
Classification of eigenstates in 
coupled-channel scattering amplitude 

with the chiral unitary method 

1East Asian Workshop on Exotic Hadron 2024@Nanjing 10th December 2024
T.Nisihibuchi and T.Hyodo, Phys. Rev. C 109, no1, 015203 (2024)

Tokyo Metropolitan University 
Presenter：Takuma Nishibuchi 
Collaborator：Tetsuo Hyodo



Recent results for Ξ(1620)

fig1.  spectrum in  decay[1].π+Ξ− Ξc → ππΞ

[1]Belle collaboration, M.Sumihama et al., Phys. Rev. Lett. 122, 072501 (2019).

process is taken into account, and these are coherently
added. We check the interference of the Ξð1690Þ0 to the S-
wave nonresonant process and the Ξð1620Þ0 by applying
the fit with the interference term, and it is negligible.
Figure 2(a) and 2(b) show the Ξ−πþL mass spectrum in the
signal region and the sideband region with the fitting result,
respectively. The χ2=ndf (where ndf is the number of
degrees of freedom) is 66=86. For the Ξð1620Þ0 and the
Ξð1690Þ0 resonance, fits are repeated by fixing each yield
to zero; the resulting difference in log-likelihood with
respect to the nominal fit and the change of the number
of degrees of freedom are used to obtain the statistical
significance. Taking the systematic uncertainties mentioned
later into account, the signal significance of the Ξð1620Þ0
is obtained to be 25σ. The statistical significance of the
Ξð1690Þ0 is 4.5σ. When the P-wave-only relativistic Breit-
Wigner function with fixed mass and width is used as
the fitting function, the significance is 4.0σ. When the S-
wave-only relativistic Breit-Wigner function with the
floated mass and width is used, the significance is 4.6σ.
We take the minimum value of 4.0σ as the significance
including the systematic uncertainty. The measured mass
and width of Ξð1530Þ0 are 1533.4$ 0.4 MeV=c2 and
11.2$ 1.5 MeV, respectively. The measured mass and
width of Ξð1620Þ0 are 1610.4$ 6.0 MeV=c2 and 60.0$
4.8 MeV, respectively. The mass resolution (σ) at
1600 MeV=c2 is 1.6 MeV=c2 as determined from the

MC simulation. The width of the Ξð1620Þ0 is 59.9 MeV
after incorporating this mass resolution.
We itemize the systematic uncertainties on the mass and

width of the Ξð1620Þ0 resonance in Table I. The mass scale
and width is checked by comparing the reconstructed mass
of the Ξð1530Þ0 in the Ξ−πþ channel with the nominal
mass. The differences of the mass and width are
−1.5 MeV=c2 and −2.7 MeV, respectively. We then gen-
erate and simulate Ξþ

c → Ξ%πþ, Ξ% → Ξ−πþ events and
analyze them by the same program as for the real data; the
mass scale is checked by comparing the reconstructed mass
of Ξ% with the generated mass. Here, the difference of the
mass is −0.2 MeV=c2 and the difference of the width is less
than the statistical error. The systematic uncertainties due to
the mass shapes of the Ξð1620Þ0 and Ξð1690Þ0 are obtained
by the fitting their masses and widths after switching each
to the P-wave relativistic Breit-Wigner function instead of
the nominally used S-wave form. Deviation from pure
phase space for the nonresonant contribution is possible,
and we estimate this systematic uncertainty by multiplying
the nominal phase-space distribution with a third-order
polynomial passing the kinematical lower bound of
MðΞ−πþÞ and refitting. The systematic uncertainty from
possible interference between the Ξð1690Þ0 and the non-
resonant component is estimated by comparing the fit
results with and without interference applied. The nominal
bin width of the mass spectrum is 3.0 MeV=c2. We
determine its systematic uncertainty by changing the bin
size from 2.5 to 3.5 MeV=c2 and refitting.
All of the above sources are uncorrelated, so the total

systematic uncertainties are calculated by summing them in
quadrature.
We refit the data using a function that excludes the

interference between Ξð1620Þ0 and the S-wave nonresonant
process. The χ2=ndf is 80=87, which is worse than the
nominal fit result (66=86). The refitted mass and width of the
Ξð1620Þ0 are 1601.2$1.5MeV=c2 and 63.6$8.7MeV,
respectively.
For the first time, the Ξð1620Þ0 particle is observed in its

decay to Ξ−πþ via Ξþ
c → Ξ−πþπþ decays. The number of

Ξð1620Þ0 events is 2 orders of magnitude larger than that in

)2
E

ve
nt

s/
(0

.0
03

 G
eV

/c

0

100

200

300

400

500

600
(a)

