
Global coupled-channel analysis of

	 𝒆!𝒆" → 𝒄%𝒄 processes in 𝒔 = 𝟑. 𝟕𝟓 − 𝟒. 𝟕 GeV

1

Satoshi Nakamura (Shandong Univ.)

Collaborators: 彭海平, 周⼩蓉, 李旭紅 (USTC), 孙振⽥ (SDU)

arXiv: 2312.17658



Introduction

2

Many exotic hadron candidates (often called XYZ) discovered by BESIII, Belle, LHCb, … , experiments

Establishing the exotic hadrons (existence & structure) is highly controversial issue ! 
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BESIII data for XYZ physics

𝑒!𝑒" → 𝐽/𝜓	𝜋!𝜋"

𝑒!𝑒" → 𝜋!𝐷#𝐷∗"

à

ß Y(4220)

ß Y(4320)

ß Zc(3900)

Y(4220) à

Y(4390) à
Y(4220) à

Y(4390) 
↓

𝜓(4040)

𝑒!𝑒" → 𝐽/𝜓	𝜂

(only selected ones)
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Outstanding question in XYZ physics : Y width problem

• Why Y states seem to have different widths for different final states ?

𝚪𝒀(𝟒𝟐𝟐𝟎)	~ 44±4 MeV

𝑒!𝑒" → 𝜋!𝐷#𝐷∗" 𝑒!𝑒" → 𝐽/𝜓	𝜂

𝚪𝒀(𝟒𝟐𝟐𝟎)	~ 77±7 MeV 𝚪𝒀(𝟒𝟐𝟐𝟎)	~ 82±6 MeV

𝑒!𝑒" → 𝐽/𝜓	𝜋!𝜋"

• Why Y(4320) appears only in 𝑒!𝑒" → 𝐽/𝜓	𝜋𝜋?  
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Outstanding question in XYZ physics : Y width problem
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TABLE II. Systematic uncertainties of resonance parameters, including the c.m. energy (
p
s), the energy spread (

p
s spread), the

 (4040) parameters ( (4040)), the systematic uncertainty in the cross section measurement (Cross section), the parameterization of
non-resonant amplitude (Fit model), and the parameterization of Breit-Wigner function (�tot). The symbol “· · · ” represents that the
uncertainty is neglected. The label i = 1, 2 and 3 symbolizes  (4040),  (4230), and  (4360), respectively.

Source Solution
p
s

p
s spread  (4040) Cross section Fit model �tot Total

M2 ( MeV/c2) - 0.8 0.7 0.3 0.7 0.2 4.3 4.5
�2 ( MeV) - · · · 1.1 0.3 0.9 0.2 0.3 1.4
M3 ( MeV/c2) - 0.8 0.4 1.1 0.8 0.1 16.8 16.9
�3 ( MeV) - · · · 9.9 0.8 6.7 4.7 2.0 13.0

�e+e�
1 · B1 ( eV)

I · · · 0.05 0.09 0.04 0.01 0.05 0.12
II · · · 0.03 0.87 0.04 0.01 0.31 0.93
III · · · 0.05 0.11 0.05 0.01 0.06 0.15
IV · · · 0.04 1.06 0.03 0.01 0.38 1.13

�e+e�
2 · B2 ( eV)

I · · · 0.02 0.03 0.10 0.02 0.01 0.11
II · · · 0.12 0.26 0.06 0.00 0.10 0.31
III · · · 0.18 0.05 0.34 0.12 0.03 0.41
IV · · · 0.05 0.40 0.30 0.10 0.23 0.57

�e+e�
3 · B3 ( eV)

I · · · 0.18 0.00 0.16 0.09 0.01 0.26
II · · · 0.22 0.04 0.18 0.10 0.02 0.30
III · · · 0.30 0.05 0.30 0.16 0.01 0.45
IV · · · 0.36 0.14 0.34 0.17 0.03 0.54

Based on the four solutions including the statistical and
systematic uncertainties and combining with the electronic
partial widths, which are 0.63 ⇠ 0.66 keV for  (4230)
and 0.523 keV for  (4360) in Refs. [24, 25], the branch-
ing fraction B( (4230) ! ⌘J/ ) is estimated to be in the
range of (6.06± 0.76± 0.17)⇥ 10�3 to (18.89± 1.75±
0.90) ⇥ 10�3, and the partial decay width �( (4360) !
⌘J/ ) is estimated to be in the range of (0.61 ± 0.23 ±
0.10) MeV to (1.70 ± 0.59 ± 0.22) MeV. But neither of
them can cover the predictions of Refs. [24, 25] based on
a conventional charmonium state model. Comparing with
�e+e�

 (4360) · B( (4360) ! ⇡+⇡�hc) from Ref. [17], we ob-

tain the ratio �( (4360)!⌘J/ )
�( (4360)!⇡+⇡�hc)

= 0.16+0.08
�0.07 ± 0.03 ⇠

0.43+0.23
�0.21 ± 0.08, which is beyond the expected range un-

der the D⇤D̄1 + H.c.1 molecular scenario in Ref. [27]. Fur-
ther theoretical and experimental studies are still needed to
interpret the nature and the structures of these states.
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How to find solution to Y width problem ?

🥲  Analyze different final states with different models (usual experimental method)

      à no simple relation between resonance parameters from different models à Y width problem

😃  Analyze different final states simultaneously with a unified model

       *  how various charmonia interfere to create different lineshapes in different final states

       *  kinematical effects (threshold opening, triangle singularity) change lineshapes in some processes
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To answer the Y width problem,  

we need to understand:

(i) vector charmonium pole structure  (pole locaUons)

(ii) couplings of the poles with decay channels  (residues)

In other words, 
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Now is the time to address vector charmonium poles !  

To answer the Y width problem,  

we need to understand:

(i) vector charmonium pole structure  (pole locations)

(ii) couplings of the poles with decay channels  (residues)

BESIII accumulated high-quality data for various 𝑒+𝑒− → 𝑐 ̅𝑐 processes over wide energy region covering Y

𝑒!𝑒" → 𝐷(∗)+𝐷(∗), 𝐷(
(∗)+𝐷(

(∗), 𝐽/𝜓	𝜂()), 𝜒*+𝜔               (two-body final states)

             𝑒!𝑒" → 𝜋𝐷(∗)+𝐷(∗),  𝐽/𝜓𝜋𝜋, 𝜓′𝜋𝜋, ℎ*𝜋𝜋, 𝐽/𝜓𝐾+𝐾  (three-body final states)

             𝑒!𝑒" → 𝜂*𝜌𝜋 (𝜌 → 𝜋𝜋)                                                (four-body final states)

Important not only for Y states but also for well-established charmonium [y(4040), y(4160), y(4415)] because:

• Their properUes were previously determined by simple Breit-Wigner fit to inclusive (𝑒!𝑒"	à hadrons) R values

• Analyzing precise exclusive data  à More detailed and precise informaUon

à From analyzing these data simultaneously , possible to reliably extract poles
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Understanding Y inevitably involves understanding Zc

𝑒!𝑒" → 𝐽/𝜓	𝜋!𝜋"

ß Y(4220)

ß Y(4320)

ß Zc(3900)

above process seems partly from 𝑌 → 𝑍*𝜋 → 	𝐽/𝜓	𝜋	 𝜋 à   Y and Zc properUes should be highly correlated

Combined 𝑒!𝑒" → 𝑐 ̅𝑐  analysis inevitably include the above data with Zc signals  

                                                 à    inevitaby address Zc properties as well as Y 

Zc(3900), Zc(4020) : outstanding exotic candidates including 𝑐 ̅𝑐𝑢𝑑̅



This work

• Global analysis of  BESIII and Belle data in 3.75 ≤ 𝑠 	≤ 4.7 GeV with a unified coupled-channel model

            𝑒!𝑒" → 𝐷(∗)+𝐷(∗), 𝐷(
(∗)+𝐷(

(∗), 𝐽/𝜓	𝜂()), 𝜒*+𝜔               (9 two-body final states)

             𝑒!𝑒" → 𝜋𝐷(∗)+𝐷(∗),  𝐽/𝜓𝜋𝜋, 𝜓′𝜋𝜋, ℎ*𝜋𝜋, 𝐽/𝜓𝐾+𝐾  (7 three-body final states)

             𝑒!𝑒" → 𝜂*𝜌𝜋 (𝜌 → 𝜋𝜋)                                                ( 1 four-body final states)

• Fit both total cross sections and invariant mass distributions

• Extract  vector charmonium (y, Y) and Zc  poles (mass, width)

      Extraction of residues (branching fractions) and solution of Y width problem  à  near-future work
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Related works previously done

* M. Cleven, Q. Wang, F.-K. Guo, C. Hanhart, U.-G. Meißner, Q. Zhao, PRD 90, 074039 (2014) 

Analysis of 𝑒!𝑒" → 𝜋𝐷-𝐷∗,  𝐽/𝜓𝜋𝜋 ,  ℎ+𝜋𝜋  cross section and invariant mass in  4.1 < 𝑠 	< 4.3 GeV  [ Y(4230) region ]

Pioneering works, but the data were very limited  à limited conclusions on Y(4230) properties

* L. Detten, C. Hanhart, V. Baru,  arXiv:2309.11970 

~ ~

Three-body model

Breit-Wigner fits to cross section data

Fidng data in Y(4230) region;  more final states than the above 

* D.-Y. Chen, X. Liu, T. Matsuki, Eur. Phys. J. C 78, 136 (2018)

Fitting of 𝑒!𝑒" → 𝜋𝐷-𝐷∗,  𝐽/𝜓𝜋𝜋 ,  ℎ+𝜋𝜋  cross sections  à Y(4320) and Y(4390) not necessary 

* Z.-Y. Zhou, C.-Y. Li, Z. Xiao, arXiv:2304.07052

Fitting of 𝑒!𝑒" → 𝐷(∗)-𝐷(∗), 𝜋𝐷-𝐷 cross sections  à y(4160) is Y(4230)

Our analysis includes significantly more 

complete dataset

à More reliable conclusion



MODEL
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Full amplitude for 𝑒6𝑒7 → 𝜋𝐷(∗)&𝐷(∗),  𝐽/𝜓𝜋𝜋, 𝜓′𝜋𝜋, ℎ;𝜋𝜋, 𝜂;𝜌𝜋, 𝐽/𝜓𝐾&𝐾 

𝛾∗

𝑒!

𝑒"

𝜋𝐷(∗)-𝐷(∗),  𝐽/𝜓𝜋𝜋, 𝜓′𝜋𝜋, ℎ+𝜋𝜋, 𝜂+𝜌𝜋, 𝐽/𝜓𝐾-𝐾

(three-body final states)

Non-resonant mechanisms are also included

𝛾∗

𝑒!

𝑒"

Dressed vertices (propagator) : bare vertices (propagator) dressed by hadron scattering

𝜓 production,   propagation,    decay   à   details in next slides



13

Full amplitude for 𝑒6𝑒7 → 𝜋𝐷(∗)&𝐷(∗),  𝐽/𝜓𝜋𝜋, 𝜓′𝜋𝜋, ℎ;𝜋𝜋, 𝜂;𝜌𝜋, 𝐽/𝜓𝐾&𝐾 

dressed 𝜓

𝛾∗

𝑒!

𝑒"

𝜋𝐷(∗)-𝐷(∗),  𝐽/𝜓𝜋𝜋, 𝜓′𝜋𝜋, ℎ+𝜋𝜋, 𝜂+𝜌𝜋, 𝐽/𝜓𝐾-𝐾

Full amplitude for 𝑒6𝑒7 → 𝐷(∗)&𝐷(∗), 𝐷?
(∗)&𝐷?

(∗), 𝐽/𝜓	𝜂(@), 𝜒;A𝜔

dressed 𝜓

𝛾∗

𝑒!

𝑒"

𝐷(∗)-𝐷(∗), 𝐷,
(∗)-𝐷,

(∗), 𝐽/𝜓	𝜂(-), 𝜒+#𝜔

(three-body final states)

(two-body final states)

+ non-resonant

+ non-resonant



(quasi) two-body channels included;  𝐽./ = 1""

𝝍 and Y decays (bare vertices)

bare 𝜓
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𝐷, 2420 , 𝐷, 2430 +, 𝐷-∗ 2460 , 𝐷∗ à  Breit-Wigner (BW) propagators; mass and width from PDG 
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FIG. 1. (a) Charmonium excitation mechanism for e+e− →
abc in our coupled-channel model; abc are three particles in
the final state; the solid lines are (bare) two-meson resonances
R. The double lines with ψ represent a bare charmonium
state. The solid circles represent dressed propagators and
vertices. (b) Main charmonium decays such as direct decay
and single triangle mechanisms.

Model.— We sketch our coupled-channel model [46–48]
for e+e− → cc̄ processes. For three-body (abc) final
states, our amplitude for a charmonium (ψ) excitation
mechanism of Fig. 1(a) is: 2

Aψabc,e+e− =
cyclic
∑

abc

∑

RR′sz
R

∑

ij

Γab,R τR,R′ (pc, E − Ec)

×Γ̄cR′,ψi
(pc, E) Ḡij(E) Γ̄ψj ,e+e− , (1)

where R is a two-meson resonance such as D1(2420);
cyclic permutations (abc), (cab), (bca) are indicated by
∑cyclic

abc ; ψi indicates i-th bare ψ state; E denotes the
abc invariant mass. The amplitude includes dressed ψ
production mechanism (Γ̄ψ,e+e−), dressed ψ propagator
(Ḡij), dressed ψ → Rc vertex (Γ̄cR,ψ), dressed R propa-
gator (τR,R′), and R → ab vertex (Γab,R). We also con-
sider nonresonant (NR) mechanism:

ANR
abc,e+e− =

cyclic
∑

abc

∑

RR′szR

Γab,R τR,R′ Γ̄R′c,e+e−(pc, E),(2)

with a NR dressed Rc production mechanism (Γ̄Rc,e+e−).
Amplitudes for two-body final states are obtained from
Eqs. (1) and (2) by removing Γab,RτR,R′ . The dressed Rc
propagator is given by

[τ−1(p,E)]R,R′ = [E − ER(p)]δR,R′ − [Σ(p,E)]R,R′ ,(3)

with ΣR,R′ being the R self-energy generated by Γab,R.
The dressed ψ → Rc vertex is given as

Γ̄cR,ψi
(pc, E) =

∫

d3qΦcR,c′R′(pc, q;E)Γc′R′,ψi
(q),(4)

2 We denote a particle x’s mass, momentum, energy, and spin state
in the abc center-of-mass (CM) frame by mx, px, Ex, and szx,

respectively; Ex =
√

m2
x + |px|2. The mass values are taken

from Ref. [4]. Our model is isospin symmetric, and the averaged
mass is used for isospin partners.

TABLE I. Quasi two-body (Rc) coupled-channels. See text
for grouping (A-C).

(A) D1(2420)D̄
(∗), D1(2430)

0D̄(∗), D∗
2(2460)D̄

(∗), D(∗)D̄(∗)

(B) D∗
0(2300)D̄

∗, f0J/ψ, f2J/ψ, f0ψ′, f0hc, Zcπ, ZcsK̄

(C) D(∗)
s D̄(∗)

s , J/ψη, J/ψη′, ωχc0

with ΓcR,ψi
being a bare ψi → Rc vertex and

∑

c′R′sz
R′

implicit. Φ = (1−
∫

d3q V τ)−1 is a wave function driven
by an Rc → R′c′ Z-shape interaction V where R → c′c̄
is followed by c̄c → R′ via a potentially on-shell c̄-
exchange; see Appendix C of [46] for formulas. This
nonperturbative treatment of V τ is required by the three-
body unitarity, although our model is not fully three-
body unitary for partly using Breit-Wigner amplitudes in
Eq. (3) as discussed below. Similarly, Γ̄Rc,e+e− in Eq. (2)
is obtained by replacing ΓcR,ψi

in Eq. (4) with a tree
e+e− → γ∗ → Rc amplitude (ΓcR,e+e−). The dressed ψ
production mechanism Γ̄ψi,e+e− is given by

Γψi,e+e− +

∫

d3q Γψi,cR′(q)τR′,RΓ̄Rc,e+e−(q, E), (5)

where the first term is a bare e+e− → γ∗ → ψi ampli-
tude and the second rescattering term. The dressed ψ
propagator is

[

Ḡ−1(E)
]

ij
= (E −mψi

)δij − [Σψ(E)]ij , (6)

with mψi
being a bare mass and the self energy

[Σψ(E)]ij=
∑

cRR′sz
R

∫

d3qΓcR,ψi
(q)τR,R′ Γ̄cR′,ψj

(q, E). (7)

We consider Rc channels summarized in Table I. Each
channel is combined with its charge conjugate to form
a negative C-parity state. For the group (A) and (C),
we simplify Eq. (3) to a Breit-Wigner form with mass
and a constant width from Ref. [4]; the width is set
to zero for (C). Their decay vertices Γab,R are deter-
mined, assuming that D1(2420) → D∗π (mainly d-wave),
D1(2430)0 → D∗π (s-wave), D∗

2(2460) → D∗π + Dπ
[Γ(Dπ)/Γ(D∗π) ∼ 1.5 [4]], and D∗ → Dπ saturate their
widths. A small s-wave decay of D1(2420) is also in-
cluded to reproduce the helicity angle distribution [54].
Regarding the group (B), R is pole(s) from meson-
meson scattering, and its bare Γab,R are used in Eq. (3).
D∗

0(2300) is from Dπ s-wave scattering amplitude fit-
ted to that based on the lattice QCD spectrum [55]; the
pole is at 2104 − 100i MeV. f0 and f2 are poles from
s- and d-wave ππ−KK̄ coupled-channel amplitudes, re-
spectively (Appendix of [56]). Zc represents poles from a
JPC = 1+− D∗D̄ − D∗D̄∗ − J/ψπ − ψ′π − hcπ − ηcρ
coupled-channel scattering amplitude (Zc amplitude).
Zcs is introduced to simply provide a ψi → J/ψKK̄
mechanism and no pole.

𝐷, 2420 → 𝐷∗𝜋	 (mainly d-wave decay); small s–wave coupling fixed by helicity angle distribution data 

𝐷, 2430 + → 𝐷∗𝜋	 (s-wave decay)

𝐷-∗ 2460 → 𝐷∗𝜋	+	𝐷𝜋;  Γ(𝐷𝜋)/Γ 𝐷∗𝜋 ~1.5 

𝐷∗ → 𝐷𝜋

𝐷.
(∗) →	𝐷(∗)𝜋  coupling strength is determined, assuming the following decays saturate the width 

Babar, PRD 82, 111101 (2010) 

Group (A)



𝝍 and Y decays (bare vertices)
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𝐷+∗ 2300    à  𝐷𝜋 s-wave amplitude fitted to LQCD-based amplitude 

(quasi) two-body channels included;  𝐽./ = 1""
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FIG. 1. (a) Charmonium excitation mechanism for e+e− →
abc in our coupled-channel model; abc are three particles in
the final state; the solid lines are (bare) two-meson resonances
R. The double lines with ψ represent a bare charmonium
state. The solid circles represent dressed propagators and
vertices. (b) Main charmonium decays such as direct decay
and single triangle mechanisms.

Model.— We sketch our coupled-channel model [46–48]
for e+e− → cc̄ processes. For three-body (abc) final
states, our amplitude for a charmonium (ψ) excitation
mechanism of Fig. 1(a) is: 2

Aψabc,e+e− =
cyclic
∑

abc

∑

RR′sz
R

∑

ij

Γab,R τR,R′ (pc, E − Ec)

×Γ̄cR′,ψi
(pc, E) Ḡij(E) Γ̄ψj ,e+e− , (1)

where R is a two-meson resonance such as D1(2420);
cyclic permutations (abc), (cab), (bca) are indicated by
∑cyclic

abc ; ψi indicates i-th bare ψ state; E denotes the
abc invariant mass. The amplitude includes dressed ψ
production mechanism (Γ̄ψ,e+e−), dressed ψ propagator
(Ḡij), dressed ψ → Rc vertex (Γ̄cR,ψ), dressed R propa-
gator (τR,R′), and R → ab vertex (Γab,R). We also con-
sider nonresonant (NR) mechanism:

ANR
abc,e+e− =

cyclic
∑

abc

∑

RR′szR

Γab,R τR,R′ Γ̄R′c,e+e−(pc, E),(2)

with a NR dressed Rc production mechanism (Γ̄Rc,e+e−).
Amplitudes for two-body final states are obtained from
Eqs. (1) and (2) by removing Γab,RτR,R′ . The dressed Rc
propagator is given by

[τ−1(p,E)]R,R′ = [E − ER(p)]δR,R′ − [Σ(p,E)]R,R′ ,(3)

with ΣR,R′ being the R self-energy generated by Γab,R.
The dressed ψ → Rc vertex is given as

Γ̄cR,ψi
(pc, E) =

∫

d3qΦcR,c′R′(pc, q;E)Γc′R′,ψi
(q),(4)

2 We denote a particle x’s mass, momentum, energy, and spin state
in the abc center-of-mass (CM) frame by mx, px, Ex, and szx,

respectively; Ex =
√

m2
x + |px|2. The mass values are taken

from Ref. [4]. Our model is isospin symmetric, and the averaged
mass is used for isospin partners.

