.Weinberg, Phys.Rev. 181, 1893 (1969)

* Poincaré invariance + Causality + Cluster decomposition

* Weinberg's general causal fields

« The IRREP (5r,5r) [Lp =~ SU(2)L ® SU(2)r] can describe

particles with spin s (|Sz — sr| < s < sy + sR),

* Equations of motion : eliminating excess d.o.f. in SWFs

Rep. Physical correspondence
(0,0) Lorentz scalar
* Joos—Weinberg equation (1962~1964) (1,0) @ (0,1) Dirac spinor for spin 1/2
« for spin-j particles (j=1/2, 1, 3/2, 2, ...) (+,%) Lorentz four-vector
(1,0) & (0,1) Maxwell fields
( ,l:2j,yu1,u2- et ((hlam e 8#2]. + m% )¢ =0 (2,0) @ (0,3) Joos-Weinberg spinor for spin 3/2
(1,1) Lorentz order-2 traceless symmetric tensor
H.Joos, Fortsch.Phys. 10. 65-146 (1962) (.3)®(3,1)  Rarita-Schwinger spinor for spin 3/2
S.Weinberg, Phys.Rev. 133, B1318 (1964) (2,0) ®(0,2) Einstein fields




SWF for massive particle

* A massive particle can be stationary p,=A,"k, [A=R-B. R, k, = (m,0,0,0),]

Crip = (J1 £iK1) + (Jo £ iKy)® + (J3 + iK3)°

- —7

Cua

)

— J,

Csue) = J7 +J3 + J5

L, — SU(2) — ﬁ(l)

Eigenfunction Method: J.Q.Chen, M.J.Gao, and G.Q.Ma, Rev. Mod. Phys. 57, 211(1985)

-

o

(Csuy),,” ub(s) = s(s+1) ul(s) —>

(OU(l))aﬂ ug(s) = o ug(s)

\

(CL/R)Qﬁ uG(s) = sp/r (sp/r+1) ud(s)

D, ?(R) uf(s) = ug (s) D) (R)

Daﬁ(R) ug’(s) D((j)g (R_l) =y (8)

J

g

(8%




Lorentz covariant coupling structure

* The general form of a three-particle amplitude

AZ27% (p1, P2, P3) = I'52* (P1. P2, P3) Ug. (P1,51) g2 (P2, 52) ugs (P3, 83)

* Covariant tensor (COVTEN)

. 9€G

~ a1a2. .

alaz. .
Xb1b2"' Xblb2

b b d ..
— Db1 '(g) Db2 *(g) Dala,1 (9) D"’20L,2 (g) - - X7

b, bl - -

* Invariant tensor (INVTEN)

geG

~ Q109" " *

a’la’z‘ ..
Toe T T

biby- - -

— Ta’la’Z' ..
Biybos s

R.Penrose graphical notation: Applications of negative dimensional tensors (1971)

Ve ¥ t

........................

A4 VY



Lorentz covariant coupling structure

* The projection properties of INVTEN  [{|® [j] = [k1] ® [k2] & - - -

. gEG v - v s ./ </ NN
kaXz’j 7 gk Xij — ik Dz’ i (g) Dj J (g) Xi’j’ — DF y (g) Tk Xi’j’

* Reducibility of COVTEN

k k r 959 g k K
Xij = @™ Tije, + ™ Tijp, + -+ with ™ — ™ = Dy ™ (g)z™

n




Lorentz covariant coupling structure

* COVTEN can be further decomposed into INVTEN
» INVTEN cannot be further decomposed
» INVTEN:Ss are also called irreducible tensors (IRTENS)

PROmMO QO

* Clebsch—Gordan coefficients (CGCs) are order-3 IRTENSs
* Example: CGCs of SU(2)

o, 1" 2 DU () D) DY) [l = [cd,]”

mims



Lorentz covariant coupling structure

* SWFs are IRTENSs of SU(2) -
ug(s) = uj.(s) < (Cs5.) Ugyay (X5 8) = U] 110, (5L, SR), 8)
2 P(R) ug(s) = ug (s) DY (R) | | | “|
ﬂm ug (5) D7 (R™Y) = ug(s) - 3 u@] = /%
/ ! Al (] lo T2