]2  [GeV/c+π-ΞM

P
ul

l

4−
3−
2−
1−
0
1
2
3
4

)2
E

ve
nt

s/
(0

.0
03

 G
eV

/c

0

50

100

150

200

250

300

350

400

450
(b)

]2  [GeV/c+π-ΞM

1.5 1.55 1.6 1.65 1.7 1.75

1.5 1.55 1.6 1.65 1.7 1.75

1.5 1.55 1.6 1.65 1.7 1.75

1.5 1.55 1.6 1.65 1.7 1.75
4−
3−
2−
1−
0
1
2
3
4

FIG. 2. (a) The Ξ−πþL invariant mass spectrum in the signal
region (points with error bars), together with the fit result (solid
blue curve) including the following components: Ξð1530Þ0 signal
(dashed red curve), Ξð1690Þ0 signal (dot-dashed pink curve),
Ξð1620Þ0 signal and nonresonant contribution (dot-dashed black
curve), the combinatorial backgrounds (dotted black curve). The
bottom plots show the normalized residuals (pulls) of the fits.
(b) The Ξ−πþL invariant mass spectrum in the sideband region
(points with error bars), together with the fit result (solid blue
curve) including the following components: Ξð1530Þ0 signal
(dashed red curve), and the combinatorial backgrounds (dotted
black curve).

TABLE I. Systematic uncertainties for the mass and the width
of Ξð1620Þ0.

Source Mass (MeV=c2) Width (MeV)

Mass scale −1.5 −2.7
Mass shape of Ξð1620Þ þ4.5 þ1.8
Mass shape of Ξð1690Þ þ2.3 þ1.7
Nonresonant contribution −2.3 þ0.3= − 3.8
Interference with Ξð1690Þ þ1.3 −5.2
Bin size $3.1 $1.3

Total þ6.1
−4.2

þ2.8
−7.1

PHYSICAL REVIEW LETTERS 122, 072501 (2019)

072501-5

Ξ(1620)
Ξ(1690)

K̄Λ K̄ΣThreshold Threshold

2

Belle experiment of  (2019)[1]Ξc → ππΞ

 excited states are observed in  spectrum.Ξ π+Ξ−

MR = 1610.4 ± 6.0(stat.)+6.1
−4.2(syst.) MeV

ΓR = 59.9 ± 4.8(stat.)+2.8
−7.1(syst.) MeV

The mass  and width  of  MR ΓR Ξ(1620)

ALICE experiment(2021)[2]
The scattering length  of  was determined 
with femtoscopy in Pb-Pb collisions

f0 K−Λ

[2]S. Acharya et al. (ALICE Collaboration)Phys. Rev. C 103, 055201(2021).

Recently new results of  are obtainedΞ(1620)

fig2. Extracted fit parameters for 
all of the  system [2].K̄Λ

!K FEMTOSCOPY IN Pb-Pb COLLISIONS AT
√

sNN = 2.76 TeV PHYSICAL REVIEW C 103, 055201 (2021)
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FIG. 4. Extracted fit parameters for all of the !K systems. In the figures, lines represent statistical uncertainties, while boxes represent
systematic uncertainties. Left: The scattering parameters, Im f0 and Re f0, together with d0 to the right, for the !K+ (circles), !K− (squares)
and !K0

S (stars) systems. Right: The λFit and radius parameters for the 0–10% (circles), 10–30% (squares), and 30–50% (stars) centrality
intervals. In the fit, all !K systems share common radii. The cross [10] and X [11] points show theoretical predictions made using chiral
perturbation theory.

the K0
S is a mixture of the neutral K0 and K0 states with quark

content 1√
2
[ds + ds]. It is interesting to note the presence of

a ss pair in the !K+ system contrasted with a uu pair in the
!K− system. Additionally, although the K0

S is an average of
K+ and K− in some respects (e.g., electrically), it contains
(anti)down quarks, whereas the K± contain (anti)up quarks.