TABLE I. Quasi two-body (Rc) coupled-channels. See text
for grouping (A-C).

(A) D1(2420)D̄
(∗), D1(2430)

0D̄(∗), D∗
2(2460)D̄

(∗), D(∗)D̄(∗)

(B) D∗
0(2300)D̄

∗, f0J/ψ, f2J/ψ, f0ψ′, f0hc, Zcπ, ZcsK̄

(C) D(∗)
s D̄(∗)

s , J/ψη, J/ψη′, ωχc0

with ΓcR,ψi
being a bare ψi → Rc vertex and

∑

c′R′sz
R′

implicit. Φ = (1−
∫

d3q V τ)−1 is a wave function driven
by an Rc → R′c′ Z-shape interaction V where R → c′c̄
is followed by c̄c → R′ via a potentially on-shell c̄-
exchange; see Appendix C of [46] for formulas. This
nonperturbative treatment of V τ is required by the three-
body unitarity, although our model is not fully three-
body unitary for partly using Breit-Wigner amplitudes in
Eq. (3) as discussed below. Similarly, Γ̄Rc,e+e− in Eq. (2)
is obtained by replacing ΓcR,ψi

in Eq. (4) with a tree
e+e− → γ∗ → Rc amplitude (ΓcR,e+e−). The dressed ψ
production mechanism Γ̄ψi,e+e− is given by

Γψi,e+e− +

∫

d3q Γψi,cR′(q)τR′,RΓ̄Rc,e+e−(q, E), (5)

where the first term is a bare e+e− → γ∗ → ψi ampli-
tude and the second rescattering term. The dressed ψ
propagator is

[

Ḡ−1(E)
]

ij
= (E −mψi

)δij − [Σψ(E)]ij , (6)

with mψi
being a bare mass and the self energy

[Σψ(E)]ij=
∑

cRR′sz
R

∫

d3qΓcR,ψi
(q)τR,R′ Γ̄cR′,ψj

(q, E). (7)

We consider Rc channels summarized in Table I. Each
channel is combined with its charge conjugate to form
a negative C-parity state. For the group (A) and (C),
we simplify Eq. (3) to a Breit-Wigner form with mass
and a constant width from Ref. [4]; the width is set
to zero for (C). Their decay vertices Γab,R are deter-
mined, assuming that D1(2420) → D∗π (mainly d-wave),
D1(2430)0 → D∗π (s-wave), D∗

2(2460) → D∗π + Dπ
[Γ(Dπ)/Γ(D∗π) ∼ 1.5 [4]], and D∗ → Dπ saturate their
widths. A small s-wave decay of D1(2420) is also in-
cluded to reproduce the helicity angle distribution [54].
Regarding the group (B), R is pole(s) from meson-
meson scattering, and its bare Γab,R are used in Eq. (3).
D∗

0(2300) is from Dπ s-wave scattering amplitude fit-
ted to that based on the lattice QCD spectrum [55]; the
pole is at 2104 − 100i MeV. f0 and f2 are poles from
s- and d-wave ππ−KK̄ coupled-channel amplitudes, re-
spectively (Appendix of [56]). Zc represents poles from a
JPC = 1+− D∗D̄ − D∗D̄∗ − J/ψπ − ψ′π − hcπ − ηcρ
coupled-channel scattering amplitude (Zc amplitude).
Zcs is introduced to simply provide a ψi → J/ψKK̄
mechanism and no pole.

Group (B)

Albaladejo et al. PLB 767, 465 (2017)

𝐷+∗ pole :  2104 − 𝑖	100 MeV (ours)  ,   2105"/!0 − 𝑖	102",-!,+  MeV  (Albaladejo et al.)

bare 𝜓

We do not include  “ bare 𝜓 → 𝐷+∗+𝐷∗, 𝑍*𝜋 ” 

bare 𝜓 dominantly decays to two-body states; 𝐷+∗	 and	 𝑍* are probably not compact states 

𝐷+∗+𝐷∗	 and	 𝑍*𝜋	 channels are generated by coupled-channel effect like 

-𝐷

𝐷0 𝐷∗

𝜋
-𝐷#∗

bare 𝜓
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FIG. 1. (a) Charmonium excitation mechanism for e+e− →
abc in our coupled-channel model; abc are three particles in
the final state; the solid lines are (bare) two-meson resonances
R. The double lines with ψ represent a bare charmonium
state. The solid circles represent dressed propagators and
vertices. (b) Main charmonium decays such as direct decay
and single triangle mechanisms.

Model.— We sketch our coupled-channel model [46–48]
for e+e− → cc̄ processes. For three-body (abc) final
states, our amplitude for a charmonium (ψ) excitation
mechanism of Fig. 1(a) is: 2

Aψabc,e+e− =
cyclic
∑

abc

∑

RR′sz
R

∑

ij

Γab,R τR,R′ (pc, E − Ec)

×Γ̄cR′,ψi
(pc, E) Ḡij(E) Γ̄ψj ,e+e− , (1)

where R is a two-meson resonance such as D1(2420);
cyclic permutations (abc), (cab), (bca) are indicated by
∑cyclic

abc ; ψi indicates i-th bare ψ state; E denotes the
abc invariant mass. The amplitude includes dressed ψ
production mechanism (Γ̄ψ,e+e−), dressed ψ propagator
(Ḡij), dressed ψ → Rc vertex (Γ̄cR,ψ), dressed R propa-
gator (τR,R′), and R → ab vertex (Γab,R). We also con-
sider nonresonant (NR) mechanism:

ANR
abc,e+e− =

cyclic
∑

abc

∑

RR′szR

Γab,R τR,R′ Γ̄R′c,e+e−(pc, E),(2)

with a NR dressed Rc production mechanism (Γ̄Rc,e+e−).
Amplitudes for two-body final states are obtained from
Eqs. (1) and (2) by removing Γab,RτR,R′ . The dressed Rc
propagator is given by

[τ−1(p,E)]R,R′ = [E − ER(p)]δR,R′ − [Σ(p,E)]R,R′ ,(3)

with ΣR,R′ being the R self-energy generated by Γab,R.
The dressed ψ → Rc vertex is given as

Γ̄cR,ψi
(pc, E) =

∫

d3qΦcR,c′R′(pc, q;E)Γc′R′,ψi
(q),(4)

2 We denote a particle x’s mass, momentum, energy, and spin state
in the abc center-of-mass (CM) frame by mx, px, Ex, and szx,

respectively; Ex =
√

m2
x + |px|2. The mass values are taken

from Ref. [4]. Our model is isospin symmetric, and the averaged
mass is used for isospin partners.

TABLE I. Quasi two-body (Rc) coupled-channels. See text
for grouping (A-C).

(A) D1(2420)D̄
(∗), D1(2430)

0D̄(∗), D∗
2(2460)D̄

(∗), D(∗)D̄(∗)

(B) D∗
0(2300)D̄

∗, f0J/ψ, f2J/ψ, f0ψ′, f0hc, Zcπ, ZcsK̄

(C) D(∗)
s D̄(∗)

s , J/ψη, J/ψη′, ωχc0

with ΓcR,ψi
being a bare ψi → Rc vertex and

∑

c′R′sz
R′

implicit. Φ = (1−
∫

d3q V τ)−1 is a wave function driven
by an Rc → R′c′ Z-shape interaction V where R → c′c̄
is followed by c̄c → R′ via a potentially on-shell c̄-
exchange; see Appendix C of [46] for formulas. This
nonperturbative treatment of V τ is required by the three-
body unitarity, although our model is not fully three-
body unitary for partly using Breit-Wigner amplitudes in
Eq. (3) as discussed below. Similarly, Γ̄Rc,e+e− in Eq. (2)
is obtained by replacing ΓcR,ψi

in Eq. (4) with a tree
e+e− → γ∗ → Rc amplitude (ΓcR,e+e−). The dressed ψ
production mechanism Γ̄ψi,e+e− is given by

Γψi,e+e− +

∫

d3q Γψi,cR′(q)τR′,RΓ̄Rc,e+e−(q, E), (5)

where the first term is a bare e+e− → γ∗ → ψi ampli-
tude and the second rescattering term. The dressed ψ
propagator is

[

Ḡ−1(E)
]

ij
= (E −mψi

)δij − [Σψ(E)]ij , (6)

with mψi
being a bare mass and the self energy

[Σψ(E)]ij=
∑

cRR′sz
R

∫

d3qΓcR,ψi
(q)τR,R′ Γ̄cR′,ψj

(q, E). (7)

We consider Rc channels summarized in Table I. Each
channel is combined with its charge conjugate to form
a negative C-parity state. For the group (A) and (C),
we simplify Eq. (3) to a Breit-Wigner form with mass
and a constant width from Ref. [4]; the width is set
to zero for (C). Their decay vertices Γab,R are deter-
mined, assuming that D1(2420) → D∗π (mainly d-wave),
D1(2430)0 → D∗π (s-wave), D∗

2(2460) → D∗π + Dπ
[Γ(Dπ)/Γ(D∗π) ∼ 1.5 [4]], and D∗ → Dπ saturate their
widths. A small s-wave decay of D1(2420) is also in-
cluded to reproduce the helicity angle distribution [54].
Regarding the group (B), R is pole(s) from meson-
meson scattering, and its bare Γab,R are used in Eq. (3).
D∗

0(2300) is from Dπ s-wave scattering amplitude fit-
ted to that based on the lattice QCD spectrum [55]; the
pole is at 2104 − 100i MeV. f0 and f2 are poles from
s- and d-wave ππ−KK̄ coupled-channel amplitudes, re-
spectively (Appendix of [56]). Zc represents poles from a
JPC = 1+− D∗D̄ − D∗D̄∗ − J/ψπ − ψ′π − hcπ − ηcρ
coupled-channel scattering amplitude (Zc amplitude).
Zcs is introduced to simply provide a ψi → J/ψKK̄
mechanism and no pole.

Group (B) 𝑓+ [𝑓-]         à  our 𝜋𝜋 s[d]-wave amplitude fitted to empirical amplitude
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FIG. 1. (a) Charmonium excitation mechanism for e+e− →
abc in our coupled-channel model; abc are three particles in
the final state; the solid lines are (bare) two-meson resonances
R. The double lines with ψ represent a bare charmonium
state. The solid circles represent dressed propagators and
vertices. (b) Main charmonium decays such as direct decay
and single triangle mechanisms.

Model.— We sketch our coupled-channel model [46–48]
for e+e− → cc̄ processes. For three-body (abc) final
states, our amplitude for a charmonium (ψ) excitation
mechanism of Fig. 1(a) is: 2

Aψabc,e+e− =
cyclic
∑

abc

∑

RR′sz
R

∑

ij

Γab,R τR,R′ (pc, E − Ec)

×Γ̄cR′,ψi
(pc, E) Ḡij(E) Γ̄ψj ,e+e− , (1)

where R is a two-meson resonance such as D1(2420);
cyclic permutations (abc), (cab), (bca) are indicated by
∑cyclic

abc ; ψi indicates i-th bare ψ state; E denotes the
abc invariant mass. The amplitude includes dressed ψ
production mechanism (Γ̄ψ,e+e−), dressed ψ propagator
(Ḡij), dressed ψ → Rc vertex (Γ̄cR,ψ), dressed R propa-
gator (τR,R′), and R → ab vertex (Γab,R). We also con-
sider nonresonant (NR) mechanism:

ANR
abc,e+e− =

cyclic
∑

abc

∑

RR′szR

Γab,R τR,R′ Γ̄R′c,e+e−(pc, E),(2)

with a NR dressed Rc production mechanism (Γ̄Rc,e+e−).
Amplitudes for two-body final states are obtained from
Eqs. (1) and (2) by removing Γab,RτR,R′ . The dressed Rc
propagator is given by

[τ−1(p,E)]R,R′ = [E − ER(p)]δR,R′ − [Σ(p,E)]R,R′ ,(3)

with ΣR,R′ being the R self-energy generated by Γab,R.
The dressed ψ → Rc vertex is given as

Γ̄cR,ψi
(pc, E) =

∫

d3qΦcR,c′R′(pc, q;E)Γc′R′,ψi
(q),(4)

2 We denote a particle x’s mass, momentum, energy, and spin state
in the abc center-of-mass (CM) frame by mx, px, Ex, and szx,

respectively; Ex =
√

m2
x + |px|2. The mass values are taken

from Ref. [4]. Our model is isospin symmetric, and the averaged
mass is used for isospin partners.

TABLE I. Quasi two-body (Rc) coupled-channels. See text
for grouping (A-C).

(A) D1(2420)D̄
(∗), D1(2430)

0D̄(∗), D∗
2(2460)D̄

(∗), D(∗)D̄(∗)

(B) D∗
0(2300)D̄

∗, f0J/ψ, f2J/ψ, f0ψ′, f0hc, Zcπ, ZcsK̄

(C) D(∗)
s D̄(∗)

s , J/ψη, J/ψη′, ωχc0

with ΓcR,ψi
being a bare ψi → Rc vertex and

∑

c′R′sz
R′

implicit. Φ = (1−
∫

d3q V τ)−1 is a wave function driven
by an Rc → R′c′ Z-shape interaction V where R → c′c̄
is followed by c̄c → R′ via a potentially on-shell c̄-
exchange; see Appendix C of [46] for formulas. This
nonperturbative treatment of V τ is required by the three-
body unitarity, although our model is not fully three-
body unitary for partly using Breit-Wigner amplitudes in
Eq. (3) as discussed below. Similarly, Γ̄Rc,e+e− in Eq. (2)
is obtained by replacing ΓcR,ψi

in Eq. (4) with a tree
e+e− → γ∗ → Rc amplitude (ΓcR,e+e−). The dressed ψ
production mechanism Γ̄ψi,e+e− is given by

Γψi,e+e− +

∫

d3q Γψi,cR′(q)τR′,RΓ̄Rc,e+e−(q, E), (5)

where the first term is a bare e+e− → γ∗ → ψi ampli-
tude and the second rescattering term. The dressed ψ
propagator is

[

Ḡ−1(E)
]

ij
= (E −mψi

)δij − [Σψ(E)]ij , (6)

with mψi
being a bare mass and the self energy

[Σψ(E)]ij=
∑

cRR′sz
R

∫

d3qΓcR,ψi
(q)τR,R′ Γ̄cR′,ψj

(q, E). (7)

We consider Rc channels summarized in Table I. Each
channel is combined with its charge conjugate to form
a negative C-parity state. For the group (A) and (C),
we simplify Eq. (3) to a Breit-Wigner form with mass
and a constant width from Ref. [4]; the width is set
to zero for (C). Their decay vertices Γab,R are deter-
mined, assuming that D1(2420) → D∗π (mainly d-wave),
D1(2430)0 → D∗π (s-wave), D∗

2(2460) → D∗π + Dπ
[Γ(Dπ)/Γ(D∗π) ∼ 1.5 [4]], and D∗ → Dπ saturate their
widths. A small s-wave decay of D1(2420) is also in-
cluded to reproduce the helicity angle distribution [54].
Regarding the group (B), R is pole(s) from meson-
meson scattering, and its bare Γab,R are used in Eq. (3).
D∗

0(2300) is from Dπ s-wave scattering amplitude fit-
ted to that based on the lattice QCD spectrum [55]; the
pole is at 2104 − 100i MeV. f0 and f2 are poles from
s- and d-wave ππ−KK̄ coupled-channel amplitudes, re-
spectively (Appendix of [56]). Zc represents poles from a
JPC = 1+− D∗D̄ − D∗D̄∗ − J/ψπ − ψ′π − hcπ − ηcρ
coupled-channel scattering amplitude (Zc amplitude).
Zcs is introduced to simply provide a ψi → J/ψKK̄
mechanism and no pole.

Group (B) 𝑍* : 𝐽12 = 1!"  𝐷∗+𝐷 − 𝐷∗+𝐷∗ − 𝐽/𝜓𝜋 − 𝜓)𝜋 − ℎ*𝜋 − 𝜂*𝜌  couple—channel scattering amplitude

       driven by contact interactions; s-wave interactions except  ℎ*𝜋 p-wave interaction

𝑍* amplitude = + + +  …
intermediate loops include 

all possible coupled-channels

𝑣3∗43,3∗43 =	𝑣3∗43∗,3∗43∗  (HQSS),  no coupling between hidden-charm channels  (e.g. 𝑣./78,./78 = 𝑣./78,7)8 = 0) 

Nonzero couplings are determined by the global fit  à  poles may be generated if needed by data

bare 𝜓
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FIG. 1. (a) Charmonium excitation mechanism for e+e− →
abc in our coupled-channel model; abc are three particles in
the final state; the solid lines are (bare) two-meson resonances
R. The double lines with ψ represent a bare charmonium
state. The solid circles represent dressed propagators and
vertices. (b) Main charmonium decays such as direct decay
and single triangle mechanisms.

Model.— We sketch our coupled-channel model [46–48]
for e+e− → cc̄ processes. For three-body (abc) final
states, our amplitude for a charmonium (ψ) excitation
mechanism of Fig. 1(a) is: 2

Aψabc,e+e− =
cyclic
∑

abc

∑

RR′sz
R

∑

ij

Γab,R τR,R′ (pc, E − Ec)

×Γ̄cR′,ψi
(pc, E) Ḡij(E) Γ̄ψj ,e+e− , (1)

where R is a two-meson resonance such as D1(2420);
cyclic permutations (abc), (cab), (bca) are indicated by
∑cyclic

abc ; ψi indicates i-th bare ψ state; E denotes the
abc invariant mass. The amplitude includes dressed ψ
production mechanism (Γ̄ψ,e+e−), dressed ψ propagator
(Ḡij), dressed ψ → Rc vertex (Γ̄cR,ψ), dressed R propa-
gator (τR,R′), and R → ab vertex (Γab,R). We also con-
sider nonresonant (NR) mechanism:

ANR
abc,e+e− =

cyclic
∑

abc

∑

RR′szR

Γab,R τR,R′ Γ̄R′c,e+e−(pc, E),(2)

with a NR dressed Rc production mechanism (Γ̄Rc,e+e−).
Amplitudes for two-body final states are obtained from
Eqs. (1) and (2) by removing Γab,RτR,R′ . The dressed Rc
propagator is given by

[τ−1(p,E)]R,R′ = [E − ER(p)]δR,R′ − [Σ(p,E)]R,R′ ,(3)

with ΣR,R′ being the R self-energy generated by Γab,R.
The dressed ψ → Rc vertex is given as

Γ̄cR,ψi
(pc, E) =

∫

d3qΦcR,c′R′(pc, q;E)Γc′R′,ψi
(q),(4)

2 We denote a particle x’s mass, momentum, energy, and spin state
in the abc center-of-mass (CM) frame by mx, px, Ex, and szx,

respectively; Ex =
√

m2
x + |px|2. The mass values are taken

from Ref. [4]. Our model is isospin symmetric, and the averaged
mass is used for isospin partners.

TABLE I. Quasi two-body (Rc) coupled-channels. See text
for grouping (A-C).