* Lorentz covariant spin projection tensor (SPT)

Pe (ps x, 5) = u(p; )2 (i X 5) [
|

H H uf

* IRTENS of the Lorentz group

(0510 % — 041042
s E Ug, ]*, ) H ”




Lorentz covariant coupling structure

* The general form of a three-particle amplitude

AZ7 (P1, P2, P3) = TG3™ (P1, P2, P3) Ug, (P1, 51) ugi (P2, s2) ug; (Ps, $3)

2

Q9

o1 — o p—
o3 aq

U2

us

02

_0'3

[5]

* SPTs are building blocks for constructing Lorentz covariant coupling structure!
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— Application in PWA

© Partial wave decomposition of amplitudes

© Construction of partial wave amplitudes




Partial wave decomposition of amplitudes

* The pure-orbital (L) and pure-spin (S) component

* C-scheme A7 (ki,p3, p3) = I'5i™ (K1, P3, P3) X Tg) (s1) ugs (3, 52) ugs (P3, 53)

NG
pure-orbital part

~

pure-spin part

e H-scheme AJ”(ki,p3,p3) = T02%(k1,p3, p3) Dy (Ag) D™ (Ag) x a3t (s1) u2(s2) ug (s3)

ug

L

u3

Vg

pure-orbital part

2
[, (8]

mn—

u2

g B

u3

Ve

pure-spin part




Partial wave decomposition of amplitudes

« Example: amplitude with spin-1/2  A(ky, Py, P3) = €u(k1)u(p2)T* (ki, P35, P3)v(P3)

A(k1, p3, P3) = €u(kr)( ?gI‘”(kl, p5, p§)U§ 8(k3)ﬂ(k22> a(p3) = a(ks) Us
SIS 5 1 v(p3) = Us v(ks)




Partial wave decomposition of amplitudes

* Example: amplitude with spin-1/2

A(k1, p3, P3) = €u(k)( UaI*(ki, p3, p3)Us v(ks)a(k) )

apPE Ay a5 e sk

v(ks)ti(kz2) = A+ Bys + Cuv* + Dyysy* + Epo™™

A(k1, p3, P3) = €u(k1)u(ps)T (ki, P2, P3)v(P3)

u(py) = a(ka) Uz
v(p3) = Usv(ks)



Partial wave decomposition of amplitudes

« Example: amplitude with spin-1/2  A(ky, Py, P3) = €u(k1)u(p2)T* (ki, P35, P3)v(P3)

A(k1, p3, P3) = €u(kr)( ?gI‘”(kl, p5, p§)U§ 8(k3)ﬂ(k22> a(p3) = a(ks) Us
SIS 5 1 v(p3) = Us v(ks)

A(kq, p5, p5) = €,(k1)[A(UI*Us) + B{UI*Usys ) + Co(UsT*Usy” )+ D, (UsT*Usysv” ) + E,p(UsIUsa™) |

[(%0) & (0%)] ® [(%0) & (0%)] (0,002 ® (0,0)5 @ (1,0) @ (0,1) @ (%%)L ® (% %)R

v(ks)ti(kz2) = A+ Bys + Cuv* + Dyysy* + Epo™™



Partial wave decomposition of amplitudes

« Example: amplitude with spin-1/2  A(ky, Py, P3) = €u(k1)u(p2)T* (ki, P35, P3)v(P3)

A(k1, p3, P3) = €u(kr)( ?gI‘”(kl, p5, p§)U§ 8(k3)ﬂ(k22> a(p3) = a(ks) Us
SIS 5 1 v(p3) = Us v(ks)

A(kq, p5, p5) = €,(k1)[A(UI*Us) + B{UI*Usys ) + Co(UsT*Usy” )+ D, (UsT*Usysv” ) + E,p(UsIUsa™) |

