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e Quark models give gross structure of hadron spectrum

e Need non-pertubative approaches to describe these hadrons rigorously:

Dispersion theory Experimental data
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Dispersive framework

e Model independent and non-perturbative resummation of final-state
interactions (FSI), based on:

—— Unitarity (~ probability conservation) gives rise to the optical theorem
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Analyticity: Dispersion relations reconstruct the whole amplitude with
knowledge about discontinuity
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Example: the pion vector form factor

e Full loop calculation
(p)
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 Cutkosky rule: propagators yield Im parts on-shell >

o Calculation of the discontinuity (unitarity)

m(p) Cag—1) TP
diSC[ 4va< ] = W@
() HET0) w(p)
d4l 2 2 I 2 2\ I
(0= p)ydisel(s) = 5 [ 5 @m — m2)(@n)a((a — 1~ md)THi (s, 20)(a ~ 2P (o),

o Use the p-w expansion of the 7w amplitude and the orthogonality condition

o) 1
T;W(S, z1) = 321 Z(Qé + 1)t£(S)Pg(Zl) , (2[ + 1) / lePe(Zl)Pg/(zl) = 2040 ,
=0 -1
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Example: the pion vector form factor

e Unitarity:

(p) Cag—1) @)
() ) N0
(only £ =1 is projected out)
discF,(s) = 2iImF,(s) = 2o (s)Fy(s)ti*(s) = 2iF,(s)sin 5%(8)6_i6}(8) ;

e Watson’s theorem [Watson, Phys.Rev. 95, 228 (1954)]:

ImF,(s) = |F,(s)]e*" ) sin 6%(s)e_i5%(s)c9(s —4m?),

™

= 0r,(s) = 8i(s),
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Omnes equation

e Invoke Cauchy integral

by = L ﬁFﬂ(S’) i

T omi s'—s
o Assuming 7 (s) — 0 when A? — oo, only the integral over the cut remains

1 o discF, (s

Fo(s) = - / discFr(s')
270 Jam2 S’ — s
o Analytic solution, Omneés equation [Omnes, Nuovo Cimento 8, 316 (1958)]
o, o)
F(s) = P(s)Q} Ol _fs) _ f/ ds' A\ )
() = PO0L), 0l(s) = i =expq 2 [ s s

o Polynomial ambiguity P(s), not fixed by unitarity

— Matched to the results of the effective theory, or by experimental data
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Omnes equation

o Diagrammatic interpretation
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e Solution: depends solely on the P-wave phase shift of 7

Garcia-Martin, et.al. Phys. Rev. D83, 074004 (2011)
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Three-particle decay

o In many decay processes one wants to take into account unitarity /FSI in the
three possible channels

e Khuri-Treiman equations:

— Include full rescattering effects
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Khuri-Treiman formalism: citation summary

e Developed for K — 37

Pion-Pion Scattering and K + /- --> 3pi Decay crstens e
N.N. Khuri (Princeton, Inst. Advanced Study), S.B. Treiman (Princeton U.) ‘:

Aug 1, 1960 s

6 pages

Published in: Phys.Rev. 118 (1960) 1115-1121 2
DOI: 10.1103/PhysRev.118.11156 °

e Most prominent applications:

n — 37 [Kambor et.al. 1995, Anisovich et.al. 1996, Descotes-Genon et.al. 2014,
JPAC 2015&17, Colangelo 2016, Albaladejo et.al. 2017]

1 — nmw [Isken et.al. 2017

w/¢ — 3w, my*[Kubis et.al. 2012, JPAC 2014&20, Dax et.al. 2018]

J/1p — 3w, my* [JPAC 2023] — this talk

ete” — 3m/my (a,) [Hoferichter et.al. 2018&19, Hoid 2020)

D — Krr [Niecknig et.al. 2015]

JPC — 37 [JPAC 2019, Stamen et.al. 2022]
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JPAC: Joint Physics Analysis Center

o Work in theoretical /experimental /phenomenological analysis

o Light/heavy meson spectroscopy

o Interaction with many experimental collaborations (BESIII, CLAS, GlueX,
KLOE, LHCb, MAMI,...) and LQCD groups

o Website: https://www.jpac-physics.org

Mikhail Mikhasenko
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https://www.jpac-physics.org