(A) D1(2420)D̄
(∗), D1(2430)

0D̄(∗), D∗
2(2460)D̄

(∗), D(∗)D̄(∗)

(B) D∗
0(2300)D̄

∗, f0J/ψ, f2J/ψ, f0ψ′, f0hc, Zcπ, ZcsK̄

(C) D(∗)
s D̄(∗)

s , J/ψη, J/ψη′, ωχc0

with ΓcR,ψi
being a bare ψi → Rc vertex and

∑

c′R′sz
R′

implicit. Φ = (1−
∫

d3q V τ)−1 is a wave function driven
by an Rc → R′c′ Z-shape interaction V where R → c′c̄
is followed by c̄c → R′ via a potentially on-shell c̄-
exchange; see Appendix C of [46] for formulas. This
nonperturbative treatment of V τ is required by the three-
body unitarity, although our model is not fully three-
body unitary for partly using Breit-Wigner amplitudes in
Eq. (3) as discussed below. Similarly, Γ̄Rc,e+e− in Eq. (2)
is obtained by replacing ΓcR,ψi

in Eq. (4) with a tree
e+e− → γ∗ → Rc amplitude (ΓcR,e+e−). The dressed ψ
production mechanism Γ̄ψi,e+e− is given by

Γψi,e+e− +

∫

d3q Γψi,cR′(q)τR′,RΓ̄Rc,e+e−(q, E), (5)

where the first term is a bare e+e− → γ∗ → ψi ampli-
tude and the second rescattering term. The dressed ψ
propagator is

[

Ḡ−1(E)
]

ij
= (E −mψi

)δij − [Σψ(E)]ij , (6)

with mψi
being a bare mass and the self energy

[Σψ(E)]ij=
∑

cRR′sz
R

∫

d3qΓcR,ψi
(q)τR,R′ Γ̄cR′,ψj

(q, E). (7)

We consider Rc channels summarized in Table I. Each
channel is combined with its charge conjugate to form
a negative C-parity state. For the group (A) and (C),
we simplify Eq. (3) to a Breit-Wigner form with mass
and a constant width from Ref. [4]; the width is set
to zero for (C). Their decay vertices Γab,R are deter-
mined, assuming that D1(2420) → D∗π (mainly d-wave),
D1(2430)0 → D∗π (s-wave), D∗

2(2460) → D∗π + Dπ
[Γ(Dπ)/Γ(D∗π) ∼ 1.5 [4]], and D∗ → Dπ saturate their
widths. A small s-wave decay of D1(2420) is also in-
cluded to reproduce the helicity angle distribution [54].
Regarding the group (B), R is pole(s) from meson-
meson scattering, and its bare Γab,R are used in Eq. (3).
D∗

0(2300) is from Dπ s-wave scattering amplitude fit-
ted to that based on the lattice QCD spectrum [55]; the
pole is at 2104 − 100i MeV. f0 and f2 are poles from
s- and d-wave ππ−KK̄ coupled-channel amplitudes, re-
spectively (Appendix of [56]). Zc represents poles from a
JPC = 1+− D∗D̄ − D∗D̄∗ − J/ψπ − ψ′π − hcπ − ηcρ
coupled-channel scattering amplitude (Zc amplitude).
Zcs is introduced to simply provide a ψi → J/ψKK̄
mechanism and no pole.

Group (B) 𝑍*( : 𝐽12 = 1!"  𝐽/𝜓𝐾  just for giving 𝜓 → 𝐽/𝜓𝐾+𝐾  vertex,  no pole

Group (C) treated as stable particles

Because of using BW for Group (A), three-body unitarity is not fully satisfied

But main mechanisms required by three-body unitarity are considered (next slide)

bare 𝜓



Three-body decay processes of 𝝍 and Y

𝜓 𝜋𝐷(∗)+𝐷(∗), 𝐽/𝜓𝜋𝜋, 𝜓′𝜋𝜋

+ + +   …

Rescattering mechanisms (particle exchange) required by three-body unitarity are considered

(until infinite loops)
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Final state interactions described by solution of Faddeev equation à Coupled-channels taken into account 

ℎ*𝜋𝜋, 𝜂*𝜌𝜋, 𝐽/𝜓𝐾+𝐾

= +

dressed decay vertex

=

bare vertex
rescapering terms



Three-body decay processes of  𝝍 and Y

+ + +   …

𝑒!𝑒" →  𝐽/𝜓𝜋𝜋

𝑒!𝑒" → 𝜋𝐷∗+𝐷

𝐷0

-𝐷

𝐷∗
𝜋 𝐷0

𝐷∗
𝜋

𝐷∗

-𝐷

+
-𝐷

𝐷0 𝐷∗

𝜋

-𝐷

𝜋

(until infinite loops)

𝐷0

-𝐷 -𝐷

𝐷∗
𝜋𝐷0

𝜋

𝐷∗

+ + +   …
𝑓#

𝐽/𝜓

𝜋
𝐷0

𝐷∗
𝜋

(until infinite loops)

𝐷0
𝜋𝑓#𝜋

𝐷∗
𝜋

𝜋

𝐽/𝜓

-𝐷#

𝐽/𝜓
𝜋 𝜋

Selected important diagrams; diagrams with more loops are usually more suppressed

Different processes share the same interactions ß unitarity requirement 

𝜓, 𝑌

𝜓, 𝑌
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-𝐷#

𝜋
-𝐷(∗)

-𝐷(∗) -𝐷(∗)



+ + +   …

𝑒!𝑒" →  𝐽/𝜓𝜋𝜋

𝑒!𝑒" → 𝜋𝐷∗+𝐷

𝐷0

-𝐷

𝐷∗
𝜋 𝐷0

𝐷∗
𝜋

𝐷∗

-𝐷

+
𝐷0 𝐷∗

𝜋

-𝐷

𝜋

(until infinite loops)

𝐷0

-𝐷 -𝐷

𝐷∗
𝜋𝐷0

𝜋

𝐷∗

+ + +   …
𝑓#

𝐽/𝜓

𝜋
𝐷0

𝐷∗
𝜋

(until infinite loops)

𝐷0
𝜋𝑓#𝜋

𝐷∗
𝜋

𝜋

𝐽/𝜓

-𝐷#

𝐽/𝜓
𝜋 𝜋

𝜓, 𝑌

𝜓, 𝑌
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-𝐷#

𝜋

𝐷∗+𝐷 − 𝐷∗+𝐷∗ − 𝐽/𝜓 𝜋 − 𝜓)𝜋 − ℎ*𝜋 − 𝜂*𝜌 coupled-channel scattering amplitude (𝐽12 = 1!")

à 𝐷∗+𝐷  and 𝐷∗+𝐷∗  threshold cusps will be created in invariant mass distributions

       Zc(3900) and Zc(4020) poles may also be generated (if needed by data)  to enhance the cusps

-𝐷(∗)

-𝐷(∗) -𝐷(∗)

-𝐷

𝑍* amplitude



Three-body decay processes of  𝝍 and Y

+ + +   …

𝑒!𝑒" → 𝜋𝐷∗+𝐷

𝐷0

-𝐷

𝐷∗
𝜋

-𝐷

𝐷0
𝐷∗
𝜋

𝐷∗

-𝐷

+
-𝐷

𝐷0 𝐷∗

𝜋

-𝐷

𝜋

𝐷0

-𝐷 -𝐷

𝐷∗
𝜋𝐷0

𝜋

𝐷∗

-𝐷#

𝜓, 𝑌

22

-𝐷#

𝜋

AddiUon, more mechanisms (off-shell, short-range) should exist  à absorbed in bare couplings and masses of 𝜓, Y 

-𝐷

𝐷0
𝐷0 𝐷∗

𝜋

𝜌, 𝜔, 𝜎, …

-𝐷

+
-𝐷

𝐷0
𝐷0

𝐷∗
𝜋

-𝐷

𝐷0

-𝐷

example

Poorly understood mechanisms à  fitting unknown coupling constants to data is computationally too expensive

+   …

à Some bare 𝜓 states could be hadron-molecules



-𝐷

𝐷0

𝐷∗

𝜋

𝐷∗-𝐷,	 𝐽/𝜓𝜋

𝜓, 𝑌

Kinematical condition for TS

Energy-momentum is conserved everywhere as classical process

à amplitude is significantly enhanced at 

𝑠	~	𝑚3"+𝑚43  (~4.3 GeV) and  𝑀3∗43	~	𝑚3∗ +𝑚43 (~3.88 GeV) 

𝑒!𝑒" → 𝐽/𝜓	𝜋!𝜋" 𝑒!𝑒" → 𝐽/𝜓	𝜋!𝜋" 𝑒!𝑒" → 𝜋!𝐷#𝐷∗"

4.3 GeV 3.88 GeV 3.88 GeV

𝑀1/34
Data might indicate that Y(4320) and Zc peaks are TS effect

à to be examined in our analysis

23

Triangle singularity (TS) from our model 



bare decay mechanism only 

(long-range particle-exchange unavailable)

Two-body decay processes of  𝝍 and Y

𝐷(∗)+𝐷(∗), 𝐷(
(∗)+𝐷(

(∗), 𝐽/𝜓	𝜂()), 𝜒*+𝜔

+ + +   … (until infinite loops)

24

Final state interactions described by solution of Faddeev equation
bare decay vertex

bare 𝜓



Two-body decay processes of  𝝍 and Y

25

bare 𝜓

For 𝐷(∗)+𝐷(∗), 𝐷(
(∗)+𝐷(

(∗), moderately attractive interactions added  à threshold enhancements à better fits   

𝐷(∗)+𝐷(∗), 𝐷(
(∗)+𝐷(

(∗)

à + 

elastic scattering amplitudes from contact interactions

Exception: 𝐷-𝐷 final state (𝐷∗-𝐷 threshold enhancement needed to fit data) 

à + 

𝐷∗-𝐷	elastic scattering + perturbative transition to 𝐷-𝐷

𝐷

-𝐷 -𝐷

𝐷∗ 𝐷

-𝐷
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Charmonium poles  are formed by non-perturbative couplings between bare ψ and 𝐷,+𝐷 , 𝑓+ 𝐽/𝜓	,		…

=
bare 𝜓5

+

"𝐷

𝐷#
𝐷∗

𝜋𝜓5

+

𝜋

𝜋

𝐽/𝜓

𝑓#𝑓#
+ + Infinite loops

Unitary coupled-channel model : resonance pole (mass, width) and decay dynamics are explicitly related.

                                                           different (overlapping) resonances strongly couple (unitarity requirement)

Breit-Wigner model :  decay dynamics are simulated by BW mass and width parameters

                                       different (overlapping) resonances do not couple

𝝍,𝒀 propagator

(= poles of dressed 𝜓 propagator)

𝜓6

𝐷#

𝜓5 𝜓6 𝜓7

(𝐷∗𝜋-loop is replaced by 𝐷0 BW)

+

"𝐷

𝐷#
𝐷∗

𝜋𝜓5 𝜓6
"𝐷$∗

(we do not use BW)

dressed 𝜓



𝑒!𝑒" → 𝑐 ̅𝑐  data in 3.75 ≤ 𝑠 	≤ 4.7 GeV region à Charmonium excitations are important mechanism

𝜓 3770 , 𝜓 4040 , 𝜓 4160 , 	𝜓 4415 , 𝑌 4220 , 𝑌 4360

(Well-established) 𝑐 ̅𝑐 Exomc  𝐷0-𝐷(∗) molecule, 𝑐 ̅𝑐𝑔 hybrid …

𝛾∗

𝑒!

𝑒"

27à 𝑌 4660  is included as a Breit-Wigner amplitude; not included in coupled-channel amplitude

Data is not sufficient for coupled-channel analysis in 𝑠 	> 4.6 GeV  (final states including 𝑠𝑠̅ in particular)

Data determine how many bare states to be included (5 bare states) and  which charmonium states exist

Expected states

bare 𝜓, 𝑌

𝝍 and Y production mechanisms

=

bare coupling 

+

rescattering termdressed coupling
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Full amplitude for 𝑒6𝑒7 → 𝜋𝐷(∗)&𝐷(∗),  𝐽/𝜓𝜋𝜋, 𝜓′𝜋𝜋, ℎ;𝜋𝜋, 𝜂;𝜌𝜋, 𝐽/𝜓𝐾&𝐾 

dressed 𝜓

𝛾∗

𝑒!

𝑒"

𝜋𝐷(∗)-𝐷(∗),  𝐽/𝜓𝜋𝜋, 𝜓′𝜋𝜋, ℎ+𝜋𝜋, 𝜂+𝜌𝜋, 𝐽/𝜓𝐾-𝐾

Full amplitude for 𝑒6𝑒7 → 𝐷(∗)&𝐷(∗), 𝐷?
(∗)&𝐷?

(∗), 𝐽/𝜓	𝜂(@), 𝜒;A𝜔

dressed 𝜓

𝛾∗

𝑒!

𝑒"

𝐷(∗)-𝐷(∗), 𝐷,
(∗)-𝐷,

(∗), 𝐽/𝜓	𝜂(-), 𝜒+#𝜔

(three-body final states)

(two-body final states)

+ non-resonant

+ non-resonant



Fitting parameters in global analysis
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* bare y masses  (5 bare states)

2

!
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!

"
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FIG. 1. (a) Charmonium excitation mechanism for e+e− →
abc in our coupled-channel model; abc are three particles in
the final state; the solid lines are (bare) two-meson resonances
R. The double lines with ψ represent a bare charmonium
state. The solid circles represent dressed propagators and
vertices. (b) Main charmonium decays such as direct decay
and single triangle mechanisms.

Model.— We sketch our coupled-channel model [46–48]
for e+e− → cc̄ processes. For three-body (abc) final
states, our amplitude for a charmonium (ψ) excitation
mechanism of Fig. 1(a) is: 2

Aψabc,e+e− =
cyclic
∑

abc

∑

RR′sz
R

∑

ij

Γab,R τR,R′ (pc, E − Ec)

×Γ̄cR′,ψi
(pc, E) Ḡij(E) Γ̄ψj ,e+e− , (1)

where R is a two-meson resonance such as D1(2420);
cyclic permutations (abc), (cab), (bca) are indicated by
∑cyclic

abc ; ψi indicates i-th bare ψ state; E denotes the
abc invariant mass. The amplitude includes dressed ψ
production mechanism (Γ̄ψ,e+e−), dressed ψ propagator
(Ḡij), dressed ψ → Rc vertex (Γ̄cR,ψ), dressed R propa-
gator (τR,R′), and R → ab vertex (Γab,R). We also con-
sider nonresonant (NR) mechanism:

ANR
abc,e+e− =

cyclic
∑

abc

∑

RR′szR

Γab,R τR,R′ Γ̄R′c,e+e−(pc, E),(2)

with a NR dressed Rc production mechanism (Γ̄Rc,e+e−).
Amplitudes for two-body final states are obtained from
Eqs. (1) and (2) by removing Γab,RτR,R′ . The dressed Rc
propagator is given by

[τ−1(p,E)]R,R′ = [E − ER(p)]δR,R′ − [Σ(p,E)]R,R′ ,(3)

with ΣR,R′ being the R self-energy generated by Γab,R.
The dressed ψ → Rc vertex is given as

Γ̄cR,ψi
(pc, E) =

∫

d3qΦcR,c′R′(pc, q;E)Γc′R′,ψi
(q),(4)

2 We denote a particle x’s mass, momentum, energy, and spin state
in the abc center-of-mass (CM) frame by mx, px, Ex, and szx,

respectively; Ex =
√

m2
x + |px|2. The mass values are taken

from Ref. [4]. Our model is isospin symmetric, and the averaged
mass is used for isospin partners.

TABLE I. Quasi two-body (Rc) coupled-channels. See text
for grouping (A-C).

(A) D1(2420)D̄
(∗), D1(2430)

0D̄(∗), D∗
2(2460)D̄

(∗), D(∗)D̄(∗)

(B) D∗
0(2300)D̄

∗, f0J/ψ, f2J/ψ, f0ψ′, f0hc, Zcπ, ZcsK̄

(C) D(∗)
s D̄(∗)

s , J/ψη, J/ψη′, ωχc0

with ΓcR,ψi
being a bare ψi → Rc vertex and

∑

c′R′sz
R′

implicit. Φ = (1−
∫

d3q V τ)−1 is a wave function driven
by an Rc → R′c′ Z-shape interaction V where R → c′c̄
is followed by c̄c → R′ via a potentially on-shell c̄-
exchange; see Appendix C of [46] for formulas. This
nonperturbative treatment of V τ is required by the three-
body unitarity, although our model is not fully three-
body unitary for partly using Breit-Wigner amplitudes in
Eq. (3) as discussed below. Similarly, Γ̄Rc,e+e− in Eq. (2)
is obtained by replacing ΓcR,ψi

in Eq. (4) with a tree
e+e− → γ∗ → Rc amplitude (ΓcR,e+e−). The dressed ψ
production mechanism Γ̄ψi,e+e− is given by

Γψi,e+e− +

∫

d3q Γψi,cR′(q)τR′,RΓ̄Rc,e+e−(q, E), (5)

where the first term is a bare e+e− → γ∗ → ψi ampli-
tude and the second rescattering term. The dressed ψ
propagator is

[

Ḡ−1(E)
]

ij
= (E −mψi

)δij − [Σψ(E)]ij , (6)

with mψi
being a bare mass and the self energy

[Σψ(E)]ij=
∑

cRR′sz
R

∫

d3qΓcR,ψi
(q)τR,R′ Γ̄cR′,ψj

(q, E). (7)

We consider Rc channels summarized in Table I. Each
channel is combined with its charge conjugate to form
a negative C-parity state. For the group (A) and (C),
we simplify Eq. (3) to a Breit-Wigner form with mass
and a constant width from Ref. [4]; the width is set
to zero for (C). Their decay vertices Γab,R are deter-
mined, assuming that D1(2420) → D∗π (mainly d-wave),
D1(2430)0 → D∗π (s-wave), D∗

2(2460) → D∗π + Dπ
[Γ(Dπ)/Γ(D∗π) ∼ 1.5 [4]], and D∗ → Dπ saturate their
widths. A small s-wave decay of D1(2420) is also in-
cluded to reproduce the helicity angle distribution [54].
Regarding the group (B), R is pole(s) from meson-
meson scattering, and its bare Γab,R are used in Eq. (3).
D∗

0(2300) is from Dπ s-wave scattering amplitude fit-
ted to that based on the lattice QCD spectrum [55]; the
pole is at 2104 − 100i MeV. f0 and f2 are poles from
s- and d-wave ππ−KK̄ coupled-channel amplitudes, re-
spectively (Appendix of [56]). Zc represents poles from a
JPC = 1+− D∗D̄ − D∗D̄∗ − J/ψπ − ψ′π − hcπ − ηcρ
coupled-channel scattering amplitude (Zc amplitude).
Zcs is introduced to simply provide a ψi → J/ψKK̄
mechanism and no pole.

* bare y coupling constants (real)

* bare photon-y coupling constants (real)

𝛾∗

𝑒!

𝑒"

𝛾∗

𝑒!

𝑒"

* non-resonant photon coupling constants (real)
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FIG. 1. (a) Charmonium excitation mechanism for e+e− →
abc in our coupled-channel model; abc are three particles in
the final state; the solid lines are (bare) two-meson resonances
R. The double lines with ψ represent a bare charmonium
state. The solid circles represent dressed propagators and
vertices. (b) Main charmonium decays such as direct decay
and single triangle mechanisms.

Model.— We sketch our coupled-channel model [46–48]
for e+e− → cc̄ processes. For three-body (abc) final
states, our amplitude for a charmonium (ψ) excitation
mechanism of Fig. 1(a) is: 2

Aψabc,e+e− =
cyclic
∑

abc

∑

RR′sz
R

∑

ij

Γab,R τR,R′ (pc, E − Ec)

×Γ̄cR′,ψi
(pc, E) Ḡij(E) Γ̄ψj ,e+e− , (1)

where R is a two-meson resonance such as D1(2420);
cyclic permutations (abc), (cab), (bca) are indicated by
∑cyclic

abc ; ψi indicates i-th bare ψ state; E denotes the
abc invariant mass. The amplitude includes dressed ψ
production mechanism (Γ̄ψ,e+e−), dressed ψ propagator
(Ḡij), dressed ψ → Rc vertex (Γ̄cR,ψ), dressed R propa-
gator (τR,R′), and R → ab vertex (Γab,R). We also con-
sider nonresonant (NR) mechanism:

ANR
abc,e+e− =

cyclic
∑

abc

∑

RR′szR

Γab,R τR,R′ Γ̄R′c,e+e−(pc, E),(2)

with a NR dressed Rc production mechanism (Γ̄Rc,e+e−).
Amplitudes for two-body final states are obtained from
Eqs. (1) and (2) by removing Γab,RτR,R′ . The dressed Rc
propagator is given by

[τ−1(p,E)]R,R′ = [E − ER(p)]δR,R′ − [Σ(p,E)]R,R′ ,(3)

with ΣR,R′ being the R self-energy generated by Γab,R.
The dressed ψ → Rc vertex is given as

Γ̄cR,ψi
(pc, E) =

∫

d3qΦcR,c′R′(pc, q;E)Γc′R′,ψi
(q),(4)

2 We denote a particle x’s mass, momentum, energy, and spin state
in the abc center-of-mass (CM) frame by mx, px, Ex, and szx,

respectively; Ex =
√

m2
x + |px|2. The mass values are taken

from Ref. [4]. Our model is isospin symmetric, and the averaged
mass is used for isospin partners.

TABLE I. Quasi two-body (Rc) coupled-channels. See text
for grouping (A-C).