Figure 4 (right) presents the λFit and radius parameters
for all three studied centrality percentile ranges. The λFit pa-
rameters are expected to be close to unity. A comparison of
the extracted radii from this study to those of other systems
measured by ALICE [36] is shown in Fig. 5. The figure
shows Rinv as a function of mT for several centrality ranges
and for several different pair systems. The mT value used for
the present !K results was taken as the average of the three
systems. For nonidentical particle pairs, to be more directly
analogous to the single particle mT , the definition of the pair
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FIG. 5. Extracted fit Rinv parameters as a function of pair trans-
verse mass (mT ) for several centralities. Results from the !K
analysis are presented together with ALICE published data [36] for
various other pair systems. Statistical (lines) and systematic (boxes)
uncertainties are shown.

transverse mass used in this study is

m2
T,pair =

(
minv

2

)2

+
(

1
2
|pT,1 + pT,2|

)2

= (K0)2 − (K3)2,

where Kµ ≡ 1
2

(
pµ

1 + pµ
2

)
. (14)

The radii are observed to increase for more central events, as
expected from a simple geometric picture of the collisions.
Femtoscopy probes the distribution of relative positions of
outgoing particles whose velocities have a specific magnitude
and direction [1], referred to as “regions of homogeneity”
[5]. Consequently, for each pair system, the radii decrease
with increasing mT , as expected in the presence of collective
radial flow [5]. It was found that [37], even in the presence
of global mT scaling for the three-dimensional radii in the
longitudinally comoving system (LCMS), a particle species
dependence will exist for the Rinv measured in the PRF, due
to trivial kinematic reasons. These kinematic effects, resulting
from the transformation from LCMS to PRF, cause smaller
masses to exhibit larger Rinv [36] (explaining, for instance,
why the pion radii are systematically higher than kaon radii
at the same approximate mT ).

It is clear from the results in Fig. 5 that the !K sys-
tems do not conform to the approximate mT scaling of the
identical particle pair source sizes. There are two important
consequences of the hydrodynamic nature of the system to
consider when interpreting nonidentical femtoscopic results.
First, the hydrodynamic response of the medium produces
the approximate mT scaling with respect to the single-particle
sources. Second, this response confines higher-mT particles to
smaller homogeneity regions and pushes their average emis-
sion points further in the “out” direction [6] in a coordinate
system chosen according to the out-side-long prescription
(where the “long” axis is parallel to the beam, “out” is parallel
to the total transverse momentum of the pair, and “side” is
orthogonal to both). For identical particle studies, in which
the pair source is comprised of two identical single parti-
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Outline

3

Construction of models(Model 1/Model 2)[3] 
   We expected Model 1 as QB and Model 2 as QV. (eigenstates with decay 
widths, respectively) 

The Change of  with decay width 

    Before apply to Model 1 and Model 2, we confirm the general change 

Model extrapolation(Model 1/Model 2)

B → V

[3]T.Nisihibuchi and T.Hyodo, Phys. Rev. C 109, no1, 015203 (2024)
East Asian Workshop on Exotic Hadron 2024@Nanjing 10th December 2024



Interaction kernel :Weinberg-Tomozawa interactionVij(W)

Vij(W) = −
Cij

4fi fj
NiNj(2W − Mi − Mj)

Gi(W) → Gi(W, ai) :Total energy, :subtraction constantW ai

:Meson decay constant, : Kinematical coefficient,

:Group theoretical coefficient, :Baryon Mass

fi Ni

Cij Mi

Loop function （Removed divergence by dimensional regularization）Gi(W)

4

V G T

= Vij(W) + Vik(W)Tij(W) Tkj(W)Gk(W, ai)The scattering length  

satisfies the scattering equation.

Tij(W)

Formulation of the scattering model

East Asian Workshop on Exotic Hadron 2024@Nanjing 10th December 2024



Construction theoretical models

5

Construct the models which based on Belle and ALICE respectively

K−Λ 0.53fm
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ImF

-0.1

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 1500  1550  1600  1650  1700

F[
fm

]

W[MeV]

K−Σ0

ReF

ImF ReFBW

ImFBW

K̄0Λ K−Σ+
K̄0Σ0

-0.3
-0.2
-0.1

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6

 1500  1550  1600  1650  1700

F 
[fm

]

W [MeV]

Assume the pole position as , and construct 
the model with the pole at .

zex = [1610 − 30i] MeV

zex

Model 1

Model 2 Reproduce the  scattering length of ALICE.K−Λ

Model 1 Model 2 Contracted by adjusting  
 and .aπΞ aK̄Λ

 elastic amplitude of Model2K−Λ elastic amplitude of model1 
with BW amplitude
π+Ξ−

