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BESIII data for XYZ physics

𝑒+𝑒− → 𝐽/𝜓 𝜋+𝜋−

𝑒+𝑒− → 𝜋+𝐷0𝐷∗−

→

 Y(4220)

 Y(4320)

 Zc(3900)

Y(4220) →

Y(4390) →
Y(4220) →

Y(4390) 

↓

𝜓(4040)

𝑒+𝑒− → 𝐽/𝜓 𝜂

(only a few from many)
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Outstanding question in XYZ physics : Y width problem

Why Y states seem to have different widths for different final states ?

𝚪𝒀(𝟒𝟐𝟐𝟎) ~ 44±4 MeV

𝑒+𝑒− → 𝜋+𝐷0𝐷∗− 𝑒+𝑒− → 𝐽/𝜓 𝜂

𝚪𝒀(𝟒𝟐𝟐𝟎) ~ 77±7 MeV 𝚪𝒀(𝟒𝟐𝟐𝟎) ~ 82±6 MeV

𝑒+𝑒− → 𝐽/𝜓 𝜋+𝜋−
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How to find solution to Y width problem ?

🥲   Analyze different final states with different models (usual experimental analysis; single-channel analysis)

      → no simple relation between resonance parameters from different models 

      → Y width problem created

           Y-width problem is artifact of single-channel analysis 
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How to find solution to Y width problem ?

  Analyze different final states simultaneously with a unified and (semi-)unitary model 

                                                           (global coupled-channel analysis)

       *  how various charmonia interfere to create different lineshapes in different final states

       *  kinematical effects (threshold opening, triangle singularity) change lineshapes in some processes

6

At the same time, global analysis determines:

(i) vector charmonium pole structure  (pole locations)

(ii) couplings of the poles with decay channels  (residues)

→ Solution of the Y width problem



BESIII accumulated high-quality data for various 𝑒+𝑒− → 𝑐 ҧ𝑐 processes  over wide energy region covering Y

𝑒+𝑒− → 𝐷(∗) ഥ𝐷(∗), 𝐷𝑠
(∗) ഥ𝐷𝑠

(∗)
, 𝐽/𝜓 𝜂(′), 𝜒𝑐0𝜔, Λ𝑐

ഥΛ𝑐     (two-body final states)

             𝑒+𝑒− → 𝜋𝐷(∗) ഥ𝐷(∗),  𝐽/𝜓𝜋𝜋, 𝜓′𝜋𝜋, ℎ𝑐𝜋𝜋, 𝐽/𝜓𝐾 ഥ𝐾    (three-body final states)

             𝑒+𝑒− → 𝜂𝑐𝜌𝜋 (𝜌 → 𝜋𝜋)                                                  (four-body final states)

• Their properties were previously determined by simple Breit-Wigner fit to inclusive (𝑒+𝑒− → hadrons) R values

• Analyzing precise exclusive data  → More detailed and precise information

The global analysis is important not only for Y but also for well-established () () () because:

Now is the time to conduct global analysis of  𝑒+𝑒− → 𝑐 ҧ𝑐  data, 

and determine vector charmonium poles and residues
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Understanding Y inevitably involves understanding Zc

𝑒+𝑒− → 𝐽/𝜓 𝜋+𝜋− at Y(4220) region  →

 Zc(3900)

→   Y and Zc properties should be highly correlated

Global 𝑒+𝑒− → 𝑐 ҧ𝑐  analysis consider Zc signals   →    address Y and Zc properties simultaneously 

Zc(3900), Zc(4020) : outstanding exotic candidates including 𝑐 ҧ𝑐𝑢 ҧ𝑑

𝐽/𝜓

𝜋

𝜋

𝑌(4220)

𝑍𝑐

Zc appears as:



This work

• Global analysis of  BESIII and Belle data in 3.75 ≤ 𝑠  ≤ 4.7 GeV with a unified coupled-channel model

            𝑒+𝑒− → 𝐷(∗) ഥ𝐷(∗), 𝐷𝑠
(∗) ഥ𝐷𝑠

(∗)
, 𝐽/𝜓 𝜂(′), 𝜒𝑐0𝜔 , Λ𝑐

ഥΛ𝑐  (10 two-body final states)

             𝑒+𝑒− → 𝜋𝐷(∗) ഥ𝐷(∗),  𝐽/𝜓𝜋𝜋, 𝜓′𝜋𝜋, ℎ𝑐𝜋𝜋, 𝐽/𝜓𝐾 ഥ𝐾  (7 three-body final states)

             𝑒+𝑒− → 𝜂𝑐𝜌𝜋 (𝜌 → 𝜋𝜋)                                                ( 1 four-body final states)

• Approximate three-body unitarity

• Fit both total cross sections and invariant mass distributions

• Extract  vector charmonium ( Y)  and Zc  poles (mass, width)
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Near-future work   →   Extraction of residues (branching fractions) and solution of Y width problem
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(quasi) two-body channels included;  𝐽𝑃𝐶 = 1−−
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FIG. 1. (a) Charmonium excitat ion mechanism for e+ e− →
abc in our coupled-channel model; abc are three part icles in

thefinal state; the solid lines are (bare) two-meson resonances
R. The double lines with ψ represent a bare charmonium
state. The solid circles represent dressed propagators and
vert ices. (b) Main charmonium decays such as direct decay
and single t riangle mechanisms.

Model.— We sketch our coupled-channel model [46–48]

for e+ e− → cc̄ processes. For three-body (abc) final

states, our amplitude for a charmonium (ψ) excitat ion

mechanism of Fig. 1(a) is: 2

A
ψ

abc,e+ e−
=

cycl ic

abc RR ′ sz
R

i j

Γab,R τR,R ′ (pc, E − Ec)

× Γ̄cR ′ ,ψi
(pc, E ) Ḡi j (E) Γ̄ψj ,e+ e− , (1)

where R is a two-meson resonance such as D1(2420);

cyclic permutat ions (abc), (cab), (bca) are indicated by
cycl ic
abc ; ψi indicates i -th bare ψ state; E denotes the

abc invariant mass. The amplitude includes dressed ψ

product ion mechanism (Γ̄ψ,e+ e− ), dressed ψ propagator

(Ḡi j ), dressed ψ→ Rc vertex (Γ̄cR ,ψ ), dressed R propa-

gator (τR,R ′ ), and R → ab vertex (Γab,R ). We also con-

sider nonresonant (NR) mechanism:

ANR
abc,e+ e− =

cycl ic

abc RR ′ sz
R

Γab,R τR,R ′ Γ̄R ′ c,e+ e− (pc, E ),(2)

with a NR dressed Rc product ion mechanism (Γ̄Rc,e+ e− ).

Amplitudes for two-body final states are obtained from

Eqs. (1) and (2) by removing Γab,R τR,R ′ . The dressed Rc

propagator is given by

[τ − 1(p, E)]R,R ′ = [E − ER (p)]δR,R ′ − [Σ(p, E)]R,R ′ ,(3)

with ΣR,R ′ being the R self-energy generated by Γab,R .

The dressed ψ→ Rc vertex is given as

Γ̄cR ,ψi
(pc, E ) = d3qΦcR ,c′ R ′ (pc, q; E)Γc′ R ′ ,ψi

(q),(4)

2 We denote a part icle x’smass, momentum, energy, and spin state

in the abc center-of-mass (CM) frame by mx , px , Ex , and sz
x ,

respect ively; Ex = m2
x + |px |2 . T he mass values are taken

from Ref. [4]. Our model is isospin symmet ric, and the averaged

mass is used for isospin partners.

TABLE I. Quasi two-body (Rc) coupled-channels. See text
for grouping (A-C).

(A) D 1(2420)D̄ ( ∗ ) , D1(2430)0 D̄ ( ∗ ) , D ∗
2 (2460)D̄ ( ∗ ) , D ( ∗ ) D̄ ( ∗ )

(B) D ∗
0 (2300)D̄ ∗ , f 0J/ ψ, f 2J/ ψ, f 0ψ

′ , f 0hc , Zcπ, Zcs K̄

(C) D
( ∗ )
s D̄

( ∗ )
s , J/ ψη, J/ ψη′ , ωχ c0

with ΓcR ,ψi
being a bare ψi → Rc vertex and c′ R ′ sz

R ′

implicit . Φ = (1− d3qV τ )− 1 is a wave funct ion driven

by an Rc → R ′c′ Z -shape interact ion V where R → c′ c̄

is followed by c̄c → R′ via a potent ially on-shell c̄-

exchange; see Appendix C of [46] for formulas. This

nonperturbat ivetreatment of V τ is required by thethree-

body unitarity, although our model is not fully three-

body unitary for part ly using Breit -Wigner amplitudes in

Eq. (3) as discussed below. Similarly, Γ̄Rc,e+ e− in Eq. (2)

is obtained by replacing ΓcR ,ψi
in Eq. (4) with a t ree

e+ e− → γ∗ → Rc amplitude (ΓcR ,e+ e− ). The dressed ψ

product ion mechanism Γ̄ψi ,e+ e− is given by

Γψi ,e+ e− + d3qΓψi ,cR ′ (q)τR ′ ,R Γ̄Rc,e+ e− (q, E), (5)

where the first term is a bare e+ e− → γ∗ → ψi ampli-

tude and the second rescat tering term. The dressed ψ

propagator is

Ḡ− 1(E)
i j

= (E − mψi
)δi j − [Σψ(E)]

i j
, (6)

with mψ i
being a bare mass and the self energy

[Σψ (E)]i j =

cR R ′ sz
R

d3qΓcR ,ψi
(q)τR,R ′ Γ̄cR ′ ,ψj

(q, E). (7)

We consider Rc channels summarized in Table I. Each

channel is combined with its charge conjugate to form

a negat ive C-parity state. For the group (A) and (C),

we simplify Eq. (3) to a Breit -Wigner form with mass

and a constant width from Ref. [4]; the width is set

to zero for (C). Their decay vert ices Γab,R are deter-

mined, assuming that D1(2420) → D ∗π (mainly d-wave),

D1(2430)0 → D ∗π (s-wave), D ∗
2(2460) → D ∗π + Dπ

[Γ(Dπ)/ Γ(D ∗π) ∼ 1.5 [4]], and D ∗ → Dπ saturate their

widths. A small s-wave decay of D1(2420) is also in-

cluded to reproduce the helicity angle distribut ion [54].

Regarding the group (B), R is pole(s) from meson-

meson scattering, and its bare Γab,R are used in Eq. (3).