(A) D1(2420)D̄
(∗), D1(2430)

0D̄(∗), D∗
2(2460)D̄

(∗), D(∗)D̄(∗)

(B) D∗
0(2300)D̄

∗, f0J/ψ, f2J/ψ, f0ψ′, f0hc, Zcπ, ZcsK̄

(C) D(∗)
s D̄(∗)

s , J/ψη, J/ψη′, ωχc0

with ΓcR,ψi
being a bare ψi → Rc vertex and

∑

c′R′sz
R′

implicit. Φ = (1−
∫

d3q V τ)−1 is a wave function driven
by an Rc → R′c′ Z-shape interaction V where R → c′c̄
is followed by c̄c → R′ via a potentially on-shell c̄-
exchange; see Appendix C of [46] for formulas. This
nonperturbative treatment of V τ is required by the three-
body unitarity, although our model is not fully three-
body unitary for partly using Breit-Wigner amplitudes in
Eq. (3) as discussed below. Similarly, Γ̄Rc,e+e− in Eq. (2)
is obtained by replacing ΓcR,ψi

in Eq. (4) with a tree
e+e− → γ∗ → Rc amplitude (ΓcR,e+e−). The dressed ψ
production mechanism Γ̄ψi,e+e− is given by

Γψi,e+e− +

∫

d3q Γψi,cR′(q)τR′,RΓ̄Rc,e+e−(q, E), (5)

where the first term is a bare e+e− → γ∗ → ψi ampli-
tude and the second rescattering term. The dressed ψ
propagator is

[

Ḡ−1(E)
]

ij
= (E −mψi

)δij − [Σψ(E)]ij , (6)

with mψi
being a bare mass and the self energy

[Σψ(E)]ij=
∑

cRR′sz
R

∫

d3qΓcR,ψi
(q)τR,R′ Γ̄cR′,ψj

(q, E). (7)

We consider Rc channels summarized in Table I. Each
channel is combined with its charge conjugate to form
a negative C-parity state. For the group (A) and (C),
we simplify Eq. (3) to a Breit-Wigner form with mass
and a constant width from Ref. [4]; the width is set
to zero for (C). Their decay vertices Γab,R are deter-
mined, assuming that D1(2420) → D∗π (mainly d-wave),
D1(2430)0 → D∗π (s-wave), D∗

2(2460) → D∗π + Dπ
[Γ(Dπ)/Γ(D∗π) ∼ 1.5 [4]], and D∗ → Dπ saturate their
widths. A small s-wave decay of D1(2420) is also in-
cluded to reproduce the helicity angle distribution [54].
Regarding the group (B), R is pole(s) from meson-
meson scattering, and its bare Γab,R are used in Eq. (3).
D∗

0(2300) is from Dπ s-wave scattering amplitude fit-
ted to that based on the lattice QCD spectrum [55]; the
pole is at 2104 − 100i MeV. f0 and f2 are poles from
s- and d-wave ππ−KK̄ coupled-channel amplitudes, re-
spectively (Appendix of [56]). Zc represents poles from a
JPC = 1+− D∗D̄ − D∗D̄∗ − J/ψπ − ψ′π − hcπ − ηcρ
coupled-channel scattering amplitude (Zc amplitude).
Zcs is introduced to simply provide a ψi → J/ψKK̄
mechanism and no pole.

𝜓0, … , 𝜓8

𝜓0, … , 𝜓8



Fitting parameters in global analysis
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* 𝜓(4660)  Breit-Wigner mass, width, 𝜓 4660 → 	𝑓+𝜓′ complex vertices  

𝛾∗

𝑒!

𝑒"

* Cutoffs (dipole form factors) to adjust energy dependence of nonresonant amplitudes 

* In  𝐽12 = 1!"  𝐷∗+𝐷 − 𝐷∗+𝐷∗ − 𝐽/𝜓𝜋 − 𝜓)𝜋 − ℎ*𝜋 − 𝜂*𝜌  couple—channel scattering amplitude (𝑍* amplitude)

     coupling constants: 𝑣3∗43,3∗43, 𝑣3∗43,./78, 𝑣3∗43,7)8 etc.

* Additional 𝐷(∗)+𝐷(∗), 𝐷(
(∗)+𝐷(

(∗) elastic contact interactions à coupling constants 

𝐷(∗)+𝐷(∗), 𝐷(
(∗)+𝐷(

(∗) Other cutoffs à 1 GeV

In total, 177 fitting parameters



Fit results
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𝑒6𝑒7 → 𝐽/𝜓	𝜋6𝜋7, 𝐽/𝜓	𝜋A𝜋A

𝑠 (GeV) 𝑠 (GeV)

BESIII XYZ

• Overall good agreement with data (our model is isospin symmetric, σ 𝐽/𝜓𝜋!𝜋" = 2×σ 𝐽/𝜓𝜋#𝜋# )

• Peaking structure at 𝑠 ~ 4 GeV is a consequence of the combined fit (y(4040))

• Triangle singularity effect is seen in 1-loop contribution at 𝑠 ~ 4.28 GeV 

       à Y(4320)-like enhancement in full calculation à Y(4320) is TS in our analysis

Our fit

BESIII R-scan
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(b) J/ψ π0π0 tree
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 20
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FIG. 3. e+e� annihilation cross sections for various final states as functions of the total energy
p
s. The red points are

from our coupled-channel calculation; the lines are just for guiding eyes. (a) e+e� ! J/ ⇡+⇡�; data from Ref. [1]. (b)
e+e� ! J/ ⇡0⇡0; data from Ref. [2]. (c) e+e� !  0⇡+⇡�; data from Ref. [3]. (d) e+e� ! hc⇡

+⇡�; data from Ref. [4]. (e)
e+e� ! ⌘c⇡

+⇡�⇡0; data from Ref. [5]. (f) e+e� ! J/ K+K�; data (black) from Ref. [6]. e+e� ! J/ K0
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S cross section

data (blue) from Ref. [7], multiplied by a factor of 2. (g) e+e� ! J/ ⌘ ; data from Ref. [8, 9], and from Ref. [10] (blue, Belle).
(h) e+e� ! ⇡+D0D⇤�; data from Ref. [11]. (i) e+e� ! (D⇤D̄⇤)±⇡⌥; data from Ref. [12]. The R-scan data are shown by cyan
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Full amplitude
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Fit to invariant masses

Zc(3900) peaks are well fitted

𝑒6𝑒7 → 𝐽/𝜓	𝜋6𝜋7

Zc(3900)Zc(3900)

1-loop causes cusp
(a bit off TS condition)

We will examine Zc(3900) pole

à bound, resonance,

     or virtual state 
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FIG. 16. ⇡+⇡� invariant mass distributions from e+e� ! J/ ⇡+⇡� at
p
s = 4.23 GeV (left) and

p
s = 4.26 GeV (right).

Data are from Ref. [20].
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11

 0

 50

 100

 150

 200

 250

 300

 0.2  0.4  0.6  0.8  1  1.2

√s = 4.23 GeV
E

ve
n

ts
 /

 0
.0

2
 G

e
V

Mπ+π− (GeV)

tree
1-loop

NR

 0

 20

 40

 60

 80

 100

 120

 140

 160

 180

 0.2  0.4  0.6  0.8  1  1.2

√s = 4.26 GeV

E
ve

n
ts

 /
 0

.0
2

 G
e

V

Mπ+π− (GeV)

tree
1-loop

NR

FIG. 16. ⇡+⇡� invariant mass distributions from e+e� ! J/ ⇡+⇡� at
p
s = 4.23 GeV (left) and

p
s = 4.26 GeV (right).

Data are from Ref. [20].

 0

 50

 100

 150

 200

 250

 300

 350

 400

 3.2  3.4  3.6  3.8  4  4.2

√s = 4.23 GeV

E
ve

n
ts

 /
 0

.0
1

5
 G

e
V

M
J/ψ π ± (GeV)

tree
1−loop

NR

 0

 50

 100

 150

 200

 3.2  3.4  3.6  3.8  4  4.2

√s = 4.26 GeV

E
ve

n
ts

 /
 0

.0
1

5
 G

e
V

M
J/ψ π ± (GeV)

tree
1−loop

NR

FIG. 17. J/ ⇡± invariant mass distributions from e+e� ! J/ ⇡+⇡� at
p
s = 4.23 GeV (left) and

p
s = 4.26 GeV (right).

Data are from Ref. [20].



3

 0

 20

 40

 60

 80

 100

 3.8  4  4.2  4.4  4.6

(a) J/ψ π+π−

σ
 (

p
b
)

 0

 10

 20

 30

 40

 50

 3.8  4  4.2  4.4  4.6

(b) J/ψ π0π0 tree
1−loop

NR

 0

 20

 40

 60

 4  4.2  4.4  4.6

(c) ψ′π+π−

tree
1−loop

NR

 0

 20

 40

 60

 80

 4  4.2  4.4  4.6

(d) hcπ
+π−

σ
 (

p
b
)

tree
1−loop

NR

 0

 20

 40

 60

 4  4.2  4.4  4.6

(e) ηcρ
+π−

tree
1−loop

NR

 0

 1

 2

 3

 4

 5

 6

 4.2  4.4  4.6

(f) J/ψ K+
K

−, J/ψ KSKS

tree
1−loop

NR

 0

 20

 40

 60

 80

 3.8  4  4.2  4.4  4.6

(g) J/ψ η

σ
 (

p
b
)

s  (GeV)

NR

 0

 200

 400

 600

 800

 1000

 4  4.2  4.4  4.6

(h) π+
D

0
D

∗−

�s  (GeV)

tree
1−loop

NR

 0

 200

 400

 600

 800

 4.2  4.4  4.6

(i) π+
D

*0
D

∗−(i)

s  (GeV)

tree
1−loop

NR

FIG. 3. e+e� annihilation cross sections for various final states as functions of the total energy
p
s. The red points are

from our coupled-channel calculation; the lines are just for guiding eyes. (a) e+e� ! J/ ⇡+⇡�; data from Ref. [1]. (b)
e+e� ! J/ ⇡0⇡0; data from Ref. [2]. (c) e+e� !  0⇡+⇡�; data from Ref. [3]. (d) e+e� ! hc⇡

+⇡�; data from Ref. [4]. (e)
e+e� ! ⌘c⇡

+⇡�⇡0; data from Ref. [5]. (f) e+e� ! J/ K+K�; data (black) from Ref. [6]. e+e� ! J/ K0
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0
S cross section

data (blue) from Ref. [7], multiplied by a factor of 2. (g) e+e� ! J/ ⌘ ; data from Ref. [8, 9], and from Ref. [10] (blue, Belle).
(h) e+e� ! ⇡+D0D⇤�; data from Ref. [11]. (i) e+e� ! (D⇤D̄⇤)±⇡⌥; data from Ref. [12]. The R-scan data are shown by cyan
color.
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BESIII  𝐽/𝜓	𝐾!𝐾"	data
Our fit

𝑠 (GeV)

𝑒6𝑒7 → 𝐽/𝜓	𝐾6𝐾7, 𝐽/𝜓𝐾R𝐾R

BESIII  𝐽/𝜓𝐾9𝐾9 data

• Overall good agreement with data 

      (our model is isospin symmetric

        à  σ 𝐽/𝜓𝐾!𝐾" = 2×σ 𝐽/𝜓𝐾9𝐾9 )

• Model does not fit bump at ~4.5 GeV in 𝐽/𝜓	𝐾!𝐾"	data 

         *  𝐽/𝜓𝐾9𝐾9 data do not show the same bump

         *  data largely fluctuate and error is large

  à our model does not have Y(4500)

        more precise data is important to pin-down 

         the existence of Y(4500)
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BESIII  𝐽/𝜓	𝐾!𝐾"	data
Our prediction𝑒6𝑒7 → 𝐽/𝜓	𝐾6𝐾7
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FIG. 3. e+e� annihilation cross sections for various final states as functions of the total energy
p
s. The red points are

from our coupled-channel calculation; the lines are just for guiding eyes. (a) e+e� ! J/ ⇡+⇡�; data from Ref. [1]. (b)
e+e� ! J/ ⇡0⇡0; data from Ref. [2]. (c) e+e� !  0⇡+⇡�; data from Ref. [3]. (d) e+e� ! hc⇡

+⇡�; data from Ref. [4]. (e)
e+e� ! ⌘c⇡

+⇡�⇡0; data from Ref. [5]. (f) e+e� ! J/ K+K�; data (black) from Ref. [6]. e+e� ! J/ K0
SK

0
S cross section

data (blue) from Ref. [7], multiplied by a factor of 2. (g) e+e� ! J/ ⌘ ; data from Ref. [8, 9], and from Ref. [10] (blue, Belle).
(h) e+e� ! ⇡+D0D⇤�; data from Ref. [11]. (i) e+e� ! (D⇤D̄⇤)±⇡⌥; data from Ref. [12]. The R-scan data are shown by cyan
color.
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𝑒6𝑒7 → 𝜓′	𝜋6𝜋7 

𝑠 (GeV)

BESIII data
Our fit

• Overall good fit

• Enhancement at ~ 4.03 GeV is from y(4040)

ß consequence of coupled-channel fit 

• 1-loop contribution is enhanced at

    ~ 4.28 GeV   à  𝐷, 2420 +𝐷 threshold

    ~ 4.45 GeV  à 𝐷, 2420 +𝐷∗, 𝐷-∗ 2460 +𝐷∗ thresholds

due to opening the thresholds,  triangle singularity 
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𝑒6𝑒7 → 𝜓′	𝜋6𝜋7 
BESIII data
Our fitFit to invariant mass distributions 13
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FIG. 20. ⇡+⇡� invariant mass distributions in e+e� !  0⇡+⇡�;
p
s is indicated in each panel. Only for panel (e), the vertical

axis is ‘Events/0.02 GeV2’. Data are from Ref. [23].
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FIG. 21.  0⇡± invariant mass distributions in e+e� !  0⇡+⇡�;
p
s is indicated in each panel. Data are from Ref. [23].
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𝑒6𝑒7 → 𝜓′	𝜋6𝜋7 
BESIII data
Our fitFit to invariant mass distribuUons; many Zc or cusp or TS effects

Zc(4020) or TS

Zc(3900) or TS 𝐷∗-𝐷∗ cusp

𝐷∗-𝐷(∗) cusps
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FIG. 3. e+e� annihilation cross sections for various final states as functions of the total energy
p
s. The red points are

from our coupled-channel calculation; the lines are just for guiding eyes. (a) e+e� ! J/ ⇡+⇡�; data from Ref. [1]. (b)
e+e� ! J/ ⇡0⇡0; data from Ref. [2]. (c) e+e� !  0⇡+⇡�; data from Ref. [3]. (d) e+e� ! hc⇡

+⇡�; data from Ref. [4]. (e)
e+e� ! ⌘c⇡

+⇡�⇡0; data from Ref. [5]. (f) e+e� ! J/ K+K�; data (black) from Ref. [6]. e+e� ! J/ K0
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0
S cross section

data (blue) from Ref. [7], multiplied by a factor of 2. (g) e+e� ! J/ ⌘ ; data from Ref. [8, 9], and from Ref. [10] (blue, Belle).
(h) e+e� ! ⇡+D0D⇤�; data from Ref. [11]. (i) e+e� ! (D⇤D̄⇤)±⇡⌥; data from Ref. [12]. The R-scan data are shown by cyan
color.
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FIG. 22. (left) hc⇡
± invariant mass distribution for combined samples of e+e� ! hc⇡

+⇡� at
p
s = 4.23 and 4.26 GeV. Data

are from Ref. [21]. (right) ⌘c⇢
± invariant mass distribution for e+e� ! ⌘c⇡

⌥⇢± at
p
s = 4.226 GeV. Data are from Ref. [5].
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𝑒6𝑒7 → ℎ;	𝜋6𝜋7 

𝑠 (GeV)

BESIII XYZ data
Our fit

BESIII R-scan data

Zc(4020)

Zc(3900)

• Enhancement at ~ 4.03 GeV is from y(4040) ß consequence of coupled-channel fit 

• 1-loop contribution is enhanced  due to opening the thresholds,  triangle singularity 

    ~ 4.28 GeV   à  𝐷, 2420 +𝐷 threshold    ~ 4.45 GeV  à 𝐷, 2420 +𝐷∗, 𝐷-∗ 2460 +𝐷∗ thresholds
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FIG. 3. e+e� annihilation cross sections for various final states as functions of the total energy
p
s. The red points are

from our coupled-channel calculation; the lines are just for guiding eyes. (a) e+e� ! J/ ⇡+⇡�; data from Ref. [1]. (b)
e+e� ! J/ ⇡0⇡0; data from Ref. [2]. (c) e+e� !  0⇡+⇡�; data from Ref. [3]. (d) e+e� ! hc⇡

+⇡�; data from Ref. [4]. (e)
e+e� ! ⌘c⇡

+⇡�⇡0; data from Ref. [5]. (f) e+e� ! J/ K+K�; data (black) from Ref. [6]. e+e� ! J/ K0
SK

0
S cross section

data (blue) from Ref. [7], multiplied by a factor of 2. (g) e+e� ! J/ ⌘ ; data from Ref. [8, 9], and from Ref. [10] (blue, Belle).
(h) e+e� ! ⇡+D0D⇤�; data from Ref. [11]. (i) e+e� ! (D⇤D̄⇤)±⇡⌥; data from Ref. [12]. The R-scan data are shown by cyan
color.
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𝑒6𝑒7 → 𝜂;	𝜌6𝜋7 

𝑠 (GeV)

BESIII data
Our fit

Zc(3900) peak is fitted

Zc(3900)

Zc(4020)

Mostly from 1-loop           à

No tree mechanism for 𝜂+𝜌𝜋 in our model
-𝐷(∗)

𝐷0, 𝐷:∗

𝐷∗
𝜋

𝜂+
𝜌

𝜓, 𝑌

𝜌 → 𝜋𝜋 taken into account in calculation
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FIG. 3. e+e� annihilation cross sections for various final states as functions of the total energy
p
s. The red points are

from our coupled-channel calculation; the lines are just for guiding eyes. (a) e+e� ! J/ ⇡+⇡�; data from Ref. [1]. (b)
e+e� ! J/ ⇡0⇡0; data from Ref. [2]. (c) e+e� !  0⇡+⇡�; data from Ref. [3]. (d) e+e� ! hc⇡

+⇡�; data from Ref. [4]. (e)
e+e� ! ⌘c⇡

+⇡�⇡0; data from Ref. [5]. (f) e+e� ! J/ K+K�; data (black) from Ref. [6]. e+e� ! J/ K0
SK

0
S cross section

data (blue) from Ref. [7], multiplied by a factor of 2. (g) e+e� ! J/ ⌘ ; data from Ref. [8, 9], and from Ref. [10] (blue, Belle).
(h) e+e� ! ⇡+D0D⇤�; data from Ref. [11]. (i) e+e� ! (D⇤D̄⇤)±⇡⌥; data from Ref. [12]. The R-scan data are shown by cyan
color.
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𝑒6𝑒7 → 𝜋6𝐷A𝐷∗7 
BESIII XYZ data
Our fit

BESIII R-scan data

𝑠 (GeV)
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FIG. 18. D0D⇤� invariant mass distributions from e+e� ! ⇡+D0D⇤� at
p
s = 4.23 GeV (left) and

p
s = 4.26 GeV (right).

Data are from Ref. [22].
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𝑒6𝑒7 → 𝜋6𝐷A𝐷∗7 
BESIII data
Our fit𝐷#𝐷∗" invariant mass distributions

Zc(3900)
Zc(3900)

• Threshold enhancement (or Zc(3900) contribution) is fitted by the model

• 𝐷∗-𝐷∗ threshold cusps are caused by 

• 𝐷∗-𝐷 threshold enhancement is mostly from tree; 𝜓 → 𝐷0-𝐷

𝐷∗-𝐷∗ threshold cusp

-𝐷∗

𝐷0, 𝐷:∗

𝐷∗
𝜋

𝐷∗

-𝐷

𝜓, 𝑌
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𝑒6𝑒7 → 𝜋6𝐷A𝐷∗7 

BESIII data
Our fit

Pion angle distributions from 𝑒!𝑒" beam direction in total CM frame

𝑒!𝑒"

𝜋

𝜃4

Data are average of 4.23 GeV (𝑁 = 418) and 4.26 GeV (𝑁 = 239) data

Fractional
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FIG. 3. (a) Continued from Fig. 2; ρ → ππ is considered. (b),(d)-(l) Selected invariant mass distributions (unit: events per
bin) in e+e− annihilations; the final state and

√
s are indicated in each panel. (c) Angle between π and the beam direction in

the total CM frame (unit: fractional yield). The data, from which backgrounds have been subtracted, are from [40] in (a) and
(l); [41] in (b) and (c); [35] in (d); [52] in (e); [42] in (f) and (g); [25] in (h)-(j); [43] in (k). See Fig. 2 for other features.

