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Ultracold atoms in optical lattices, Rydberg atoms

Choi et al., Science (2016) Kaufmann et al., Science (2016)
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FIG. 2. Single atom fluorescence in 3d arrays. (a-f) Maximum in-
tensity projection reconstruction of the average fluorescence of single
atoms stochastically loaded into exemplary arrays of traps. The x,y,z
scan range of the fluorescence is indicated and is the same for all the
3d reconstructions.

(ETL1) [19] in the imaging path allows us to acquire series
of stack images along the optical axis ẑ with which we recon-
struct the full 3d intensity distribution. The imaging system
covers a z-scan range of 200µm.

Figure 1 (b-d) shows some examples of patterns suitable
for experiments with single atoms. The images are recon-
structed using a maximum intensity projection method [20]
from 200 z-images obtained with the diagnostics CCD cam-
era. With ⇠ 3.5 mW of power per trap we reach depths of
U0/kB ' 1mK, and radial (longitudinal) trapping frequen-
cies of around 100 kHz (20 kHz). We produce highly uni-
form microtrap potentials (with peak intensities differing by
less than 5% rms) via a closed-loop optimization [16]. 87Rb
atoms are then loaded in the traps from a magneto-optical trap
(MOT), with a final temperature of 25µK. We detect the occu-
pancy of each trap by collecting the fluorescence of the atoms
at 780 nm with an EMCCD camera for 50 ms. A second tun-
able lens (ETL2) in the imaging path is used to focus the flu-
orescence of different atom planes.

In Fig. 2 we show the fluorescence of single atoms trapped
in various complex 3d structures, some of which are relevant
to the study of non-trivial properties of Chern insulators [21–
23]. Each example is reconstructed from a series of 100 z-
stack images covering an axial range of ⇠ 120µm. With no
further action, these arrays are randomly loaded with a filling
fraction of ⇠ 0.5; we thus average the fluorescence signal over

300 frames to reveal the geometry of the structures.
For deterministic atom loading, we extend our 2d atom-

by-atom assembler [12] to 3d geometries. For that, we su-
perimpose a second 850-nm laser beam (with 1/e2 radius
⇠ 1.3 µm) on the trapping beam, which can be steered in the
x-y plane using a 2d acousto-optical deflector (AOD) and in
z by changing the focal length of a third tunable lens (ETL3).
Combined with a real-time control system, this moving tweez-
ers (MT) can perform single atom transport with fidelities ex-
ceeding 0.993 [12], and produce fully loaded arrays by us-
ing independent and sequential rearrangement of the atoms
for each of the np planes in the 3d structures.

To explore the feasibility of plane-by-plane atom assembly,
we first determine the minimal separation between layers so
that each target plane can be reordered without affecting the
others. To quantify this, we perform the following experiment
in a 2d array containing 46 traps. We randomly load the array
with single atoms and demand the atom assembler to remove
all the atoms. We average over ⇠ 50 realizations and then
repeat the experiment for different axial separations between
the MT position and the trap plane. The result is shown in
Fig. 3a, where we see that for separations beyond ⇠ 17µm
the effect of the moving tweezers on the atoms is negligible.
This distance can be further reduced to ⇠ 14µm by operating
the moving tweezers with less power, without any degradation
in the performance of the sorting process. In a complementary
experiment, where we fully assembled small arrays, we also
checked that the assembling efficiency is not affected by slight
changes (below ⇠ 3µm) in the exact axial position of the MT.

We now demonstrate full loading of arbitrary 3d lattices us-
ing plane-by-plane assembly. We start by creating a 3d trap
array which can be decomposed in several planes normal to
z. In each plane we generate approximately twice the num-
ber of traps we need to load, such that we easily load enough
atoms to assemble the target structure. The sequence to create
fully loaded patterns (see Fig. 3b) starts by loading the MOT
and monitoring the atoms entering and leaving the traps by
sequentially taking a picture for each plane. We trigger the
assembler as soon as there are, in each plane, enough atoms
to fully assemble it. We then freeze the loading by dispersing
the MOT cloud, and record the initial positions of the atoms
by another series of z-stack images. The analysis of the im-
ages reveals which traps are filled with single atoms. We use
this information to compute, in about 1 ms, the moves needed
to create the fully loaded target array, and perform plane-by-
plane assembling, changing the z-position of the MT. Finally,
we detect the final 3d configuration with another series of z-
stack images.

Figure 3(c-h) shows a gallery of fully-loaded 3d atomic ar-
rays, arbitrarily arranged in space. We can create fully loaded
3d architectures with up to 72 atoms distributed in several lay-
ers with different degrees of complexity. The selected struc-
tures include simple cubic lattices (d), bilayers with a square
or graphene-like [24] arrangements (c,e,g), lattices with in-
herent geometrical frustration such as pyrochlore (f) [25], or
lattices with cylindrical symmetry (h), suitable e.g. to study

Trapped Ions

R. Blatt, Innsbruck

J. Bollinger, Boulder
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Figure 1 | Elementary circuit-QED building block for a quantum simulator. a, Standard fabrication techniques are used for patterning the simplest
circuit-QED elements onto a chip: transmission-line resonators, superconducting qubits, and coupling capacitors. b, Capacitive coupling between a qubit
and a resonator produces the simplest model for a single-lattice site. c, The Jaynes–Cummings model.

half-integer spins under 2⇡ rotations can be directly observed for
these simulated spins.

Simulations of small spin chains are also possible by directly
coupling a number of superconducting qubits49. In this experi-
ment, a chain of eight ferromagnetically coupled spins in a one-
dimensional chain was simulated with uniform coupling between
nearest-neighbour spins. The ends of the chain were polarized in
opposite directions, and an effective magnetic field gradient was in-
duced by locally tuning each qubit transition energy, preferentially
shifting the resulting domainwall towards one end of the chain. The
system was annealed to the ground state, and reached the expected
state on a timescale consistent with quantum annealing.

As well as simulating spin physics, a great hope of
superconducting circuits is that they can be used to simulate
condensed-matter physics with photons and polaritons far from
equilibrium. In recent experiments in this direction, strong qubit-
mediated photon–photon interactions have been observed using
only a few quantum elements; these experiments include direct
spectroscopy50,51, collapse-and-revival experiments52 and correla-
tion measurements53. A single-qubit cavity system with large inter-
actions has been used to emulate electronic transport in a quantum
dot, with the typical control knobs of source–drain voltage and gate
voltage mapped onto the spectral properties of a photonic bath.
Wideband incoherent radiation replaces the Fermi sea in the source
lead, with the bandwidth giving the effective source–drain voltage.
As the bandwidth of incident radiation is increased, a staircase in
transmitted power emerges, matching expectations frommore con-
ventional transport experiments involving interacting particles54.

Two such circuit-QED systems can be coupled together to build
a system that emulates a Josephson junction for photons with
the Hamiltonian55:

H =
X

i=L,R

H JC
i � J

�
a†
LaR +a†

RaL
�

where H JC
i denotes the Jaynes–Cummings system on site i= L,R,

and a†
i and ai are the photon creation and annihilation operators

for site i. Here, one can begin to study the emergence of
correlated behaviour, because the system is expected to undergo
a non-equilibrium localization transition from a regime where
the initial photon population imbalance between two resonators
coherently oscillates between the two resonators (delocalized
regime) to another regime where it becomes self-trapped (localized
regime) as the photon–qubit interaction is increased beyond a
critical value gc(J ). This transition is driven by the competition
between tunnelling and on-site interaction. Furthermore, because
of photon leakage and qubit dissipation, this is an inherently
dissipative system. The effective interactions in the Jaynes–
Cummings Hamiltonian are weaker at higher photon numbers;
therefore, dissipation favours the localized regime and can give
rise to dynamical switching from the delocalized to the localized

regime. A numerical analysis of the master equation of the system
shows that the localization transition is not washed out by quantum
fluctuations, even down to an initial occupation as small as 20
photons, and should be readily accessible in experiments55.

From here, the realization of circuit-QED arrays with a few
resonators and qubits is relatively close. Their prominence in the
recent body of literature56–64 is owed in part to their tractability in
terms of brute-force numerics. Exact solutions for time evolution,
steady states, and correlators of small-size systems have been
obtained this way. In many cases, they already capture traces of the
quantum phase transition or strongly correlated dynamics expected
for the infinite-size system, even with as few as four lattice sites58.
These will provide an invaluable testbed for future experiments
beforemoving to larger superconducting circuit networks.

From an experimental standpoint, moderate increases in the
system size (that is, in the number of superconducting qubits
and resonators) can be obtained naturally by extending samples
currently in use in experiments aimed at quantum computation21.
First experiments with such ‘mesoscale’ samples are currently
underway. Beyond providing a proof of principle, they will allow
characterization of the systemparameters crucial for all future steps,
and gather statistics on possible disorder in the system parameters
caused byminor imperfections in fabrication.

The computationally accessible mesoscale regime is important
from the point of view of benchmarking experimental systems. As
systems grow, however, the exponential increase in Hilbert-space
dimension may create theory ‘badlands’, where the computational
cost for brute-force numerical solutions exceeds all reasonable
limits, and yet system size remains too small for a statistical
description based on the thermodynamic limit. This challenge of the
mesoscale has been a central theme in condensedmatter physics65,66,
nuclear physics and quantum chemistry of larger molecules, and
gave birth to the statistical theory of mesoscopic systems67,68.
Incidentally, quantum simulation has recently been suggested as
a practical way to tackle the challenge of predicting molecular
spectra3,4. Indeed, this computational intractability is the very
reason why quantum simulators are necessary, although it renders
performance verification extremely difficult.

Simulation with circuit-QED arrays
In large lattices of superconducting resonators, far beyond the
mesocale regime, it again becomes possible to develop an intuition
for what a quantum simulator might reveal. Still, large interacting
photon lattices challenge our understanding and modelling of
strongly correlated systems, their quantum phases and their
dynamics57,58,69–72. These lattices ideally illustrate the potential
of circuit-QED arrays for the purpose of quantum simulation,
and continue to provide new impulses for the development of
theoretical techniques capable of describing strongly correlated
systems both in and out of equilibrium.

294 NATURE PHYSICS | VOL 8 | APRIL 2012 | www.nature.com/naturephysics

A. Houck, Princeton

Circuit QED

How to measure complex many-body 
observables beyond the usual?