They have poles at  
different position each other

There are no cusps near  
threshold

K̄Σ

[3]T.Nisihibuchi and T.Hyodo, Phys. Rev. C 109, no1, 015203 (2024)
East Asian Workshop on Exotic Hadron 2024@Nanjing 10th December 2024



Poles of  in theoretical modelsΞ(1620)
Pole position of each models as follows

6

Model 2

Model 1

Pole of Ξ(1620)

→We consider that Model 1 pole of  as QB, Model 2 pole as QV.Ξ(1620)

We summarized pole classification(QB/QV) in latter slides

z = 1610 − 30i MeV [bbtttt]

z = 1726 + 80i MeV [ttbttt] [bbtttt]
[ttbttt]

K̄0Λ

Re W
1613.3

Im
W

East Asian Workshop on Exotic Hadron 2024@Nanjing 10th December 2024



7

Re E

Re E

πΞ

πΞ

B

[bt]

[bb]

Im E

Re E

Im E

Re E

Im E

Re E

Im E

Re E

πΞ K̄Λ

πΞ K̄Λ

B

[tt]E [bt]E

[tb]E [bb]E

πΞ

πΞ K̄Λ

K̄ΛV

R̄

R

QB

QB

Physical 
domain

Threshold

Threshold

Threshold Threshold

Threshold Threshold

Riemann sheets of complex  plane([tt],[tb],[bt],[bb])E

QV

QV

B

V

R

Bound state

Virtual state

Resonance

Same as 1channel 
scattering

QB

QV

Quasi-Bound

Quasi-Virtual

Bound and Virtual 
with decay width

Eigenstates

Threshold Threshold

Riemann sheets at complex energy 
plane. The case of 2ch, then we have 4 
Riemann sheets.

Classification of eigenstates

East Asian Workshop on Exotic Hadron 2024@Nanjing 10th December 2024



Pole trajectory in simplified system

We consider the 2 channel system with in 
mind the  resonanceΞ(1620)

8
B and V get the decay width

B

V

QV

QB

K̄Λ

K̄ΛπΞ

Re E

Re E

[tb]
[bt]

[tb]
[bt]

In 1channel scattering, pole trajectory on 
B→V is well known.  

Now we introduce the decay channel to 
consider the pole trajectory QB→QV.

Changing  is corresponding to the 
changing interaction.

ai

When we changing the  continuously, 
pole moving on real axis

aK̄Λ

introduce the decay channel

East Asian Workshop on Exotic Hadron 2024@Nanjing 10th December 2024



Pole trajectory in simplified system
To introduce channel coupling, we rewrite 
interaction kernel .Vij

9

The strength of channel coupling is 
variable by adjusting , β

Cij = (2 β
β 4)

Rewrite the  which is included of   
as shown in follows.

Cij Vij

(When , there are no coupling channels.)β = 0

B

V

QV

QB

K̄Λ

K̄ΛπΞ

πΞ

Re E

Re E

[tb]
[bt]

[tb]
[bt]

β = 0

β ≠ 0

Same as 1ch scattering (no coupling)

Non-zero  represents the 2 channel 
scattering.

β

East Asian Workshop on Exotic Hadron 2024@Nanjing 10th December 2024
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Pole trajectory in simplified system
Pole trajectories with  and  

When , trajectory is same as 1ch. 

When , pole acquire imaginary part 
as expected.

β = 0 β = 0.5

β = 0

β = 0.8

10

We can confirm the transition 
from QB to QV as expected.

K̄Λ[tb]

[bt] K̄Λ

East Asian Workshop on Exotic Hadron 2024@Nanjing 10th December 2024



Pole trajectory in simplified system v2
Now, we consider extended pole trajectory 
B→V→R and the one with decay width.

11

To see pole trajectory easily, making the 
 lighter ( ) 

Introduce channel coupling (adjusting  )

mK̄ 138 MeV = mπ

β

Pole trajectory can be seen easily. 

B

V
K̄ΛπΞ

Re E

[tb]

[bt]

B

Re E

[tb]

[bt]

πΞK̄lΛ

R

With , it has too deep bindingK

Over  MeV300

Changing the mass of  K

mKl
→ 138 MeV = mπ

VV̄

R̄

But  has too deep binding,                
so it is difficult to see the trajectory to 

K
R

East Asian Workshop on Exotic Hadron 2024@Nanjing 10th December 2024



Pole trajectory in simplified system v2
Pole trajectories with ,  and  
in complex energy plane. 