[FM — 7#] <U2’7“U3> =0 <U27MU3'75> =0 <U2’)’“U30‘Vp> —0 DV<U2’YMU3’Y5’YV> —0




Partial wave decomposition of amplitudes

« Example: amplitude with spin-1/2  A(ky, Py, P3) = €u(k1)u(p2)T* (ki, P35, P3)v(P3)

A(k1, p3, P3) = €u(k1){ Ual*(k1, p3, p3)Us v(ks)u(ks) ) | a(pj) = a(ke) U,

7

S 5 1 v(p3) = Us v(ks)

A(kq, p5, p5) = €,(k1)[A(UI*Us) + B{UI*Usys ) + Co(UsT*Usy” )+ D, (UsT*Usysv” ) + E,p(UsIUsa™) |

(FM = ’)/“] <U2’YMU3> =0 <U2’)’MU3’Y5> =0 <U2’)’“U30'Vp> =0 DV<U2’)/MU3’)/5’YV> =0

e ] 1
Spin part: C,= Zra(kz)%v(k?,) C, = PH”(S =1)C, S=1 J




Partial wave decomposition of amplitudes

« Example: amplitude with spin-1/2  A(ky, Py, P3) = €u(k1)u(p2)T* (ki, P35, P3)v(P3)

Ak, Py, P3) = €u(k1)]

7

"~

A(ki1, ps3, P3) = €u(k1)( 572:[‘”(1{17 D3, P3)Us v ’U(k3)’a(k2) ) u(p;) = u(ks) Uy
S L e v(p3) = Uz v(ks)

A<U2FHU3> —+ B<U2FHU3’)’5> —+ C,,<ﬁzFMU37V>+DV<(72FMU3757V> + Eyp<ﬁ2F“U30Vp>]

[+ = 7“] (O*Us) =0 (Uay*Usys) =0 (Uay*Usc™”) =0 D, (Uay*Usysy") = 0
[ . 1
Spin part: C,= Zra(kz)%v(k?)) C.,=P’(S=1)C, S=1 J
WZan% 1 v u'v
(Tl = ZQ” g"
1 1 1 1 v 1 s i 5
(5,5) ® (5, 5) = (0,0)® (1,0) & (0,1) ® (1,1) Tioeoy)]”” 5(9““9 g “)
22054 1 v v v 1 v u'v
[T(l,l)_# o E(gwg +g"%'yg u) _ Zgu g"



Ak, Py, P3) = €u(k1)

Partial wave decomposition of amplitudes

* Example: amplitude with spin-1/2

A(k1, p3, P3) = €u(k1)u(ps)T (ki, P2, P3)v(P3)

A(k1, p3, P3) = €u(k1){ Ual*(k1, p3, p3)Us v(ks)u(ks) ) | a(pj) = a(ke) U,

7

i i 1 5 v(p3) = Us v(ks)

:A<U2FHU3> —+ B<U2IWU3")’5> —+ C,,<ﬁzFMU37V>+DV<(72F“U3757V> == Eyp<ﬁ2F“U30Vp>]

(Uy*Us) =0 (Uay"Usys) =0 (Upy*Us0™) =0 D, (Uay*Usysy”) =0

Spin part:

1
Cﬂ — Zfb(kz)’yﬂ’v(k?,)

r

\.

Orbital part:

<(72’Y“U3’YV> = PZ%(L =

0)C” + P

C, =P (S=1)C, S=1
(L =1)C" + PU(L=2)C"  1=0,1,2




A(

Partial wave decomposition of amplitudes

« Example: amplitude with spin-1/2  A(ky, Py, P3) = €u(k1)u(p2)T* (ki, P35, P3)v(P3)

A(k1, p3, P3) = €u(k1){ Ual*(k1, p3, p3)Us v(ks)u(ks) ) | a(pj) = a(ke) U,

7

U4 5 1 e v(p;) = Us v(ks)

ki, P35, P5) = €,(k1)[A(UI"Us) + B(UT Usvs ) + C, (U Usy” )+D, (UsT Usysy”) + E,p (U2 Uso™) |

(FM = ’)/u] <U2’YMU3> =0 <U2’)’MU3’Y5> =0 <U2’)’”U30‘Vp> =0 DV<U2’)/MU3’)/5’YV> =0

Spin part: C, = —u(ka)y,v(ks) o = P”V(S =1)C, S=1

1 )
4

r

\.