J//(28) — 31 decay

o BESIII data [Phys.Lett. B710, 594 (2012)] show pm puzzle

— J/¢ — 7% T7~: 1.9 milion events, pm dominance

— (29) — 77T 7 7872 events, pr
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Definitions

« Decay amplitude for V — 7t7= 70 (V = w, ¢, J/9)

M(s,t,u) = z’ewage“pip‘ipgf(s, t,u),
o Mandelstam variable, s-channel scattering angle and momenta
s=(pr+p)°, t=@+p1)?, u=(o+p)?,

t—u s, t,u
T 0o ) = S RS
)\%(s,miJr,mfr_) )\%(s,m?]/w, m2,)
plo) = S ) = S
M.t ) = © (2V5sin0,p(3)a()” [ (s, )] = Pls, 0| Fls, )

cosbs(s,t,u) =

o If no dynamics: |.7-"(s,t,u)|2 = 1= |M(s,t,u)|? follows P-wave distribution
— In 1961, w spin and parity from w — 37 was consistent with a P-wave

— Current w — 3w precision Dalitz analyses show deviation from the P-wave 12/27



Khuri-Treiman representation of the amplitude

o s-channel partial-wave (pw) expansion of the amplitude

o0

F(s,t,u) =Y (p(s)a(s))” ™" Pjlzs) fa(s),

J=0
o Khuri-Treiman/isobar decomposition of the amplitude

JIIl ax

Fs,tu) = Y (p(s)a(s)”™" Py(as) Fi(s) + (s ¢ ) + (s 4> ),
J=0

e Consider only J = 1 isobars
F(s,t,u) = Fi(s) + Fi(t) + Fi(u),

e pw projection of the KT decomposition

file) = Filo) + Bi(s), Fu(s)=3 [

— Ii(s): right-hand cut (RHC)
— Fi(s): left-hand cut (given by the RHC of the crossed channels Fy(t), Fy(u)) 13/27
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Unitarity and analyticity

o Unitarity relation for the isobar amplitude F(s)

discFi(s) = 2i (Fl(s) + F1(5)> sin8(s)e 0 0(s — am?)

« Complications: integration contour for F(s)
o Classic’ strategy (Khuri-Treiman, 1960)

— deform path of angular integral
to avoid crossing branch cuts

o Alternative approach (Gasser and Rusetsky, 2018)
— deform path of dispersion relation

Im
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KT equations: DR, solutions, subtractions

o Unsubtracted dispersion relation:

R = g [ a8 BB ) 20 (aﬁ/m ds’smdl(s')Fl(S')),

2 Jam2 s'—s 7 Jamz s |Qu1(s")| (s' — s)

o 01(s): mm phase taken as input:
Old solution [Garcia-Martin, et.al. Phys. Rev. D83, 074004 (2011)]
— New solutions [Pelaez, Rodas, Ruiz De Elvira, Eur. Phys. J. C79, 1008 (2019)]
— Central analysis performed with solution I for d;(s)
— The spread in the other solutions: theoretical uncertainty

T T T T T T T
180 - m - mmm e =

-
I

-+ Old solution

135 = £}
1 &
© 0 {Hvams(‘73) Soll 7 = 100 — Solution I (central)
Tryamst--1 soln | = —— Solution II
hamst- o] Solil 3 —-— Solution 11T

4 Estabrooks  0ld Sol.

% Protopopescu

o Tt L D T 85 <z 5 5 75 .

04 06 08 1 12 14 16 18 . : : i : 15/27
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KT equations: DR, solutions, subtractions

o Unsubtracted dispersion relation:

1 o disc Fi(s) B s [ ds'sindy(s") Fi(s)
RO = 5 f a0 oy O =) (e 2 [ )

e Solution by numerical iteration

— Initial input: F; = Q(s)

— ReQ(s) [Fi(s) = 0] 0 == mQ(s) [Fi(s) =0]
—— 1% iteration 9 b —— 1% iteration
-+ 2" jteration

- 2" jteration

4
Z rd y g
input » calculate F > calculate F . — 3" jteration 3" jteration
B
[y 3
o}
4
2
result < accuracy?
1
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KT equations: DR, solutions, subtractions

e Once-subtracted dispersion relations
s2 [ ds sindi(s') Fi(s)
7 Jimz BRI — )