Experimental Toolbox:
Single site quantum control & measurement

Question / Challenge:



uibk |

How quantum simulation experiments are done today

3

u4
<latexit sha1_base64="m1bkZHpDKPaMkTMI3BnGSoI71XA="></latexit><latexit sha1_base64="m1bkZHpDKPaMkTMI3BnGSoI71XA="></latexit><latexit sha1_base64="m1bkZHpDKPaMkTMI3BnGSoI71XA="></latexit><latexit sha1_base64="m1bkZHpDKPaMkTMI3BnGSoI71XA="></latexit>

preparation  
of quantum 

phases


quench 

dynamics


…

Expectation value

Statistics of single 
snapshots

Projective

Measurement 

local 
observables

time

Closed many-body quantum system

hOii
<latexit sha1_base64="dRugfX5RjrW+8OskRqXTGu6rgIU="></latexit>

Oi
<latexit sha1_base64="mHtcLdG1UxMI7liC9acXSu4iubc="></latexit>



uibk |

`Randomized Measurement' Toolbox

4

u4
<latexit sha1_base64="m1bkZHpDKPaMkTMI3BnGSoI71XA="></latexit><latexit sha1_base64="m1bkZHpDKPaMkTMI3BnGSoI71XA="></latexit><latexit sha1_base64="m1bkZHpDKPaMkTMI3BnGSoI71XA="></latexit><latexit sha1_base64="m1bkZHpDKPaMkTMI3BnGSoI71XA="></latexit>

Complex dynamical phenomena

Controlled 
noise

Correlation function

U
<latexit sha1_base64="AHG0+MzLXyr6eUwuXyLiUBh9QmI="></latexit>

preparation  
of quantum 

phases


quench 

dynamics


…

Projective

Measurement 

local 
observables

Expectation value

Randomized measurements

‘Noise’ or ensemble averageStatistics of expectation values

Rem: 2-design in quantum information

… to measure many-body observables / properties which may be difficult to access otherwise 

classical statistical correlations between 
quantum expectation values

Oi
<latexit sha1_base64="mHtcLdG1UxMI7liC9acXSu4iubc="></latexit>

hOiiU
<latexit sha1_base64="56swN8zrXPptY1fcSwT6B/cfry8="></latexit>

hOiiU hOjiU
<latexit sha1_base64="lcW5pB5or+Vej6ha+CNt5ZlLmUQ="></latexit>

global or 
local 



uibk |

Outline:

5

Renyi (Entanglement) Entropies

OTOCS — out-of-time-ordered correlators

Cross-Platform Verification of Quantum Devices

T Brydges, A Elben, P Jurcevic, B Vermersch, C Maier, BP 
Lanyon, P. Z., R Blatt, CF Roos, Science 2019 

A Elben, B Vermersch, C Kokail, R van Bijnen, T Brydges, C Maier, MK Joshi, R Blatt, CF Roos, P.Z.,  
PRL in press [theory + experiment]

B. Vermersch,∗ A. Elben, L. M. Sieberer, N.Y. Yao, and P.Z., PRX 2019 [theory]
M. Joshi, A Elben et al., draft [experiment]

… for Intermediate Scale Quantum Devices
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Innsbruck Theory

Trapped-Ion Experiment Innsbruck
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Programmable Quantum Simulator @ IQOQI-Labs
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Exp: Innsbruck, JQI  …
Th: D. Poras & JI Cirac (2004), …
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from Randomized Measurements
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theory and a trapped-ion experiment

T Brydges, A Elben, P Jurcevic, B Vermersch, C Maier, BP Lanyon, P. Z., R Blatt, CF Roos, Science 2019  theory + experiment]
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<latexit sha1_base64="MyNoIC2RLX3pXUjYhxptpKmkssU=">AAAB7HicZZDLSsNAFIbP1FuNt6gLF26CRRCUkBRBlxU3Liv0BqaGyXjSDp1cyEykJeQhBHfi1oUv4FZXPoNvY3pZWPuvfr5z4z9eLLhUlvVDSkvLK6tr5XVtY3Nre0ff3WvJKE0YNlkkoqTjUYmCh9hUXAnsxAnSwBPY9gbX43r7ERPJo7ChRjF2A9oLuc8ZVQVy9VNnsiPzBGWD3FE4VNLPGknuZle5c+Yk/Wjs7rNqrrl6xTKtiYxFY89MpXbwTQwAqLv6u/MQsTTAUDFBpcxoojgTmGvHPh8aaSBoqqTmpBLj4jztYZYymf8Fd6nyL4fdjIdxqjBkc8WMBjKgqr8A5Sjw5iFKHqoCBXSAtPiSUphozmSr0TeL2EU4+3+URdOqmrZl2rdFynOYqgyHcAQnYMMF1OAG6tAEBk/wAZ/wRULyTF7I67S1RGYz+zAn8vYLDvKR8Q==</latexit><latexit sha1_base64="IRby+u2/fW+ex6+tbLEDpRn39s4=">AAAB7HicZZDLSsNAFIZn6q3GW9SFCzfFIghKSIpQlxU3Liv0BqaGyXjSDp1JQmYiLUMeQnAnLty48AXc6spn8D18AGPbhbX/6uc7N/7jx5xJZdtfuLCwuLS8Ulw11tY3NrfM7Z2WjNKEQpNGPEo6PpHAWQhNxRSHTpwAET6Htj+4+K237yCRLAobahRDV5BeyAJGicqRZx674x3a54QOMlfBUMlAN5LM0+eZe+Im/ejX3ehKZnhm2bbssUrzxpmacm3vE5vP1e+6Z766txFNBYSKciKlJolilENmHAZsWEoFJ6mShptKiPPzpAc6pTL7C65TFZwNu5qFcaogpDNFTYQURPXnoBwJfxaCZKHKkSADIPmXlILEcMdbS30rj52Hc/5HmTetiuXYlnOVpzxFExXRPjpAR8hBVVRDl6iOmoiie/SG3tEHDvEDfsRPk9YCns7sohnhlx8aZZOt</latexit><latexit sha1_base64="IRby+u2/fW+ex6+tbLEDpRn39s4=">AAAB7HicZZDLSsNAFIZn6q3GW9SFCzfFIghKSIpQlxU3Liv0BqaGyXjSDp1JQmYiLUMeQnAnLty48AXc6spn8D18AGPbhbX/6uc7N/7jx5xJZdtfuLCwuLS8Ulw11tY3NrfM7Z2WjNKEQpNGPEo6PpHAWQhNxRSHTpwAET6Htj+4+K237yCRLAobahRDV5BeyAJGicqRZx674x3a54QOMlfBUMlAN5LM0+eZe+Im/ejX3ehKZnhm2bbssUrzxpmacm3vE5vP1e+6Z766txFNBYSKciKlJolilENmHAZsWEoFJ6mShptKiPPzpAc6pTL7C65TFZwNu5qFcaogpDNFTYQURPXnoBwJfxaCZKHKkSADIPmXlILEcMdbS30rj52Hc/5HmTetiuXYlnOVpzxFExXRPjpAR8hBVVRDl6iOmoiie/SG3tEHDvEDfsRPk9YCns7sohnhlx8aZZOt</latexit><latexit sha1_base64="IRby+u2/fW+ex6+tbLEDpRn39s4=">AAAB7HicZZDLSsNAFIZn6q3GW9SFCzfFIghKSIpQlxU3Liv0BqaGyXjSDp1JQmYiLUMeQnAnLty48AXc6spn8D18AGPbhbX/6uc7N/7jx5xJZdtfuLCwuLS8Ulw11tY3NrfM7Z2WjNKEQpNGPEo6PpHAWQhNxRSHTpwAET6Htj+4+K237yCRLAobahRDV5BeyAJGicqRZx674x3a54QOMlfBUMlAN5LM0+eZe+Im/ejX3ehKZnhm2bbssUrzxpmacm3vE5vP1e+6Z766txFNBYSKciKlJolilENmHAZsWEoFJ6mShptKiPPzpAc6pTL7C65TFZwNu5qFcaogpDNFTYQURPXnoBwJfxaCZKHKkSADIPmXlILEcMdbS30rj52Hc/5HmTetiuXYlnOVpzxFExXRPjpAR8hBVVRDl6iOmoiie/SG3tEHDvEDfsRPk9YCns7sohnhlx8aZZOt</latexit><latexit sha1_base64="Ip1KGRnLuGgLQCbXCfSLwLNuQ1g=">AAAB7HicZZDLSsNAFIYnXmu8RV26KRZBUEJSBF1W3Lis0BuYGibjSTt0ZhLmIi0hDyG4E7cufAG3+hi+jWnNwtp/9fOdG/+JUkaV9rxva2l5ZXVtvbJhb25t7+w6e/sdlRhJoE0SlshehBUwKqCtqWbQSyVgHjHoRqPrab37CFLRRLT0JIU+xwNBY0qwLlDonAazHVnEMBnlgYaxVnHWknmYXeXBWSCHydTdZ/XcDp2a53ozVReNX5oaKtUMnffgISGGg9CEYaUyLDUlDHL7OKbjquEMG63swChIi/N4AJkhKv8L7oyOL8f9jIrUaBBkrphhrjjWwwWoJjyah6Co0AXieAS4+JLWIO1gtrU6dIvYRTj/f5RF06m7vuf6t16tcV7GrKBDdIROkI8uUAPdoCZqI4Ke0Af6RF+WsJ6tF+v1t3XJKmcO0Jystx+RMJCy</latexit>