Orbital part:  (U2y"Usy") = P 4(L = 0)C5¥ + Pl(L = 1)C + P(L = 2)Cs"  L=0,1,2

\.

-

| PrT = 1DA = AL PR(T=0)A = A* P (J =14y =AY J=0,1 =) [ P, 3S; 3Dy L

Total angular momentum: A(k:, p3, p3) = €,(k1)Co(Uay"Usv") = €u(ki) (A) + Af' + AY)




Partial wave decomposition of amplitudes

* Example: amplitude with spin-1/2

Vo Yuh1 Py 381 °Dy

f_ H )
0,1 °S1 By °Dy

* Pure SWF for fermion pairs in V — BB

[1So] ¥ = a(pg, sB)ysv(pc, sc)

r 1
5] 9L = alpz,58) (v — —— e Ju(pc, So)

B.S.Zou and F.Hussain, Phys.Rev.C.67.015204 (2003)
* One can obtain partial wave amplitudes

through the linear combination of various

Lorentz structures.

Lorentz structure

Partial wave components (28+1L!;)

3P
7B 0
a1y 18{)
15
7 0
w275¢1 3P()
- Py 381 3Dy
Yoyuth1 15, 1P, 3P,
_ Spl 180 1P1
YaysYu1 3p, 39, 3D,
P2t e g
Ly s lPl ‘351 3P1 %Dl
B 381 3Py 3Dy
w2 8,u 1/)1 150
3P
Ty 0




Partial wave decomposition of amplitudes

* Example: amplitude with spin-3/2

» With the increase of spin, the
amount of computation will in-

crease dramatically.

> It is useful to consider how to
construct the Lorentz covariant

partial wave amplitude.

Lorentz structure

Partial wave components (***1L )

@21&1#

= - [ [
) D[] t_; Pl ) Pl 9] Fl
dPU 351 JDI

Y2 Y5 V1p

3 3 3
Fy =851 *Dy
[ - [ =4
5 D[} JPI 5 Pl L)Fl

Yavv d" 1p

5 - - =4 - [ = [
‘)D{] JSI Jpl ‘)Pl tﬂDl le t)Sz 3D2 (JDQ
3PU 351 JPI 5P1 3D1 SD1 ‘;Pg 5P2

Yo y5Yv Uf" 1p

- - N - = - =
3}:)0 ‘;Sl ‘:"Pl upl ‘SDl LJDI .5P2 t}PQ

=4 = o = B = =4 o =%

‘)D[] 3'81 jpl ‘)Pl ‘ng ‘JDl ‘)SQ 3DQ ‘JDQ

?1'{)2 O-.Vpu)lp:

G = G G = =5 = 2 =4 ~. 5

"J’PU ‘}D() 38(1 JPI ‘JP]_ 3Dl ‘)Dl ‘)82 JPQ ‘)Pz ‘aDg L)DQ
=4 C s = L = = L e

3}30 dDO 581 JPI dPl tﬁDl ‘)Dl ‘)82 3P2 JPQ JDQ t)Dz

= AF
W2 Ou l/) 1p

[ 4 . [ 5 [ [ = : = =
‘)D[] ‘381 Jpl oPl tiDl ‘JDl ‘)Fl JSQ JDQ L)DQ QGQ
SPU 351 le

d:/ (Tbe (Ua) 1p )

= G B [
5 DU JPI 5 Pl ‘)Fl
3]30 JSI JIPl JDI JPQ JFZ




Construction of partial wave amplitudes

* Lorentz covatiant partial wave formulas (PWFs)

* C-scheme C 2% (ky, p3, P3; L, S) = I'2* (ky, p3, P3; L, S) g (s1) ugs (3, s2) ud: (P3, $3)

Consistent with the covariant tensor amplitude. S.U.Chung, Phys.Rev.D.57.431-442(1998)
B.S.Zou and D.V.Bugg, Eur.Phys.J.A,16,537-547 (2003)

* H-scheme | #2%(ky,p3,P5; L, S) = I3 (ky, p3, P3; L, S) w5 (s1) w2 (s2) ull(s3)

Consistent with the helicity amplitude.