D ∗
0(2300) is from Dπ s-wave scattering amplitude fit-

ted to that based on the lat t ice QCD spectrum [55]; the

pole is at 2104 − 100i MeV. f 0 and f 2 are poles from

s- and d-waveππ− K K̄ coupled-channel amplitudes, re-

spect ively (Appendix of [56]). Zc represents poles from a

J P C = 1+ − D ∗ D̄ − D ∗ D̄ ∗ − J/ ψπ − ψ′π − hcπ − ηcρ

coupled-channel scat tering amplitude (Zc amplitude).

Zcs is introduced to simply provide a ψi → J/ ψK K̄

mechanism and no pole.

treated as stable particles

Coupled-channels

𝜓

𝐷1 2420 , 𝐷1 2430 , 𝐷2
∗ 2460 , 𝐷∗, 𝐷𝑠1(2536), 𝜔 →  Breit-Wigner (BW) propagators; mass and width from PDG 

, 𝐷𝑠1(2536)ഥ𝐷𝑠
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FIG. 1. (a) Charmonium excitat ion mechanism for e+ e− →
abc in our coupled-channel model; abc are three part icles in

thefinal state; the solid lines are (bare) two-meson resonances
R. The double lines with ψ represent a bare charmonium
state. The solid circles represent dressed propagators and
vert ices. (b) Main charmonium decays such as direct decay
and single t riangle mechanisms.

Model.— We sketch our coupled-channel model [46–48]

for e+ e− → cc̄ processes. For three-body (abc) final

states, our amplitude for a charmonium (ψ) excitat ion

mechanism of Fig. 1(a) is: 2

A
ψ

abc,e+ e−
=

cycl ic

abc RR ′ sz
R

i j

Γab,R τR,R ′ (pc, E − Ec)

× Γ̄cR ′ ,ψi
(pc, E ) Ḡi j (E) Γ̄ψj ,e+ e− , (1)

where R is a two-meson resonance such as D1(2420);

cyclic permutat ions (abc), (cab), (bca) are indicated by
cycl ic
abc ; ψi indicates i -th bare ψ state; E denotes the

abc invariant mass. The amplitude includes dressed ψ

product ion mechanism (Γ̄ψ,e+ e− ), dressed ψ propagator

(Ḡi j ), dressed ψ→ Rc vertex (Γ̄cR ,ψ ), dressed R propa-

gator (τR,R ′ ), and R → ab vertex (Γab,R ). We also con-

sider nonresonant (NR) mechanism:

ANR
abc,e+ e− =

cycl ic

abc RR ′ sz
R

Γab,R τR,R ′ Γ̄R ′ c,e+ e− (pc, E ),(2)

with a NR dressed Rc product ion mechanism (Γ̄Rc,e+ e− ).

Amplitudes for two-body final states are obtained from

Eqs. (1) and (2) by removing Γab,R τR,R ′ . The dressed Rc

propagator is given by

[τ − 1(p, E)]R,R ′ = [E − ER (p)]δR,R ′ − [Σ(p, E)]R,R ′ ,(3)

with ΣR,R ′ being the R self-energy generated by Γab,R .

The dressed ψ→ Rc vertex is given as

Γ̄cR ,ψi
(pc, E ) = d3qΦcR ,c′ R ′ (pc, q; E)Γc′ R ′ ,ψi

(q),(4)

2 We denote a part icle x’smass, momentum, energy, and spin state

in the abc center-of-mass (CM) frame by mx , px , Ex , and sz
x ,

respect ively; Ex = m2
x + |px |2 . T he mass values are taken

from Ref. [4]. Our model is isospin symmet ric, and the averaged

mass is used for isospin partners.

TABLE I. Quasi two-body (Rc) coupled-channels. See text
for grouping (A-C).

(A) D 1(2420)D̄ ( ∗ ) , D1(2430)0 D̄ ( ∗ ) , D ∗
2 (2460)D̄ ( ∗ ) , D ( ∗ ) D̄ ( ∗ )

(B) D ∗
0 (2300)D̄ ∗ , f 0J/ ψ, f 2J/ ψ, f 0ψ

′ , f 0hc , Zcπ, Zcs K̄

(C) D
( ∗ )
s D̄

( ∗ )
s , J/ ψη, J/ ψη′ , ωχ c0

with ΓcR ,ψi
being a bare ψi → Rc vertex and c′ R ′ sz

R ′

implicit . Φ = (1− d3qV τ )− 1 is a wave funct ion driven

by an Rc → R ′c′ Z -shape interact ion V where R → c′ c̄

is followed by c̄c → R′ via a potent ially on-shell c̄-

exchange; see Appendix C of [46] for formulas. This

nonperturbat ivetreatment of V τ is required by the three-

body unitarity, although our model is not fully three-

body unitary for part ly using Breit -Wigner amplitudes in

Eq. (3) as discussed below. Similarly, Γ̄Rc,e+ e− in Eq. (2)

is obtained by replacing ΓcR ,ψi
in Eq. (4) with a t ree

e+ e− → γ∗ → Rc amplitude (ΓcR ,e+ e− ). The dressed ψ

product ion mechanism Γ̄ψi ,e+ e− is given by

Γψi ,e+ e− + d3qΓψi ,cR ′ (q)τR ′ ,R Γ̄Rc,e+ e− (q, E), (5)

where the first term is a bare e+ e− → γ∗ → ψi ampli-

tude and the second rescat tering term. The dressed ψ

propagator is

Ḡ− 1(E)
i j

= (E − mψi
)δi j − [Σψ(E)]

i j
, (6)

with mψ i
being a bare mass and the self energy

[Σψ (E)]i j =

cR R ′ sz
R

d3qΓcR ,ψi
(q)τR,R ′ Γ̄cR ′ ,ψj

(q, E). (7)

We consider Rc channels summarized in Table I. Each

channel is combined with its charge conjugate to form

a negat ive C-parity state. For the group (A) and (C),

we simplify Eq. (3) to a Breit -Wigner form with mass

and a constant width from Ref. [4]; the width is set

to zero for (C). Their decay vert ices Γab,R are deter-

mined, assuming that D1(2420) → D ∗π (mainly d-wave),

D1(2430)0 → D ∗π (s-wave), D ∗
2(2460) → D ∗π + Dπ

[Γ(Dπ)/ Γ(D ∗π) ∼ 1.5 [4]], and D ∗ → Dπ saturate their

widths. A small s-wave decay of D1(2420) is also in-

cluded to reproduce the helicity angle distribut ion [54].

Regarding the group (B), R is pole(s) from meson-

meson scattering, and its bare Γab,R are used in Eq. (3).

D ∗
0(2300) is from Dπ s-wave scattering amplitude fit-

ted to that based on the lat t ice QCD spectrum [55]; the

pole is at 2104 − 100i MeV. f 0 and f 2 are poles from

s- and d-waveππ− K K̄ coupled-channel amplitudes, re-

spect ively (Appendix of [56]). Zc represents poles from a

J P C = 1+ − D ∗ D̄ − D ∗ D̄ ∗ − J/ ψπ − ψ′π − hcπ − ηcρ

coupled-channel scat tering amplitude (Zc amplitude).

Zcs is introduced to simply provide a ψi → J/ ψK K̄

mechanism and no pole.

𝜓

Λ𝑐
ഥΛ𝑐

𝜔𝜒𝑐0

BW partially violate three-body unitarity in our three-body calculation

Otherwise the model is manifestly three-body unitary

𝐷1(2430)ഥ𝐷(∗),
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𝐷𝜋 s-wave amplitude fitting LQCD-based amplitude 

(quasi) two-body channels included;  𝐽𝑃𝐶 = 1−−
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FIG. 1. (a) Charmonium excitat ion mechanism for e+ e− →
abc in our coupled-channel model; abc are three part icles in

thefinal state; the solid lines are (bare) two-meson resonances
R. The double lines with ψ represent a bare charmonium
state. The solid circles represent dressed propagators and
vert ices. (b) Main charmonium decays such as direct decay
and single t riangle mechanisms.

Model.— We sketch our coupled-channel model [46–48]

for e+ e− → cc̄ processes. For three-body (abc) final

states, our amplitude for a charmonium (ψ) excitat ion

mechanism of Fig. 1(a) is: 2

A
ψ

abc,e+ e−
=

cycl ic

abc RR ′ sz
R

i j

Γab,R τR,R ′ (pc, E − Ec)

× Γ̄cR ′ ,ψi
(pc, E ) Ḡi j (E) Γ̄ψj ,e+ e− , (1)

where R is a two-meson resonance such as D1(2420);

cyclic permutat ions (abc), (cab), (bca) are indicated by
cycl ic
abc ; ψi indicates i -th bare ψ state; E denotes the

abc invariant mass. The amplitude includes dressed ψ

product ion mechanism (Γ̄ψ,e+ e− ), dressed ψ propagator

(Ḡi j ), dressed ψ→ Rc vertex (Γ̄cR ,ψ ), dressed R propa-

gator (τR,R ′ ), and R → ab vertex (Γab,R ). We also con-

sider nonresonant (NR) mechanism:

ANR
abc,e+ e− =

cycl ic

abc RR ′ sz
R

Γab,R τR,R ′ Γ̄R ′ c,e+ e− (pc, E ),(2)

with a NR dressed Rc product ion mechanism (Γ̄Rc,e+ e− ).

Amplitudes for two-body final states are obtained from

Eqs. (1) and (2) by removing Γab,R τR,R ′ . The dressed Rc

propagator is given by

[τ − 1(p, E)]R,R ′ = [E − ER (p)]δR,R ′ − [Σ(p, E)]R,R ′ ,(3)

with ΣR,R ′ being the R self-energy generated by Γab,R .

The dressed ψ→ Rc vertex is given as

Γ̄cR ,ψi
(pc, E ) = d3qΦcR ,c′ R ′ (pc, q; E)Γc′ R ′ ,ψi

(q),(4)

2 We denote a part icle x’smass, momentum, energy, and spin state

in the abc center-of-mass (CM) frame by mx , px , Ex , and sz
x ,

respect ively; Ex = m2
x + |px |2 . T he mass values are taken

from Ref. [4]. Our model is isospin symmet ric, and the averaged

mass is used for isospin partners.

TABLE I. Quasi two-body (Rc) coupled-channels. See text
for grouping (A-C).