When ,  

trajectory is same as 1channel scattering. 

When  and  

[tb]sheet : It shows the trajectory  to   

[bb]sheet :  pole exists

β = 0 β = 0.3 β = 0.5

β = 0

β = 0.3 β = 0.5

QB QV

R

12

R

QB

QV
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Pole trajectory in simplified system v2
To make easy to follow pole trajectory,      
we write pole trajectories with  and 

 with momentum. 

Focus on  

[tb]/[bt]sheet : It shows the trajectory       
 to   

[bb]sheet :  pole exists

β = 0

β = 0.5

β = 0.5

QB QV

R

13

QV

There is no continuous between  and / .R QV QB
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Im
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QB

R

B

R̄
R

V̄

V
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It expects Model 1 and Model 2 to be continuously connected, 
but how does the actual pole transition?

14

ai(x) = xa′ ′ i + (1 − x)a′ i (0 ≤ x ≤ 1)

・・・subtraction constant of Model 1 

・・・subtraction constant of Model 2

a′ i

a′ ′ i Model 1

Model 2

x = 0

x = 1

K̄Λ

x = . . .

Pole trajectory in actual models

Model extrapolation by changing  ai

From the previous result…

Extrapolation can be done by calculating the poles at each point and 
connecting them consecutively.

East Asian Workshop on Exotic Hadron 2024@Nanjing 10th December 2024
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Pole trajectory in actual models
Two poles that are supposed  
are not continuously connected. 

 :  pole of Model 1 

 :  pole of Model 2 

This means that Model 1 and Model 2 
poles have different physical origins.

Ξ(1620)

z1 Ξ(1620)

z2 Ξ(1620)

15

Model 2
z1

z2

x = 1

x = 0

K̄0Λ K−Σ+ K̄0Σ0K̄Λ

[bbtttt]

[ttbttt]
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Model 2
x = 1

Model 1
x = 0

Model 1
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East Asian Workshop on Exotic Hadron 2024@Nanjing 10th December 2024



Summary
 In recent years, experimental data about  have been reported, and 
theoretical studies have also been conducted actively. 

We construct the models based on Belle and ALICE(Model 1/Model 2) 

Confirm the pole trajectory QB→QV in simplified system( / ) 

We found that the QB pole on Model 1 and QV pole on Model 2 are 
different states. 
  

Investigate spectrum change on the pole trajectory in simplified system.

Ξ(1620)

K π

16

Future work

East Asian Workshop on Exotic Hadron 2024@Nanjing 10th December 2024



Formulation of the scattering model

…Loop function Gi(W)

Scattering equation

Tij(W) = [[V(W)]−1 − G(W)]−1
ij

 Coupled-channel meson-baryon scattering amplitude  at total energy .Tij(W) W

Tij(W) = Vij(W) + Vik(W)

The solution of the equation is obtained as

…Interaction kernelVij(W)

Meson-baryon 
multiple scattering

Tij(W) = Vij(W) + Vik(W)

V
V VG V V VG G

Gk(W)Tkj(W)

Gk(W)Vkj(W) + Vik(W)Gk(W)Vkl(W) Vlj(W) + ⋯Gl(W)

17East Asian Workshop on Exotic Hadron 2024@Nanjing 10th December 2024



Formulation of the scattering model

Vij(W) = −
Cij

4fi fj
NiNj(2W − Mi − Mj)

Gi(W) → Gi(W, ai)

 : Total energy,  : Subtraction constantW ai

 : Meson decay constant,  : Group theoretical coefficient, 

 : Baryon Mass,  : Kinematical coefficient

fi Cij

Mi Ni

G

V

…Loop functionGi(W, ai)

…Interaction kernel (Weinberg-Tomozawa term)Vij(W)

(Divergence renormalized by dimensional regularization)

s-wave interaction satisfying chiral low energy theorem.

18East Asian Workshop on Exotic Hadron 2024@Nanjing 10th December 2024
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THEORETICAL STUDY OF THE !(1620) AND . . . PHYSICAL REVIEW C 95, 035212 (2017)

FIG. 1. M2
K̄"

and M2
K+K̄

Dalitz plot for the "c → K+(K̄")
reaction. The !(1690) energy is shown by the vertical dotted line,
while the horizontal band represents the mass and the width of the
a0(980).