K.C.Chou and M.1L.Shirokov, J.Exptl.Theoret.Phys. (U.S.S.R.) 34,1230-1239 (1958)
M.Jacob and G.C.Wick, Annals of Physics,7,4,404-428(1959)

» C-scheme and H-scheme are equivalent with each other in the non-relativistic limit.
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About massless particle

© SWF for massless particles and gauge invariance (GI)

© Weight function




SWE for massless particles and GI

* A massless particle can not be stationary

CL/R = (Jl + ’l:Kl)z -+ (J2 - iK2)2 = (Jg == iK3)2

{A:Ri&k¢:mﬁﬁwh}

“@m=ﬁ+ﬁ+ﬁ}

4

Cg2) = (J1 — K»)* + (Jy + Kp)

B o ~ o ~
(Cryr),.” h3(3) = spym (sp/r +1) RE(3) /(CL/R)QB h(s,8) = spyr (sL/r+1) hi(s, 3)
(CE(Q))a hig(5) = 3 he(8) (GE(Q))Q ey 20 8 ) /X = [OSU(Q)vOE(Q)]

~ o= (OU(l)) ° h%(sag) =0 hg(S, §)
(CU(l))a hﬂ(s) = ha(s) aﬁ X B hcr(s g) —0
\(C’SU(Q))Q h3(s,5) = s(s +1) hg(s,5) o  T0a\
h9(s,3) € ker (Xa ﬁ)




SWE for massless particles and GI

* Example: spin-1 massless particle

P Potential A
A=\13573 otential A,
(0 0 0 —3

0

¥ 00 O
0 00 O
\-1 0 0 o0/

Gauge transformation is needed

la] =(1,0) @ (0,1) Field strength F,,

X=0 ker X = [a]

Automatically meet GI

D,’(A) hg(p*, s, 5) = ™ h(p, s,5) + (Non physical d.o.f.)




SWE for massless particles and GI

* The pure-orbital (L) and pure-spin (S) component

+s
h(p,s,5) =Y.  DS(A) x uf(s)DY(R) (o =s)

pure-orbital part pure-spin part

‘Aglzag (kl, P;, P;) — I‘giﬁg (kl’ P;, p;) D52a2 (AQ*) Dﬂ3a3 (A3*) X agll(sl) ugézz (82) ug‘;(S?,) DS’;Z)UZ (R2*) D((,—?)US (R3*)

7

WV TV
pure-orbital part pure-spin part

* PWF including massless particles

ag

AZ2% (K1, P3, D3 L, §) = D2 (ky, P35, P3; L, ) 521 (1) e (s2) uas (s3) DSV (Ryr) DSV (Ry)




SWE for massless particles and GI

- Example: J/v¢ — vfo
* the possible (L,S) combinations are (0,1), (2,1), (2,2), (2,3), (4,3)
* according to the PWF in the previous slide, one has (in helicity basis)

AZ2%(1,0)

AZ27(1,2) o

s
”

(0

0

0

\1

A§f"3(2, 2) |:(

0
As7(3,2) o< | |0
1
0
Aglm (3,4) 0
1

> only 3 of the 5 amplitudes are linearly independent !

o O oo o o o

o o O

0)

0
, 10
0

[\

1
OO—EO\O
o o o o0],1]9
1 0
ﬂoooj
0 0 v2 0\ [0
o o0 o0 o0],]0
vz 0 0 o \0
000 o0 (00
000 o0f |90
0000 0 0

3
0 0 -2 0 0
o o o of,|o
3
20 0 0 0
0 0 —2v2 0\ /0
o o o of,]o
vV2 0 0o 0o/ \O

T 9203

0 0 0 -1
0 0 0 O
1
0 2= 0 0 I,
0 0 0 —1\7°%
0 0 0 0
1
0 % 0 1.,
0 0 —1\1%%"
0 0 0
_ /3
\/; 0o 0)f
0o 0o o -1\]""
0 0 0 0
0 v6 0 0
g1
0 0 0 —-1\]7"
0 0 0 O
0 v6 0 0/]_