Renyi entropy n=2 

ρ
<latexit sha1_base64="kvHOxFP9rIHskh1nmaVCQTgFr1E=">AAAB7XicfVDLSsNAFL2prxpfVXGli2IRXEhIFLTdFdy4rGAf0JQyGW+boZmZMDORltBfcCe6ELf+kBv/xrRVsBQ9q8s5575OEEdMG9f9tHJLyyura/l1e2Nza3unsLvX0DJRFOtURlK1AqIxYgLrhpkIW7FCwoMIm8HgeqI3H1BpJsWdGcXY4aQvWI9RYiaUr0LZLZRcx62U3YtKcbHwHHeKUvXgiBcBoNYtfPj3kiYchaER0bqNop+dGp55bmw6qcJYKjO2T/51aaoy48Rn+4nGmNAB6WOaUD3+TbQT0ysPOykTcWJQ0DkxJVxzYsIFUo94ME+iZiLb5XMyQJKlZAwq259OLYaOwaGdxfDza/HvonHueK7j3WZ5XMIMeTiEYzgFD66gCjdQgzpQCOERnuHFktaT9Wq9zaw567tnH+ZgvX8BTXaRmg==</latexit><latexit sha1_base64="WVuHwj8h+RtMOE6huDTN8QQxi+k=">AAAB7XicfVDLSsNAFJ3UV42vqLhSpFgEFxImCtquLLhxWcE+oCllMt42QzMzYWYildA/EHeiC3HrD7nxb0xbBUvRs7qcc+7rBHHEtMH408rNzS8sLuWX7ZXVtfUNZ3OrrmWiKNSojKRqBkRDxATUDDMRNGMFhAcRNIL+5Uhv3IHSTIobcx9Dm5OeYF1GiRlRvgplxyliF5dL+LRcmC08F49RrOzs8X3n4aLacT78W0kTDsLQiGjdAtHLTg2PPRybdqoglsoM7cN/XZqqzDjy2X6iISa0T3qQJlQPfxOtxHRLg3bKRJwYEHRKTAnXnJhwhtT3PJgmQTOR7fI56QPJUjIGlO2PpxZC18DAzmL4+bXwd1E/cT3setdZHmdogjzaRQfoCHnoHFXQFaqiGqIoRI/oGb1Y0nqyXq23iTVnffdsoylY719w6pJz</latexit><latexit sha1_base64="WVuHwj8h+RtMOE6huDTN8QQxi+k=">AAAB7XicfVDLSsNAFJ3UV42vqLhSpFgEFxImCtquLLhxWcE+oCllMt42QzMzYWYildA/EHeiC3HrD7nxb0xbBUvRs7qcc+7rBHHEtMH408rNzS8sLuWX7ZXVtfUNZ3OrrmWiKNSojKRqBkRDxATUDDMRNGMFhAcRNIL+5Uhv3IHSTIobcx9Dm5OeYF1GiRlRvgplxyliF5dL+LRcmC08F49RrOzs8X3n4aLacT78W0kTDsLQiGjdAtHLTg2PPRybdqoglsoM7cN/XZqqzDjy2X6iISa0T3qQJlQPfxOtxHRLg3bKRJwYEHRKTAnXnJhwhtT3PJgmQTOR7fI56QPJUjIGlO2PpxZC18DAzmL4+bXwd1E/cT3setdZHmdogjzaRQfoCHnoHFXQFaqiGqIoRI/oGb1Y0nqyXq23iTVnffdsoylY719w6pJz</latexit><latexit sha1_base64="WVuHwj8h+RtMOE6huDTN8QQxi+k=">AAAB7XicfVDLSsNAFJ3UV42vqLhSpFgEFxImCtquLLhxWcE+oCllMt42QzMzYWYildA/EHeiC3HrD7nxb0xbBUvRs7qcc+7rBHHEtMH408rNzS8sLuWX7ZXVtfUNZ3OrrmWiKNSojKRqBkRDxATUDDMRNGMFhAcRNIL+5Uhv3IHSTIobcx9Dm5OeYF1GiRlRvgplxyliF5dL+LRcmC08F49RrOzs8X3n4aLacT78W0kTDsLQiGjdAtHLTg2PPRybdqoglsoM7cN/XZqqzDjy2X6iISa0T3qQJlQPfxOtxHRLg3bKRJwYEHRKTAnXnJhwhtT3PJgmQTOR7fI56QPJUjIGlO2PpxZC18DAzmL4+bXwd1E/cT3setdZHmdogjzaRQfoCHnoHFXQFaqiGqIoRI/oGb1Y0nqyXq23iTVnffdsoylY719w6pJz</latexit><latexit sha1_base64="9EhcuRbkcM/T4e4UZ88doPTiXHw=">AAAB7XicfVDLSsNAFL2prxpfVZduikVwIWGioO2u4MZlBdMWmlIm420zNJkJMxNpCf0Fd6ILcesPufFvTGsFS9Gzupxz7usEScS1IeTTKqysrq1vFDftre2d3b3S/kFTy1Qx9JiMpGoHVGPEBXqGmwjbiUIaBxG2guH1VG89oNJcijszTrAb04Hgfc6omVK+CmWvVCEOqVXJRa28XLgOmaECczR6pQ//XrI0RmFYRLXuoBjkp4ZnLklMN1OYSGUm9sm/Ls1Ubpz6bD/VmFA2pAPMUqYnv4lOavrVUTfjIkkNCrYgZjTWMTXhEqnHcbBIouYi3+XHdIg0T8kYVLY/m1oOHYMjO4/h59fy30Xz3HGJ496SSv1yHkgRjuAYTsGFK6jDDTTAAwYhPMIzvFjSerJerbdva8Ga9xzCAqz3L/QokJw=</latexit>

~ purity of subsystem

nonlinear functional of density matrix

but expectation values are always linear: 〈Â〉= Tr[Âρ]
<latexit sha1_base64="CPDZEViaCcz+tyvMNm8GqAkkRWU=">AAACHnicfVA9SwNBEJ2L3+fXqZXYLIpgIcedAU0KQbGxjJCokA1hb53kltwXu3tiOPJD7PwnWokWYmOhf8VGTxPBEPRVM++9mWGelwRCacd5Mwpj4xOTU9Mz5uzc/MKitbR8quJUcqzxOIjluccUBiLCmhY6wPNEIgu9AM+8ztGXfnaJUok4qupugo2QtSPREpzpnGpaRRqwqB0goT7T5JBQ2W/3CdV4pWWYVWWP1AcylX5MGk1rw7Gdcskplslo4drONzYOVj/e7wCg0rRe6EXM0xAjzQOmVB3zG0L5266T6EYmMYml7pmb/7oUl7nxy2fSVGHCeIe1MUu56v0m6qlula4amYiSVGPEh8SMhSpk2h8hVTf0hklUIspv0ZB1kOWxao3SpN9biW/n2Zh5DD+/kr+L0x3bdWz3JM9jF/qYhjVYhy1wYQ8O4BgqUAMO13ALD/Bo3Bj3xpPx3LcWjMHMCgzBeP0Eze6l4A==</latexit><latexit sha1_base64="K1F+YT7cnjy3QONQJuvs82vH6uE=">AAACHnicfVDLSsNAFJ34Nr6qrsTNoAguJCQWtC4ExY3LCn0InVIm47UZOpmEmYlUQj/EheCfiBsfCxHEhf6KG01bBYvoWd17zrn3co8fC66N675ZQ8Mjo2PjE5P21PTM7FxufqGio0QxKLNIROrYpxoEl1A23Ag4jhXQ0BdQ9VsHXb16BkrzSJbMeQz1kDYlP+WMmoxq5PJEUNkUgElADd7HRPXbXUwMtI0K05Lq4NqXTFQQ4Xojt+o67k7Bze/g34XnuD2s7i19vN88X94VG7kXchKxJARpmKBa1yC7wXWw4bmxqacK4kiZjr32r0szlRm7PpskGmLKWrQJacJ05ydRS8xpoV1PuYwTA5INiCkNdUhN8IvU56E/SILmMrtFQtoCmsVqDCib9LbiwMmysbMYvn/FfxeVTcdzHe8oy2ML9TGBltEKWkce2kZ76BAVURkxdIGu0T16sK6sW+vReupbh6yvmUU0AOv1E8gQqBc=</latexit><latexit sha1_base64="K1F+YT7cnjy3QONQJuvs82vH6uE=">AAACHnicfVDLSsNAFJ34Nr6qrsTNoAguJCQWtC4ExY3LCn0InVIm47UZOpmEmYlUQj/EheCfiBsfCxHEhf6KG01bBYvoWd17zrn3co8fC66N675ZQ8Mjo2PjE5P21PTM7FxufqGio0QxKLNIROrYpxoEl1A23Ag4jhXQ0BdQ9VsHXb16BkrzSJbMeQz1kDYlP+WMmoxq5PJEUNkUgElADd7HRPXbXUwMtI0K05Lq4NqXTFQQ4Xojt+o67k7Bze/g34XnuD2s7i19vN88X94VG7kXchKxJARpmKBa1yC7wXWw4bmxqacK4kiZjr32r0szlRm7PpskGmLKWrQJacJ05ydRS8xpoV1PuYwTA5INiCkNdUhN8IvU56E/SILmMrtFQtoCmsVqDCib9LbiwMmysbMYvn/FfxeVTcdzHe8oy2ML9TGBltEKWkce2kZ76BAVURkxdIGu0T16sK6sW+vReupbh6yvmUU0AOv1E8gQqBc=</latexit><latexit sha1_base64="K1F+YT7cnjy3QONQJuvs82vH6uE=">AAACHnicfVDLSsNAFJ34Nr6qrsTNoAguJCQWtC4ExY3LCn0InVIm47UZOpmEmYlUQj/EheCfiBsfCxHEhf6KG01bBYvoWd17zrn3co8fC66N675ZQ8Mjo2PjE5P21PTM7FxufqGio0QxKLNIROrYpxoEl1A23Ag4jhXQ0BdQ9VsHXb16BkrzSJbMeQz1kDYlP+WMmoxq5PJEUNkUgElADd7HRPXbXUwMtI0K05Lq4NqXTFQQ4Xojt+o67k7Bze/g34XnuD2s7i19vN88X94VG7kXchKxJARpmKBa1yC7wXWw4bmxqacK4kiZjr32r0szlRm7PpskGmLKWrQJacJ05ydRS8xpoV1PuYwTA5INiCkNdUhN8IvU56E/SILmMrtFQtoCmsVqDCib9LbiwMmysbMYvn/FfxeVTcdzHe8oy2ML9TGBltEKWkce2kZ76BAVURkxdIGu0T16sK6sW+vReupbh6yvmUU0AOv1E8gQqBc=</latexit><latexit sha1_base64="g/4uEqetlIgAGkMSlz8TPOCe0Eo=">AAACHnicfVDJSgNBEO1xjeM26tFLYxA8yNBjQJODEPHiMUI2SIfQ01YyTWaju0cShnyIN//Em+hBvHjQv3GyCIag71T13qsq6rmxL5Qm5MtYWl5ZXVvPbZibW9s7u9befl1FieRQ45EfyabLFPgihJoW2odmLIEFrg8Nt3891hv3IJWIwqoextAOWC8UXcGZzqiOVaA+C3s+YOoxja8wldP2ElMNAy2DtCpHuDWTqfQi3O5YeWKTUpEUSnixcGwyQR7NUOlYH/Qu4kkAoeY+U6oF2Q2hvFOHxLqdSogjqUfm8b8uxWVmHPtMmiiIGe+zHqQJV6PfRCvR3eKgnYowTjSEfE5MWaACpr0FUg0Dd54EJcLsFg1YH1gWq9YgTTrZij07y8bMYvj5Ff9d1M9sh9jOLcmXz2eB5NAhOkInyEEXqIxuUAXVEEcP6Am9oFfj0Xg23oz3qXXJmM0coDkYn9+jG6LO</latexit>