(A) D 1(2420)D̄ ( ∗ ) , D1(2430)0 D̄ ( ∗ ) , D ∗
2 (2460)D̄ ( ∗ ) , D ( ∗ ) D̄ ( ∗ )

(B) D ∗
0 (2300)D̄ ∗ , f 0J/ ψ, f 2J/ ψ, f 0ψ

′ , f 0hc , Zcπ, Zcs K̄

(C) D
( ∗ )
s D̄

( ∗ )
s , J/ ψη, J/ ψη′ , ωχ c0

with ΓcR ,ψi
being a bare ψi → Rc vertex and c′ R ′ sz

R ′

implicit . Φ = (1− d3qV τ )− 1 is a wave funct ion driven

by an Rc → R ′c′ Z -shape interact ion V where R → c′ c̄

is followed by c̄c → R′ via a potent ially on-shell c̄-

exchange; see Appendix C of [46] for formulas. This

nonperturbat ivetreatment of V τ is required by thethree-

body unitarity, although our model is not fully three-

body unitary for part ly using Breit -Wigner amplitudes in

Eq. (3) as discussed below. Similarly, Γ̄Rc,e+ e− in Eq. (2)

is obtained by replacing ΓcR ,ψi
in Eq. (4) with a t ree

e+ e− → γ∗ → Rc amplitude (ΓcR ,e+ e− ). The dressed ψ

product ion mechanism Γ̄ψi ,e+ e− is given by

Γψi ,e+ e− + d3qΓψi ,cR ′ (q)τR ′ ,R Γ̄Rc,e+ e− (q, E), (5)

where the first term is a bare e+ e− → γ∗ → ψi ampli-

tude and the second rescat tering term. The dressed ψ

propagator is

Ḡ− 1(E)
i j

= (E − mψi
)δi j − [Σψ(E)]

i j
, (6)

with mψ i
being a bare mass and the self energy

[Σψ (E)]i j =

cR R ′ sz
R

d3qΓcR ,ψi
(q)τR,R ′ Γ̄cR ′ ,ψj

(q, E). (7)

We consider Rc channels summarized in Table I. Each

channel is combined with its charge conjugate to form

a negat ive C-parity state. For the group (A) and (C),

we simplify Eq. (3) to a Breit -Wigner form with mass

and a constant width from Ref. [4]; the width is set

to zero for (C). Their decay vert ices Γab,R are deter-

mined, assuming that D1(2420) → D ∗π (mainly d-wave),

D1(2430)0 → D ∗π (s-wave), D ∗
2(2460) → D ∗π + Dπ

[Γ(Dπ)/ Γ(D ∗π) ∼ 1.5 [4]], and D ∗ → Dπ saturate their

widths. A small s-wave decay of D1(2420) is also in-

cluded to reproduce the helicity angle distribut ion [54].

Regarding the group (B), R is pole(s) from meson-

meson scattering, and its bare Γab,R are used in Eq. (3).

D ∗
0(2300) is from Dπ s-wave scattering amplitude fit-

ted to that based on the lat t ice QCD spectrum [55]; the

pole is at 2104 − 100i MeV. f 0 and f 2 are poles from

s- and d-waveππ− K K̄ coupled-channel amplitudes, re-

spect ively (Appendix of [56]). Zc represents poles from a

J P C = 1+ − D ∗ D̄ − D ∗ D̄ ∗ − J/ ψπ − ψ′π − hcπ − ηcρ

coupled-channel scat tering amplitude (Zc amplitude).

Zcs is introduced to simply provide a ψi → J/ ψK K̄

mechanism and no pole.

𝐷0
∗ pole :  

2104 − 𝑖 100 MeV   (ours)     

2105−8
+6 − 𝑖 102−12

+10  MeV

               (Albaladejo et al.)

𝐷0
∗ 2300 , 𝑓0, 𝑓2, 𝑍𝑐, 𝑍𝑐𝑠  as (virtual) poles in two-body scattering amplitudes 

Albaladejo et al. PLB 767 (2017)

𝜋𝜋 s[d]-wave amplitude fitting empirical amplitude

𝜋𝜋 s-wave
phase shift

𝐼 = 0

𝑓0 500 , 𝑓0 980 , 

𝑓0 1370 , 𝑓2(1270) poles

→ consistent with PDG

Coupled-channels

𝜓



𝑣[𝐷∗ ഥ𝐷],[𝐷∗ ഥ𝐷] =  𝑣𝐷∗ ഥ𝐷∗,𝐷∗ ഥ𝐷∗ = 𝑣 𝐷𝑠
∗ ഥ𝐷 ,[𝐷𝑠

∗ ഥ𝐷]    (HQSS, SU(3))

𝑣[𝐷∗ ഥ𝐷],𝐽/𝜓𝜋 = 𝑣 𝐷𝑠
∗ ഥ𝐷 ,𝐽/𝜓𝐾    (SU(3))

no coupling between hidden-charm channels  (e.g. 𝑣𝐽/𝜓𝜋,𝐽/𝜓𝜋 = 𝑣𝐽/𝜓𝜋,𝜓′𝜋 = 0) 

13

𝑍𝑐 : 𝐽𝑃𝐶 = 1+−  𝐷∗ ഥ𝐷 − 𝐷∗ ഥ𝐷∗ − 𝐽/𝜓𝜋 − 𝜓′𝜋 − ℎ𝑐𝜋 − 𝜂𝑐𝜌  couple—channel scattering amplitude

𝑍𝑐𝑠 : 𝐽𝑃𝐶 = 1+−  𝐷𝑠
∗ ഥ𝐷 − 𝐷𝑠

ഥ𝐷∗ − 𝐽/𝜓𝐾

       driven by contact interactions; s-wave interactions except  ℎ𝑐𝜋 p-wave interaction

𝑍𝑐(𝑠) amplitude + + +  …
intermediate loops include 

all possible coupled-channels

Nonzero couplings are determined by the global fit  →  poles may be generated if needed by data

𝑍𝑐(𝑠) amplitude

𝐶 = −1 basis [𝐷∗ ഥ𝐷] =
1

2
𝐷∗ ഥ𝐷 − 𝐷 ഥ𝐷∗  

[𝐷𝑠
∗ ഥ𝐷] =

1

2
(𝐷𝑠

∗ ഥ𝐷 − 𝐷𝑠
ഥ𝐷∗)

SU(3)
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Full amplitude for 𝑒+𝑒− → three-body final states

𝛾∗

𝑒+

𝑒−

𝜋𝐷(∗) ഥ𝐷(∗),  𝐽/𝜓𝜋𝜋, 𝜓′𝜋𝜋, ℎ𝑐𝜋𝜋, 𝜂𝑐𝜌𝜋, 𝐽/𝜓𝐾 ഥ𝐾

Non-resonant mechanisms are also included

𝛾∗

𝑒+

𝑒−

Dressed vertices (propagator) : bare vertices (propagator) dressed by hadron scattering

𝜓 production,   propagation,    decay   

Unitarity requirement



Three-body decays of  𝝍

𝜓

15

= +

dressed decay vertex
bare vertex rescattering terms (final-state interactions)

= 𝑉 + 𝑉 𝑉 + 𝑉 𝑉 𝑉 + …

𝑉 =

+

(on-shell) particle-exchange mechanisms → three-body unitarity

Short-range mechanisms among open-charm channels

(until infinite loops)
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ഥ𝐷

𝐷1

𝐷1
𝐷∗

𝜋

𝜌, 𝜔, 𝜎, …

ഥ𝐷

+
ഥ𝐷

𝐷1
𝐷1

𝐷∗

𝜋

ഥ𝐷

𝐷1

ഥ𝐷

example +   …

Contact interactions among 𝐷1
ഥ𝐷(∗), 𝐷2

∗ ഥ𝐷∗, 𝐷(∗) ഥ𝐷(∗), 𝐷𝑠1
ഥ𝐷𝑠, 𝐷𝑠

(∗) ഥ𝐷𝑠
(∗)

, Λ𝑐
ഥΛ𝑐 channels

    → fitted to data (advantage of separable interactions)

High-precision BESIII data require these contributions (threshold cusps)

We can examine Y(4220) as 𝐷1
ഥ𝐷 molecule and Y(4360) as 𝐷1

ഥ𝐷∗ molecule from global analysis

Short-range mechanisms among open-charm channels

→ + +   … (Our model)

→ To be done
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Charmonium poles  are formed by non-perturbative couplings between bare ψ and 𝐷1
ഥ𝐷 , 𝑓0 𝐽/𝜓 ,  …

=
bare 𝜓𝑖

+

ഥ𝐷

𝐷1
𝐷∗

𝜋𝜓𝑖

+

𝜋

𝜋

𝐽/𝜓

𝑓0𝑓0

+ + Infinite loops

Unitary coupled-channel model : resonance pole (mass, width) and decay dynamics are explicitly related.

                                                            (unitarity requirement)

Breit-Wigner model :  decay dynamics are simulated by BW mass and width parameters

𝝍 propagator

(= poles of dressed 𝜓 propagator)

𝜓𝑗

𝐷1

𝜓𝑖 𝜓𝑗 𝜓𝑘

(𝐷∗𝜋-loop is replaced by 𝐷1 BW)

+

ഥ𝐷

𝐷1
𝐷∗

𝜋𝜓𝑖 𝜓𝑗

ഥ𝐷2
∗

(we do not use BW)

dressed 𝜓



Fitting parameters in global analysis
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* bare  masses  (5 bare states)

* bare  coupling constants (real)

* bare photon- coupling constants (real)

𝛾∗

𝑒+

𝑒−

𝛾∗

𝑒+

𝑒−

* non-resonant photon coupling constants (real)

𝜓1, … , 𝜓5

𝜓1, … , 𝜓5

* 𝜓(4660), 𝜓(4710) Breit-Wigner mass, width, vertices  

* coupling constants in 𝑍𝑐 amplitude : 

   𝑣𝐷∗ ഥ𝐷,𝐷∗ ഥ𝐷, 𝑣𝐷∗ ഥ𝐷,𝐽/𝜓𝜋, 𝑣𝐷∗ ഥ𝐷,𝜓′𝜋  etc.