ΓcR,e+e− , Γψi,e+e− , Zc amplitude and D(∗)
(s)D̄

(∗)
(s) contact

interactions; Breit-Wigner mass, width, and complex
couplings in the ψ(4660) → f0ψ′ amplitudes. Cut-
offs of dipole form factors in ΓcR,ψi

and ΓcR,e+e− are
mostly fixed to 1 GeV. However, cutoffs in ΓcR,e+e− with

Rc = D(∗)
(s)D̄

(∗)
(s) are adjusted to control the energy depen-

dences of the NR contributions in Figs. 2(a-f).

Some remarks are in order. As a consequence of the
coupled-channel fit, our model creates common struc-
tures in different final states, even if not necessarily re-
quired by the data. For example, ψ(4040) peaks appear
in D∗D̄ [Fig. 2(b)] and DsD̄s [Fig. 2(d)] to fit the data,
and they also appear in others [Fig. 2(j,m,o,p)] for which
data at the peak location are lacking. In Figs. 2(m,o,p),
the single-triangle contributions show visible enhance-
ments at

√
s ∼ 4.28 GeV due to the D1(2420)D̄ thresh-

old cusp enhanced by a triangle singularity (TS). This
TS-induced enhancement in e+e− → J/ψππ was at-
tributed to Y (4320) in the previous analyses [16, 24]. The
J/ψK+K− data [Fig. 2(n)] show an enhancement sug-
gesting Y (4500) [18]. However, our model does not fit it
since the data are rather fluctuating in this region, and
the J/ψKSKS data does not indicate the same enhance-
ment. For πD∗D̄∗ [Fig. 2(i)], the higher energy region

is not well fitted, even if a Breit-Wigner ψ(4660) contri-
bution is included. Describing ψ(4660) in the coupled-
channel framework might be important for a reasonable
fit; we postpone this as already mentioned. Although the
π+ recoil mass distribution [Fig. 3(d)] is also not well fit-
ted, the data does not extend to the actual kinematical
end (∼ 4.12 GeV) but stop at ∼ 4.09 GeV. This implies a
significant efficiency correction needed to this lineshape.
We leave this problem to the future work.

We analytically continue the coupled-channel ampli-
tude fitted to the dataset, and extract vector charmonium
pole energies Eψ . Practically, we search for Eψ that sat-
isfies det[Ḡ−1(Eψ)] = 0 with Ḡ−1 defined in Eq. (6); see
[61] for technical details. As shown in Table II, seven
states are found for five bare states. The bare states cou-
pled with hadronic continuums (Table I) can generate the
resonance states more than themselves. A similar finding
is in a study of nucleon resonances [62]. There are two
poles atM ∼ 4.23 GeV with different widths; similarly at
M ∼ 4.38 GeV. This observation hints a solution to the
Y -width problem. If the two poles have different process-
dependences in branching fractions, bumps at

√
s ∼ 4.23

and 4.38 GeV would have different widths for different
processes. We will look into this in [45].
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𝑒6𝑒7 → 𝜋6𝐷A𝐷∗7 

Difficult to make our model consistent with this BESIII conclusion.    Why ?    Insufficient information !!

Conclusion from BESIII

Without this information, 𝑒!𝑒" → 𝜋!𝐷+𝐷∗" data cannot be well fitted, giving bad impact to the global fit overall 

PRD 92, 092006 (2015)

Conflict with BESIII analysis result

Hope BESIII to conduct amplitude analysis on this process, and present detailed results and/or Dalitz plots.

Most of previous theoretical models share the same problem
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FIG. 3. e+e� annihilation cross sections for various final states as functions of the total energy
p
s. The red points are

from our coupled-channel calculation; the lines are just for guiding eyes. (a) e+e� ! J/ ⇡+⇡�; data from Ref. [1]. (b)
e+e� ! J/ ⇡0⇡0; data from Ref. [2]. (c) e+e� !  0⇡+⇡�; data from Ref. [3]. (d) e+e� ! hc⇡

+⇡�; data from Ref. [4]. (e)
e+e� ! ⌘c⇡

+⇡�⇡0; data from Ref. [5]. (f) e+e� ! J/ K+K�; data (black) from Ref. [6]. e+e� ! J/ K0
SK

0
S cross section

data (blue) from Ref. [7], multiplied by a factor of 2. (g) e+e� ! J/ ⌘ ; data from Ref. [8, 9], and from Ref. [10] (blue, Belle).
(h) e+e� ! ⇡+D0D⇤�; data from Ref. [11]. (i) e+e� ! (D⇤D̄⇤)±⇡⌥; data from Ref. [12]. The R-scan data are shown by cyan
color.
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𝑒6𝑒7 → 𝜋6 𝐷∗&𝐷∗ 7 
BESIII data
Our fit

Good fit in < 4.45 GeV

Not good in higher energy region

BESIII reported a new charmonium at 

M = 4675.3 ± 29.5 ± 3.5 MeV, G= 218.3 ± 72.9 ± 9.3MeV

This state seems important to describe higher energy region

Inclusion of BW amplitude does not improve the fit

à This state needs to be included in coupled-channel amplitude

The data (other final states) are not enough 

for coupled-channel fit in > 4.6 GeV 

à We wait for more data including 𝑐 ̅𝑐𝑠𝑠̅ channels

     such as 𝐷(.
(∗)+𝐷(

(∗), 𝐾𝐷(∗)+𝐷(
(∗)

𝑠 (GeV)
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FIG. 18. D0D⇤� invariant mass distributions from e+e� ! ⇡+D0D⇤� at
p
s = 4.23 GeV (left) and

p
s = 4.26 GeV (right).

Data are from Ref. [22].
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FIG. 19. (left) The ⇡� recoil mass spectrum for e+e� ! ⇡�(D⇤D̄⇤)+ at
p
s = 4.26 GeV. Data are from Ref. [12]. (right)

D�⇡+ invariant mass distributions from e+e� ! ⇡+D0D� at
p
s ⇠ 4.42 GeV. Data are from Ref. [13].
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𝑒6𝑒7 → 𝜋7 𝐷∗&𝐷∗ 6 
BESIII data
Our fit𝐷∗-𝐷∗ invariant mass distribumons (pion recoil mass)

Fit does not seem good, however 

Kinematical end of the data  ~ 4.09 GeV

Actual kinematical end  ~ 4.12 GeV

àEfficiency correction seems significant for

      this lineshape data

Wait for efficiency corrected data (or MC output)

for future improvement of coupled-channel model
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FIG. 18. D0D⇤� invariant mass distributions from e+e� ! ⇡+D0D⇤� at
p
s = 4.23 GeV (left) and

p
s = 4.26 GeV (right).

Data are from Ref. [22].
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FIG. 19. (left) The ⇡� recoil mass spectrum for e+e� ! ⇡�(D⇤D̄⇤)+ at
p
s = 4.26 GeV. Data are from Ref. [12]. (right)

D�⇡+ invariant mass distributions from e+e� ! ⇡+D0D� at
p
s ⇠ 4.42 GeV. Data are from Ref. [13].
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𝑒6𝑒7 → 𝜋6𝐷A𝐷7 
Belle data
Our fit

𝑠 (GeV)
Dominat 𝐷:∗(2460) contribution
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FIG. 4. Continued from Fig. 1. (j) e+e� ! D0D�⇡+; data from Ref. [13]. (k) e+e� ! D+D�; data from BESIII
(unpublished). (l) e+e� ! D⇤+D⇤�; data from Ref. [14]. (m) e+e� ! D⇤+D�; data from Ref. [14]. (n) e+e� ! D+

s D
�
s ; data

from BESIII (unpublished). (o) e+e� ! D⇤+
s D⇤�

s ; data from Ref. [15]. (p) e+e� ! D⇤+
s D�

s ; data from BESIII (unpublished).
(q) e+e� ! �c0!; data from Ref. [16–18]. (r) e+e� ! J/ ⌘0; data from Ref. [19].

Clear 𝜓 4420  peak is well fitted

Hope to have a better quality data from BESIII !  à important for coupled-channel analysis
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FIG. 2. Cross sections (unit:pb) for e+e� annihilations into various final states (indicated in each panel) as functions of the
total energy

p
s. The red points are from our coupled-channel calculation; the lines are just for guiding eyes. The blue dashed,

magenta dotted, and green dash-dotted curves are the direct decays, one-loop, and nonresonant contributions, respectively. To
compare with initial-state radiation data (a,d,e,g), the calculated cross sections have been averaged within each bin. The data
are from Ref. [? ] in the panel (a); [? ] (black) and [? ] (purple) in (b) and (c); [? ] in (d) and (e); [? ] in (f); [? ] in (g); [? ]
in (h); [? ] in (i); [? ? ] (black) and [? ] (purple) in (j); [? ] in (k); [? ? ? ] in (l); [? ] in (m); [? ] for J/ K+K� (black)
and [? ] for J/ K0

SK
0
S (purple, doubled) in (n); [? ] in (o); [? ] in (p).

JPC = 1+� D⇤D̄ � D⇤D̄⇤ � J/ ⇡ �  0⇡ � hc⇡ � ⌘c⇢
coupled-channel scattering amplitude (Zc amplitude).
Zcs is introduced to simply provide a  i ! J/ KK̄
mechanism and no pole.

As mentioned, we use long-range isospin-conserving
Z-shape Rc ! R0c0 interactions that couple the chan-
nels in the groups (A) and (B) but not (C). While there
should also exist short-range interactions (e.g., ⇢-, !-, �-
exchange) [? ? ? ], their details are uncertain. Since
fitting these mechanisms to data is computationally too
demanding, those e↵ects are assumed to be absorbed by
the couplings and masses of bare  i states.

Results.— Our couple-channel model is fitted to e+e�

cross section data (17 final states) as shown in Figs. ??
and ??(a), and invariant mass and angular distribution
data shown in Figs. ??(b-l) and also those not shown
here. The dressed  ! Rc vertex can be expanded into

direct-decay and single-triangle terms [Fig. ??(b)], and
each contribution is also shown. Five bare  states are
included in the model to obtain the reasonable fits. In ad-
dition, we consider  (4660) as a Breit-Wigner amplitude
to fit the e+e� !  0⇡+⇡� cross sections in

p
s > 4.6 GeV

[Fig. ??(o)]. The currently available data is insu�cient to
include  (4660) in the coupled-channel amplitude; more
data in

p
s > 4.6 GeV are necessary, including charm-

strange final states such as D(⇤)D̄(⇤)
s K.

The e+e� ! D(⇤)
(s)D̄

(⇤)
(s) (except for DD̄) data require

moderate threshold enhancement mechanisms, while the
DD̄ data need an enhancement at the D⇤D̄ threshold.
Thus we consider moderately attractive D(⇤)

(s)D̄
(⇤)
(s) con-

tact interactions for additional elastic final state interac-
tions; D⇤D̄ ! DD̄ term is included perturbatively; see
Eqs. (7,8) in [? ]. This enhances the blue dashed curves

to red solid ones for e+e� ! D(⇤)
(s)D̄

(⇤)
(s) in Fig. ??.
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FIG. 4. Continued from Fig. 1. (j) e+e� ! D0D�⇡+; data from Ref. [13]. (k) e+e� ! D+D�; data from BESIII
(unpublished). (l) e+e� ! D⇤+D⇤�; data from Ref. [14]. (m) e+e� ! D⇤+D�; data from Ref. [14]. (n) e+e� ! D+

s D
�
s ; data

from BESIII (unpublished). (o) e+e� ! D⇤+
s D⇤�

s ; data from Ref. [15]. (p) e+e� ! D⇤+
s D�

s ; data from BESIII (unpublished).
(q) e+e� ! �c0!; data from Ref. [16–18]. (r) e+e� ! J/ ⌘0; data from Ref. [19].
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FIG. 2. Cross sections (unit:pb) for e+e� annihilations into various final states (indicated in each panel) as functions of the
total energy

p
s. The red points are from our coupled-channel calculation; the lines are just for guiding eyes. The blue dashed,

magenta dotted, and green dash-dotted curves are the direct decays, one-loop, and nonresonant contributions, respectively. To
compare with initial-state radiation data (a,d,e,g), the calculated cross sections have been averaged within each bin. The data
are from Ref. [? ] in the panel (a); [? ] (black) and [? ] (purple) in (b) and (c); [? ] in (d) and (e); [? ] in (f); [? ] in (g); [? ]
in (h); [? ] in (i); [? ? ] (black) and [? ] (purple) in (j); [? ] in (k); [? ? ? ] in (l); [? ] in (m); [? ] for J/ K+K� (black)
and [? ] for J/ K0

SK
0
S (purple, doubled) in (n); [? ] in (o); [? ] in (p).

JPC = 1+� D⇤D̄ � D⇤D̄⇤ � J/ ⇡ �  0⇡ � hc⇡ � ⌘c⇢
coupled-channel scattering amplitude (Zc amplitude).
Zcs is introduced to simply provide a  i ! J/ KK̄
mechanism and no pole.

As mentioned, we use long-range isospin-conserving
Z-shape Rc ! R0c0 interactions that couple the chan-
nels in the groups (A) and (B) but not (C). While there
should also exist short-range interactions (e.g., ⇢-, !-, �-
exchange) [? ? ? ], their details are uncertain. Since
fitting these mechanisms to data is computationally too
demanding, those e↵ects are assumed to be absorbed by
the couplings and masses of bare  i states.

Results.— Our couple-channel model is fitted to e+e�

cross section data (17 final states) as shown in Figs. ??
and ??(a), and invariant mass and angular distribution
data shown in Figs. ??(b-l) and also those not shown
here. The dressed  ! Rc vertex can be expanded into

direct-decay and single-triangle terms [Fig. ??(b)], and
each contribution is also shown. Five bare  states are
included in the model to obtain the reasonable fits. In ad-
dition, we consider  (4660) as a Breit-Wigner amplitude
to fit the e+e� !  0⇡+⇡� cross sections in

p
s > 4.6 GeV

[Fig. ??(o)]. The currently available data is insu�cient to
include  (4660) in the coupled-channel amplitude; more
data in

p
s > 4.6 GeV are necessary, including charm-

strange final states such as D(⇤)D̄(⇤)
s K.

The e+e� ! D(⇤)
(s)D̄

(⇤)
(s) (except for DD̄) data require

moderate threshold enhancement mechanisms, while the
DD̄ data need an enhancement at the D⇤D̄ threshold.
Thus we consider moderately attractive D(⇤)

(s)D̄
(⇤)
(s) con-

tact interactions for additional elastic final state interac-
tions; D⇤D̄ ! DD̄ term is included perturbatively; see
Eqs. (7,8) in [? ]. This enhances the blue dashed curves

to red solid ones for e+e� ! D(⇤)
(s)D̄

(⇤)
(s) in Fig. ??.
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FIG. 4. Continued from Fig. 1. (j) e+e� ! D0D�⇡+; data from Ref. [13]. (k) e+e� ! D+D�; data from BESIII
(unpublished). (l) e+e� ! D⇤+D⇤�; data from Ref. [14]. (m) e+e� ! D⇤+D�; data from Ref. [14]. (n) e+e� ! D+

s D
�
s ; data

from BESIII (unpublished). (o) e+e� ! D⇤+
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s ; data from Ref. [15]. (p) e+e� ! D⇤+
s D�

s ; data from BESIII (unpublished).
(q) e+e� ! �c0!; data from Ref. [16–18]. (r) e+e� ! J/ ⌘0; data from Ref. [19].
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FIG. 2. Cross sections (unit:pb) for e+e� annihilations into various final states (indicated in each panel) as functions of the
total energy

p
s. The red points are from our coupled-channel calculation; the lines are just for guiding eyes. The blue dashed,

magenta dotted, and green dash-dotted curves are the direct decays, one-loop, and nonresonant contributions, respectively. To
compare with initial-state radiation data (a,d,e,g), the calculated cross sections have been averaged within each bin. The data
are from Ref. [? ] in the panel (a); [? ] (black) and [? ] (purple) in (b) and (c); [? ] in (d) and (e); [? ] in (f); [? ] in (g); [? ]
in (h); [? ] in (i); [? ? ] (black) and [? ] (purple) in (j); [? ] in (k); [? ? ? ] in (l); [? ] in (m); [? ] for J/ K+K� (black)
and [? ] for J/ K0

SK
0
S (purple, doubled) in (n); [? ] in (o); [? ] in (p).

JPC = 1+� D⇤D̄ � D⇤D̄⇤ � J/ ⇡ �  0⇡ � hc⇡ � ⌘c⇢
coupled-channel scattering amplitude (Zc amplitude).
Zcs is introduced to simply provide a  i ! J/ KK̄
mechanism and no pole.

As mentioned, we use long-range isospin-conserving
Z-shape Rc ! R0c0 interactions that couple the chan-
nels in the groups (A) and (B) but not (C). While there
should also exist short-range interactions (e.g., ⇢-, !-, �-
exchange) [? ? ? ], their details are uncertain. Since
fitting these mechanisms to data is computationally too
demanding, those e↵ects are assumed to be absorbed by
the couplings and masses of bare  i states.

Results.— Our couple-channel model is fitted to e+e�

cross section data (17 final states) as shown in Figs. ??
and ??(a), and invariant mass and angular distribution
data shown in Figs. ??(b-l) and also those not shown
here. The dressed  ! Rc vertex can be expanded into

direct-decay and single-triangle terms [Fig. ??(b)], and
each contribution is also shown. Five bare  states are
included in the model to obtain the reasonable fits. In ad-
dition, we consider  (4660) as a Breit-Wigner amplitude
to fit the e+e� !  0⇡+⇡� cross sections in

p
s > 4.6 GeV

[Fig. ??(o)]. The currently available data is insu�cient to
include  (4660) in the coupled-channel amplitude; more
data in

p
s > 4.6 GeV are necessary, including charm-

strange final states such as D(⇤)D̄(⇤)
s K.

The e+e� ! D(⇤)
(s)D̄

(⇤)
(s) (except for DD̄) data require

moderate threshold enhancement mechanisms, while the
DD̄ data need an enhancement at the D⇤D̄ threshold.
Thus we consider moderately attractive D(⇤)

(s)D̄
(⇤)
(s) con-

tact interactions for additional elastic final state interac-
tions; D⇤D̄ ! DD̄ term is included perturbatively; see
Eqs. (7,8) in [? ]. This enhances the blue dashed curves

to red solid ones for e+e� ! D(⇤)
(s)D̄

(⇤)
(s) in Fig. ??.
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FIG. 4. Continued from Fig. 1. (j) e+e� ! D0D�⇡+; data from Ref. [13]. (k) e+e� ! D+D�; data from BESIII
(unpublished). (l) e+e� ! D⇤+D⇤�; data from Ref. [14]. (m) e+e� ! D⇤+D�; data from Ref. [14]. (n) e+e� ! D+

s D
�
s ; data

from BESIII (unpublished). (o) e+e� ! D⇤+
s D⇤�

s ; data from Ref. [15]. (p) e+e� ! D⇤+
s D�

s ; data from BESIII (unpublished).
(q) e+e� ! �c0!; data from Ref. [16–18]. (r) e+e� ! J/ ⌘0; data from Ref. [19].
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FIG. 2. Cross sections (unit:pb) for e+e� annihilations into various final states (indicated in each panel) as functions of the
total energy

p
s. The red points are from our coupled-channel calculation; the lines are just for guiding eyes. The blue dashed,

magenta dotted, and green dash-dotted curves are the direct decays, one-loop, and nonresonant contributions, respectively. To
compare with initial-state radiation data (a,d,e,g), the calculated cross sections have been averaged within each bin. The data
are from Ref. [49] in the panel (a); [33] (black) and [50] (purple) in (b) and (c); [51] in (d) and (e); [34] in (f); [52] in (g); [22]
in (h); [35] in (i); [23, 36] (black) and [53] (purple) in (j); [37] in (k); [21, 38, 39] in (l); [16] in (m); [18] for J/ K+K� (black)
and [17] for J/ K0

SK
0
S (purple, doubled) in (n); [19] in (o); [20] in (p).

As mentioned, we use long-range isospin-conserving
Z-shape Rc ! R0c0 interactions that couple the chan-
nels in the groups (A) and (B) but not (C). While there
should also exist short-range interactions (e.g., ⇢-, !-,
�-exchange) [57–59], their details are uncertain. Since
fitting these mechanisms to data is computationally too
demanding, those e↵ects are assumed to be absorbed by
the couplings and masses of bare  i states.

Results.— Our couple-channel model is fitted to e+e�

cross section data (17 final states) as shown in Figs. 2
and 3(a), and invariant mass and angular distribution
data shown in Figs. 3(b-l) and also those not shown here.
The dressed  ! Rc vertex can be expanded into direct-
decay and single-triangle terms [Fig. 1(b)], and each con-
tribution is also shown. Five bare  states are included
in the model to obtain the reasonable fits. In addition,
we consider  (4660) as a Breit-Wigner amplitude to fit

the e+e� !  0⇡+⇡� cross sections in
p
s > 4.6 GeV

[Fig. 2(o)]. The currently available data is insu�cient to
include  (4660) in the coupled-channel amplitude; more
data in

p
s > 4.6 GeV are necessary, including charm-

strange final states such as D(⇤)D̄(⇤)
s K.