:-( 
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Protocol 0: Tomography

✓ expensive * 
✓ if exists

A B

TrA ρ2
A

<latexit sha1_base64="MyNoIC2RLX3pXUjYhxptpKmkssU=">AAAB7HicZZDLSsNAFIbP1FuNt6gLF26CRRCUkBRBlxU3Liv0BqaGyXjSDp1cyEykJeQhBHfi1oUv4FZXPoNvY3pZWPuvfr5z4z9eLLhUlvVDSkvLK6tr5XVtY3Nre0ff3WvJKE0YNlkkoqTjUYmCh9hUXAnsxAnSwBPY9gbX43r7ERPJo7ChRjF2A9oLuc8ZVQVy9VNnsiPzBGWD3FE4VNLPGknuZle5c+Yk/Wjs7rNqrrl6xTKtiYxFY89MpXbwTQwAqLv6u/MQsTTAUDFBpcxoojgTmGvHPh8aaSBoqqTmpBLj4jztYZYymf8Fd6nyL4fdjIdxqjBkc8WMBjKgqr8A5Sjw5iFKHqoCBXSAtPiSUphozmSr0TeL2EU4+3+URdOqmrZl2rdFynOYqgyHcAQnYMMF1OAG6tAEBk/wAZ/wRULyTF7I67S1RGYz+zAn8vYLDvKR8Q==</latexit><latexit sha1_base64="IRby+u2/fW+ex6+tbLEDpRn39s4=">AAAB7HicZZDLSsNAFIZn6q3GW9SFCzfFIghKSIpQlxU3Liv0BqaGyXjSDp1JQmYiLUMeQnAnLty48AXc6spn8D18AGPbhbX/6uc7N/7jx5xJZdtfuLCwuLS8Ulw11tY3NrfM7Z2WjNKEQpNGPEo6PpHAWQhNxRSHTpwAET6Htj+4+K237yCRLAobahRDV5BeyAJGicqRZx674x3a54QOMlfBUMlAN5LM0+eZe+Im/ejX3ehKZnhm2bbssUrzxpmacm3vE5vP1e+6Z766txFNBYSKciKlJolilENmHAZsWEoFJ6mShptKiPPzpAc6pTL7C65TFZwNu5qFcaogpDNFTYQURPXnoBwJfxaCZKHKkSADIPmXlILEcMdbS30rj52Hc/5HmTetiuXYlnOVpzxFExXRPjpAR8hBVVRDl6iOmoiie/SG3tEHDvEDfsRPk9YCns7sohnhlx8aZZOt</latexit><latexit sha1_base64="IRby+u2/fW+ex6+tbLEDpRn39s4=">AAAB7HicZZDLSsNAFIZn6q3GW9SFCzfFIghKSIpQlxU3Liv0BqaGyXjSDp1JQmYiLUMeQnAnLty48AXc6spn8D18AGPbhbX/6uc7N/7jx5xJZdtfuLCwuLS8Ulw11tY3NrfM7Z2WjNKEQpNGPEo6PpHAWQhNxRSHTpwAET6Htj+4+K237yCRLAobahRDV5BeyAJGicqRZx674x3a54QOMlfBUMlAN5LM0+eZe+Im/ejX3ehKZnhm2bbssUrzxpmacm3vE5vP1e+6Z766txFNBYSKciKlJolilENmHAZsWEoFJ6mShptKiPPzpAc6pTL7C65TFZwNu5qFcaogpDNFTYQURPXnoBwJfxaCZKHKkSADIPmXlILEcMdbS30rj52Hc/5HmTetiuXYlnOVpzxFExXRPjpAR8hBVVRDl6iOmoiie/SG3tEHDvEDfsRPk9YCns7sohnhlx8aZZOt</latexit><latexit sha1_base64="IRby+u2/fW+ex6+tbLEDpRn39s4=">AAAB7HicZZDLSsNAFIZn6q3GW9SFCzfFIghKSIpQlxU3Liv0BqaGyXjSDp1JQmYiLUMeQnAnLty48AXc6spn8D18AGPbhbX/6uc7N/7jx5xJZdtfuLCwuLS8Ulw11tY3NrfM7Z2WjNKEQpNGPEo6PpHAWQhNxRSHTpwAET6Htj+4+K237yCRLAobahRDV5BeyAJGicqRZx674x3a54QOMlfBUMlAN5LM0+eZe+Im/ejX3ehKZnhm2bbssUrzxpmacm3vE5vP1e+6Z766txFNBYSKciKlJolilENmHAZsWEoFJ6mShptKiPPzpAc6pTL7C65TFZwNu5qFcaogpDNFTYQURPXnoBwJfxaCZKHKkSADIPmXlILEcMdbS30rj52Hc/5HmTetiuXYlnOVpzxFExXRPjpAR8hBVVRDl6iOmoiie/SG3tEHDvEDfsRPk9YCns7sohnhlx8aZZOt</latexit><latexit sha1_base64="Ip1KGRnLuGgLQCbXCfSLwLNuQ1g=">AAAB7HicZZDLSsNAFIYnXmu8RV26KRZBUEJSBF1W3Lis0BuYGibjSTt0ZhLmIi0hDyG4E7cufAG3+hi+jWnNwtp/9fOdG/+JUkaV9rxva2l5ZXVtvbJhb25t7+w6e/sdlRhJoE0SlshehBUwKqCtqWbQSyVgHjHoRqPrab37CFLRRLT0JIU+xwNBY0qwLlDonAazHVnEMBnlgYaxVnHWknmYXeXBWSCHydTdZ/XcDp2a53ozVReNX5oaKtUMnffgISGGg9CEYaUyLDUlDHL7OKbjquEMG63swChIi/N4AJkhKv8L7oyOL8f9jIrUaBBkrphhrjjWwwWoJjyah6Co0AXieAS4+JLWIO1gtrU6dIvYRTj/f5RF06m7vuf6t16tcV7GrKBDdIROkI8uUAPdoCZqI4Ke0Af6RF+WsJ6tF+v1t3XJKmcO0Jystx+RMJCy</latexit>

Renyi entropy n=2 
~ purity of subsystem

* except very small (sub)systems, 
or we know something about quantum state

G Torlai, RG Melko, Machine learning quantum states in the NISQ era, arXiv:1905.04312
G Carleo, JI Cirac, K Cranmer, L Daudet, M Schuld, N Tishby, L Vogt-Maranto, L Zdeborová, Machine learning and the physical sciences, arXiv:1903.10563

`importance sampling'
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Protocol 1: Copies of the quantum system

theory: AJ Daley, H Pichler, J Schachenmayer, PZ, PRL (2012); C Moura Alves & D Jaksch, PRL (2004); A. K. Ekert PRL (2002).  

copy 1

copy 2

A B

Ω≠Ω

TrA ρ2
A

<latexit sha1_base64="MyNoIC2RLX3pXUjYhxptpKmkssU=">AAAB7HicZZDLSsNAFIbP1FuNt6gLF26CRRCUkBRBlxU3Liv0BqaGyXjSDp1cyEykJeQhBHfi1oUv4FZXPoNvY3pZWPuvfr5z4z9eLLhUlvVDSkvLK6tr5XVtY3Nre0ff3WvJKE0YNlkkoqTjUYmCh9hUXAnsxAnSwBPY9gbX43r7ERPJo7ChRjF2A9oLuc8ZVQVy9VNnsiPzBGWD3FE4VNLPGknuZle5c+Yk/Wjs7rNqrrl6xTKtiYxFY89MpXbwTQwAqLv6u/MQsTTAUDFBpcxoojgTmGvHPh8aaSBoqqTmpBLj4jztYZYymf8Fd6nyL4fdjIdxqjBkc8WMBjKgqr8A5Sjw5iFKHqoCBXSAtPiSUphozmSr0TeL2EU4+3+URdOqmrZl2rdFynOYqgyHcAQnYMMF1OAG6tAEBk/wAZ/wRULyTF7I67S1RGYz+zAn8vYLDvKR8Q==</latexit><latexit sha1_base64="IRby+u2/fW+ex6+tbLEDpRn39s4=">AAAB7HicZZDLSsNAFIZn6q3GW9SFCzfFIghKSIpQlxU3Liv0BqaGyXjSDp1JQmYiLUMeQnAnLty48AXc6spn8D18AGPbhbX/6uc7N/7jx5xJZdtfuLCwuLS8Ulw11tY3NrfM7Z2WjNKEQpNGPEo6PpHAWQhNxRSHTpwAET6Htj+4+K237yCRLAobahRDV5BeyAJGicqRZx674x3a54QOMlfBUMlAN5LM0+eZe+Im/ejX3ehKZnhm2bbssUrzxpmacm3vE5vP1e+6Z766txFNBYSKciKlJolilENmHAZsWEoFJ6mShptKiPPzpAc6pTL7C65TFZwNu5qFcaogpDNFTYQURPXnoBwJfxaCZKHKkSADIPmXlILEcMdbS30rj52Hc/5HmTetiuXYlnOVpzxFExXRPjpAR8hBVVRDl6iOmoiie/SG3tEHDvEDfsRPk9YCns7sohnhlx8aZZOt</latexit><latexit sha1_base64="IRby+u2/fW+ex6+tbLEDpRn39s4=">AAAB7HicZZDLSsNAFIZn6q3GW9SFCzfFIghKSIpQlxU3Liv0BqaGyXjSDp1JQmYiLUMeQnAnLty48AXc6spn8D18AGPbhbX/6uc7N/7jx5xJZdtfuLCwuLS8Ulw11tY3NrfM7Z2WjNKEQpNGPEo6PpHAWQhNxRSHTpwAET6Htj+4+K237yCRLAobahRDV5BeyAJGicqRZx674x3a54QOMlfBUMlAN5LM0+eZe+Im/ejX3ehKZnhm2bbssUrzxpmacm3vE5vP1e+6Z766txFNBYSKciKlJolilENmHAZsWEoFJ6mShptKiPPzpAc6pTL7C65TFZwNu5qFcaogpDNFTYQURPXnoBwJfxaCZKHKkSADIPmXlILEcMdbS30rj52Hc/5HmTetiuXYlnOVpzxFExXRPjpAR8hBVVRDl6iOmoiie/SG3tEHDvEDfsRPk9YCns7sohnhlx8aZZOt</latexit><latexit sha1_base64="IRby+u2/fW+ex6+tbLEDpRn39s4=">AAAB7HicZZDLSsNAFIZn6q3GW9SFCzfFIghKSIpQlxU3Liv0BqaGyXjSDp1JQmYiLUMeQnAnLty48AXc6spn8D18AGPbhbX/6uc7N/7jx5xJZdtfuLCwuLS8Ulw11tY3NrfM7Z2WjNKEQpNGPEo6PpHAWQhNxRSHTpwAET6Htj+4+K237yCRLAobahRDV5BeyAJGicqRZx674x3a54QOMlfBUMlAN5LM0+eZe+Im/ejX3ehKZnhm2bbssUrzxpmacm3vE5vP1e+6Z766txFNBYSKciKlJolilENmHAZsWEoFJ6mShptKiPPzpAc6pTL7C65TFZwNu5qFcaogpDNFTYQURPXnoBwJfxaCZKHKkSADIPmXlILEcMdbS30rj52Hc/5HmTetiuXYlnOVpzxFExXRPjpAR8hBVVRDl6iOmoiie/SG3tEHDvEDfsRPk9YCns7sohnhlx8aZZOt</latexit><latexit sha1_base64="Ip1KGRnLuGgLQCbXCfSLwLNuQ1g=">AAAB7HicZZDLSsNAFIYnXmu8RV26KRZBUEJSBF1W3Lis0BuYGibjSTt0ZhLmIi0hDyG4E7cufAG3+hi+jWnNwtp/9fOdG/+JUkaV9rxva2l5ZXVtvbJhb25t7+w6e/sdlRhJoE0SlshehBUwKqCtqWbQSyVgHjHoRqPrab37CFLRRLT0JIU+xwNBY0qwLlDonAazHVnEMBnlgYaxVnHWknmYXeXBWSCHydTdZ/XcDp2a53ozVReNX5oaKtUMnffgISGGg9CEYaUyLDUlDHL7OKbjquEMG63swChIi/N4AJkhKv8L7oyOL8f9jIrUaBBkrphhrjjWwwWoJjyah6Co0AXieAS4+JLWIO1gtrU6dIvYRTj/f5RF06m7vuf6t16tcV7GrKBDdIROkI8uUAPdoCZqI4Ke0Af6RF+WsJ6tF+v1t3XJKmcO0Jystx+RMJCy</latexit>