*  Contact-interaction strengths among open-charm channels

*  Cutoffs in non-resonant vertices for 

      𝛾∗ → 𝐷(∗) ഥ𝐷(∗), 𝐷𝑠
(∗) ഥ𝐷𝑠

(∗)
, Λ𝑐

ഥΛ𝑐

In total, 205 fitting parameters



Selected fit results
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𝑒+𝑒− → 𝐽/𝜓 𝜋+𝜋−, 𝐽/𝜓 𝜋0𝜋0

BESIII 𝐽/𝜓 𝜋+𝜋− 

• Peaking structure at 𝑠  4 GeV is from () consequence of the combined fit

Our fit

BESIII 𝐽/𝜓 𝜋0𝜋0 × 2

ഥ𝐷

𝐷1

𝐷∗

𝜋

𝜋

𝐽/𝜓

1-triangle

direct decay

NR

• Overall good agreement with data 

      our model is isospin symmetric

      σ 𝐽/𝜓𝜋+𝜋− = 2 × σ 𝐽/𝜓𝜋0𝜋0 )

• Triangle singularity effect is seen 

      in NR contribution at 𝑠  4.28 GeV 

𝑓0

𝐽/𝜓

𝜋

𝜋
𝜓, 𝛾∗

𝜓, 𝛾∗

Data: BESIII, 
PRD 106, 072001 (2022) 
PRD 102, 012009 (2020) 
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Fit to invariant masses

Zc(3900) peaks are well fitted

𝑒+𝑒− → 𝐽/𝜓 𝜋+𝜋−

Zc(3900)Zc(3900)

1-loop causes 𝐷∗ ഥ𝐷 thres. cusp
enhanced by a possible pole
(a bit off TS condition)

We will examine Zc(3900) pole

ഥ𝐷

𝐷1

𝐷∗

𝜋

𝜋

𝐽/𝜓

𝜓

Zc amplitude

1-triangle

direct decay

NR

Data: BESIII, PRL 119, 072001 (2017)
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𝑒+𝑒− → 𝜓′ 𝜋+𝜋− 

BESIII data

Our fit

• Overall good fit

• Enhancement at  4.03 GeV is from ()

 consequence of coupled-channel fit 

• 1-triangle contribution is large at () peak

• TS effect seen at  4.28 GeV   →  𝐷1 2420 ഥ𝐷 threshold

     in NR contribution

1-triangle

direct decay

NR

Data: BESIII, PRD 104, 052012 (2021)
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𝑒+𝑒− → 𝜓′ 𝜋+𝜋− 

Our fit

Fit to 𝜓′𝜋 invariant mass distributions;  Zc, cusp, TS effects

Zc(4020), TS

Zc(3900)
𝐷∗ ഥ𝐷∗ cusp

𝐷∗ ഥ𝐷(∗) cusps

1-triangle

direct decay

NR

Data: BESIII, PRD 96, 032004 (2017)
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𝑒+𝑒− → 𝐷(∗) ഥ𝐷(∗) 
BESIII data

Our fit

𝑠 (GeV)

𝜎 (pb)

𝑠 (GeV) 𝑠 (GeV)

𝜓

ഥ𝐷(∗)

𝐷(∗)

ഥ𝐷(∗)

Belle data

1-triangle

direct decay

NR

• Precise BESIII data are well fitted

• Contact interactions among open-charm channels important

      (difference between blue and red curves above)

• 1-triangle (particle exchange) is small

𝐷(𝐽)
(∗)

Data: BESIII, PRL 133, 081901 (2024)
                      JHEP 05 (2022) 155. 
           Belle, PRD 97, 012002 (2018)

Open-charm rescattering
by short-range interactions 
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𝑒+𝑒− → 𝐷(∗) ഥ𝐷(∗) 

𝑠 (GeV)

𝜎 (pb)

𝑠 (GeV) 𝑠 (GeV)

𝜓

ഥ𝐷(∗)

𝐷(∗)

ഥ𝐷(∗)
Fitting precise data, we need threshold cusps from 

𝐷(𝐽)
(∗)

Open-charm rescattering
by short-range interactions 

𝐷∗ ഥ𝐷 𝐷1
ഥ𝐷∗

𝐷1
ഥ𝐷

Λ𝑐
ഥΛ𝑐

Fitting cusps  →   good constraints on interactions among open-charm channels

                        →  good constraints on existence of 𝐷(𝐽)
(∗) ഥ𝐷(∗) molecules
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𝑒+𝑒− → Λ𝑐
ഥΛ𝑐  ,   𝜋𝐷∗ ഥ𝐷∗ Our fit

𝑠 (GeV) 𝑠 (GeV)

• Non-zero 𝑒+𝑒− → Λ𝑐
ഥΛ𝑐 cross section at threshold  Sommerfeld factor

• Λ𝑐
ഥΛ𝑐 threshold enhancement    attractive Λ𝑐

ഥΛ𝑐 interaction (pole near threshold is likely)

• Λ𝑐
ഥΛ𝑐 threshold cusp is important to fit 𝑒+𝑒− → 𝜋𝐷∗ ഥ𝐷∗  data at 𝑠 ~ 4.57 GeV

𝜎 (pb)

Λ𝑐
ഥΛ𝑐

1-triangle

direct decay

NR

Data: BESIII, 
PRL 120, 132001 (2018)
PRL 131, 191901 (2023)
PRL 130, 121901 (2023)



Poles and resonance properties
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=
bare 𝜓𝑖

dressed 𝜓 = 𝐺𝜓(𝐸)

+

ഥ𝐷

𝐷1
𝐷∗

𝜋𝜓𝑖

+

𝜋

𝜋

𝐽/𝜓

𝑓0𝑓0

+ + Infinite loops

𝝍 poles from their dressed propagator

𝜓𝑗

𝐷1

𝜓𝑖 𝜓𝑗 𝜓𝑘

+

ഥ𝐷

𝐷1 𝐷∗

𝜋𝜓𝑖 𝜓𝑗

ഥ𝐷2
∗

(we are not using BW)

Search complex energy 𝐸𝜓 where 𝐺𝜓 𝐸𝜓 = ∞   (𝐸𝜓: pole energy, pole position) by analytical continuation of 𝐺𝜓(𝐸)

Full amplitude

dressed 𝜓𝛾∗

𝑒+

𝑒−

+ non-resonant
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 BW fit 

𝑀 = Re 𝐸𝜓  

Γ = −2 × Im 𝐸𝜓

Resonance parameters 

Noticeable differences from PDG

 Not in PDG

7 poles from 5 bare states; Number of poles form our analysis is consistent with PDG + Y(4320)

Mass : 𝜓 4415

Width: 𝜓 4040 , 𝜓 4160 , 𝜓 4415 , 𝜓 4660

No Y-width puzzle by construction: same Y-widths for all final states

(final check to be done)
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G(3900)

𝑠 (GeV)

Interference between (3770), (4040) and non-resonant amplitudes  + 𝐷∗ ഥ𝐷 threshold cusp

𝜓 𝐷∗

ഥ𝐷 ഥ𝐷

𝐷

𝜎 (pb)

resonance-like peak at 3.9 GeV called G(3900) 

G(3900) state claimed in BESIII analysis of 𝑒+𝑒− → 𝐷 ഥ𝐷

BESIII, PRL 133, 081901 (2024)

G(3900) state predicted by meson-exchange model

Z.-Y. Li et al. 2403.01727; PRL

No G(3900) pole by K-matrix analysis of 𝑒+𝑒− → 𝐷(∗) ഥ𝐷(∗) 

N. Husken et al., PRD 109, 11401 (2024)

No G(3900) pole from our analysis

G(3900) peak in our model
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Is Y(4220) 𝐷1
ഥ𝐷 molecule ?

Is Y(4360) 𝐷1
ഥ𝐷∗ molecule ?

→ To be examined soon
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Zc poles from  𝐽𝑃𝐶 = 1+−  𝐷∗ ഥ𝐷 − 𝐷∗ ഥ𝐷∗ − 𝐽/𝜓𝜋 − 𝜓′𝜋 − ℎ𝑐𝜋 − 𝜂𝑐𝜌  couple—channel amplitude
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𝑚𝐷∗ + 𝑚𝐷 − (38 ± 7) + (19 ± 1)𝑖 MeV

Zc(3900) pole: comparison with LQCD result

𝑚𝐷∗ + 𝑚𝐷 − (93 ± 55 ± 21) + (9 ± 25 ± 7)𝑖 MeV

𝑚𝐷∗ + 𝑚𝐷 + 11.9 ± 2.6 − (14.2 ± 1.3)𝑖 MeV

This work

LQCD (𝑚𝜋 = 411 MeV) 
HAL QCD,  J. Phys. G 45, 024002 (2018)

PDG

𝐷∗ ഥ𝐷 unphysical sheet (complex 𝐸-plane)

This work

PDG

LQCD and this work are fairly consistent (virtual poles)

𝑆 −𝑘𝑖
∗ = 𝑆∗( 𝑘𝑖 ) applied; PRD 105, 014034 (2022)



Summary and perspective
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• Pole residues will be extracted → address Y width problem, structure of exotic candidates Y 

• Fit efficiency-corrected, background-free Dalitz plots (not 1D fit) to fully consider experimental 

       constraints on charmonium and Zc properties

• Include 𝑒+𝑒− → 𝐾 ഥ𝐷𝑠
(∗)

𝐷(∗) cross sections when available → include higher charmonium states

                                                                                                              → address Zcs(3985) from global analysis

Summary

35

• Conducted global coupled-channel analysis of most of available 𝑒+𝑒− → 𝑐 ҧ𝑐 data in 𝑠 = 3.75 − 4.7 GeV

      Global coupled-channel analysis is common for N*. The 𝑒+𝑒− → 𝑐 ҧ𝑐  analysis now gets closer to the standard !