π+K̄0 pair must be in an isospin I = 3/2 state, since its third
component is +3/2. This means that the analysis of the !+

c

decay should not be influenced by the presence of meson reso-
nances, since an isospin I = 3/2 meson would be certainly an
exotic state. Hence, the analysis of the !c decays, in particular
that of the !+

c , is an ideal reaction for the study of strangeness
! baryons. There exist several excited baryon resonances
in the K̄" and π" channels around the !(1690) energy
region. However, because such resonances are quite broad
and their large overlap, it is reasonable to suppose that their
corresponding bands would not be visible in the Dalitz plot in
sharp contrast to the meson resonance cases discussed above.

III. FORMULATION

Following our previous work [24], we show in Fig. 3
the dominant quark-line diagram for the !+

c → π+(MB)

FIG. 2. M2
K̄"

and M2
π+K̄

Dalitz plot for the !c → π+(K̄")
reaction. As in Fig. 1, the !(1690) energy is shown by the vertical
dotted line. The horizontal band represents the mass and the width of
the K∗(892).

FIG. 3. Dominant quark-line diagram for the !+
c → π+MB

decay. The solid and the wiggly lines stand for the quarks and the W

boson, respectively.

decay, when the final MB pair is emitted close to threshold.
We split the decay process in three parts. The first one
involves the c → s weak transition and the production of a
high momentum π+. Next we consider the q̄q creation part,
where the intermediate meson-baryon states are constructed
with certain weights. Finally, we have the rescattering of the
intermediate meson-baryon pairs which will be taken into
account in a coupled channel chiral unitary scheme.

In what follows, we will focus on the !+
c decay. The

analysis of the !0
c decay runs in parallel, because the dominant

quark-line diagram is similar to that shown in Fig. 3. There
exist however some differences induced by subdominant
mechanisms, which will be discussed in Sec. V C.

A. Weak decay

The Cabibbo allowed reactions of interest for the !c decay
are c → sud̄ and cd → su. When it is required the emission of
high momentum π+, these reactions lead to the two quark-line
diagrams depicted in Figs. 3 and 4, respectively. However, the
mechanism in Fig. 4 is suppressed in comparison with that
shown in Fig. 3. First there is a color enhancement factor in
the latter one, which is not present in the diagram of Fig. 4.
This is because in the W boson–ud̄ vertex, the color of the
outgoing quarks is fixed by that of the u quark belonging to
the !c since a color singlet (π+) needs to be constructed.
In contrast, in the mechanism of Fig. 3 all the colors are
allowed in the W vertex. On the other hand, the u and s quarks
in the !c form a strongly correlated antisymmetric diquark
configuration difficult to separate. Therefore, a mechanism
where the diquark state is destroyed like that depicted in Fig. 4
is expected to be suppressed. Finally kinematics also favor the
diagram of Fig. 3 since we will be interested in situations where
the outgoing MB pair is produced at low invariant masses

FIG. 4. Subdominant mechanism for the !+
c → π+MB decay.

Though its contribution is also Cabibbo allowed, it is however
suppressed when compared to that depicted in Fig. 3 (see text for
details).

035212-3

ℳj = VP (hj + ∑
i

hiGi(Minv)Tij(Minv))

The decay amplitude to  
the final meson baryon state

3 body decay( )Ξ+
c → π+MB

 : the constant includes all dynamics before FSI. 

 : the weight coefficient of intermediate state,  : Invariant Mass, 

 : Meson baryon scattering amplitude,  : Meson baryon loop function

VP

hi Minv

Tij Gi

The diagram for  decay. [6]Ξ+
c → π+MB

[6]K.Miyahara, T.Hyodo, M.oka, J.Nieves and E.Oset Phys.Rev.C 95 (2017) 3, 035212

Formulation of  in 3 body decayℳ
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Formulation of  in 3 body decayℳ

20

dΓj

dMinv
=

1
(2π)3

pπ+p̃jMj

MΞ+
c

|ℳj |
2

pπ+ =
λ1/2(M2

Ξ+
c
, m2

π+, M2
inv)

2MΞ+
c

p̃j =
λ1/2(M2

inv, M2
j , m2

j )
2Minv

λ(x, y, z) = x2 + y2 + z2 − 2xy − 2yz − 2zx

3 body decay( )Ξ+
c → π+MB

The invariant mass distribution  
reduced to

 : mass of ,  : mass of  

 : three-momentum of the  which  
       emitted in weak decay  
       (  rest flame ) 
 : three-momentum of meson baryon  

     emitted in weak decay 
     (  rest flame )

MΞ+
c

Ξ+
c mπ+ π+

pπ+ π+

Ξ+
c

p̃j

MB
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[7]Feijoo, A. and Valcarce, V. and Magas, V. K., arXiv:2303.01323 [hep-ph].