The e+e� ! D(⇤)
(s)D̄

(⇤)
(s) (except for DD̄) data require

moderate threshold enhancement mechanisms, while the
DD̄ data need an enhancement at the D⇤D̄ threshold.
Thus we consider moderately attractive D(⇤)

(s)D̄
(⇤)
(s) con-

tact interactions for additional elastic final state interac-
tions; D⇤D̄ ! DD̄ term is included perturbatively; see
Eqs. (7,8) in [60]. This enhances the blue dashed curves

to red solid ones for e+e� ! D(⇤)
(s)D̄

(⇤)
(s) in Fig. 2.

In the present analysis with 5 bare  i states and
Rc channels in Table I, we have 177 fitting parameters
in total from: m i ; real coupling constants in �cR, i ,
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FIG. 2. Cross sections (unit:pb) for e+e� annihilations into various final states (indicated in each panel) as functions of the
total energy

p
s. The red points are from our coupled-channel calculation; the lines are just for guiding eyes. The blue dashed,

magenta dotted, and green dash-dotted curves are the direct decays, one-loop, and nonresonant contributions, respectively. To
compare with initial-state radiation data (a,d,e,g), the calculated cross sections have been averaged within each bin. The data
are from Ref. [49] in the panel (a); [33] (black) and [50] (purple) in (b) and (c); [51] in (d) and (e); [34] in (f); [52] in (g); [22]
in (h); [35] in (i); [23, 36] (black) and [53] (purple) in (j); [37] in (k); [21, 38, 39] in (l); [16] in (m); [18] for J/ K+K� (black)
and [17] for J/ K0

SK
0
S (purple, doubled) in (n); [19] in (o); [20] in (p).

As mentioned, we use long-range isospin-conserving
Z-shape Rc ! R0c0 interactions that couple the chan-
nels in the groups (A) and (B) but not (C). While there
should also exist short-range interactions (e.g., ⇢-, !-,
�-exchange) [57–59], their details are uncertain. Since
fitting these mechanisms to data is computationally too
demanding, those e↵ects are assumed to be absorbed by
the couplings and masses of bare  i states.

Results.— Our couple-channel model is fitted to e+e�

cross section data (17 final states) as shown in Figs. 2
and 3(a), and invariant mass and angular distribution
data shown in Figs. 3(b-l) and also those not shown here.
The dressed  ! Rc vertex can be expanded into direct-
decay and single-triangle terms [Fig. 1(b)], and each con-
tribution is also shown. Five bare  states are included
in the model to obtain the reasonable fits. In addition,
we consider  (4660) as a Breit-Wigner amplitude to fit

the e+e� !  0⇡+⇡� cross sections in
p
s > 4.6 GeV

[Fig. 2(o)]. The currently available data is insu�cient to
include  (4660) in the coupled-channel amplitude; more
data in

p
s > 4.6 GeV are necessary, including charm-

strange final states such as D(⇤)D̄(⇤)
s K.

The e+e� ! D(⇤)
(s)D̄

(⇤)
(s) (except for DD̄) data require

moderate threshold enhancement mechanisms, while the
DD̄ data need an enhancement at the D⇤D̄ threshold.
Thus we consider moderately attractive D(⇤)

(s)D̄
(⇤)
(s) con-

tact interactions for additional elastic final state interac-
tions; D⇤D̄ ! DD̄ term is included perturbatively; see
Eqs. (7,8) in [60]. This enhances the blue dashed curves

to red solid ones for e+e� ! D(⇤)
(s)D̄

(⇤)
(s) in Fig. 2.

In the present analysis with 5 bare  i states and
Rc channels in Table I, we have 177 fitting parameters
in total from: m i ; real coupling constants in �cR, i ,
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FIG. 4. Continued from Fig. 1. (j) e+e� ! D0D�⇡+; data from Ref. [13]. (k) e+e� ! D+D�; data from BESIII
(unpublished). (l) e+e� ! D⇤+D⇤�; data from Ref. [14]. (m) e+e� ! D⇤+D�; data from Ref. [14]. (n) e+e� ! D+

s D
�
s ; data

from BESIII (unpublished). (o) e+e� ! D⇤+
s D⇤�

s ; data from Ref. [15]. (p) e+e� ! D⇤+
s D�

s ; data from BESIII (unpublished).
(q) e+e� ! �c0!; data from Ref. [16–18]. (r) e+e� ! J/ ⌘0; data from Ref. [19].

Belle data

Similar observations as 𝑒!𝑒" → 𝐷(∗)+𝐷(∗) 

• Threshold enhancements needed for good fits (contact interactions added to bring blue to red curves)

• Energy dependence of NR contribution is important to fit data at higher energies (cutoff adjusted)
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For 𝐽/𝜓𝜂,  a sharp peak appears at 4.02 GeV, as a consequence of coupled-channel fit

  ß BESIII does not have data point, but Belle data seems to favor this result 
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FIG. 2. Cross sections (unit:pb) for e+e� annihilations into various final states (indicated in each panel) as functions of the
total energy

p
s. The red points are from our coupled-channel calculation; the lines are just for guiding eyes. The blue dashed,

magenta dotted, and green dash-dotted curves are the direct decays, one-loop, and nonresonant contributions, respectively. To
compare with initial-state radiation data (a,d,e,g), the calculated cross sections have been averaged within each bin. The data
are from Ref. [49] in the panel (a); [33] (black) and [50] (purple) in (b) and (c); [51] in (d) and (e); [34] in (f); [52] in (g); [22]
in (h); [35] in (i); [23, 36] (black) and [53] (purple) in (j); [37] in (k); [21, 38, 39] in (l); [16] in (m); [18] for J/ K+K� (black)
and [17] for J/ K0

SK
0
S (purple, doubled) in (n); [19] in (o); [20] in (p).

As mentioned, we use long-range isospin-conserving
Z-shape Rc ! R0c0 interactions that couple the chan-
nels in the groups (A) and (B) but not (C). While there
should also exist short-range interactions (e.g., ⇢-, !-,
�-exchange) [57–59], their details are uncertain. Since
fitting these mechanisms to data is computationally too
demanding, those e↵ects are assumed to be absorbed by
the couplings and masses of bare  i states.

Results.— Our couple-channel model is fitted to e+e�

cross section data (17 final states) as shown in Figs. 2
and 3(a), and invariant mass and angular distribution
data shown in Figs. 3(b-l) and also those not shown here.
The dressed  ! Rc vertex can be expanded into direct-
decay and single-triangle terms [Fig. 1(b)], and each con-
tribution is also shown. Five bare  states are included
in the model to obtain the reasonable fits. In addition,
we consider  (4660) as a Breit-Wigner amplitude to fit

the e+e� !  0⇡+⇡� cross sections in
p
s > 4.6 GeV

[Fig. 2(o)]. The currently available data is insu�cient to
include  (4660) in the coupled-channel amplitude; more
data in

p
s > 4.6 GeV are necessary, including charm-

strange final states such as D(⇤)D̄(⇤)
s K.

The e+e� ! D(⇤)
(s)D̄

(⇤)
(s) (except for DD̄) data require

moderate threshold enhancement mechanisms, while the
DD̄ data need an enhancement at the D⇤D̄ threshold.
Thus we consider moderately attractive D(⇤)

(s)D̄
(⇤)
(s) con-

tact interactions for additional elastic final state interac-
tions; D⇤D̄ ! DD̄ term is included perturbatively; see
Eqs. (7,8) in [60]. This enhances the blue dashed curves

to red solid ones for e+e� ! D(⇤)
(s)D̄

(⇤)
(s) in Fig. 2.

In the present analysis with 5 bare  i states and
Rc channels in Table I, we have 177 fitting parameters
in total from: m i ; real coupling constants in �cR, i ,
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=
bare 𝜓5

dressed 𝜓 = 𝐺7(𝐸)
+

"𝐷

𝐷# 𝐷∗

𝜋𝜓5

+

𝜋

𝜋

𝐽/𝜓

𝑓#𝑓#
+ + Infinite loops

𝝍,𝒀 poles from their dressed propagator

𝜓6

𝐷#

𝜓5 𝜓6 𝜓7

+

"𝐷

𝐷# 𝐷∗

𝜋𝜓5 𝜓6
"𝐷$∗

(we are not using BW)

Search complex energy 𝐸7 where 𝐺7 𝐸7 = ∞   (𝐸7: pole energy, pole posiUon) by analyUcal conUnuaUon of 𝐺7(𝐸)

Full amplitude
dressed 𝜓𝛾∗

𝑒!

𝑒"

+ non-resonant
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BW fit à

𝑀 = Re 𝐸3  
Γ = −2×Im 𝐸3

5

TABLE II. Vector charmonium pole energies (E ). The mass
(M), width (�) and E are related by M = Re[E ] and � =
(�2) ⇥ Im[E ]. When more than one pole exist with similar
energies but on di↵erent Riemann sheets, the one closest to
the physical real energy is shown. Breit-Wigner parameters
are shown for  (4660).

This work PDG [4]

M (MeV) � (MeV) M (MeV) � (MeV)

3775 28 3778.1± 0.7 27.5± 0.9  (3770)

4026 25 4039± 1 80± 10  (4040)

4232 114 4191± 5 70± 10  (4160)

4226 36 4222.5± 2.4 48± 8  (4230)

4309 328 – – –

4369 183 4374± 7 118± 12  (4360)

4394 93 4421± 4 62± 20  (4415)

4690 106 4630± 6 72+14
�12  (4660)

A comparison with PDG [4] in Table II shows notice-
able di↵erences such as  (4040) width and the absence of
 (4160). The di↵erences may be caused by the fact that
the  (4040),  (4160), and  (4415) properties in PDG
are mostly based on the R value analysis [44] for which
a simple fitting model is used.

The quark model predicts four  states relevant to
Table II. Identifying the quark model states with the
bare ones, we have one additional bare state that might
be considered exotic. While  (4230) and  (4360) have
been considered non quark-model states, do they origi-
nate from the same exotic bare state ? Or could the state
of 4309 MeV be compatible with a hybrid state from lat-
tice QCD [63] for its large width (⇠ 300 MeV)? We will
address how the states in Table II are related with each
other and with the bare states in [45].

Finally, the Zc amplitude poles are presented in Ta-
ble III; two poles are found. One pole (the other) is
found at ⇠ 40 MeV below the D⇤D̄ (D⇤D̄⇤) threshold,
on the unphysical sheets of this channels 3. They are
D⇤D̄ and D⇤D̄⇤ virtual states, respectively. Our result
is rather di↵erent from previous experimental [41, 42, 64]
and most phenomenological analyses [65–69] that found
poles near the PDG values in Table III. We make two
points to support our result. First, our model has been
more extensively tested by the data. While most analysis
models have been fitted to the M⇡J/ and MD⇤D̄ line-
shape data where the Zc(3900) signal is clearest, only our
model has also been fitted to the cross section data that
can test Zc production mechanisms and Zc-pole residues.
At least, the ratio �(e+e� ! J/ ⇡⇡)/�(e+e� ! ⇡D⇤D̄)
inherent in the other models should be confronted with
the data in the  (4230) region. Second, our result is
more consistent with lattice QCD results [70–74] that

3
Section 50 in Ref. [4] defines (un)physical sheet.

TABLE III. Pole locations in JPC = 1+� D⇤D̄ � D⇤D̄⇤ �
J/ ⇡ �  0⇡ � hc⇡ � ⌘c⇢ coupled-channel scattering ampli-
tude. The Riemann sheet (RS) is specified by sx = p(u)
indicating the physical (unphysical) sheet of a channel x. We
list (sD⇤D̄, sD⇤D̄⇤); sx = p for the other channels.

This work PDG [4]

Epole (MeV) RS M (MeV) � (MeV)

3839 + 20i (up) 3887.1± 2.6 28.4± 2.6 Zc(3900)

3985 + 28i (pu) 4024.1± 1.9 13± 5 Zc(4020)

suggested a weak D⇤D̄ interaction and no Zc(3900) as a
bound or narrow resonance state.

Summary and outlook.— We conducted a global coupled-
channel analysis of most of available e+e� ! cc̄ data inp
s = 3.75 � 4.7 GeV. We obtained vector charmonium

and Zc poles as summarized in Tables II and III. In the
future, e�ciency-corrected and background-free Dalitz
plots should be analyzed to fully consider the experi-
mental constraints on the resonance properties. Such an
e↵ort has been made in the light-hadron sector [56, 75].
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When several poles are found nearby but on different Riemann sheets, 

they correspond to the same state and only the one closest to the physical real energy is listed 

Resonance parameters 
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BW fit à

𝑀 = Re 𝐸3  
Γ = −2×Im 𝐸3

Resonance parameters 

5

TABLE II. Vector charmonium pole energies (E ). The mass
(M), width (�) and E are related by M = Re[E ] and � =
(�2) ⇥ Im[E ]. When more than one pole exist with similar
energies but on di↵erent Riemann sheets, the one closest to
the physical real energy is shown. Breit-Wigner parameters
are shown for  (4660).

This work PDG [4]

M (MeV) � (MeV) M (MeV) � (MeV)

3775 28 3778.1± 0.7 27.5± 0.9  (3770)

4026 25 4039± 1 80± 10  (4040)

4232 114 4191± 5 70± 10  (4160)

4226 36 4222.5± 2.4 48± 8  (4230)

4309 328 – – –

4369 183 4374± 7 118± 12  (4360)

4394 93 4421± 4 62± 20  (4415)

4690 106 4630± 6 72+14
�12  (4660)

A comparison with PDG [4] in Table II shows notice-
able di↵erences such as  (4040) width and the absence of
 (4160). The di↵erences may be caused by the fact that
the  (4040),  (4160), and  (4415) properties in PDG
are mostly based on the R value analysis [44] for which
a simple fitting model is used.

The quark model predicts four  states relevant to
Table II. Identifying the quark model states with the
bare ones, we have one additional bare state that might
be considered exotic. While  (4230) and  (4360) have
been considered non quark-model states, do they origi-
nate from the same exotic bare state ? Or could the state
of 4309 MeV be compatible with a hybrid state from lat-
tice QCD [63] for its large width (⇠ 300 MeV)? We will
address how the states in Table II are related with each
other and with the bare states in [45].

Finally, the Zc amplitude poles are presented in Ta-
ble III; two poles are found. One pole (the other) is
found at ⇠ 40 MeV below the D⇤D̄ (D⇤D̄⇤) threshold,
on the unphysical sheets of this channels 3. They are
D⇤D̄ and D⇤D̄⇤ virtual states, respectively. Our result
is rather di↵erent from previous experimental [41, 42, 64]
and most phenomenological analyses [65–69] that found
poles near the PDG values in Table III. We make two
points to support our result. First, our model has been
more extensively tested by the data. While most analysis
models have been fitted to the M⇡J/ and MD⇤D̄ line-
shape data where the Zc(3900) signal is clearest, only our
model has also been fitted to the cross section data that
can test Zc production mechanisms and Zc-pole residues.
At least, the ratio �(e+e� ! J/ ⇡⇡)/�(e+e� ! ⇡D⇤D̄)
inherent in the other models should be confronted with
the data in the  (4230) region. Second, our result is
more consistent with lattice QCD results [70–74] that

3
Section 50 in Ref. [4] defines (un)physical sheet.

TABLE III. Pole locations in JPC = 1+� D⇤D̄ � D⇤D̄⇤ �
J/ ⇡ �  0⇡ � hc⇡ � ⌘c⇢ coupled-channel scattering ampli-
tude. The Riemann sheet (RS) is specified by sx = p(u)
indicating the physical (unphysical) sheet of a channel x. We
list (sD⇤D̄, sD⇤D̄⇤); sx = p for the other channels.

This work PDG [4]

Epole (MeV) RS M (MeV) � (MeV)

3839 + 20i (up) 3887.1± 2.6 28.4± 2.6 Zc(3900)

3985 + 28i (pu) 4024.1± 1.9 13± 5 Zc(4020)

suggested a weak D⇤D̄ interaction and no Zc(3900) as a
bound or narrow resonance state.

Summary and outlook.— We conducted a global coupled-
channel analysis of most of available e+e� ! cc̄ data inp
s = 3.75 � 4.7 GeV. We obtained vector charmonium

and Zc poles as summarized in Tables II and III. In the
future, e�ciency-corrected and background-free Dalitz
plots should be analyzed to fully consider the experi-
mental constraints on the resonance properties. Such an
e↵ort has been made in the light-hadron sector [56, 75].
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Noticeable differences from PDG
• y(4040) width is significantly narrower

• (well-established) y(4160) does not exist

• Two states at ~ 4230 MeV; y(4230) and a broader one 



58

No y(4160) from our analysis

According to PDG, the clearest y(4160) signal is seen in the R-scan data (BES2) and 𝐵! → 𝐾!𝜇!𝜇" (LHCb) 

y(4160) -like signals in exclusive processes

 They can be described with interfering  y(4040) and y(4230)

à y(4160) signal in R may be caused by the same mechanism

y(4160) -like y(4160) -like y(4160) -like

BES, PLB 660, 315 (2008) 
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FIG. 2. Cross sections (unit:pb) for e+e� annihilations into various final states (indicated in each panel) as functions of the
total energy

p
s. The red points are from our coupled-channel calculation; the lines are just for guiding eyes. The blue dashed,

magenta dotted, and green dash-dotted curves are the direct decays, one-loop, and nonresonant contributions, respectively. To
compare with initial-state radiation data (a,d,e,g), the calculated cross sections have been averaged within each bin. The data
are from Ref. [49] in the panel (a); [33] (black) and [50] (purple) in (b) and (c); [51] in (d) and (e); [34] in (f); [52] in (g); [22]
in (h); [35] in (i); [23, 36] (black) and [53] (purple) in (j); [37] in (k); [21, 38, 39] in (l); [16] in (m); [18] for J/ K+K� (black)
and [17] for J/ K0

SK
0
S (purple, doubled) in (n); [19] in (o); [20] in (p).

As mentioned, we use long-range isospin-conserving
Z-shape Rc ! R0c0 interactions that couple the chan-
nels in the groups (A) and (B) but not (C). While there
should also exist short-range interactions (e.g., ⇢-, !-,
�-exchange) [57–59], their details are uncertain. Since
fitting these mechanisms to data is computationally too
demanding, those e↵ects are assumed to be absorbed by
the couplings and masses of bare  i states.

Results.— Our couple-channel model is fitted to e+e�

cross section data (17 final states) as shown in Figs. 2
and 3(a), and invariant mass and angular distribution
data shown in Figs. 3(b-l) and also those not shown here.
The dressed  ! Rc vertex can be expanded into direct-
decay and single-triangle terms [Fig. 1(b)], and each con-
tribution is also shown. Five bare  states are included
in the model to obtain the reasonable fits. In addition,
we consider  (4660) as a Breit-Wigner amplitude to fit

the e+e� !  0⇡+⇡� cross sections in
p
s > 4.6 GeV

[Fig. 2(o)]. The currently available data is insu�cient to
include  (4660) in the coupled-channel amplitude; more
data in

p
s > 4.6 GeV are necessary, including charm-

strange final states such as D(⇤)D̄(⇤)
s K.

The e+e� ! D(⇤)
(s)D̄

(⇤)
(s) (except for DD̄) data require

moderate threshold enhancement mechanisms, while the
DD̄ data need an enhancement at the D⇤D̄ threshold.
Thus we consider moderately attractive D(⇤)

(s)D̄
(⇤)
(s) con-

tact interactions for additional elastic final state interac-
tions; D⇤D̄ ! DD̄ term is included perturbatively; see
Eqs. (7,8) in [60]. This enhances the blue dashed curves

to red solid ones for e+e� ! D(⇤)
(s)D̄

(⇤)
(s) in Fig. 2.

In the present analysis with 5 bare  i states and
Rc channels in Table I, we have 177 fitting parameters
in total from: m i ; real coupling constants in �cR, i ,
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total energy

p
s. The red points are from our coupled-channel calculation; the lines are just for guiding eyes. The blue dashed,

magenta dotted, and green dash-dotted curves are the direct decays, one-loop, and nonresonant contributions, respectively. To
compare with initial-state radiation data (a,d,e,g), the calculated cross sections have been averaged within each bin. The data
are from Ref. [49] in the panel (a); [33] (black) and [50] (purple) in (b) and (c); [51] in (d) and (e); [34] in (f); [52] in (g); [22]
in (h); [35] in (i); [23, 36] (black) and [53] (purple) in (j); [37] in (k); [21, 38, 39] in (l); [16] in (m); [18] for J/ K+K� (black)
and [17] for J/ K0

SK
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As mentioned, we use long-range isospin-conserving
Z-shape Rc ! R0c0 interactions that couple the chan-
nels in the groups (A) and (B) but not (C). While there
should also exist short-range interactions (e.g., ⇢-, !-,
�-exchange) [57–59], their details are uncertain. Since
fitting these mechanisms to data is computationally too
demanding, those e↵ects are assumed to be absorbed by
the couplings and masses of bare  i states.