S |i 〉1 ⊗ |k〉2 = |k〉1 ⊗ |i 〉2
<latexit sha1_base64="76LS8yCLcp7kIhdbi2/1w2xo3do=">AAACKXicfZBLT8JAFIVv8YX1Bbp0QyQmLEjTQqKw0JC4cYlRHgklzXS8wKTPdKYG0vTfuPNPuHZnZKFu/SMWUGND9K5OvnNmbu4xfZtxoapvUmZldW19I7spb23v7O7l8vtt7oUBxRb1bC/omoSjzVxsCSZs7PoBEse0sWNaFzO/c4cBZ557IyY+9h0ydNmAUSISZOTOr/WybqGIWGxEWqx7gjnI58RKSCU++9Fpl81dI1dUFbVeU6v1wrLQFHU+xUa+WnoEgKaRm+q3Hg0ddAW1Cec9dIfJmaOypvqiHwXoe4GI5eN/U5wGSXCWk/WQo0+oRYYYhZTHv0EvFIPauB8x1w8FujRlRsThDhGjJcgnjpmGyJmb7NIdYiFJGhYCA1mf/1oYKQLHclLD962Fv0W7omiqol0lfZzAYrJwCEdQAg1OoQGX0IQWULiHJ3iBqfQgPUuv0vsimpG+3hxAaqSPT3zNq/Q=</latexit><latexit sha1_base64="WO+taJSNTko+dtgsqsWQAaTi1QY=">AAACKXicfZBLT8JAFIWn+ML6Krp0QyQmLEjTQqKw0JC4cYlRHgklZDpeYNJ22nSmBtL037hz796tOyMLdOsfsRQ1NkTv6uQ7Z+bmHtOzKRea9iZlVlbX1jeym/LW9s7unpLbb3E38Ak0iWu7fsfEHGzKoCmosKHj+YAd04a2aV3M/fYd+Jy67EZMPOg5eMjogBIsYtRXzq+NkmGBCGnUD/XIcAV1gCfEikk5OvvRaZcmbl8paKpWq2qVWn5Z6KqWTKGeqxQfZ+yp0Vemxq1LAgeYIDbmvAtsGJ85KumaJ3qhD57ri0g+/jfFiR8H5znZCDh4mFh4CGFAePQbdAMxqI57IWVeIICRlBlihztYjJYgnzhmGgKnLN5lONgCHDcsBPiykfyaH6kCxnJcw/et+b9Fq6zqmqpfxX2coMVk0SE6QkWko1NUR5eogZqIoHv0jF7RVHqQXqSZ9L6IZqSvNwcoNdLHJyj1rfE=</latexit><latexit sha1_base64="WO+taJSNTko+dtgsqsWQAaTi1QY=">AAACKXicfZBLT8JAFIWn+ML6Krp0QyQmLEjTQqKw0JC4cYlRHgklZDpeYNJ22nSmBtL037hz796tOyMLdOsfsRQ1NkTv6uQ7Z+bmHtOzKRea9iZlVlbX1jeym/LW9s7unpLbb3E38Ak0iWu7fsfEHGzKoCmosKHj+YAd04a2aV3M/fYd+Jy67EZMPOg5eMjogBIsYtRXzq+NkmGBCGnUD/XIcAV1gCfEikk5OvvRaZcmbl8paKpWq2qVWn5Z6KqWTKGeqxQfZ+yp0Vemxq1LAgeYIDbmvAtsGJ85KumaJ3qhD57ri0g+/jfFiR8H5znZCDh4mFh4CGFAePQbdAMxqI57IWVeIICRlBlihztYjJYgnzhmGgKnLN5lONgCHDcsBPiykfyaH6kCxnJcw/et+b9Fq6zqmqpfxX2coMVk0SE6QkWko1NUR5eogZqIoHv0jF7RVHqQXqSZ9L6IZqSvNwcoNdLHJyj1rfE=</latexit><latexit sha1_base64="WO+taJSNTko+dtgsqsWQAaTi1QY=">AAACKXicfZBLT8JAFIWn+ML6Krp0QyQmLEjTQqKw0JC4cYlRHgklZDpeYNJ22nSmBtL037hz796tOyMLdOsfsRQ1NkTv6uQ7Z+bmHtOzKRea9iZlVlbX1jeym/LW9s7unpLbb3E38Ak0iWu7fsfEHGzKoCmosKHj+YAd04a2aV3M/fYd+Jy67EZMPOg5eMjogBIsYtRXzq+NkmGBCGnUD/XIcAV1gCfEikk5OvvRaZcmbl8paKpWq2qVWn5Z6KqWTKGeqxQfZ+yp0Vemxq1LAgeYIDbmvAtsGJ85KumaJ3qhD57ri0g+/jfFiR8H5znZCDh4mFh4CGFAePQbdAMxqI57IWVeIICRlBlihztYjJYgnzhmGgKnLN5lONgCHDcsBPiykfyaH6kCxnJcw/et+b9Fq6zqmqpfxX2coMVk0SE6QkWko1NUR5eogZqIoHv0jF7RVHqQXqSZ9L6IZqSvNwcoNdLHJyj1rfE=</latexit><latexit sha1_base64="znBcnMRGB8w0a7K0fFx+3qWvmJE=">AAACKXicfZBLS8NAFIUn9VXjK+rSTbEILkqYVNB2oRTcuKxoH9CUMBlv2yHJJGQm0hLyb9z5T9yJXahb/4hprGIoeleH75yZyz124DIhMX5TCkvLK6trxXV1Y3Nre0fb3WsLPwoptKjv+mHXJgJcxqElmXShG4RAPNuFju1czvzOPYSC+fxWTgLoe2TI2YBRIlNkaRc3ZsV0QMYssWIjMX3JPBAZcVJSTc5/dN5lmWtpZazjeg2f1EuLwtBxNmU0n6alTc07n0YecEldIkQP+DA9c1QxcCD7cQiBH8pEPfo3JWiYBmc51YwEBIQ6ZAhxREXyG/QiOaiN+zHjQSSB05wZE094RI4WoJh4dh6CYDzdZXrEAZI2LCWEqpn9WhrpEsZqWsP3raW/RbuqG1g3rnG5cTovpIgO0CE6RgY6Qw10hZqohSh6QE/oBU2VR+VZeVXev6IFZf5mH+VG+fgEjvaqiA==</latexit>