• Reasonable fits are obtained overall

• Vector charmonium and Zc poles extracted

             -- 7 poles from 5 bare states; # of poles consistent with PDG + Y(4320); no G(3900) pole

 --  Zc poles are virtual poles at    MeV below 𝐷∗ ഥ𝐷(∗) thresholds, consistent with LQCD results  

Future



Backup
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Outstanding question in XYZ physics : Y width problem

37

BESIII, arXiv:2310.03361

 Y(4220)

Y(4390) →



38

Previous coupled-channel analyses for Y-width puzzle

* M. Cleven, Q. Wang, F.-K. Guo, C. Hanhart, U.-G. Meißner, Q. Zhao, PRD 90, 074039 (2014) 

Analysis of 𝑒+𝑒− → 𝜋𝐷 ഥ𝐷∗,  𝐽/𝜓𝜋𝜋 ,  ℎ𝑐𝜋𝜋  cross section and invariant mass in  4.1 < 𝑠  < 4.3 GeV  [ Y(4230) region ]

Pioneering works, but the data were very limited

* L. Detten, C. Hanhart, V. Baru,  Q. Wang, D. Winney, Q.Zhao, PRD 109 , 116002 (2024)

 

Three-body model

Breit-Wigner fit to cross section data

Fitting data in Y(4230) region;  more final states than the above;  Y(4230) as 𝐷1
ഥ𝐷 molecule claimed

* D.-Y. Chen, X. Liu, T. Matsuki, Eur. Phys. J. C 78, 136 (2018)

Fitting 𝑒+𝑒− → 𝜋𝐷 ഥ𝐷∗,  𝐽/𝜓𝜋𝜋 ,  ℎ𝑐𝜋𝜋  cross sections  → Y(4320) and Y(4390) unnecessary 

* Z.-Y. Zhou, C.-Y. Li, Z. Xiao, arXiv:2304.07052

Fitting  𝑒+𝑒− → 𝐷(∗) ഥ𝐷(∗), 𝜋𝐷 ഥ𝐷 cross sections  → (4160) is Y(4230)

Two-body unitary model fitted to cross section data

Our analysis 

• more complete dataset 

• more coupled-channels

• three-body unitary

→ more reliable conclusion



How to find solution to Y width problem ?

  Combine a couple of charmonia to solve Y-width problem

       Narrow Y(4220)  from 𝑒+𝑒− → 𝐽/𝜓𝜋𝜋    →    narrow Y(4220) + () → broad Y(4220) in other processes  

39

𝑒+𝑒− → 𝐽/𝜓𝜂
𝑒+𝑒− → 𝐷 ഥ𝐷∗𝜋

T.-C. Peng et al., PRD 109, 094048 (2024) 
L. von Detten et al., PRD 109 , 116002 (2024)

Problem: sum of Breit-Wigner amplitudes violates unitarity; more problematic for overlapping resonances



𝝍 decays (bare vertices)

40

(quasi) two-body channels included;  𝐽𝑃𝐶 = 1−−

2
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FIG. 1. (a) Charmonium excitat ion mechanism for e+ e− →
abc in our coupled-channel model; abc are three part icles in

thefinal state; the solid lines are (bare) two-meson resonances
R. The double lines with ψ represent a bare charmonium
state. The solid circles represent dressed propagators and
vert ices. (b) Main charmonium decays such as direct decay
and single t riangle mechanisms.

Model.— We sketch our coupled-channel model [46–48]

for e+ e− → cc̄ processes. For three-body (abc) final

states, our amplitude for a charmonium (ψ) excitat ion

mechanism of Fig. 1(a) is: 2

A
ψ

abc,e+ e−
=

cycl ic

abc RR ′ sz
R

i j

Γab,R τR,R ′ (pc, E − Ec)

× Γ̄cR ′ ,ψi
(pc, E ) Ḡi j (E) Γ̄ψj ,e+ e− , (1)

where R is a two-meson resonance such as D1(2420);

cyclic permutat ions (abc), (cab), (bca) are indicated by
cycl ic
abc ; ψi indicates i -th bare ψ state; E denotes the

abc invariant mass. The amplitude includes dressed ψ

product ion mechanism (Γ̄ψ,e+ e− ), dressed ψ propagator

(Ḡi j ), dressed ψ→ Rc vertex (Γ̄cR ,ψ ), dressed R propa-

gator (τR,R ′ ), and R → ab vertex (Γab,R ). We also con-

sider nonresonant (NR) mechanism:

ANR
abc,e+ e− =

cycl ic

abc RR ′ sz
R

Γab,R τR,R ′ Γ̄R ′ c,e+ e− (pc, E ),(2)

with a NR dressed Rc product ion mechanism (Γ̄Rc,e+ e− ).

Amplitudes for two-body final states are obtained from

Eqs. (1) and (2) by removing Γab,R τR,R ′ . The dressed Rc

propagator is given by

[τ − 1(p, E)]R,R ′ = [E − ER (p)]δR,R ′ − [Σ(p, E)]R,R ′ ,(3)

with ΣR,R ′ being the R self-energy generated by Γab,R .

The dressed ψ→ Rc vertex is given as

Γ̄cR ,ψi
(pc, E ) = d3qΦcR ,c′ R ′ (pc, q; E)Γc′ R ′ ,ψi

(q),(4)

2 We denote a part icle x’smass, momentum, energy, and spin state

in the abc center-of-mass (CM) frame by mx , px , Ex , and sz
x ,

respect ively; Ex = m2
x + |px |2 . T he mass values are taken

from Ref. [4]. Our model is isospin symmet ric, and the averaged

mass is used for isospin partners.

TABLE I. Quasi two-body (Rc) coupled-channels. See text
for grouping (A-C).

(A) D 1(2420)D̄ ( ∗ ) , D1(2430)0 D̄ ( ∗ ) , D ∗
2 (2460)D̄ ( ∗ ) , D ( ∗ ) D̄ ( ∗ )

(B) D ∗
0 (2300)D̄ ∗ , f 0J/ ψ, f 2J/ ψ, f 0ψ

′ , f 0hc , Zcπ, Zcs K̄

(C) D
( ∗ )
s D̄

( ∗ )
s , J/ ψη, J/ ψη′ , ωχ c0

with ΓcR ,ψi
being a bare ψi → Rc vertex and c′ R ′ sz

R ′

implicit . Φ = (1− d3qV τ )− 1 is a wave funct ion driven

by an Rc → R ′c′ Z -shape interact ion V where R → c′ c̄

is followed by c̄c → R′ via a potent ially on-shell c̄-

exchange; see Appendix C of [46] for formulas. This

nonperturbat ivetreatment of V τ is required by thethree-

body unitarity, although our model is not fully three-

body unitary for part ly using Breit -Wigner amplitudes in

Eq. (3) as discussed below. Similarly, Γ̄Rc,e+ e− in Eq. (2)

is obtained by replacing ΓcR ,ψi
in Eq. (4) with a t ree

e+ e− → γ∗ → Rc amplitude (ΓcR ,e+ e− ). The dressed ψ

product ion mechanism Γ̄ψi ,e+ e− is given by

Γψi ,e+ e− + d3qΓψi ,cR ′ (q)τR ′ ,R Γ̄Rc,e+ e− (q, E), (5)

where the first term is a bare e+ e− → γ∗ → ψi ampli-

tude and the second rescat tering term. The dressed ψ

propagator is

Ḡ− 1(E)
i j

= (E − mψi
)δi j − [Σψ(E)]

i j
, (6)

with mψ i
being a bare mass and the self energy

[Σψ (E)]i j =

cR R ′ sz
R

d3qΓcR ,ψi
(q)τR,R ′ Γ̄cR ′ ,ψj

(q, E). (7)

We consider Rc channels summarized in Table I. Each

channel is combined with its charge conjugate to form

a negat ive C-parity state. For the group (A) and (C),

we simplify Eq. (3) to a Breit -Wigner form with mass

and a constant width from Ref. [4]; the width is set

to zero for (C). Their decay vert ices Γab,R are deter-

mined, assuming that D1(2420) → D ∗π (mainly d-wave),

D1(2430)0 → D ∗π (s-wave), D ∗
2(2460) → D ∗π + Dπ

[Γ(Dπ)/ Γ(D ∗π) ∼ 1.5 [4]], and D ∗ → Dπ saturate their

widths. A small s-wave decay of D1(2420) is also in-

cluded to reproduce the helicity angle distribut ion [54].

Regarding the group (B), R is pole(s) from meson-

meson scattering, and its bare Γab,R are used in Eq. (3).

D ∗
0(2300) is from Dπ s-wave scattering amplitude fit-

ted to that based on the lat t ice QCD spectrum [55]; the

pole is at 2104 − 100i MeV. f 0 and f 2 are poles from

s- and d-waveππ− K K̄ coupled-channel amplitudes, re-

spect ively (Appendix of [56]). Zc represents poles from a

J P C = 1+ − D ∗ D̄ − D ∗ D̄ ∗ − J/ ψπ − ψ′π − hcπ − ηcρ

coupled-channel scat tering amplitude (Zc amplitude).

Zcs is introduced to simply provide a ψi → J/ ψK K̄

mechanism and no pole.

bare 𝜓

We do not include  “ bare 𝜓 → 𝐷0
∗ ഥ𝐷∗, 𝑍𝑐𝜋 , 𝑍𝑐𝑠

ഥ𝐾 ” 

bare 𝜓 dominantly decays to two-body states; 𝐷0
∗ and 𝑍𝑐 are probably not compact states 

𝐷0
∗ ഥ𝐷∗ and 𝑍𝑐𝜋 channels are generated by coupled-channel effect like 

ഥ𝐷

𝐷1 𝐷∗

𝜋

ഥ𝐷0
∗

bare 𝜓



Three-body decays of  𝝍

𝜓

+ + +   …

Rescattering mechanisms (particle exchange) required by three-body unitarity are considered

(until infinite loops)

41

Final state interactions described by solution of Faddeev equation → Coupled-channels taken into account 

= +

dressed decay vertex

=

bare vertex
rescattering terms (final-state interactions)



ഥ𝐷

𝐷1

𝐷∗

𝜋

𝐷∗ ഥ𝐷, 𝐽/𝜓𝜋

𝜓, 𝑌

Kinematical condition for TS

Energy-momentum is conserved everywhere as classical process

→ amplitude is significantly enhanced at 

𝑠 ~ 𝑚𝐷1
+ 𝑚ഥ𝐷  ( GeV) and  𝑀𝐷∗ ഥ𝐷 ~ 𝑚𝐷∗ + 𝑚ഥ𝐷 (3.88 GeV) 

𝑒+𝑒− → 𝐽/𝜓 𝜋+𝜋− 𝑒+𝑒− → 𝐽/𝜓 𝜋+𝜋− 𝑒+𝑒− → 𝜋+𝐷0𝐷∗−

4.3 GeV 3.88 GeV 3.88 GeV

𝑀𝐽/𝜓𝜋

Data show coincidence of  Y(4320),  Zc, and TS

42

Triangle singularity (TS) from our model 



(quasi) two-body channels included;  𝐽𝑃𝐶 = 1−−

Coupled-channels

𝜓

43

𝐷1 2420 , 𝐷1 2430 , 𝐷2
∗ 2460 , 𝐷∗ →  Breit-Wigner (BW) propagators; mass and width from PDG 

2
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FIG. 1. (a) Charmonium excitat ion mechanism for e+ e− →
abc in our coupled-channel model; abc are three part icles in

thefinal state; the solid lines are (bare) two-meson resonances
R. The double lines with ψ represent a bare charmonium
state. The solid circles represent dressed propagators and
vert ices. (b) Main charmonium decays such as direct decay
and single t riangle mechanisms.