Weight function

* The number of linear independent (L,S) bases

Range No(s1; 82, 53) N1(s1; 52, 53) No(s1; 52, 83) N3(s1; 52, 53)
51 < S9— 8 0 0 0
Rl (251 + 1)(2s5 + 1)
el il 2(s1 —s2+s3+1) -
So — 83| < 81 < 89+ 83 n(sy; s2, s3) c t 2 0
§1 — 83 — 892 2
2 1)(2 1 2(2s1 +1

81 < 83— 89 ( S1+ )( 2 ) ( - ) 0 0
8] = 89 - 83 2

. 250+ 1)(2s3+ 1 2(2s3 +1 4
po—— (252 +1)(2s3 + 1) (2s3 +1) 5

7?,(81; S92, 83) = —(S% + S% + 8%) -+ 2(8152 + 5983 + 8183) + 81 + 83 + 8% 1
* Weight function for choosing (L,S) bases
One massless particle: W (s1, 82,53, L, S) = Fg(s1, 52, 53, .9)

Two or three massless particles: W (sy, s9,53, L, S) = Fs(s1,89,53,5) + Fr(s1, 82,83, L, S) + Fy(s1, $2, 83, L, S)

0s2+ts3
Sz:|:53

Fs(s1,s$2,83,8) = —(s2+s3+1)|S—s1|+ S —2(sg + 83+ 1)%(s1 + 82 + s3) for (C’Sﬁs) =0

1 FO'(517523537L78) =

_ 2|7y _ _ B
FL(ShSQJSS:LvS) - 2(S2+83+1) L ‘S 81' 9 0 for others



SWE for massless particles and GI

- Example: J/v¢ — vfo

* the possible (L,S) combinations are (0,1), (2,1), (2,2), (2,3), (4,3) s1=1;s2=1; s3 =2;
* according to the PWF in the previous slide, one has (in helicity basis) WFuncl[s1 , s2 ,s3 ,5 ,L_] :=
- S 0 0 0 —-L o I K -(52+5s3+1) Abs[S-51] +S;
S I A AN S T
A7 (L0 lo 0o 0 0 0)|0 0 0 0 0, X WFuncl[sl, s2, s3,|1, Q]
\1 0o o o0/ \0 Lo o o 0+ 0 0
L 1o WFuncl[sl, s2, s3,|1, 2]
B (00 -L 00\ /0 0 0 vZ 0 g g 8 8 —01 i WFunci[sl, s2, s3, /2, 2]
AxTL2 i 0000 0y [0 0 000t WFuncl[sl, s2, s3, 3, 2]
\1 0 o 00/ \o vZ0 0 o 7 i
2 oaos WFuncl[sl, s2, s3, 3, 4]
A272,2)x ||o 0 0 o ol [0 00 00] |0 0 00 1
10 0 o090/ 00000 00—\@00_01] .
00 v6 0o (0 0 0 -0 00 0 0-1]"
AZ3,2)x< o 0 o o o], |0 o0 0o o o],[00 0 0 0O 5
3
10 0o o0 \o 2% 0 0o of \0oo0 V6o O .,
00 —v/6 00\ (0 0 0 —2v/2 0\ (00 0 0 —1\]"" ~5
AZ3(3,4) < [l0 0 0o o of,JO0 o o o of,f00 0 0 O
10 0 00 \o2v/20 o0 0o/ \0oO0 +v6 0 0 ~5

g1

> only 3 of the 5 amplitudes are linearly independent !
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About numerical calculation




About numerical calculation

e Currently commonly used PWA package (PKG) on BESIII
O FDC-PWA : B EA ZEREF & THEREY 8Lt E
(EBARFRR FERARX R@IHEP) [https://wwwl.ihep.ac.cn/wjx/pwa] (2000)
O GPUPWA : HE L-S R THREFEH AL F (X ks R 5§ @IHEP)
> IBEENTFHREEABHRELSR  (https://sourceforge.net/projects/gpupwal] (2011)