swap 
operator

=TrA S
(
ρA ⊗ρA

)
≡ 〈S〉

<latexit sha1_base64="LPL49jwOImfyWxFQ0LDcLoiZ1eo=">AAACEHicZZDNSiNBFIVv66ix/cvoRnATFEFBQrcIuhlQ3Lgzg0YFS0J1eTspUtXdVt0KkSYv4WO4F9wNs/UNxO34HratDMac1bnf/YFzo0xJS0Hw7I2N/5iYnKpM+zOzc/ML1Z+LZzZ1RmBTpCo1FxG3qGSCTZKk8CIzyHWk8DzqHr73z3torEyTU7rN8ErzdiJjKTgVqFU9/sUI+2Tj/NQMWvnBgG2dMIUxbTDTSUuQktRo/5dGtju0yfDGyR5TPGkrrJ0wUxrfb1XXgnpQqjZqwk+ztr8MpRqt6j27ToXTmJBQ3NqcG5JC4cBfj2W/5rTijqzPnMWMiy5vY+6EHXwFl47ivf5VLpPMESZiqJlzbTWnzgi0tzoahmhlQgXSvIu8+CQRGp+VV2udevGmIlz4PcqoOduuh0E9/F2k3PlICRVYgVXYgBB2YR+OoAFNEPAAL/APXr0779H74/39GB3zPneWYEje0xt/gJ+t</latexit><latexit sha1_base64="LPL49jwOImfyWxFQ0LDcLoiZ1eo=">AAACEHicZZDNSiNBFIVv66ix/cvoRnATFEFBQrcIuhlQ3Lgzg0YFS0J1eTspUtXdVt0KkSYv4WO4F9wNs/UNxO34HratDMac1bnf/YFzo0xJS0Hw7I2N/5iYnKpM+zOzc/ML1Z+LZzZ1RmBTpCo1FxG3qGSCTZKk8CIzyHWk8DzqHr73z3torEyTU7rN8ErzdiJjKTgVqFU9/sUI+2Tj/NQMWvnBgG2dMIUxbTDTSUuQktRo/5dGtju0yfDGyR5TPGkrrJ0wUxrfb1XXgnpQqjZqwk+ztr8MpRqt6j27ToXTmJBQ3NqcG5JC4cBfj2W/5rTijqzPnMWMiy5vY+6EHXwFl47ivf5VLpPMESZiqJlzbTWnzgi0tzoahmhlQgXSvIu8+CQRGp+VV2udevGmIlz4PcqoOduuh0E9/F2k3PlICRVYgVXYgBB2YR+OoAFNEPAAL/APXr0779H74/39GB3zPneWYEje0xt/gJ+t</latexit><latexit sha1_base64="LPL49jwOImfyWxFQ0LDcLoiZ1eo=">AAACEHicZZDNSiNBFIVv66ix/cvoRnATFEFBQrcIuhlQ3Lgzg0YFS0J1eTspUtXdVt0KkSYv4WO4F9wNs/UNxO34HratDMac1bnf/YFzo0xJS0Hw7I2N/5iYnKpM+zOzc/ML1Z+LZzZ1RmBTpCo1FxG3qGSCTZKk8CIzyHWk8DzqHr73z3torEyTU7rN8ErzdiJjKTgVqFU9/sUI+2Tj/NQMWvnBgG2dMIUxbTDTSUuQktRo/5dGtju0yfDGyR5TPGkrrJ0wUxrfb1XXgnpQqjZqwk+ztr8MpRqt6j27ToXTmJBQ3NqcG5JC4cBfj2W/5rTijqzPnMWMiy5vY+6EHXwFl47ivf5VLpPMESZiqJlzbTWnzgi0tzoahmhlQgXSvIu8+CQRGp+VV2udevGmIlz4PcqoOduuh0E9/F2k3PlICRVYgVXYgBB2YR+OoAFNEPAAL/APXr0779H74/39GB3zPneWYEje0xt/gJ+t</latexit><latexit sha1_base64="LPL49jwOImfyWxFQ0LDcLoiZ1eo=">AAACEHicZZDNSiNBFIVv66ix/cvoRnATFEFBQrcIuhlQ3Lgzg0YFS0J1eTspUtXdVt0KkSYv4WO4F9wNs/UNxO34HratDMac1bnf/YFzo0xJS0Hw7I2N/5iYnKpM+zOzc/ML1Z+LZzZ1RmBTpCo1FxG3qGSCTZKk8CIzyHWk8DzqHr73z3torEyTU7rN8ErzdiJjKTgVqFU9/sUI+2Tj/NQMWvnBgG2dMIUxbTDTSUuQktRo/5dGtju0yfDGyR5TPGkrrJ0wUxrfb1XXgnpQqjZqwk+ztr8MpRqt6j27ToXTmJBQ3NqcG5JC4cBfj2W/5rTijqzPnMWMiy5vY+6EHXwFl47ivf5VLpPMESZiqJlzbTWnzgi0tzoahmhlQgXSvIu8+CQRGp+VV2udevGmIlz4PcqoOduuh0E9/F2k3PlICRVYgVXYgBB2YR+OoAFNEPAAL/APXr0779H74/39GB3zPneWYEje0xt/gJ+t</latexit><latexit sha1_base64="v6yAIRBzBmljTewCwJ1U+yks9Iw=">AAACEHicZZDLSsNAFIYnXmu8VV26CRZBQUoigm4ExY07K7UqOFIm40k7dCaJM2ekJfQlfAz3gjtx6xuIW30PYw1i7b/6z3cu8J8wlcKg7785Y+MTk1PTpRl3dm5+YbG8tHxuEqs5NHgiE30ZMgNSxNBAgRIuUw1MhRIuws7Rd//iDrQRSXyGvRSuFWvFIhKcYY6a5ZN9itBFE2Vnut/MDvt0q04lRLhBdTsZgASFAvNbatFq4yaFWyvuqGRxS4JXp3pgXLdZrvhVfyBv1ASFqZBCtWb5gd4k3CqIkUtmTMY0Ci6h765HoutZJZlF41JrIGW8w1qQWW76f8GVxWive52JOLUIMR9qZkwZxbA9Ak1PhcMQjIgxR4p1gOWfRATt0sFVr13N35SHC/5HGTXn29XArwanfuVgp4hZIqtkjWyQgOySA3JMaqRBOHkk7+SDfDr3zpPz7Lz8jI45xc4KGZLz+gUVuJ9V</latexit>

provided we can implement, and measure S

swap as quantum 
operation between copies
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Protocol 1: Copies of the quantum system

copy 1

copy 2

A B

Ω≠Ω

experiment: R Islam et al., Nature (2015); AM Kaufmann et al., Science (2016) [Greiner Group]

Quench

1-11-1-1-1
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t=0 ms t=16 ms

Controlled few-atom systems &  quantum gas microscope

experiment: R Islam et al., Nature (2015); AM Kaufmann et al., Science (2016) [Greiner Group]

quantum operations 
between copies
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Protocol 2: Single copy of quantum system

A B
single system

virtual copy*

(replica trick)

Ω≠Ω

from Statistical Correlations 
in Random Measurements

signal is in the noise

TrA ρ2
A

<latexit sha1_base64="MyNoIC2RLX3pXUjYhxptpKmkssU=">AAAB7HicZZDLSsNAFIbP1FuNt6gLF26CRRCUkBRBlxU3Liv0BqaGyXjSDp1cyEykJeQhBHfi1oUv4FZXPoNvY3pZWPuvfr5z4z9eLLhUlvVDSkvLK6tr5XVtY3Nre0ff3WvJKE0YNlkkoqTjUYmCh9hUXAnsxAnSwBPY9gbX43r7ERPJo7ChRjF2A9oLuc8ZVQVy9VNnsiPzBGWD3FE4VNLPGknuZle5c+Yk/Wjs7rNqrrl6xTKtiYxFY89MpXbwTQwAqLv6u/MQsTTAUDFBpcxoojgTmGvHPh8aaSBoqqTmpBLj4jztYZYymf8Fd6nyL4fdjIdxqjBkc8WMBjKgqr8A5Sjw5iFKHqoCBXSAtPiSUphozmSr0TeL2EU4+3+URdOqmrZl2rdFynOYqgyHcAQnYMMF1OAG6tAEBk/wAZ/wRULyTF7I67S1RGYz+zAn8vYLDvKR8Q==</latexit><latexit sha1_base64="IRby+u2/fW+ex6+tbLEDpRn39s4=">AAAB7HicZZDLSsNAFIZn6q3GW9SFCzfFIghKSIpQlxU3Liv0BqaGyXjSDp1JQmYiLUMeQnAnLty48AXc6spn8D18AGPbhbX/6uc7N/7jx5xJZdtfuLCwuLS8Ulw11tY3NrfM7Z2WjNKEQpNGPEo6PpHAWQhNxRSHTpwAET6Htj+4+K237yCRLAobahRDV5BeyAJGicqRZx674x3a54QOMlfBUMlAN5LM0+eZe+Im/ejX3ehKZnhm2bbssUrzxpmacm3vE5vP1e+6Z766txFNBYSKciKlJolilENmHAZsWEoFJ6mShptKiPPzpAc6pTL7C65TFZwNu5qFcaogpDNFTYQURPXnoBwJfxaCZKHKkSADIPmXlILEcMdbS30rj52Hc/5HmTetiuXYlnOVpzxFExXRPjpAR8hBVVRDl6iOmoiie/SG3tEHDvEDfsRPk9YCns7sohnhlx8aZZOt</latexit><latexit sha1_base64="IRby+u2/fW+ex6+tbLEDpRn39s4=">AAAB7HicZZDLSsNAFIZn6q3GW9SFCzfFIghKSIpQlxU3Liv0BqaGyXjSDp1JQmYiLUMeQnAnLty48AXc6spn8D18AGPbhbX/6uc7N/7jx5xJZdtfuLCwuLS8Ulw11tY3NrfM7Z2WjNKEQpNGPEo6PpHAWQhNxRSHTpwAET6Htj+4+K237yCRLAobahRDV5BeyAJGicqRZx674x3a54QOMlfBUMlAN5LM0+eZe+Im/ejX3ehKZnhm2bbssUrzxpmacm3vE5vP1e+6Z766txFNBYSKciKlJolilENmHAZsWEoFJ6mShptKiPPzpAc6pTL7C65TFZwNu5qFcaogpDNFTYQURPXnoBwJfxaCZKHKkSADIPmXlILEcMdbS30rj52Hc/5HmTetiuXYlnOVpzxFExXRPjpAR8hBVVRDl6iOmoiie/SG3tEHDvEDfsRPk9YCns7sohnhlx8aZZOt</latexit><latexit sha1_base64="IRby+u2/fW+ex6+tbLEDpRn39s4=">AAAB7HicZZDLSsNAFIZn6q3GW9SFCzfFIghKSIpQlxU3Liv0BqaGyXjSDp1JQmYiLUMeQnAnLty48AXc6spn8D18AGPbhbX/6uc7N/7jx5xJZdtfuLCwuLS8Ulw11tY3NrfM7Z2WjNKEQpNGPEo6PpHAWQhNxRSHTpwAET6Htj+4+K237yCRLAobahRDV5BeyAJGicqRZx674x3a54QOMlfBUMlAN5LM0+eZe+Im/ejX3ehKZnhm2bbssUrzxpmacm3vE5vP1e+6Z766txFNBYSKciKlJolilENmHAZsWEoFJ6mShptKiPPzpAc6pTL7C65TFZwNu5qFcaogpDNFTYQURPXnoBwJfxaCZKHKkSADIPmXlILEcMdbS30rj52Hc/5HmTetiuXYlnOVpzxFExXRPjpAR8hBVVRDl6iOmoiie/SG3tEHDvEDfsRPk9YCns7sohnhlx8aZZOt</latexit><latexit sha1_base64="Ip1KGRnLuGgLQCbXCfSLwLNuQ1g=">AAAB7HicZZDLSsNAFIYnXmu8RV26KRZBUEJSBF1W3Lis0BuYGibjSTt0ZhLmIi0hDyG4E7cufAG3+hi+jWnNwtp/9fOdG/+JUkaV9rxva2l5ZXVtvbJhb25t7+w6e/sdlRhJoE0SlshehBUwKqCtqWbQSyVgHjHoRqPrab37CFLRRLT0JIU+xwNBY0qwLlDonAazHVnEMBnlgYaxVnHWknmYXeXBWSCHydTdZ/XcDp2a53ozVReNX5oaKtUMnffgISGGg9CEYaUyLDUlDHL7OKbjquEMG63swChIi/N4AJkhKv8L7oyOL8f9jIrUaBBkrphhrjjWwwWoJjyah6Co0AXieAS4+JLWIO1gtrU6dIvYRTj/f5RF06m7vuf6t16tcV7GrKBDdIROkI8uUAPdoCZqI4Ke0Af6RF+WsJ6tF+v1t3XJKmcO0Jystx+RMJCy</latexit>

…

A Elben B Vermersch

?