Model.— We sketch our coupled-channel model [46–48]

for e+ e− → cc̄ processes. For three-body (abc) final

states, our amplitude for a charmonium (ψ) excitat ion

mechanism of Fig. 1(a) is: 2

A
ψ

abc,e+ e−
=

cycl ic

abc RR ′ sz
R

i j

Γab,R τR,R ′ (pc, E − Ec)

× Γ̄cR ′ ,ψi
(pc, E ) Ḡi j (E) Γ̄ψj ,e+ e− , (1)

where R is a two-meson resonance such as D1(2420);

cyclic permutat ions (abc), (cab), (bca) are indicated by
cycl ic
abc ; ψi indicates i -th bare ψ state; E denotes the

abc invariant mass. The amplitude includes dressed ψ

product ion mechanism (Γ̄ψ,e+ e− ), dressed ψ propagator

(Ḡi j ), dressed ψ→ Rc vertex (Γ̄cR ,ψ ), dressed R propa-

gator (τR,R ′ ), and R → ab vertex (Γab,R ). We also con-

sider nonresonant (NR) mechanism:

ANR
abc,e+ e− =

cycl ic

abc RR ′ sz
R

Γab,R τR,R ′ Γ̄R ′ c,e+ e− (pc, E ),(2)

with a NR dressed Rc product ion mechanism (Γ̄Rc,e+ e− ).

Amplitudes for two-body final states are obtained from

Eqs. (1) and (2) by removing Γab,R τR,R ′ . The dressed Rc

propagator is given by

[τ − 1(p, E)]R,R ′ = [E − ER (p)]δR,R ′ − [Σ(p, E)]R,R ′ ,(3)

with ΣR,R ′ being the R self-energy generated by Γab,R .

The dressed ψ→ Rc vertex is given as

Γ̄cR ,ψi
(pc, E ) = d3qΦcR ,c′ R ′ (pc, q; E)Γc′ R ′ ,ψi

(q),(4)

2 We denote a part icle x’smass, momentum, energy, and spin state

in the abc center-of-mass (CM) frame by mx , px , Ex , and sz
x ,

respect ively; Ex = m2
x + |px |2 . T he mass values are taken

from Ref. [4]. Our model is isospin symmet ric, and the averaged

mass is used for isospin partners.

TABLE I. Quasi two-body (Rc) coupled-channels. See text
for grouping (A-C).

(A) D 1(2420)D̄ ( ∗ ) , D1(2430)0 D̄ ( ∗ ) , D ∗
2 (2460)D̄ ( ∗ ) , D ( ∗ ) D̄ ( ∗ )

(B) D ∗
0 (2300)D̄ ∗ , f 0J/ ψ, f 2J/ ψ, f 0ψ

′ , f 0hc , Zcπ, Zcs K̄

(C) D
( ∗ )
s D̄

( ∗ )
s , J/ ψη, J/ ψη′ , ωχ c0

with ΓcR ,ψi
being a bare ψi → Rc vertex and c′ R ′ sz

R ′

implicit . Φ = (1− d3qV τ )− 1 is a wave funct ion driven

by an Rc → R ′c′ Z -shape interact ion V where R → c′ c̄

is followed by c̄c → R′ via a potent ially on-shell c̄-

exchange; see Appendix C of [46] for formulas. This

nonperturbat ivetreatment of V τ is required by the three-

body unitarity, although our model is not fully three-

body unitary for part ly using Breit -Wigner amplitudes in

Eq. (3) as discussed below. Similarly, Γ̄Rc,e+ e− in Eq. (2)

is obtained by replacing ΓcR ,ψi
in Eq. (4) with a t ree

e+ e− → γ∗ → Rc amplitude (ΓcR ,e+ e− ). The dressed ψ

product ion mechanism Γ̄ψi ,e+ e− is given by

Γψi ,e+ e− + d3qΓψi ,cR ′ (q)τR ′ ,R Γ̄Rc,e+ e− (q, E), (5)

where the first term is a bare e+ e− → γ∗ → ψi ampli-

tude and the second rescat tering term. The dressed ψ

propagator is

Ḡ− 1(E)
i j

= (E − mψi
)δi j − [Σψ(E)]

i j
, (6)

with mψ i
being a bare mass and the self energy

[Σψ (E)]i j =

cR R ′ sz
R

d3qΓcR ,ψi
(q)τR,R ′ Γ̄cR ′ ,ψj

(q, E). (7)

We consider Rc channels summarized in Table I. Each

channel is combined with its charge conjugate to form

a negat ive C-parity state. For the group (A) and (C),

we simplify Eq. (3) to a Breit -Wigner form with mass

and a constant width from Ref. [4]; the width is set

to zero for (C). Their decay vert ices Γab,R are deter-

mined, assuming that D1(2420) → D ∗π (mainly d-wave),

D1(2430)0 → D ∗π (s-wave), D ∗
2(2460) → D ∗π + Dπ

[Γ(Dπ)/ Γ(D ∗π) ∼ 1.5 [4]], and D ∗ → Dπ saturate their

widths. A small s-wave decay of D1(2420) is also in-

cluded to reproduce the helicity angle distribut ion [54].

Regarding the group (B), R is pole(s) from meson-

meson scattering, and its bare Γab,R are used in Eq. (3).

D ∗
0(2300) is from Dπ s-wave scattering amplitude fit-

ted to that based on the lat t ice QCD spectrum [55]; the

pole is at 2104 − 100i MeV. f 0 and f 2 are poles from

s- and d-waveππ− K K̄ coupled-channel amplitudes, re-

spect ively (Appendix of [56]). Zc represents poles from a

J P C = 1+ − D ∗ D̄ − D ∗ D̄ ∗ − J/ ψπ − ψ′π − hcπ − ηcρ

coupled-channel scat tering amplitude (Zc amplitude).

Zcs is introduced to simply provide a ψi → J/ ψK K̄

mechanism and no pole.

𝐷1 2420 → 𝐷∗𝜋 (mainly d-wave decay); small s–wave coupling fixed by helicity angle distribution data 

𝐷1 2430 → 𝐷∗𝜋 (s−wave decay)

𝐷2
∗ 2460 → 𝐷∗𝜋 + 𝐷𝜋;  Γ(𝐷𝜋)/Γ 𝐷∗𝜋 ~1.5 

𝐷∗+ → 𝐷𝜋

𝐷𝐽
(∗)

→  𝐷(∗)𝜋  coupling strength is determined, assuming the following decays saturate the width 

Babar, PRD 82, 111101 (2010) 
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dressed 𝜓

𝛾∗

𝑒+

𝑒−

𝜋𝐷(∗) ഥ𝐷(∗),  𝐽/𝜓𝜋𝜋, 𝜓′𝜋𝜋, ℎ𝑐𝜋𝜋, 𝜂𝑐𝜌𝜋, 𝐽/𝜓𝐾 ഥ𝐾

Full amplitude for two-body final states 𝑒+𝑒− → 𝐷(∗) ഥ𝐷(∗), 𝐷𝑠
(∗) ഥ𝐷𝑠

(∗)
, 𝐽/𝜓 𝜂(′), 𝜒𝑐0𝜔

dressed 𝜓

𝛾∗

𝑒+

𝑒−

𝐷(∗) ഥ𝐷(∗), 𝐷𝑠
(∗) ഥ𝐷𝑠

(∗)
, 𝐽/𝜓 𝜂(′), 𝜒𝑐0𝜔

+ non-resonant

+ non-resonant

Full amplitude for three-body final states         𝑒+𝑒− → 𝜋𝐷(∗) ഥ𝐷(∗),  𝐽/𝜓𝜋𝜋, 𝜓′𝜋𝜋, ℎ𝑐𝜋𝜋, 𝜂𝑐𝜌𝜋, 𝐽/𝜓𝐾 ഥ𝐾 



bare decay mechanism only 

Two-body decay processes of  𝝍 and Y

𝐷(∗) ഥ𝐷(∗), 𝐷𝑠
(∗) ഥ𝐷𝑠

(∗)
, 𝐽/𝜓 𝜂(′), 𝜒𝑐0𝜔

+ + +   … (until infinite loops)

45

Final state interactions described by solution of Faddeev equation
bare decay vertex

bare 𝜓

Contact interactions included also



Three-body decays of  𝝍

+ + +   …

𝑒+𝑒− →  𝐽/𝜓𝜋𝜋

𝑒+𝑒− → 𝜋𝐷∗ ഥ𝐷

𝐷1

ഥ𝐷

𝐷∗

𝜋 𝐷1

𝐷∗

𝜋

𝐷∗

ഥ𝐷

+
ഥ𝐷

𝐷1
𝐷∗

𝜋

ഥ𝐷

𝜋

(until infinite loops)

𝐷1

ഥ𝐷 ഥ𝐷

𝐷∗

𝜋𝐷1

𝜋

𝐷∗

+ + +   …

𝑓0

𝐽/𝜓

𝜋
𝐷1

𝐷∗

𝜋

(until infinite loops)

𝐷1
𝜋𝑓0𝜋

𝐷∗

𝜋

𝜋

𝐽/𝜓

ഥ𝐷0

𝐽/𝜓

𝜋
𝜋

Different processes share the same interactions  unitarity requirement 

𝜓

𝜓

46

ഥ𝐷0

𝜋

ഥ𝐷(∗)

ഥ𝐷(∗) ഥ𝐷(∗)

Triangle singularity loop 

(some selected diagrams)
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Full amplitude

dressed 𝜓

𝛾∗

𝑒+

𝑒−

+ non-resonant

tree

dressed 𝜓

𝛾∗

𝑒+

𝑒−

+ non-resonant

1-loop

dressed 𝜓

𝛾∗

𝑒+

𝑒−

+ non-resonant

NR (non-resonant)

𝛾∗

𝑒+

𝑒−

ഥ𝐷

𝐷1

𝐷∗

𝜋

𝜋

𝐽/𝜓

𝜓 𝐷∗ ഥ𝐷 threshold cusp and/or 

TS occurs from 1-loop



𝑒+𝑒− → 𝑐 ҧ𝑐  data in 3.75 ≤ 𝑠  ≤ 4.7 GeV region → Charmonium excitations are important mechanism