Fi(s) = Qi(s) (a—l—b’s—i—

e The subtraction constant satisﬁes a sum rule:

_ oy Lo ds' singy(s) P 2 (s )/a
b= e )

e Solution

Fi(s) = a[Fu(s) + bFy(s)]
s2 [0 ds sindy(s') Fy (s
Fu(s) = u(s) A d ‘WF(H ,

14+ 2 i
T Sz 105 —

A =) [s+ 2 [0 o) ) )]

ST iz U — 5)

ReF,(s)

ImF,(s)

5 5
Vi [GeV]

ReFy(s)

ImFy(s)

v




JPAC J/i) — 37 BESIII data analysis

e Dominated by the p

o BESIII data [PLB 710 (2012)] ‘JPAC Coll‘, Phys.Rev‘. D108, 014‘035 (2023)

e JPAC analysis:

e  BESIII data (2012)

6 A — dO(s) (Fi(s) = i
— Two-body ! Fi(s) = a'Q(s) (F1(s) = 0)
— — KT 0sub PAC
— KT unsub basic 5 KT 1 sub A
features

KT 1-sub improves
the description

Events x 10°/2.4 MeV
N

by = 0.198(35)e2:675(300) Gy —2

by, = 0.141%32 GeV 2

18 /27



JPAC J/i) — 37 BESIII data analysis
e Dominated by the p
o BESIII data [PLB 710 (2012)]
e JPAC analysis:

— Dalitz plot distribution
similar to experimental one

m(nn’)? [GeVZ/c']

6 B8
m(n*n%)? [GeV/c4]




Contribution of the F-wave

e Isobar decomposition of the amplitude including F-wave:

F(s,t,u) = Fi(s) + Fi(t) + Fi(u)

+ (p(5)q(5))* P3(25) F3(s) + (p(t)q (1)) Py(24) F3(t) + (p(w)q(u))* P3(zu) F3(u) ,
o Fi3(s)is the P, F-wave isobar amplitude
o Discontinuity of the F-wave:
disc Fy(s) = 2i (Fy(s) + Fi(s)) sindg(s) e 0(s — am?2),

« We neglect F3(s) (for simplicity)

S

FS(S) :pg(S)Qg(S)’ 93(8) — exp [ /00 d5,53(3/)‘|

™ Jam2 s s —s
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Model of the F-wave: p3(1690) exchange
o Exchange of a p3(1690) in the s-channel with an energy-dependent width:

m2 Thm s 20+1
S Ty ORI s (ﬁ(or(n;)) CON

Fs(s)lpw = —5
3

p(s) = 50x 2(2 — 15)2 + 9(22 — 5)2

o Extraction of the F-wave phase and Omnes F-wave function:

s _ z0(z0 — 15)2 +9(2z9 — 5)?
Vio(s), FL 3<s>=\/ (z0 Z 190 49220 = )% _ 12 2(s), 20 = rp?(m2,),

_ ImFg;(S)‘BW
Rng(S) ’BW ’

Q3(s) = exp ls AOO ds,ég(SI)] ;

/oo
T Jam2 s s —s

tan d3(s)

[in degree]
)

d5(s)

T 75z 7 L o
Vs [Gev] Vs [Gev] 21/27



JPAC J/i) — 37 BESIII data analysis

e Dominated by the p

JPAC Coll, Phys.Rev. D108, 014035 (2023)
o BESIII data [PLB 710 (2012)] w w w
7,

e JPAC analysis:

«  BESII data (2012)

6l — KT 1sub 7

— Two-body 5 —-— KT 1sub + F wave

— KT unsub basic ! PAC
features A*

KT 1-sub improves
the description
— KT 1-sub+F-wave

describe better
Mer ~ 1.5 GeV.