Results.— Our couple-channel model is fitted to e+e�

cross section data (17 final states) as shown in Figs. 2
and 3(a), and invariant mass and angular distribution
data shown in Figs. 3(b-l) and also those not shown here.
The dressed  ! Rc vertex can be expanded into direct-
decay and single-triangle terms [Fig. 1(b)], and each con-
tribution is also shown. Five bare  states are included
in the model to obtain the reasonable fits. In addition,
we consider  (4660) as a Breit-Wigner amplitude to fit

the e+e� !  0⇡+⇡� cross sections in
p
s > 4.6 GeV

[Fig. 2(o)]. The currently available data is insu�cient to
include  (4660) in the coupled-channel amplitude; more
data in

p
s > 4.6 GeV are necessary, including charm-

strange final states such as D(⇤)D̄(⇤)
s K.

The e+e� ! D(⇤)
(s)D̄

(⇤)
(s) (except for DD̄) data require

moderate threshold enhancement mechanisms, while the
DD̄ data need an enhancement at the D⇤D̄ threshold.
Thus we consider moderately attractive D(⇤)

(s)D̄
(⇤)
(s) con-

tact interactions for additional elastic final state interac-
tions; D⇤D̄ ! DD̄ term is included perturbatively; see
Eqs. (7,8) in [60]. This enhances the blue dashed curves

to red solid ones for e+e� ! D(⇤)
(s)D̄

(⇤)
(s) in Fig. 2.

In the present analysis with 5 bare  i states and
Rc channels in Table I, we have 177 fitting parameters
in total from: m i ; real coupling constants in �cR, i ,
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FIG. 4. Continued from Fig. 1. (j) e+e� ! D0D�⇡+; data from Ref. [13]. (k) e+e� ! D+D�; data from BESIII
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y(4040) and y(4160) properties in PDG are from a simple BW fit to R value à artifacts may happen 
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In the above processes,  y(4160) -like peaks are from interfering  y(4040), y(4230), and NR

In coupled-channel model, bare y states mix to form a resonance à each bare y decay has several resonance peaks

y(4160) –like peak
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No y(4160) à impact on Y 

Exp. (exomc)

Quark model
(Godfrey Isgur)
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lar states are expected to be near the masses of their
constituent hadrons and have appropriate S-wave J

PC

quantum numbers. This is the case for the Zb(10610)
and the Zb(10650), which are within a few MeV of the
BB̄

⇤ and B
⇤
B̄

⇤ thresholds, respectively, and applies rea-
sonably well to the Zc(3900) and Zc(4020), which are
' 10 MeV above the DD̄

⇤ and D
⇤
D̄

⇤ thresholds, re-
spectively. However, the interpretation of these states
as molecules is controversial. Peaks at masses that are
slightly above threshold are dangerously similar to expec-
tations for kinematically induced cusps (146; 147; 148)
(see Fig. 8b and related text). Anomalous triangle singu-
larities are another mechanism that can produce above-

threshold peaks that are not related to a physical res-
onance (372). Moreover, unlike the X(3872), no evi-
dence for these states have been found in lattice QCD
calculations (373; 374; 375; 376). On the other hand,
detailed studies of the BESIII’s Zc(3900) ! J/ ⇡ and
DD̄

⇤ signals (149) and Belle’s corresponding Zb sig-
nals (157; 377; 378) show that the observed peaks can
be identified as virtual states with associated poles in
the complex scattering t-matrices.

The J
P = 1+ Z(4430) (now with a mass near

4478 MeV) has been proposed as a radial excitation of the
Zc(3900), comprised of a molecule-like DD̄

⇤(2S) configu-
ration (379; 380), where the D

⇤(2S) is the radial excita-
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Several theory papers proposed Y(4230) as 𝐷,+𝐷 molecule

à 𝑌 4230 → 𝐷,+𝐷  is main Y(4230) decay mode 

By examining the 𝑌 4230  pole residues,

 we can support/disfavor this scenario (future work)

(From previous slide)
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lar states are expected to be near the masses of their
constituent hadrons and have appropriate S-wave J
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quantum numbers. This is the case for the Zb(10610)
and the Zb(10650), which are within a few MeV of the
BB̄

⇤ and B
⇤
B̄

⇤ thresholds, respectively, and applies rea-
sonably well to the Zc(3900) and Zc(4020), which are
' 10 MeV above the DD̄

⇤ and D
⇤
D̄

⇤ thresholds, re-
spectively. However, the interpretation of these states
as molecules is controversial. Peaks at masses that are
slightly above threshold are dangerously similar to expec-
tations for kinematically induced cusps (146; 147; 148)
(see Fig. 8b and related text). Anomalous triangle singu-
larities are another mechanism that can produce above-

threshold peaks that are not related to a physical res-
onance (372). Moreover, unlike the X(3872), no evi-
dence for these states have been found in lattice QCD
calculations (373; 374; 375; 376). On the other hand,
detailed studies of the BESIII’s Zc(3900) ! J/ ⇡ and
DD̄

⇤ signals (149) and Belle’s corresponding Zb sig-
nals (157; 377; 378) show that the observed peaks can
be identified as virtual states with associated poles in
the complex scattering t-matrices.

The J
P = 1+ Z(4430) (now with a mass near

4478 MeV) has been proposed as a radial excitation of the
Zc(3900), comprised of a molecule-like DD̄

⇤(2S) configu-
ration (379; 380), where the D
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lar states are expected to be near the masses of their
constituent hadrons and have appropriate S-wave J

PC

quantum numbers. This is the case for the Zb(10610)
and the Zb(10650), which are within a few MeV of the
BB̄

⇤ and B
⇤
B̄

⇤ thresholds, respectively, and applies rea-
sonably well to the Zc(3900) and Zc(4020), which are
' 10 MeV above the DD̄

⇤ and D
⇤
D̄

⇤ thresholds, re-
spectively. However, the interpretation of these states
as molecules is controversial. Peaks at masses that are
slightly above threshold are dangerously similar to expec-
tations for kinematically induced cusps (146; 147; 148)
(see Fig. 8b and related text). Anomalous triangle singu-
larities are another mechanism that can produce above-

threshold peaks that are not related to a physical res-
onance (372). Moreover, unlike the X(3872), no evi-
dence for these states have been found in lattice QCD
calculations (373; 374; 375; 376). On the other hand,
detailed studies of the BESIII’s Zc(3900) ! J/ ⇡ and
DD̄

⇤ signals (149) and Belle’s corresponding Zb sig-
nals (157; 377; 378) show that the observed peaks can
be identified as virtual states with associated poles in
the complex scattering t-matrices.

The J
P = 1+ Z(4430) (now with a mass near

4478 MeV) has been proposed as a radial excitation of the
Zc(3900), comprised of a molecule-like DD̄

⇤(2S) configu-
ration (379; 380), where the D
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à Resonance without hadron-hadron continuum components

Data require five bare states for achieving reasonable fit
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One bare state is not accommodated in the quark model 

à Is it exotic bare state ?  

     Does it generate Y(4230) and Y(4360) after being dressed ?  

     Does it correspond to hybrid state predicted by LQCD ?

Very model-dependent argument/questions

Liu et al., JHEP 07 (2012) 126

Our model alone cannot answer these interesting questions



Relation between bare state and pole

63

5

TABLE II. Vector charmonium pole energies (E ). The mass
(M), width (�) and E are related by M = Re[E ] and � =
(�2) ⇥ Im[E ]. When more than one pole exist with similar
energies but on di↵erent Riemann sheets, the one closest to
the physical real energy is shown. Breit-Wigner parameters
are shown for  (4660).

This work PDG [4]

M (MeV) � (MeV) M (MeV) � (MeV)

3775 28 3778.1± 0.7 27.5± 0.9  (3770)

4026 25 4039± 1 80± 10  (4040)

4232 114 4191± 5 70± 10  (4160)

4226 36 4222.5± 2.4 48± 8  (4230)

4309 328 – – –

4369 183 4374± 7 118± 12  (4360)

4394 93 4421± 4 62± 20  (4415)

4690 106 4630± 6 72+14
�12  (4660)

A comparison with PDG [4] in Table II shows notice-
able di↵erences such as  (4040) width and the absence of
 (4160). The di↵erences may be caused by the fact that
the  (4040),  (4160), and  (4415) properties in PDG
are mostly based on the R value analysis [44] for which
a simple fitting model is used.

The quark model predicts four  states relevant to
Table II. Identifying the quark model states with the
bare ones, we have one additional bare state that might
be considered exotic. While  (4230) and  (4360) have
been considered non quark-model states, do they origi-
nate from the same exotic bare state ? Or could the state
of 4309 MeV be compatible with a hybrid state from lat-
tice QCD [63] for its large width (⇠ 300 MeV)? We will
address how the states in Table II are related with each
other and with the bare states in [45].

Finally, the Zc amplitude poles are presented in Ta-
ble III; two poles are found. One pole (the other) is
found at ⇠ 40 MeV below the D⇤D̄ (D⇤D̄⇤) threshold,
on the unphysical sheets of this channels 3. They are
D⇤D̄ and D⇤D̄⇤ virtual states, respectively. Our result
is rather di↵erent from previous experimental [41, 42, 64]
and most phenomenological analyses [65–69] that found
poles near the PDG values in Table III. We make two
points to support our result. First, our model has been
more extensively tested by the data. While most analysis
models have been fitted to the M⇡J/ and MD⇤D̄ line-
shape data where the Zc(3900) signal is clearest, only our
model has also been fitted to the cross section data that
can test Zc production mechanisms and Zc-pole residues.
At least, the ratio �(e+e� ! J/ ⇡⇡)/�(e+e� ! ⇡D⇤D̄)
inherent in the other models should be confronted with
the data in the  (4230) region. Second, our result is
more consistent with lattice QCD results [70–74] that

3
Section 50 in Ref. [4] defines (un)physical sheet.

TABLE III. Pole locations in JPC = 1+� D⇤D̄ � D⇤D̄⇤ �
J/ ⇡ �  0⇡ � hc⇡ � ⌘c⇢ coupled-channel scattering ampli-
tude. The Riemann sheet (RS) is specified by sx = p(u)
indicating the physical (unphysical) sheet of a channel x. We
list (sD⇤D̄, sD⇤D̄⇤); sx = p for the other channels.

This work PDG [4]

Epole (MeV) RS M (MeV) � (MeV)

3839 + 20i (up) 3887.1± 2.6 28.4± 2.6 Zc(3900)

3985 + 28i (pu) 4024.1± 1.9 13± 5 Zc(4020)

suggested a weak D⇤D̄ interaction and no Zc(3900) as a
bound or narrow resonance state.

Summary and outlook.— We conducted a global coupled-
channel analysis of most of available e+e� ! cc̄ data inp
s = 3.75 � 4.7 GeV. We obtained vector charmonium

and Zc poles as summarized in Tables II and III. In the
future, e�ciency-corrected and background-free Dalitz
plots should be analyzed to fully consider the experi-
mental constraints on the resonance properties. Such an
e↵ort has been made in the light-hadron sector [56, 75].
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Data require five bare states  

à dressed by hadron continuum

à seven poles

Similar finding in nucleon resonances 3
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FIG. 1: (above) Trajectories of the evolution of P11 resonance
poles A (1357,76), B (1364,105), and C (1820,248) from a bare
N∗ with 1763 MeV, as the couplings of the bare N∗ with the
meson-baryon reaction channels are varied from zero to the
full strengths of the JLMS model. See text for detailed expla-
nations. Brunch cuts for all channels are denoted as dashed
lines. The branch points, Eb.p., for unstable channels are
determined by Eb.p. − EM (k) − EB(k) − ΣMB(k,Eb.p.) =
0 of the their propagators (described in the text) evalu-
ated at the spectator momentum k=0. With the param-
eters [16] used in JLMS model, we find that Eb.p. (MeV)
= (1365.40,−32.46), (1704.08,−74.98), (1907.57,−323.62) for
π∆, ρN , and σN , respectively. (below) 3-Dimensional depic-
tion of the behavior of |det[D(E)]|2 of the P11 N∗ propagator
(in arbitrary units) as a function of complex-E.

This finding is consistent with the results from the anal-
ysis by Cutkosky and Wang [12] (CMB), GWU/VPI [13]
and Jülich [14] groups, as seen in Tab. I. In our analysis,
we find that they are on different sheets: (1357,76) and
(1364,105) are on the un-physical and physical sheet of
the π∆ channel, respectively.
We also find one higher mass pole at (1820, 248) in

P11 partial wave, which is close to the N∗(1710) state
listed by PDG. Within the JLMS model, we find that
this pole and the two poles listed in table II are related
to one of the two bare states needed to obtain a good
fit to the P11 amplitude up to W = 2 GeV, see [15].

TABLE II: The resonance pole positions MR [listed as
(Re MR,−Im MR)] extracted from the JLMS model in the
different unphysical sheets are compared with the values of
3- and 4-stars nucleon resonances listed in the PDG [1].
The notation indicating their locations on the Riemann sur-
face are explained in the text. “—” for P33(1600), P13 and
P31 indicates that no resonance pole has been found in the
considered complex energy region, Re(E) ≤ 2000 MeV and
−Im(E) ≤ 250 MeV. All masses are in MeV.

M0
N∗ MR Location PDG

S11 1800 (1540, 191) (uuuupp) (1490 - 1530, 45 - 125)
1880 (1642, 41) (uuuupp) (1640 - 1670, 75 - 90)

P11 1763 (1357, 76) (upuupp) (1350 - 1380, 80 - 110)
1763 (1364, 105) (upuppp)
1763 (1820, 248) (uuuuup) (1670 - 1770, 40 - 190)

P13 1711 — (1660 - 1690, 57 - 138)
D13 1899 (1521, 58) (uuuupp) (1505 - 1515, 52 - 60)
D15 1898 (1654, 77) (uuuupp) (1655 - 1665, 62 - 75)
F15 2187 (1674, 53) (uuuupp) (1665 - 1680, 55 - 68)
S31 1850 (1563, 95) (u–uup–) (1590 - 1610, 57 - 60)
P31 1900 — (1830 - 1880, 100 - 250)
P33 1391 (1211, 50) (u–ppp–) (1209 - 1211, 49 - 51)

1600 — (1500 - 1700, 200 - 400)
D33 1976 (1604, 106) (u–uup–) (1620 - 1680, 80 - 120)
F35 2162 (1738, 110) (u–uuu–) (1825 - 1835, 132 - 150)

2162 (1928, 165) (u–uuu–)
F37 2138 (1858, 100) (u–uuu–) (1870 - 1890, 110 - 130)

To see how these poles evolve dynamically through their
coupling with reaction channels, we trace the zeros of
det[D̂−1(E)] = det[E − M0

N∗ −
∑

MB yMBMMB(E)] in
the region 0 ≤ yMB ≤ 1, where MMB(E) is the con-
tribution of channel MB to the self energy defined by
Eq. (5). Each yMB is varied independently to find contin-
uous evolution paths through the various Riemann sheets
on which our analytic continuation method is valid.

We find that the three poles listed in Table I are asso-
ciated to the bare state at 1736 MeV as shown in Fig. 1.
The solid blue curve shows the evolution of this bare
state to the position at C(1820, 248) on the unphysical
sheet of the π∆ and ηN channels. The poles A(1357, 76)
and B(1364,105) evolve from the same bare state on the
physical sheet of the ηN channel. The dashed red curve
indicates how the bare state evolves through varying all
coupling strengths except keeping yπ∆ = 0, to about
Re(MR) ∼ 1400 MeV. By further varying yπ∆ to 1 of the
full JLMS model, it then splits into two trajectories; one
moves to pole A(1357,76) on the unphysical sheet and
the other to B(1364, 105) on the physical sheet of π∆
channel. Fig. 1 clearly shows how the coupled-channels
effects induces multi-poles from a single bare state. The
evolution of the second bare state at 2037 MeV [15] into
a resonance at W > 2 GeV can be similarly investigated,
but will not be discussed here.

To explore this interesting result further and to ex-
amine the stability of the determined three P11 poles,

Suzuki et al. (EBAC) PRL 104, 042302 (2010)

bare state (~ 1.7 GeV)

pole A

pole B pole C

Future work : Which pair of poles come from the same bare state (mainly) ?
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TABLE II. Vector charmonium pole energies (E ). The mass
(M), width (�) and E are related by M = Re[E ] and � =
(�2) ⇥ Im[E ]. When more than one pole exist with similar
energies but on di↵erent Riemann sheets, the one closest to
the physical real energy is shown. Breit-Wigner parameters
are shown for  (4660).

This work PDG [4]

M (MeV) � (MeV) M (MeV) � (MeV)

3775 28 3778.1± 0.7 27.5± 0.9  (3770)

4026 25 4039± 1 80± 10  (4040)

4232 114 4191± 5 70± 10  (4160)

4226 36 4222.5± 2.4 48± 8  (4230)

4309 328 – – –

4369 183 4374± 7 118± 12  (4360)

4394 93 4421± 4 62± 20  (4415)

4690 106 4630± 6 72+14
�12  (4660)

A comparison with PDG [4] in Table II shows notice-
able di↵erences such as  (4040) width and the absence of
 (4160). The di↵erences may be caused by the fact that
the  (4040),  (4160), and  (4415) properties in PDG
are mostly based on the R value analysis [44] for which
a simple fitting model is used.

The quark model predicts four  states relevant to
Table II. Identifying the quark model states with the
bare ones, we have one additional bare state that might
be considered exotic. While  (4230) and  (4360) have
been considered non quark-model states, do they origi-
nate from the same exotic bare state ? Or could the state
of 4309 MeV be compatible with a hybrid state from lat-
tice QCD [63] for its large width (⇠ 300 MeV)? We will
address how the states in Table II are related with each
other and with the bare states in [45].

Finally, the Zc amplitude poles are presented in Ta-
ble III; two poles are found. One pole (the other) is
found at ⇠ 40 MeV below the D⇤D̄ (D⇤D̄⇤) threshold,
on the unphysical sheets of this channels 3. They are
D⇤D̄ and D⇤D̄⇤ virtual states, respectively. Our result
is rather di↵erent from previous experimental [41, 42, 64]
and most phenomenological analyses [65–69] that found
poles near the PDG values in Table III. We make two
points to support our result. First, our model has been
more extensively tested by the data. While most analysis
models have been fitted to the M⇡J/ and MD⇤D̄ line-
shape data where the Zc(3900) signal is clearest, only our
model has also been fitted to the cross section data that
can test Zc production mechanisms and Zc-pole residues.
At least, the ratio �(e+e� ! J/ ⇡⇡)/�(e+e� ! ⇡D⇤D̄)
inherent in the other models should be confronted with
the data in the  (4230) region. Second, our result is
more consistent with lattice QCD results [70–74] that

3
Section 50 in Ref. [4] defines (un)physical sheet.

TABLE III. Pole locations in JPC = 1+� D⇤D̄ � D⇤D̄⇤ �
J/ ⇡ �  0⇡ � hc⇡ � ⌘c⇢ coupled-channel scattering ampli-
tude. The Riemann sheet (RS) is specified by sx = p(u)
indicating the physical (unphysical) sheet of a channel x. We
list (sD⇤D̄, sD⇤D̄⇤); sx = p for the other channels.

This work PDG [4]

Epole (MeV) RS M (MeV) � (MeV)

3839 + 20i (up) 3887.1± 2.6 28.4± 2.6 Zc(3900)

3985 + 28i (pu) 4024.1± 1.9 13± 5 Zc(4020)

suggested a weak D⇤D̄ interaction and no Zc(3900) as a
bound or narrow resonance state.