* in contrast to real copies, virtual copies are legal in quantum mechanics

how?
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Protocol for a chain of qubits:

S van Enk, C Beenakker (PRL 2012)

A

`

Measurement
of qubit states

( 0 , 1 , 0 ) = sA

`

UA
random unitary

by random gates

Random measurement ⇢A

UA⇢AU
†
APU (sA) = Tr

h
UA⇢AU

†
A |sAi hsA|

i

<latexit sha1_base64="lGefN68/a9o5W19tJIQDY8VZ9ac="></latexit><latexit sha1_base64="lGefN68/a9o5W19tJIQDY8VZ9ac="></latexit><latexit sha1_base64="lGefN68/a9o5W19tJIQDY8VZ9ac="></latexit><latexit sha1_base64="lGefN68/a9o5W19tJIQDY8VZ9ac="></latexit>

⇢A

Average over the Circular Unitary Ensemble (CUE)

PU (sA) =
1

NHA
<latexit sha1_base64="KkRSCWuaS4RapREOshPZoD2JDYg="></latexit><latexit sha1_base64="KkRSCWuaS4RapREOshPZoD2JDYg="></latexit><latexit sha1_base64="KkRSCWuaS4RapREOshPZoD2JDYg="></latexit><latexit sha1_base64="KkRSCWuaS4RapREOshPZoD2JDYg="></latexit>

PU (sA)2 =
1 + Tr

⇥
⇢2A

⇤

NHA(NHA + 1)
<latexit sha1_base64="Y7vyBNkQVyvyX+Ibnj0cKORNiDU="></latexit><latexit sha1_base64="Y7vyBNkQVyvyX+Ibnj0cKORNiDU="></latexit><latexit sha1_base64="Y7vyBNkQVyvyX+Ibnj0cKORNiDU="></latexit><latexit sha1_base64="Y7vyBNkQVyvyX+Ibnj0cKORNiDU="></latexit>

Hilbertspace 
dimension of A

PU (sA)2 = Tr1�2

h
. . . UA⇢AU

†

A⌦UA⇢AU
†

A

i
=

Tr1�2 [(1 + S)⇢A⌦⇢A]

NHA(NHA + 1)
<latexit sha1_base64="5vutAk/x5cGjO69dp3TMY3hy6Kg="></latexit><latexit sha1_base64="5vutAk/x5cGjO69dp3TMY3hy6Kg="></latexit><latexit sha1_base64="5vutAk/x5cGjO69dp3TMY3hy6Kg="></latexit><latexit sha1_base64="5vutAk/x5cGjO69dp3TMY3hy6Kg="></latexit>

Virtual copies (2-design):

copy 1

copy 2

CUE (2-design): UikU⇤

ilUimU⇤

in =
�kl�mn + �kn�ml

NHA(NHA + 1)
<latexit sha1_base64="d3OJNstqHkj8R6xYcDr1Dk1SL88="></latexit><latexit sha1_base64="d3OJNstqHkj8R6xYcDr1Dk1SL88="></latexit><latexit sha1_base64="d3OJNstqHkj8R6xYcDr1Dk1SL88="></latexit><latexit sha1_base64="d3OJNstqHkj8R6xYcDr1Dk1SL88="></latexit>

~ Gaussian
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z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>

z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>

z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>

z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>

( 0 , 1 , 0 ) = sA
<latexit sha1_base64="QsfoaeNOqliPKWhYctn/RIliQvQ="></latexit><latexit sha1_base64="QsfoaeNOqliPKWhYctn/RIliQvQ="></latexit><latexit sha1_base64="QsfoaeNOqliPKWhYctn/RIliQvQ="></latexit><latexit sha1_base64="QsfoaeNOqliPKWhYctn/RIliQvQ="></latexit>

A
<latexit sha1_base64="YMozd53E1CfTbTfdIvH15vibaI0="></latexit><latexit sha1_base64="YMozd53E1CfTbTfdIvH15vibaI0="></latexit><latexit sha1_base64="YMozd53E1CfTbTfdIvH15vibaI0="></latexit><latexit sha1_base64="YMozd53E1CfTbTfdIvH15vibaI0="></latexit>

(

0
,

1
,

0)
=

s
A

<latexit sha1_base64="ZUAVGUuCRugPLiF02HVJ5Mjd+/I="></latexit><latexit sha1_base64="ZUAVGUuCRugPLiF02HVJ5Mjd+/I="></latexit><latexit sha1_base64="ZUAVGUuCRugPLiF02HVJ5Mjd+/I="></latexit><latexit sha1_base64="ZUAVGUuCRugPLiF02HVJ5Mjd+/I="></latexit>

with UA 2 CUE
<latexit sha1_base64="5Z0jWbWCAlM6xlBKZ5J2MWQ9zqk="></latexit><latexit sha1_base64="5Z0jWbWCAlM6xlBKZ5J2MWQ9zqk="></latexit><latexit sha1_base64="5Z0jWbWCAlM6xlBKZ5J2MWQ9zqk="></latexit><latexit sha1_base64="5Z0jWbWCAlM6xlBKZ5J2MWQ9zqk="></latexit>

P (sA) = Tr
h
UA⇢AU

†
A |sAi hsA|

i
PU (sA) = Tr

h
UA⇢AU

†
A |sAi hsA|

i

<latexit sha1_base64="lGefN68/a9o5W19tJIQDY8VZ9ac="></latexit><latexit sha1_base64="lGefN68/a9o5W19tJIQDY8VZ9ac="></latexit><latexit sha1_base64="lGefN68/a9o5W19tJIQDY8VZ9ac="></latexit><latexit sha1_base64="lGefN68/a9o5W19tJIQDY8VZ9ac="></latexit>

Quantum Computer

…

Random 
unitary

?

time

S van Enk, C Beenakker (PRL 2012) A. Elben, B. Vermersch, M. Dalmonte, J. I. Cirac, and P. Zoller (PRL2018)
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z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>

z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>

z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>

z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>

( 0 , 1 , 0 ) = sA
<latexit sha1_base64="QsfoaeNOqliPKWhYctn/RIliQvQ="></latexit><latexit sha1_base64="QsfoaeNOqliPKWhYctn/RIliQvQ="></latexit><latexit sha1_base64="QsfoaeNOqliPKWhYctn/RIliQvQ="></latexit><latexit sha1_base64="QsfoaeNOqliPKWhYctn/RIliQvQ="></latexit>

A
<latexit sha1_base64="YMozd53E1CfTbTfdIvH15vibaI0="></latexit><latexit sha1_base64="YMozd53E1CfTbTfdIvH15vibaI0="></latexit><latexit sha1_base64="YMozd53E1CfTbTfdIvH15vibaI0="></latexit><latexit sha1_base64="YMozd53E1CfTbTfdIvH15vibaI0="></latexit>

(

0
,

1
,

0)
=

s
A

<latexit sha1_base64="ZUAVGUuCRugPLiF02HVJ5Mjd+/I="></latexit><latexit sha1_base64="ZUAVGUuCRugPLiF02HVJ5Mjd+/I="></latexit><latexit sha1_base64="ZUAVGUuCRugPLiF02HVJ5Mjd+/I="></latexit><latexit sha1_base64="ZUAVGUuCRugPLiF02HVJ5Mjd+/I="></latexit>

P (sA) = Tr
h
UA⇢AU

†
A |sAi hsA|

i
PU (sA) = Tr

h
UA⇢AU

†
A |sAi hsA|

i

<latexit sha1_base64="lGefN68/a9o5W19tJIQDY8VZ9ac="></latexit><latexit sha1_base64="lGefN68/a9o5W19tJIQDY8VZ9ac="></latexit><latexit sha1_base64="lGefN68/a9o5W19tJIQDY8VZ9ac="></latexit><latexit sha1_base64="lGefN68/a9o5W19tJIQDY8VZ9ac="></latexit>

Programmable Quantum Simulator

time

UA =
O

ui
<latexit sha1_base64="KbulCNRBU67G+FEcPfXCnliVH84="></latexit><latexit sha1_base64="KbulCNRBU67G+FEcPfXCnliVH84="></latexit><latexit sha1_base64="KbulCNRBU67G+FEcPfXCnliVH84="></latexit><latexit sha1_base64="KbulCNRBU67G+FEcPfXCnliVH84="></latexit>

u1

u2

u3

u4
<latexit sha1_base64="m1bkZHpDKPaMkTMI3BnGSoI71XA="></latexit><latexit sha1_base64="m1bkZHpDKPaMkTMI3BnGSoI71XA="></latexit><latexit sha1_base64="m1bkZHpDKPaMkTMI3BnGSoI71XA="></latexit><latexit sha1_base64="m1bkZHpDKPaMkTMI3BnGSoI71XA="></latexit>

Random single spin rotations are sufficient!

ui 2 CUE(d)
<latexit sha1_base64="70hnL5sds7ArFIWT9gxIcbBr4CI="></latexit><latexit sha1_base64="70hnL5sds7ArFIWT9gxIcbBr4CI="></latexit><latexit sha1_base64="70hnL5sds7ArFIWT9gxIcbBr4CI="></latexit><latexit sha1_base64="70hnL5sds7ArFIWT9gxIcbBr4CI="></latexit>