The study based on chiral unitary approach which is added the Born and 
NLO terms.

New theoretical analysis of  and  (2023)[7]Ξ(1620) Ξ(1690)

LHCb Collaboration(2021)[6]

MR = 1692.0 ± 1.3(stat.)+1.2
−0.4(syst.) MeV

ΓR = 25.9 ± 9.5(stat.)+14.0
−13.5(syst.) MeV

[6]R. Aaij, et al., Sci. Bull. 66 (2021) 1278‒1287. 

Mass  and width  of  are reported as follows.MR ΓR Ξ−(1690)
 and  are observed in  decay.Ξ−(1690) Ξ−(1820) Ξ−

b → J/ψΛK−

, .MR = 1599.95 MeV ΓR = 158.88 MeV
, .MR = 1683.04 MeV ΓR = 11.51 MeV

Ξ(1620)
Ξ(1690)

, .MR = 1608.51 MeV ΓR = 170.00 MeV
, .MR = 1686.17 MeV ΓR = 29.72 MeV

21

Back up New studies for  excited statesΞ
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Back up
In this study, we define the scattering length  as follows.                      
(It is the value of scattering amplitude at threshold energy.) 

But in general, scattering length  is defined as follow.                          
(It is reverse sign of . )

f0

a0

f0

22

f(k) =
1

1
f0

+ d0

2 k2 + ⋯ − ik

f(k) =
1

− 1
a0

+ r0

2 k2 + ⋯ − ik

 : Scattering amplitude 
: Complex momentum 
: effective range

f(k)

k

r0

Definition of scattering length
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•By changing subtraction constants, the effects from outside of model 
space can be absorbed.

πΞ K̄Λ K̄Σ ηΞ

1613.3 1686.11456.3 1866.2

Ξ(1620) Ξ(1690)

W[MeV]

The roles of subtraction constants

Effects from other channels( , , , , ).Ξ*uss K̄*Λ K̄*Σ πK̄Λ ⋯

When the subtraction constants closer to natural 
value, outside effect become smaller. 

VWT

Born

Model space

Effects from 
except  .VWT

NLO
[8] T.Hyodo, D.Jido and A.Hosaka Phys. Rev. C 78.025203 (2008)
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Back up
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Back up

Gi(W, ai) =
1

16π2 [ai(μreg) + ln
mM
μ2

reg
+

M2 − m2

2W2
ln

M2

m2
+

λ1/2

2W2 {ln(W2 − m2 + M2 + λ1/2)

+ln(W2 + m2 − M2 + λ1/2) − ln(−W2 + m2 − M2 + λ1/2) − ln(−W2 − m2 + M2 + λ1/2)}]

Loop function （Removed divergence by dimensional regularization）Gi(W, ai)

Gi(W) = i∫
d4q

(2π)4

1
q2 − m2

i + i0+

1
(P − q)2 − M2

i + i0+

24

λ1/2 = W4 + m4
k + M4

k − 2W2m2
k − 2m2

k M2
k − 2M2

k W2

Loop function Gi(W)

Detail of loop function
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Back up

f s(k*) = ( 1
fs
0

+
1
2

ds
0k*2 − ik*)

−1

25

When Coulomb interaction is not at work, the correlation function can be 
described analytically with the Lednický and Lyuboshitz model.

 : complex s-wave 

scattering length  
 : Effective range

f s
0(k)

ds
0

Lednický and Lyuboshitz model

C(k*)Lednický = 1 + ∑
S

ρS
1
2

f s(k*)
Rinv

2

(1 −
ds

0

2 πRinv )
+

2Re f s(k*)

πRinv

F1(2k*Rinv) +
Im f s(k*)

Rinv
F2(2k*Rinv)]

 : Analytic functions 
 :Weight factor 

(the normalized emission 
probability for a state of 
total spin  )

F1, F2

ρS

S

ρS =
(2S + 1)

[(2j1 + 1)(2j2 + 1)]
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