Summary and outlook.— We conducted a global coupled-
channel analysis of most of available e+e� ! cc̄ data inp
s = 3.75 � 4.7 GeV. We obtained vector charmonium

and Zc poles as summarized in Tables II and III. In the
future, e�ciency-corrected and background-free Dalitz
plots should be analyzed to fully consider the experi-
mental constraints on the resonance properties. Such an
e↵ort has been made in the light-hadron sector [56, 75].
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Two poles at 𝑀~ 4230 (4380) MeV  with narrow (𝜓:;<) and wide (𝜓=>?) widths. We can explain Y widths if:

𝚪𝒀(𝟒𝟐𝟐𝟎)	~ 44±4 MeV

𝑒!𝑒" → 𝐽/𝜓	𝜂

𝚪𝒀(𝟒𝟐𝟐𝟎)	~ 82±6 MeV

𝑒!𝑒" → 𝐽/𝜓	𝜋!𝜋"

For 𝑒!𝑒" → 𝐽/𝜓	𝜋!𝜋"

For 𝑒!𝑒" → 𝐽/𝜓	𝜂

𝑔7%&'→./788 	 ≫	 |𝑔7()*→./788|

𝜓;<=

𝜓>?@

𝑔7%&'→./7A 	≪ 	 |𝑔7()*→./7A|
𝑔7%&'→./788  : pole residue

Residues will be extracted in near future, and address the Y width problem
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𝐸
𝐷∗+𝐷 th.

3875 MeV
x

This work
Zc(3900)
3839 + 20 i MeV 

Zc(3900) from BESIII, Belle, D0 (BW fit), most previous theoretical models

𝐸
𝐷∗+𝐷∗ th.

4016 MeV
x

This work
Zc(4020)
3985 + 28 i MeV 

x ß Zc(4020) from BESIII

Zc from our analysis are virtual states, different from Breit-Wigner fit and most of previous theoretical analyses

Zc poles

Re[𝐸] Re[𝐸]

x

In next slides, we make two points to support our result

Im[𝐸]

0

5

TABLE II. Vector charmonium pole energies (E ). The mass
(M), width (�) and E are related by M = Re[E ] and � =
(�2) ⇥ Im[E ]. When more than one pole exist with similar
energies but on di↵erent Riemann sheets, the one closest to
the physical real energy is shown. Breit-Wigner parameters
are shown for  (4660).

This work PDG [4]

M (MeV) � (MeV) M (MeV) � (MeV)

3775 28 3778.1± 0.7 27.5± 0.9  (3770)

4026 25 4039± 1 80± 10  (4040)

4232 114 4191± 5 70± 10  (4160)

4226 36 4222.5± 2.4 48± 8  (4230)

4309 328 – – –

4369 183 4374± 7 118± 12  (4360)

4394 93 4421± 4 62± 20  (4415)

4690 106 4630± 6 72+14
�12  (4660)

A comparison with PDG [4] in Table II shows notice-
able di↵erences such as  (4040) width and the absence of
 (4160). The di↵erences may be caused by the fact that
the  (4040),  (4160), and  (4415) properties in PDG
are mostly based on the R value analysis [44] for which
a simple fitting model is used.

The quark model predicts four  states relevant to
Table II. Identifying the quark model states with the
bare ones, we have one additional bare state that might
be considered exotic. While  (4230) and  (4360) have
been considered non quark-model states, do they origi-
nate from the same exotic bare state ? Or could the state
of 4309 MeV be compatible with a hybrid state from lat-
tice QCD [63] for its large width (⇠ 300 MeV)? We will
address how the states in Table II are related with each
other and with the bare states in [45].

Finally, the Zc amplitude poles are presented in Ta-
ble III; two poles are found. One pole (the other) is
found at ⇠ 40 MeV below the D⇤D̄ (D⇤D̄⇤) threshold,
on the unphysical sheets of this channels 3. They are
D⇤D̄ and D⇤D̄⇤ virtual states, respectively. Our result
is rather di↵erent from previous experimental [41, 42, 64]
and most phenomenological analyses [65–69] that found
poles near the PDG values in Table III. We make two
points to support our result. First, our model has been
more extensively tested by the data. While most analysis
models have been fitted to the M⇡J/ and MD⇤D̄ line-
shape data where the Zc(3900) signal is clearest, only our
model has also been fitted to the cross section data that
can test Zc production mechanisms and Zc-pole residues.
At least, the ratio �(e+e� ! J/ ⇡⇡)/�(e+e� ! ⇡D⇤D̄)
inherent in the other models should be confronted with
the data in the  (4230) region. Second, our result is
more consistent with lattice QCD results [70–74] that

3
Section 50 in Ref. [4] defines (un)physical sheet.

TABLE III. Pole locations in JPC = 1+� D⇤D̄ � D⇤D̄⇤ �
J/ ⇡ �  0⇡ � hc⇡ � ⌘c⇢ coupled-channel scattering ampli-
tude. The Riemann sheet (RS) is specified by sx = p(u)
indicating the physical (unphysical) sheet of a channel x. We
list (sD⇤D̄, sD⇤D̄⇤); sx = p for the other channels.

This work PDG [4]

Epole (MeV) RS M (MeV) � (MeV)

3839 + 20i (up) 3887.1± 2.6 28.4± 2.6 Zc(3900)

3985 + 28i (pu) 4024.1± 1.9 13± 5 Zc(4020)

suggested a weak D⇤D̄ interaction and no Zc(3900) as a
bound or narrow resonance state.

Summary and outlook.— We conducted a global coupled-
channel analysis of most of available e+e� ! cc̄ data inp
s = 3.75 � 4.7 GeV. We obtained vector charmonium

and Zc poles as summarized in Tables II and III. In the
future, e�ciency-corrected and background-free Dalitz
plots should be analyzed to fully consider the experi-
mental constraints on the resonance properties. Such an
e↵ort has been made in the light-hadron sector [56, 75].
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FIG. 5. Fit to the energy-dependent cross section of e+e− → π+π−J/ψ using two different fit models:

Model I (a) and Model II (b). The upper panels show the data points with error bars overlaid with the fit

result represented by the solid (blue) line. The lower panels show the corresponding fit quality for each data

point in terms of χ in units of σ. For more details of the fit models, see the text.

II. The
√
s of all data sets have been

measured with di-muon events with an
uncertainty of 0.6 MeV that propagates
directly to the uncertainty of the mass of the
resonances. The uncertainties included by
the

√
s spread are obtained by convolving

the resonant PDF with a Gaussian function
whose width is taken to be 1.6 MeV, equal
to the spread obtained from the Beam
Energy Measurement System [41]. The
uncertainty of the PHSP factor, due to the
existence of intermediate states, is estimated
by considering the PHSP of cascade two-
body decays of e+e− → RJ/ψ (with
R = σ, f0(980), f0(1370)) and e+e− →
π±Zc(3900)∓ , and the maximum value
of the difference with respect to the result
obtained when using the three-body PHSP
factor is taken as the systematic uncertainty.
The deviation of the resonant parameters

introduced by the uncertainties of the
ψ(3770) resonance parameters are less
than 0.1 MeV, and thus can be neglected.
Assuming all of the systematic uncertainties
are independent, adding them in quadrature
delivers the total error as listed in Table V.

TABLE V. Summary of the uncertainties of the

resonance parameters.

Source
Uncertainty

Y (4220) Y (4320)
M (MeV/c2) Γ (MeV) M (MeV/c2) Γ (MeV)√

s 0.6 0.6
Beam spread 0.3 0.4 5.0 2.1
Fit model 1.4 1.0 15.8 6.8
PHSP factor 1.3 2.5 19.9 7.8
Total 2.0 2.7 25.9 10.3
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Common problem in previous theoretical analyses on Zc(3900)

is a kinematic factor with ki being the magnitude of the
three-vector momentum of the final state particle (J=ψ orD)
in the Zc rest frame; and g01 and g

0
2 are the coupling strengths

of Z!
c → π!J=ψ and Z!

c → ðDD̄#Þ!, respectively, which
will be determined by the fit to the data.
To describe the πþπ− mass spectrum, four resonances, σ,

f0ð980Þ, f2ð1270Þ, and f0ð1370Þ, are introduced. f0ð980Þ
is described with a Flatté formula [25], and the others are
described with relativistic Breit-Wigner (BW) functions.
The width of the wide resonance σ is parametrized
with ΓσðsÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð4m2

π=sÞ
p

Γ [26,27], and the masses
and widths for the f2ð1270Þ and f0ð1370Þ are taken from
the Particle Data Group [28]. The statistical significance for
each resonance is determined by examining the probability
of the change in log likelihood ðlogLÞ values between
including and excluding this resonance in the fits, and the
probability is calculated under the χ2 distribution hypoth-
esis taking the change of the number of degrees of freedom
ΔðndfÞ into account. With this procedure, the statistical
significance of each of these states and the nonresonant
process is estimated to be larger than 5σ. All of them are
therefore included in the nominal fit, which includes
the eþe−→σJ=ψ , f0J=ψ , f0ð1370ÞJ=ψ , f2ð1270ÞJ=ψ ,
Z!
c π∓, and nonresonant processes.

A simultaneous fit is performed to the two data sets. The
coupling constants are set as free parameters and are
allowed to be different at the two energy points except
for the common ones describing Zc decays. The oppositely
charged Zc states are regarded as isospin partners; they
share a common mass and coupling parameters g01 and g02.
Figure 1 shows projections of the fit results at

ffiffiffi
s

p
¼ 4.23

and 4.26 GeV, with a fit goodness of the Dalitz plot
χ2=ndf ¼ 1.3 and 1.2, respectively. The mass of Z!

c is
measured to beMZc

¼ ð3901.5! 2.7statÞ MeV=c2, and the
coupling parameters g01 ¼ ð0.075! 0.006statÞ GeV2 and
g02=g

0
1 ¼ 27.1! 2.0stat. This measurement is consistent

with the previous result g02=g
0
1 ¼ 27.1! 13.1 estimated

based on the measured decay width ratio ΓðZ!
c →

ðDD̄#Þ!Þ=ΓðZ!
c → J=ψπ!Þ ¼ 6.2! 2.9 [10]. If the Z!

c
is parametrized as a constant-width BW function,
the simultaneous fit gives a mass of ð3897.6!
1.2statÞ MeV=c2 and a width of ð43.5! 1.5statÞ MeV, but
the value of − lnL increases by 22 with ΔðndfÞ ¼ 1. The
BW parametrization is thus disfavored with a significance
of 6.6σ.
Figure 2 shows the polar angle (θZ!

c
) distribution of Z!

c in
the process eþe− → Zþ

c π− þ c:c: and the helicity angle
ðθJ=ψ Þ distribution in the decay Z!

c → π!J=ψ for the

FIG. 1. Projections to mπþπ− (a),(c) and mJ=ψπ! (b),(d) of the fit results with JP ¼ 1þ for the Zc, at
ffiffiffi
s

p
¼ 4.23 GeV (a),(b) andffiffiffi

s
p

¼ 4.26 GeV (c),(d). The points with error bars are data, and the black histograms are the total fit results including backgrounds. The
shaded histogram denotes backgrounds. The contributions from the πþπ−S-wave J=ψ , f2ð1270ÞJ=ψ , and Z!

c π∓ are shown in the plots. The
πþπ−S-wave resonances include the σ, f0ð980Þ, and f0ð1370Þ. Plots (b) and (d) are filled with two entries (mJ=ψπþ and mJ=ψπ− ) per event.
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according to j cos θπDj < 0.5 and j cos θπDj > 0.5, where
θπD is the angle between the directions of the bachelor πþ

and the D meson in the DD̄" rest frame. Defining the
asymmetry A ¼ ðn>0.5 − n<0.5Þ=ðn>0.5 þ n<0.5Þ, where
n>0.5 and n<0.5 are the numbers of events in each sample,
we found that the asymmetry in data Adata ¼ 0.11& 0.07
is compatible with the asymmetry expected in signal
MC, AπZc

MC ¼ 0.01& 0.01, and incompatible with the

expectations for DD̄1ð2420Þ MC, ADD̄1

MC ¼ 0.43& 0.01.

Considering the kinematic boundary of this process, we
conclude that the DD̄1ð2420Þ contribution to our observed
Born cross section is smaller than its relative systematic
uncertainty. This is consistent with the ST analysis [23].

IV. SIGNAL EXTRACTION

To extract the resonance parameters and yield of
Zcð3885Þ− in the ðDD̄"Þ− mass spectrum, both processes
are fitted simultaneously with an unbinned maximum
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FIG. 3 (color online). Simultaneous fits to the MðDD̄"Þ distributions of [(a) and (c)] πþD0D̄0-tagged and [(b) and (d)] πþD−D0-
tagged processes for [(a) and (b)] data at

ffiffiffi
s

p
¼ 4.23 GeV and for [(c) and (d)] data at

ffiffiffi
s

p
¼ 4.26 GeV. The dots with error bars are data

and the lines show the projection of the simultaneous fit to the data. The solid lines (blue) describe the total fits, the dashed lines (red)
describe the signal shapes, and the green areas describe the background shapes.
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FIG. 2 (color online). TheMrecoilðDπÞ distributions for (a) πþD0D̄0-tagged events and (b) πþD−D0-tagged events at
ffiffiffi
s

p
¼ 4.26 GeV.

The dots with error bars are data. The dashed (red) and solid (blue) lines are signal MC and PHSP MC, respectively. The arrows (pink)
indicate nominal selection criteria.
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Invariant mass distributions (left, event numbers)

are fitted to determine Zc(3900) pole

àmodel’s overall normalization is arbitrary but

model has 𝜎(𝑒!𝑒" → 𝐽/𝜓𝜋𝜋)/𝜎(𝑒!𝑒" → 𝜋𝐷+𝐷∗)

𝜋𝐷-𝐷∗𝐽/𝜓𝜋𝜋

𝐽/𝜓𝜋𝜋

the correction factor for vacuum polarization [23], BðD0 →
K−πþÞ ¼ ð3.93% 0.04Þ% [12], and ϵ is the detection
efficiency. Values of all above variables are given in
Supplemental Material [14]. Efficiencies at

ffiffiffi
s

p
¼ 4.2263,

4.2580, 4.3583, 4.4156, and 4.5995 GeVare calculated with
MC simulated data samples [24] that are generated by the
data-driven BODY3 generator based on EVTGEN [18], taking
into account the influence of possible intermediate states
[Zcð3885Þ− in theD0D&− system [20,25] and highly excited
D states in the πþD0 or πþD&− systems]. Since the BODY3

generator requires a large selected sample obtained from
events in the signal region after subtracting the background
contribution (estimated with the events in the sideband
region for BKG2 and MC simulation from BKG1), it is
used only for the five energy points with high luminosity.
Efficiencies at the other energy points are estimated with
PHSP MC samples, with appropriate uncertainties included
later. The obtained Born cross sections, which are consistent
with and more precise than those of Belle [13], are
summarized in Supplemental Material [14].
The systematic uncertainties in the cross-section mea-

surements are listed in Table I. The uncertainty in lumi-
nosity is 1.0% at each energy point [26]. The uncertainty in
BðD0 → K−πþÞ is 1.0% [12]. The uncertainty in the ISR
correction factor is 3.0% [22]. The uncertainties associated
with the detection efficiencies include the tracking and
particle identification (PID) efficiencies (1.0% per track),
D0 and D&− mass window requirements, and signal
MC model. The uncertainties associated with the D0 and
D&− mass windows are estimated by repeating the analysis
with an altered mass window requirement; the relative
changes in the cross sections are taken as systematic
uncertainties. The uncertainties associated with the
BODY3 signal MC model consist of three parts: the choice

of binning and the BKG1 and BKG2 subtractions. The
uncertainty associated with the choice of binning is
estimated by repeating the simulation with an altered bin
size. The uncertainty associated with the BKG1 subtraction
is studied by replacing the PHSP MC sample with MC
samples of processes including the intermediate states
eþe− → D̄&

2ð2460Þ0D&0, D̄&
2ð2460Þ0 → πþD− and eþe− →

D1ð2460ÞþD−, D1ð2460Þþ → πþD&0. For the BKG2
uncertainty, we replace the sideband events with the
inclusive MC sample when subtracting the background.
The maximum relative changes on the detection efficiency
are taken as the corresponding uncertainties. The total
signal MC model uncertainty is the sum in quadrature of
these three contributions. To estimate the uncertainties
of the signal MC model for the low-luminosity data, we
estimate the detection efficiencies for the five energy points
of large luminosity with the PHSP MC samples; the
resultant largest difference with respect to the nominal
efficiencies, 5.3%, is assigned as the corresponding uncer-
tainty for the low-luminosity energy points. The uncertain-
ties associated with the signal shape, background shape,
and fit range in the signal yield extraction are determined
by changing the signal shape to the pure MC shape, by
changing the background function from a linear polynomial
function to a second-order one and by changing the fit
range, respectively. Because or limited statistics, fit results
at the energy points with low luminosity suffer large
statistical fluctuations in such refits; thus, the largest
systematic uncertainties from the five large-luminosity data
samples are adopted. Assuming no significant correlations
between sources, the total systematic uncertainty is
obtained as the sum in quadrature.
The dressed cross section, which includes vacuum

polarization effects, is shown in Fig. 2. Two enhancements
around 4.23 and 4.40 GeV, denoted hereafter as R1 and R2,
respectively, are clearly visible. A maximum likelihood fit
to the dressed cross section is performed to determine the

TABLE I. Breakdown of the systematic uncertainties (%) in the
measurements of the Born cross section, separately for the five
energy points with high-luminosity data and the other points. Part
of the systematic uncertainties is, in fact, due to the finite statistics
of the data.

ffiffiffi
s

p
(GeV) 4.2263 4.2580 4.3583 4.4156 4.5995 Other

Luminosity 1.0 1.0 1.0 1.0 1.0 1.0
BðD0 → K−πþÞ 1.0 1.0 1.0 1.0 1.0 1.0
ð1þ δÞϵ 3.0 3.0 3.0 3.0 3.0 3.0
Tracking 3.0 3.0 3.0 3.0 3.0 3.0
PID 3.0 3.0 3.0 3.0 3.0 3.0
D0 mass window 0.3 0.1 0.4 0.2 0.7 0.7
D&− mass window 0.2 0.1 0.2 0.3 0.3 0.3
Signal MC model 2.5 2.1 2.9 2.3 2.2 5.3
Signal shape 0.1 1.5 0.8 1.5 2.1 2.1
Background shape 0.4 0.2 0.2 0.1 0.1 0.4
Fit range 0.1 0.2 0.1 0.1 0.1 0.2

Sum in quadrature 6.0 6.0 6.2 6.1 6.2 8.0

(GeV)CME
4.1 4.2 4.3 4.4 4.5 4.6

 (p
b)

dr
es

s
σ

0

500

1000

FIG. 2. Fit to the dressed cross section of eþe− → πþD0D&−,
where the black dots with error bars are the measured cross
sections and the blue line shows the fit result. The error bars are
statistical only. The pink dashed triple-dot line describes the
phase-space contribution, the green dashed double-dot line
describes the R2 contribution, and the light blue dashed line
describes the R1 contribution.
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𝜋𝐷-𝐷∗

In previous theoretical analyses, 

  cross sections (left) were not considered

à𝜎(𝑒!𝑒" → 𝐽/𝜓𝜋𝜋)/𝜎(𝑒!𝑒" → 𝜋𝐷+𝐷∗) 

     from model is unchecked

^(_0_1→`/a bb )
^(_0_1→bc-c∗ )  should be checked to see if models are reasonable

Our analysis cleared this problem

Cross section data can test Zc production 
mechanism, Zc decay residues
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Present analysis result is consistent with lattice QCD

𝐼 = 1, 𝐽12 = 1!"	𝐷∗+𝐷  s-wave interaction is very weak,

 disfavoring narrow 𝑍*(3900) pole near 𝐷∗+𝐷 threshold

Prelovsek et al. PLB 727, 172 (2013), PRD 91, 014504 (2015)
Chen et al. PRD 89 , 094506 (2014)
Ikeda et al. (HAL QCD) PRL 117, 242001 (2016)
Cheung et al. (Hadron spectrum Collab.) JHEP 11, 033 (2017)

Previous LQCD analyses on 𝑍*(3900) in:

LQCD conclusion :

Most of previous determinaUons of Zc(3900) pole are not consistent with LQCD
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• Pole residues will be extracted à address Y width problem, structure of exotic candidates Y 

• Fit efficiency-corrected, background-free Dalitz plots (not 1D fit) to fully consider experimental 

       constraints on charmonium and Zc properties

• Include 𝑒!𝑒" → 𝐾+𝐷(
(∗)𝐷(∗) when cross sections become available à include higher charmonium states

                                                                                                                             à address Zcs(3985) from global analysis

Summary
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• Conducted global coupled-channel analysis of most of available 𝑒+𝑒− → 𝑐 ̅𝑐 data in 𝑠 = 3.75 − 4.7 GeV

      Global coupled-channel analysis is common for N*. The 𝑒!𝑒" → 𝑐 ̅𝑐 analysis now gets closer to the standard !

• Reasonable fits are obtained overall

• Vector charmonium and Zc poles extracted

             -- no y(4160),  but two poles at ~ 4230 MeV with different widths

           --  Zc poles are virtual poles at  ~ 40 MeV below 𝐷∗+𝐷(∗) thresholds, consistent with LQCD results  

Future