O TF-PWA : BB FETH KK a3hib+HE  [https:/tf-pwa.readthedocs.io] (2020)
(FZ. NEHE BIRHL SREHK. FEBEHKKZ@UCAS)

 Automatic calculation of PWF under the covariant L-S scheme

* PKG for calculating PWF under C/H-scheme based on C++
(5 X & AHIT@UCASASAE)  [https://github.com/Wu-ShuMing/PWFs] (2024)

 Crosscheck our PKG with the TF-PWA
(5 #Z@UCAS, & EAX@IHEP #= £ & @LZU 4-4F)



About numerical calculation

* Building blocks for numerical calculation
* PWF in the c.m. frame

(CSL) o501

g1

(C5* ) ey Vron(2)

7577(03) 7977 (3)

Pertorm scaling
transformation on
| polarization indices.

o oh

x| L
* H-scheme: |[3 7" = _malr :
el 281 + 1 '
*x 0203 x 10903
« C-scheme: CLsl?” =Y [His])
09,03
[J U O- p—
« PWF in any frame | [Azsl;, " =
02,03

> LD

(Rs3)

IH Thomas-Wigner rotation.

for massive particle-i :
R; = Ry, - R.(4:) - Ry

£ — tan~ ! (Br + ma) (B, + mi) + cos 04;,sin 64; |,
2 (B —ma)(E; — my)

. D1 XD A

n;, — cosb; =Py - D;;

sin 911’ ’

for massless particle-i :

R; = Rz("pj +¢i_)7

2=(0,0,1),

Y; =tan”’ [fh’f’i:l:f)l"’:""\/

(Er +my)

(Br —ma)

(1FD;-2),x(p; xD;) - 2]
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Summary and outlook

B The covariant L-S scheme is one of the commonly used PWA schemes in BESIII.
B PWFs can be systematically constructed by using the IRTENSs.

B Both helicity scheme and covariant L-S scheme can be constructed within this framework.

O Constructing a PKG for calculating PWFs under the covariant L-S scheme.

O Try to incorporate contributions from loop diagrams within the existing framework.

0 Other research related to PWA.
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Back Up

The scaling transformation: Z D |p| 5,0 ) D(S)G ( Rf_)l)7

where D (R) is the Wigner- D matrix; Ry is a rotation that rotates the z-axis in p;
I(|p|, s, ") is the scale of the dilation.

The explicit form of the dilation scale is I(|p|,s,o) = 272D (25 + 1)(s — o)!(s + o)! V(|p|, 5, 0).

The value of V(|p|, s, o) is shown in Eq. (A2) for integer s and shown in Eq. (A3) for half-integer s:

S \/ES! 792;%—0
Z (3‘|' )!(%—k)!(%-i-k)!(%—l-k—a)!(%—k‘—l—a)!' (A2)

[Nl

> V(3= D1 (%0 - 97%)
2s5—1 _25+1) 8'(%_k+%)'(%+k+%) ( —I—k‘—O'—%) (——kJ—FO'——)!'

(A3)

9, — {(‘PJ + E;)/m; for massive particle

p;|/ k| for massless particle |



Example 2: (3,3)®(3,3) =(0,0)& (1,0)® (0,1) & (1,1).
(Do) ko e (@) (@)
(1) = o0 e (@ @)
1) ohd) = o 5= () ()
(o (32) - 0+ 7= (o) ()"

The above ir.tens can be expressed in a familiar way (only contains the Lorentz four-vector
indices) as follows,

I_ 7 i ]_
(To,0)"* " = THTHY = T g g

i
e 473 Vs 1 / / /
_ WVl B
(Taoew.r) M B O P
e e I ? P
(T[(l,())@((),l)]) — TIHVT wvo T#VTT“ v _ 5 chvm'v ’
(Ta 1))W7W’ — TrTe e = . (9##'9””’ +g#V’gviJJ’) B lg#vgu’w.
) ,J, 2 4