𝜓 3770 , 𝜓 4040 , 𝜓 4160 ,  𝜓 4415 , 𝑌 4220 , 𝑌 4360

𝛾∗

𝑒+

𝑒−

48
𝑌 4660 , 𝑌 4710  are not included in coupled-channel amplitude  →  included as a Breit-Wigner amplitudes 

Data is not sufficient for coupled-channel analysis in 𝑠  > 4.6 GeV  (three-body final states including 𝑐 ҧ𝑐𝑠 ҧ𝑠)

Data determine how many bare states to be included (5 bare states) and  which charmonium states exist

Expected states

bare 𝜓

𝝍 production mechanisms

=

bare coupling 

+

rescattering term
dressed coupling
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𝑒+𝑒− → 𝜋+𝐷0𝐷∗− 

𝑠 (GeV)

BESIII XYZ data

Our fit

BESIII R-scan data

Zc(3900)

𝐷∗ ഥ𝐷∗ threshold cusp

𝐷0𝐷∗− invariant mass distributions

• 𝐷∗ ഥ𝐷∗ threshold cusp is caused by 

• 𝐷∗ ഥ𝐷 threshold enhancement is mostly from tree; 𝜓 → 𝐷1
ഥ𝐷

ഥ𝐷∗

𝐷1, 𝐷2
∗

𝐷∗

𝜋

𝐷∗

ഥ𝐷

𝜓
Tree contribution is dominant 

𝐷1, 𝐷2
∗

𝐷∗
𝜓

𝜋

ഥ𝐷

1-triangle

direct decay

NR

𝜎(pb)
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𝑒+𝑒− → 𝜋+𝐷0𝐷∗− 

Difficult to make our model consistent with this BESIII conclusion.    Why ?    Insufficient information !!

Conclusion from BESIII

Without this information, 𝑒+𝑒− → 𝜋+𝐷0𝐷∗− data cannot be well fitted, giving bad influence on the global fit overall 

PRD 92, 092006 (2015)

Conflict with BESIII analysis result

Hope BESIII to conduct amplitude analysis on this process, and present detailed results and/or Dalitz plots.

Most of previous theoretical models share the same problem

𝐷1
𝐷∗

𝜓

𝜋

ഥ𝐷

→ is very small !
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𝑒+𝑒− → 𝜋− 𝐷∗ ഥ𝐷∗ + 

BESIII data

Our fit𝐷∗ ഥ𝐷∗ invariant mass distributions (pion recoil mass)

Fit does not seem good, however 

Kinematical end of the data  ~ 4.09 GeV

Actual kinematical end  ~ 4.12 GeV

→Efficiency correction seems significant for

      this lineshape data

Wait for efficiency corrected data (or MC output)

for future improvement of coupled-channel model

1-triangle

direct decay

NR
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𝑒+𝑒− → 𝜋+𝐷0𝐷∗− 

BESIII data

Our fit𝐷0𝐷∗− invariant mass distributions

Zc(3900)
Zc(3900)

• Threshold enhancement (or Zc(3900) contribution) is fitted by the model

• 𝐷∗ ഥ𝐷∗ threshold cusps are caused by 

• 𝐷∗ ഥ𝐷 threshold enhancement is mostly from tree; 𝜓 → 𝐷1
ഥ𝐷

𝐷∗ ഥ𝐷∗ threshold cusp

ഥ𝐷∗

𝐷1, 𝐷2
∗

𝐷∗

𝜋

𝐷∗

ഥ𝐷

𝜓, 𝑌

  
 

  
 

1-triangle

direct decay

NR
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𝑒+𝑒− → 𝜋+𝐷0𝐷∗− 

BESIII data

Our fit

Pion angle distributions from 𝑒+𝑒− beam direction in total CM frame

𝑒+𝑒−

𝜋

𝜃𝜋

Data are average of 4.23 GeV (𝑁 = 418) and 4.26 GeV (𝑁 = 239) data

Fractional

yield

1-triangle

direct decay

NR
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𝑒+𝑒− → 𝜋+𝐷0𝐷− 

Belle data

Our fit

𝑠 (GeV)

Dominat 𝐷2
∗(2460) contributionClear 𝜓 4420  peak is well fitted

Hope to have a better quality data from BESIII !  → important for coupled-channel analysis

𝜎(pb)

1-triangle

direct decay

NR
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𝑒+𝑒− → ℎ𝑐  𝜋+𝜋− 
BESIII XYZ data

Our fit

BESIII R-scan data

Zc(4020)

Zc(3900)

• Enhancement at  4.03 GeV is from ()  consequence of coupled-channel fit 

• 1-triangle contribution causes threshold cusps, enhanced by Zc virtual poles

𝜎(pb)

1-triangle

direct decay

NR
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BESIII  𝐽/𝜓 𝐾+𝐾− data

Our fit

𝑒+𝑒− → 𝐽/𝜓 𝐾+𝐾−, 𝐽/𝜓𝐾𝑆𝐾𝑆

BESIII  𝐽/𝜓𝐾𝑆𝐾𝑆 data

• Overall good agreement with data 

      (our model is isospin symmetric

        →  σ 𝐽/𝜓𝐾+𝐾− = 2 × σ 𝐽/𝜓𝐾𝑆𝐾𝑆 )

• Model does not fit bump at 4.5 GeV 

      in  𝐽/𝜓 𝐾+𝐾− data 

         *  𝐽/𝜓𝐾𝑆𝐾𝑆 data do not show the same bump

         *  data largely fluctuate and error is large

  → our model does not have Y(4500)

        more precise data is important to pin-down 

         the existence of Y(4500)

1-triangle

direct decay

NR

𝜎(pb)
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𝑒+𝑒− → 𝜓′ 𝜋+𝜋− 

BESIII data

Our fitFit to invariant mass distributions
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𝑒+𝑒− → 𝜂𝑐  𝜌+𝜋− 

BESIII data

Our fit

Zc(3900) peak is fitted

Zc(3900)

Zc(4020)

Mostly from 1-triangle            

No direct-decay mechanism for 𝜂𝑐𝜌𝜋 in our model

ഥ𝐷(∗)

𝐷1, 𝐷2
∗

𝐷∗

𝜋

𝜂𝑐

𝜌

𝜓

𝜌 → 𝜋𝜋 taken into account in calculation

𝜎(pb)
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𝑒+𝑒− → 𝐽/𝜓 𝜂(′), 𝜒𝑐0𝜔
BESIII data

Our fit

For 𝐽/𝜓𝜂,  a sharp peak appears at 4.02 GeV, as a consequence of coupled-channel fit

   BESIII does not have data point, but Belle data seems to favor this result 

Belle data

𝑠 (GeV) 𝑠 (GeV) 𝑠 (GeV)
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𝑒+𝑒− → 𝐷𝑠
(∗) ഥ𝐷𝑠

(∗)

BESIII data

Our fit

𝑠 (GeV) 𝑠 (GeV) 𝑠 (GeV)

BESIII Rscan

direct decay

NR

𝜎 (pb)

𝐷𝑠1
ഥ𝐷𝑠

𝐷𝑠1
ഥ𝐷𝑠

• Precise BESIII data are well fitted

• Contact interactions among open-charm channels important

      (difference between blue and red curves above)

• 𝐷𝑠1
ഥ𝐷𝑠 threshold cusps included to fit data

Data: BESIII, PRL 131, 151903 (2023)
                       arXiv:2403.14998
            Belle, PRD 83, 011101 (2011)

Belle data
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G(3900)

𝑠 (GeV)

𝜎 (pb)

Z.-Y. Li et al. 2403.01727; PRL
with G(3900) pole

How to pin-down existence of G(3900) ?

𝑒+𝑒− → 𝐷∗ ഥ𝐷  near threshold

Our fit
No G(3900) pole

Visible difference between two fits → G(3900) effect ?

Higher precision data from BESIII could help pin-down existence of G(3900)
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Exp. (exotic)

Quark model
(Godfrey Isgur)

𝜓(1𝑆) 𝐽/𝜓

𝜓(2𝑆) 𝜓′

𝜓(1𝐷)
𝜓(3770)

𝜓(3𝑆)
𝜓(4040)

𝜓(2𝐷) 𝜓(4160)

𝜓(4𝑆)
𝜓(4420)

Quark
Model

Exp.

Charmonium spectrum (𝐽𝑃𝐶 = 1−−)

Exp. (normal)

𝑌(4230)

𝑌(4360)

𝑌(4660)

Quark model predicts four states in the relevant energy region

Data require five bare states for achieving reasonable fit

Bare states

3786

4197

4353

4523

4524



Maybe possible by combining with structure model (quark model, etc.) 
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Quark model
(Godfrey Isgur)

𝜓(1𝑆)

𝜓(2𝑆)

𝜓(1𝐷)

𝜓(3𝑆)

𝜓(2𝐷)

𝜓(4𝑆)

Charmonium spectrum (𝐽𝑃𝐶 = 1−−)
Quark model predicts four states in the relevant energy region

Conceptually, quark-model-state and our bare state is similar

→ Resonance without hadron-hadron continuum components

Data require five bare states for achieving reasonable fit

Bare states

3786

4197

4354

4523

4524

One bare state is not accommodated in the quark model 

→ Is it exotic bare state ?  

     Does it generate Y(4230) and Y(4360) after being dressed ?  

     Does it correspond to hybrid state predicted by LQCD ?