Events x 10°/2.4 MeV
N
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(25) — mrr 7" decays

Completely analogous formalism

o BESII (2012) ¢
Larger phase space, 2000 —— P(s) x Omnes }%{'H&{}
m’t/)(QS) = 3.68610 GeV == KT 1 sub (P wave) {*
—_ —— KT 1 sub (P+F waves) 4
BESIII data [PLB 710 (2012)] f 1500¢ o
Why does the ¥(25) — 7F7 =70 = Loool
Dalitz plot differ so dramatically £
from J/¢p — 7T a 707 2 ool

0.5 1.0 1.3 2.0 2:3 3.0 BES




J/1p — 3m: future analyses

o In 2022, BESIII collected 10 billion J/1) events

— Expect to see roughly 200 million J/v — 37 events (vs ~1.9 million in 2012)
— High-precision p-w mixing extraction (JPAC, ongoing)

T
Jy—nn® 3
428 W
3 T S
2 Z =
o 8 %
2 rY B
2 * -
s G o E
.'.. m2, o [GeV?]
12 =
L
0 S
5 2
2 8 -
T | [} &
080 085 0.0 < 6 ®
n'n- Mass (GeV) "’E‘* 4 E
2]
0

= -20
10
mirt0)? [GeVY/c!] 24 /27



J/¢ — 7%* transition form factor

 Dispersive representation (once-subtracted)

, .
.

=~k Ar
' '
.

,
. ,

_’_z:S...’....
T/ 0

® [f7/4r0(0)] from data:

é@ Furs(8) = |fajmo @] 070w 4

2 2 2
D(Jfth = 70) = S odle Tz0]

3
¢ .70 (0) only free parameter

No data, ¢,,.0(0) =0

0)?
= |fJ/'L[)TrU(0)|27

967TTTLJ/1/

1272

3.0

/°° ds'_p*(s') FY*(s') £ 77 (s)

amz (8')3/2 (s" =)

25

2.0

| fumog)| x 10* [GeV™!]

JPAC Coll, Phys.Rev. D108, 014035 (2023)

—  Once-subtracted (KT 1 sub)
—— Once-subtracted (KT 0 sub)
—.— Unsubtracted (KT 1 sub)

- Unsubtracted (KT 0 sub)

)



Combined analysis of w — 37 and w — 79"

e w — 3w Dalitz parameters: X = \fR =VZcosg,Y = S = =\/Zsing,

F(Z.O)F = INP?[1+202+252%2sin36 + 2, 2~ +0(2°%)]
Reference ax 103 B x 103 v X 103 JPAClO%oll, Bur Phys.J. C80 (2020) no.12, 1107
BESIII [PRD98, 112007 (2018)]  111(18) 25(10)  22(29)  tigh pone®) ) e ‘ ‘ ‘ {
low 112(15) 23(6)  29(6) ) T i ;
high 109(14)  26(6)  19(5)  |[E=GF | ¢ yawoo f
‘‘‘‘‘‘‘‘‘ Puauls) = '(s)
e w — 3w subtraction constant from Dalitz parameters o VAD
brit ~ 3.15(22)e>03014)7 Gey —2
Vs

be, = 0.55¢" 1% GeV 2

¢ Only 1 sub KT describes B B N N
both Dalitz-parameters V5 (GeV)

and form factor 26 /27



Outlook

¢ Khuri-Treiman equations:

— Dispersive representation for 3-particle Final-State Interactions

— Based on fundamental principles: analyticity, unitarity and crossing
symimetry

— Input: 7w scattering phase shifts
— Resonance shape affected by left-hand cuts / 3-body effects
— Predictive power (subtraction constants)

Experimental data well described
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Khuri-Treiman representation
JPAC Coll, EPJ C80 (2020) no.12, 1107

o F(s) =a[F,(s)+bFy(s)] e H e
Fo(s) = Q(s) |1+ . /4m$, /2 |Q(s’)|(s’—8):| ’
Fy(s) = Q(s) |s+ p /4m?r 52 |Q(s/)|(s’—s)] )

—2F L L . L El
00 02 04 06 08 10
5 (Gev?)

e Subtraction constant from Dalitz parameters

brip ~ 2.9e70MIGev=2  ys by, = 0.55¢% 15 Gev 2



w — m’v* form factor

JPAC Coll, EPJ C80 (2020) no.12, 1107

() F() SE ()

%%M Fon0(8) = | foro0(0)] €m0 (©)
,,q“ ,:Ar . OO o ,

e |f,-0(0) from data:
ez(mi—mio )3

0 —
F(w - /Y) - 96mm3,

| fusmo0 (0)]2,
o Data: F(s) = % [NAG0(°09,'16), A2('17)]

e ¢,,.0(0) only free parameter

e Two minima are found (low and high)

(s = 5) ’

P
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