3)]

3:0)®(0,3)] ®[(5,0) @ (0,
(OaO)L D (0: O)R D (170) D (O, 1) D (

(

Example 3 :

2 2)R-

), @ (

11
2% 2

T3 S=
= -~ —~ \m.,..n/
o ~
EIG S K
~— \.mu/ ~— ~—
~
T T o M) . .
G - ~ a5
- . \II/\I/
] e — N~
ﬂua nua = 1., 1_.,2 — e
€ & 2 & >~




Example 3: [(3,0) ® (0, )] @ [(3,0) ® (0.3)] =
(Ov O)L D (Ov O)R D (170) D (O: 1) D (%a %)L D (%a

)r-

o] o

~
t~
~—
2
Ol
|

Liiw laro

L i 00\ 717 b
ci?) T Wk, W)

. 111 1 1 Rt 12 4
T = () (af) T Wk, Oy,
0
b i1 ‘1l2 DO T1LT2 a b
5™ = 0122)l (CO )0 (UL)Z1?"1 (UL)lsz’



Example 35 [(1,0) & (0, 1)] @ [(4,0) @ (0, )] =

(0,0);, ®(0,0), ® (1,008 (0,1)® (5,3), ©(5:3) 5~

Similarly, the above ir.tens can be expressed in a familiar way (only contains the Lorentz
four-vector indices and Dirac spinor indices) as follows,

(T(o,o)+)ab
(T(O,O))ab

(T[1,0]+)ab,uv

(o )
),
).

o

(
(Ta.

b=

)

N

1
2

where g??

(TL)ab g (TR)ab

(TL)™ = (Tr)™ =
ﬂab Tl,uu ER be TTHY

ab mluv ab mruv
o L o

(Te)Y + (Tr)Y, =

(Te)Y — (Tr)Y =

is the metric of Dirac spinor space, the explicit form is g@° =

ab
g ,

b
9““ (v5),
—i
V2
—Z b
= —g**(958""),

V2

gac (o_uu)c b ,

1

_— _ac 5
\/ﬁg (’Y 'Y,u)c

1
V2

b
gac (PY;UJ)C )

[(=i0?) ® (~io?)] .



Example 4 : Consider the spin projection tensors Pgla2(p; X1,X2,8) with [3] = [a1] = []

and [a2] = (0,0).

S

/ /
Poza (p;X].)XZﬂS) — Z ug(p7X135)?‘_l’g (p;XZ:S)‘

o=—8

By employing the orthogonal-normalization relation

/

/
g (P; X, 8) ug (P X', 8) =057 xyr,s

one will get
/

£ “ (p5X13X355> Ugf(P;XhS’) . 5X1X2 g5 Ug(p;XLS),

such equations are so-called relativistic motion equations of spin-s particles under rep. [a].

# [a] = (0,0) & s = 0 : Klein-Gordon equation.

# o] = [(%,O) ® (0, %)] & s = % : Dirac equation.

# [a] = (3,3) & s=1: Proca equation.

# o] = [(%,0) @ (0, %)] ® (%, %) & s = % : Rarita-Schwinger equation for spin—%.
and so on



Example 5 : The pure-orbital wave function EELII?..ML

Consider the spin projection tensor of Example 4 with [a] = (%, %) = [,

S

PMLVL (p; "], [uLLS) = Z UL (p; [uL],s) ay (p; [uL],s).

Because of the following direct product decomposition,

11®1l®®1l_LL@ Lt
2’2 272 gy 20 23 S

A >
Y

L

the indices u” and v can be replaced by Lorentz indices as follows,
2 £
- L L 2 : L L
PR (oL e) = Them, T ™ Pu™ (o3l ][5 ve)-
The triangle relation under ir.rep [u”] is 0 < s < L, take s = L and one will get

~(L 3% 5 i
trgil)'"ML = Pﬂll"'ﬂi (p; [”L]a [UL]aL) quvq """ Quy

where the Lorentz indices p11 - - -y, are symmetrical and traceless.

between two particles (g, = p1y — P2u)-