Very model-dependent argument/questions

Liu et al., JHEP 07 (2012) 126

Our model alone cannot answer these interesting questions



(speculation) Possible solution to Y width problem
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Two poles at 𝑀~ 4230 (4380) MeV  with narrow (𝜓nar) and wide (𝜓wid) widths. We can explain Y widths if:

𝚪𝒀(𝟒𝟐𝟐𝟎) ~ 44±4 MeV

𝑒+𝑒− → 𝐽/𝜓 𝜂

𝚪𝒀(𝟒𝟐𝟐𝟎) ~ 82±6 MeV

𝑒+𝑒− → 𝐽/𝜓 𝜋+𝜋−

For 𝑒+𝑒− → 𝐽/𝜓 𝜋+𝜋−

For 𝑒+𝑒− → 𝐽/𝜓 𝜂

𝑔𝜓nar→𝐽/𝜓𝜋𝜋  ≫ |𝑔𝜓wid→𝐽/𝜓𝜋𝜋|

𝜓nar

𝜓wid

𝑔𝜓nar→𝐽/𝜓𝜂  ≪  |𝑔𝜓wid→𝐽/𝜓𝜂|
𝑔𝜓nar→𝐽/𝜓𝜋𝜋  : pole residue

Residues will be extracted in near future, and address the Y width problem



Relation between bare state and pole
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Data require five bare states  

→ dressed by hadron continuum

→ seven poles

Similar finding in nucleon resonances 3
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C(1820,-248)
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pN,pp N hN

rN

sN

pD

FIG. 1: (above) Trajectories of the evolut ion of P11 resonance

poles A (1357,76), B (1364,105), and C (1820,248) from a bare

N ∗ with 1763 MeV, as the couplings of the bare N ∗ with the

meson-baryon react ion channels are varied from zero to the
full st rengths of the JLMS model. See text for detailed expla-
nat ions. Brunch cuts for all channels are denoted as dashed
lines. The branch points, Eb .p . , for unstable channels are
determined by Eb .p . − EM (k) − EB (k) − ΣM B (k, Eb.p . ) =

0 of the their propagators (described in the text ) evalu-
ated at the spectator momentum k= 0. With the param-

eters [16] used in JLMS model, we find that Eb .p . (MeV)
= (1365.40, − 32.46), (1704.08, − 74.98), (1907.57, − 323.62) for
π∆ , ρN , and σN , respect ively. (below) 3-Dimensional depic-
t ion of the behavior of |det [D (E )]|

2
of the P11 N ∗ propagator

(in arbit rary unit s) as a funct ion of complex-E .

This finding is consistent with the results from the anal-

ysis by Cutkosky and Wang [12] (CMB), GWU/ VPI [13]

and Jülich [14] groups, as seen in Tab. I. In our analysis,

we find that they are on different sheets: (1357,76) and

(1364,105) are on the un-physical and physical sheet of

the π∆ channel, respect ively.

We also find one higher mass pole at (1820, 248) in

P11 part ial wave, which is close to the N ∗ (1710) state

listed by PDG. Within the JLMS model, we find that

this pole and the two poles listed in table I I are related

to one of the two bare states needed to obtain a good

fit to the P11 amplitude up to W = 2 GeV, see [15].

TABLE I I : The resonance pole posit ions M R [list ed as
(Re M R , − Im M R )] ext racted from the JLMS model in the
different unphysical sheets are compared with the values of

3- and 4-stars nucleon resonances listed in the PDG [1].
The notat ion indicat ing their locat ions on the Riemann sur-
face are explained in the text . “—” for P33(1600), P13 and
P31 indicates that no resonance pole has been found in the

considered complex energy region, Re(E ) ≤ 2000 MeV and
− Im(E ) ≤ 250 MeV. All masses are in MeV.

M 0
N ∗ M R Locat ion PDG

S11 1800 (1540, 191) (uuuupp) (1490 - 1530, 45 - 125)
1880 (1642, 41) (uuuupp) (1640 - 1670, 75 - 90)

P11 1763 (1357, 76) (upuupp) (1350 - 1380, 80 - 110)
1763 (1364, 105) (upuppp)
1763 (1820, 248) (uuuuup) (1670 - 1770, 40 - 190)

P13 1711 — (1660 - 1690, 57 - 138)
D 13 1899 (1521, 58) (uuuupp) (1505 - 1515, 52 - 60)

D 15 1898 (1654, 77) (uuuupp) (1655 - 1665, 62 - 75)

F15 2187 (1674, 53) (uuuupp) (1665 - 1680, 55 - 68)

S31 1850 (1563, 95) (u–uup–) (1590 - 1610, 57 - 60)
P31 1900 — (1830 - 1880, 100 - 250)
P33 1391 (1211, 50) (u–ppp–) (1209 - 1211, 49 - 51)

1600 — (1500 - 1700, 200 - 400)
D 33 1976 (1604, 106) (u–uup–) (1620 - 1680, 80 - 120)

F35 2162 (1738, 110) (u–uuu–) (1825 - 1835, 132 - 150)
2162 (1928, 165) (u–uuu–)

F37 2138 (1858, 100) (u–uuu–) (1870 - 1890, 110 - 130)

To see how these poles evolve dynamically through their

coupling with react ion channels, we trace the zeros of

det [D̂ − 1(E )] = det [E − M 0
N ∗ − M B yM B M M B (E )] in

the region 0 ≤ yM B ≤ 1, where M M B (E ) is the con-

t ribut ion of channel M B to the self energy defined by

Eq. (5). Each yM B is varied independent ly to find cont in-

uous evolut ion paths through the various Riemann sheets

on which our analyt ic cont inuat ion method is valid.

We find that the three poles listed in Table I are asso-

ciated to the bare state at 1736 MeV as shown in Fig. 1.

The solid blue curve shows the evolut ion of this bare

state to the posit ion at C(1820, 248) on the unphysical

sheet of theπ∆ and ηN channels. The poles A(1357, 76)

and B(1364,105) evolve from the same bare state on the

physical sheet of the ηN channel. The dashed red curve

indicates how the bare state evolves through varying all

coupling strengths except keeping yπ∆ = 0, to about

Re(M R ) ∼ 1400 MeV. By further varying yπ∆ to 1 of the

full JLMS model, it then split s into two trajectories; one

moves to pole A(1357,76) on the unphysical sheet and

the other to B(1364, 105) on the physical sheet of π∆

channel. Fig. 1 clearly shows how the coupled-channels

effects induces mult i-poles from a single bare state. The

evolut ion of the second bare state at 2037 MeV [15] into

a resonance at W > 2 GeV can be similarly invest igated,

but will not be discussed here.

To explore this interest ing result further and to ex-

amine the stability of the determined three P11 poles,

Suzuki et al. (EBAC) PRL 104, 042302 (2010)

bare state ( 1.7 GeV)

pole A

pole B pole C

Future work : Which pair of poles come from the same bare state (mainly) ?
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FIG. 5. Fit to the energy-dependent cross section of e+ e− → π+ π− J/ ψ using two different fit models:

Model I (a) and Model II (b). The upper panels show the data points with error bars overlaid with the fit

result represented by thesolid (blue) line. The lower panelsshow thecorrespondingfit quality for each data

point in termsof χ in unitsof σ. For moredetails of thefit models, see the text.

II. The
√

s of all data sets have been
measured with di-muon events with an
uncertainty of 0.6 MeV that propagates
directly to theuncertainty of themassof the

resonances. The uncertainties included by
the

√
s spread are obtained by convolving

the resonant PDF with a Gaussian function
whose width is taken to be 1.6 MeV, equal

to the spread obtained from the Beam
Energy Measurement System [41]. The
uncertainty of the PHSP factor, due to the
existenceof intermediatestates, isestimated
by considering the PHSP of cascade two-

body decays of e+ e− → RJ/ψ (with
R = σ, f 0(980), f 0(1370)) and e+ e− →
π± Zc(3900)∓ , and the maximum value
of the difference with respect to the result

obtained when using the three-body PHSP
factor is taken as thesystematic uncertainty.
The deviation of the resonant parameters

introduced by the uncertainties of the
ψ(3770) resonance parameters are less
than 0.1 MeV, and thus can be neglected.
Assumingall of thesystematic uncertainties

are independent, adding them in quadrature
delivers the total error as listed in TableV.

TABLE V. Summary of the uncertainties of the

resonance parameters.

Source

Uncertainty

Y(4220) Y(4320)

M (MeV/c2) Γ (MeV) M (MeV/c2) Γ (MeV)
√

s 0.6 0.6
Beam spread 0.3 0.4 5.0 2.1

Fit model 1.4 1.0 15.8 6.8

PHSP factor 1.3 2.5 19.9 7.8

Total 2.0 2.7 25.9 10.3

17
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Common problem in previous theoretical analyses on Zc(3900)

Invariant mass distributions (left, event numbers)

are fitted to determine Zc(3900) pole

→model’s overall normalization is arbitrary but

model has 𝜎(𝑒+𝑒− → 𝐽/𝜓𝜋𝜋)/𝜎(𝑒+𝑒− → 𝜋𝐷 ഥ𝐷∗)

𝜋𝐷 ഥ𝐷∗𝐽/𝜓𝜋𝜋

𝐽/𝜓𝜋𝜋 𝜋𝐷 ഥ𝐷∗

In previous theoretical analyses, 

  cross sections (left) were not considered

→𝜎(𝑒+𝑒− → 𝐽/𝜓𝜋𝜋)/𝜎(𝑒+𝑒− → 𝜋𝐷 ഥ𝐷∗) 

     from model is unchecked

𝜎(𝑒+𝑒−→𝐽/𝜓 𝜋𝜋 )
𝜎(𝑒+𝑒−→𝜋𝐷 ഥ𝐷∗ )

 should be checked to see if models are reasonable

Our analysis cleared this problem

Cross section data can test Zc production 
mechanism, Zc decay residues
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Present analysis result is consistent with lattice QCD

𝐼 = 1, 𝐽𝑃𝐶 = 1+− 𝐷∗ ഥ𝐷  s-wave interaction is very weak,

 disfavoring narrow 𝑍𝑐(3900) pole near 𝐷∗ ഥ𝐷 threshold

Prelovsek et al. PLB 727, 172 (2013), PRD 91, 014504 (2015)
Chen et al. PRD 89 , 094506 (2014)
Ikeda et al. (HAL QCD) PRL 117, 242001 (2016)
Cheung et al. (Hadron spectrum Collab.) JHEP 11, 033 (2017)

Previous LQCD analyses on 𝑍𝑐(3900) in:

LQCD conclusion :

Most of previous determinations of Zc(3900) pole are not consistent with LQCD
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Q.  Can the global analysis tell Zc(3900) is resonance or virtual state ?

The presented analysis employed energy independent interactions for Zc amplitude

→ Only virtual or bound states are examined → virtual state works fine 

Ongoing update

Zc amplitude with resonant Zc(3900) state is implemented in the three-body coupled-channel model

→ Its performance in the global fit will be examined
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𝒆+𝒆− → 𝒄ത𝒄  data and coupled-channel analyses 

𝑠 (GeV)
3.75 4 4.5 5

𝐷 ഥ𝐷

𝐷∗ ഥ𝐷 

𝐷∗ ഥ𝐷∗

𝜋𝐷 ഥ𝐷

𝜋𝐷∗ ഥ𝐷

𝜋𝐷∗ ഥ𝐷∗

𝐽/𝜓𝜋𝜋

𝜓′𝜋𝜋

ℎ𝑐𝜋𝜋

BESIII
Belle
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