PU (sA)PU (s′A) ∼ Trρ2
A

<latexit sha1_base64="Xp3kAhlqhUtUDPtCmssBgrnm7m8="></latexit><latexit sha1_base64="y6QOHrsjhm2iNTlw+JwdHpUe3Qk="></latexit><latexit sha1_base64="y6QOHrsjhm2iNTlw+JwdHpUe3Qk="></latexit><latexit sha1_base64="y6QOHrsjhm2iNTlw+JwdHpUe3Qk="></latexit><latexit sha1_base64="ZTPwr5nN0VxgELor58rc9BIAoq8="></latexit>

cross correlations
T Brydges, A Elben, P Jurcevic, B Vermersch, C Maier, 
BP Lanyon, P.Z., R Blatt, CF Roos, Science 2019
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A Elben B Vermersch

z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>

z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>

z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>

z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>

( 0 , 1 , 0 ) = sA
<latexit sha1_base64="QsfoaeNOqliPKWhYctn/RIliQvQ="></latexit><latexit sha1_base64="QsfoaeNOqliPKWhYctn/RIliQvQ="></latexit><latexit sha1_base64="QsfoaeNOqliPKWhYctn/RIliQvQ="></latexit><latexit sha1_base64="QsfoaeNOqliPKWhYctn/RIliQvQ="></latexit>

A
<latexit sha1_base64="YMozd53E1CfTbTfdIvH15vibaI0="></latexit><latexit sha1_base64="YMozd53E1CfTbTfdIvH15vibaI0="></latexit><latexit sha1_base64="YMozd53E1CfTbTfdIvH15vibaI0="></latexit><latexit sha1_base64="YMozd53E1CfTbTfdIvH15vibaI0="></latexit>

(

0
,

1
,

0)
=

s
A

<latexit sha1_base64="ZUAVGUuCRugPLiF02HVJ5Mjd+/I="></latexit><latexit sha1_base64="ZUAVGUuCRugPLiF02HVJ5Mjd+/I="></latexit><latexit sha1_base64="ZUAVGUuCRugPLiF02HVJ5Mjd+/I="></latexit><latexit sha1_base64="ZUAVGUuCRugPLiF02HVJ5Mjd+/I="></latexit>

P (sA) = Tr
h
UA⇢AU

†
A |sAi hsA|

i
PU (sA) = Tr

h
UA⇢AU

†
A |sAi hsA|

i

<latexit sha1_base64="lGefN68/a9o5W19tJIQDY8VZ9ac="></latexit><latexit sha1_base64="lGefN68/a9o5W19tJIQDY8VZ9ac="></latexit><latexit sha1_base64="lGefN68/a9o5W19tJIQDY8VZ9ac="></latexit><latexit sha1_base64="lGefN68/a9o5W19tJIQDY8VZ9ac="></latexit>

Programmable Quantum Simulator

time

UA =
O

ui
<latexit sha1_base64="KbulCNRBU67G+FEcPfXCnliVH84="></latexit><latexit sha1_base64="KbulCNRBU67G+FEcPfXCnliVH84="></latexit><latexit sha1_base64="KbulCNRBU67G+FEcPfXCnliVH84="></latexit><latexit sha1_base64="KbulCNRBU67G+FEcPfXCnliVH84="></latexit>

u1

u2

u3

u4
<latexit sha1_base64="m1bkZHpDKPaMkTMI3BnGSoI71XA="></latexit><latexit sha1_base64="m1bkZHpDKPaMkTMI3BnGSoI71XA="></latexit><latexit sha1_base64="m1bkZHpDKPaMkTMI3BnGSoI71XA="></latexit><latexit sha1_base64="m1bkZHpDKPaMkTMI3BnGSoI71XA="></latexit>

Random single spin rotations are sufficient!

ui 2 CUE(d)
<latexit sha1_base64="70hnL5sds7ArFIWT9gxIcbBr4CI="></latexit><latexit sha1_base64="70hnL5sds7ArFIWT9gxIcbBr4CI="></latexit><latexit sha1_base64="70hnL5sds7ArFIWT9gxIcbBr4CI="></latexit><latexit sha1_base64="70hnL5sds7ArFIWT9gxIcbBr4CI="></latexit>

Hamming distance

XU = 2NA
∑

sA ,s′A

(−2)−D[sA ,s′A ]PU (sA)PU (s′A)

<latexit sha1_base64="SHdqSFvZr8vPn9+70q60OaZS8Cg="></latexit><latexit sha1_base64="w0d2SvAuv/dXB4xmECTDRh5wqZU="></latexit><latexit sha1_base64="w0d2SvAuv/dXB4xmECTDRh5wqZU="></latexit><latexit sha1_base64="w0d2SvAuv/dXB4xmECTDRh5wqZU="></latexit><latexit sha1_base64="KF18tOynBaqMZ39N0XTWTg1NjeQ="></latexit>

XU = 2NA
X

sA,s0A

(�2)�D[sA,s0A] PU (sA)PU (s
0
A)| {z }

<latexit sha1_base64="I9lAVcKjaaxXoiBCAWfplEAKh/0="></latexit><latexit sha1_base64="I9lAVcKjaaxXoiBCAWfplEAKh/0="></latexit><latexit sha1_base64="I9lAVcKjaaxXoiBCAWfplEAKh/0="></latexit><latexit sha1_base64="I9lAVcKjaaxXoiBCAWfplEAKh/0="></latexit> Cross correlation

between configurations

random variable

withTrρ2
A = XU

<latexit sha1_base64="82WEJcQrLmuSWpA5UGoVz/P2wDw=">AAACH3icfVBNS8NAFHzx2/gV9SRegiJ4kJBU0fYgVDzosYLVgqlhsz7b0GQ37G6kEvJHPOk/0ZPoQTx48d+4rQoW0Tk95s2b4U2YxpFUrvtuDA2PjI6NT0yaU9Mzs3PW/MKJ5JmgWKc85qIREolxxLCuIhVjIxVIkjDG07Cz39ufXqGQEWfH6jrFZkJaLLqMKFGaCqwt21fYVSLJj0WR+6LNg73zUrFr+33vnAvCWlj4XJv0MvJGUC8Ca9V13ErZ3azYvwfPcftYrS49HNwCQC2w3vwLTrMEmaIxkfIMWUs/197w3FQ1c4EpF6ow1/5VSSq0sKcz/UxiSmiHtDDPqCx+EmeZuix3m3nE0kwhowPLnCQyIar9i5TXSThIooyYzvIT0kGie1UKhen3Xe22o0szdQ3fv9p/Dyclx3Md70j3sQ2fmIBlWIF18GAHqnAINagDhRu4hyd4Nu6MR+PFeP2UDhlfN4swAOP9AzpUp8Q=</latexit><latexit sha1_base64="yLnOPZcnpjTxEXvK35lhnboST1c=">AAACH3icfVDLSsNAFJ34rPFVHxtxExTBhYSkitqFUHGhywqNFkwNk/GahiYzYWYirSE/4s4f8Bt0JboQF2669E+cVgWL6Fldzj33HO7xkygU0rK62tDwyOjYeGFCn5yanpktzs2fCJZyAg5hEeN1HwuIQgqODGUE9YQDjv0ITv3WQW9/egVchIzWZCeBRowDGl6GBEtFecUtw5XQljzOajzPXN5k3v55Kd8z3L53xjimAeQuUya9jKzuOblXXLVMq7xrbZaN34NtWn2sVpYeDu8Wr9+rXvHNvWAkjYFKEmEhzoAG6rnmhm0lspFxSBiXub72r0oQroQ9ne6mAhJMWjiALCUi/0mcpfJyt93IQpqkEigZWGY4FjGWzV+k6MT+IAkipCrLjXELsOpVSuC623c1mqYqTVc1fP9q/D2clEzbMu1j1cc2+kQBLaMVtI5stIMq6AhVkYMIukH36Ak9a7fao/aivX5Kh7SvmwU0AK37ATm5qUE=</latexit><latexit sha1_base64="yLnOPZcnpjTxEXvK35lhnboST1c=">AAACH3icfVDLSsNAFJ34rPFVHxtxExTBhYSkitqFUHGhywqNFkwNk/GahiYzYWYirSE/4s4f8Bt0JboQF2669E+cVgWL6Fldzj33HO7xkygU0rK62tDwyOjYeGFCn5yanpktzs2fCJZyAg5hEeN1HwuIQgqODGUE9YQDjv0ITv3WQW9/egVchIzWZCeBRowDGl6GBEtFecUtw5XQljzOajzPXN5k3v55Kd8z3L53xjimAeQuUya9jKzuOblXXLVMq7xrbZaN34NtWn2sVpYeDu8Wr9+rXvHNvWAkjYFKEmEhzoAG6rnmhm0lspFxSBiXub72r0oQroQ9ne6mAhJMWjiALCUi/0mcpfJyt93IQpqkEigZWGY4FjGWzV+k6MT+IAkipCrLjXELsOpVSuC623c1mqYqTVc1fP9q/D2clEzbMu1j1cc2+kQBLaMVtI5stIMq6AhVkYMIukH36Ak9a7fao/aivX5Kh7SvmwU0AK37ATm5qUE=</latexit><latexit sha1_base64="yLnOPZcnpjTxEXvK35lhnboST1c=">AAACH3icfVDLSsNAFJ34rPFVHxtxExTBhYSkitqFUHGhywqNFkwNk/GahiYzYWYirSE/4s4f8Bt0JboQF2669E+cVgWL6Fldzj33HO7xkygU0rK62tDwyOjYeGFCn5yanpktzs2fCJZyAg5hEeN1HwuIQgqODGUE9YQDjv0ITv3WQW9/egVchIzWZCeBRowDGl6GBEtFecUtw5XQljzOajzPXN5k3v55Kd8z3L53xjimAeQuUya9jKzuOblXXLVMq7xrbZaN34NtWn2sVpYeDu8Wr9+rXvHNvWAkjYFKEmEhzoAG6rnmhm0lspFxSBiXub72r0oQroQ9ne6mAhJMWjiALCUi/0mcpfJyt93IQpqkEigZWGY4FjGWzV+k6MT+IAkipCrLjXELsOpVSuC623c1mqYqTVc1fP9q/D2clEzbMu1j1cc2+kQBLaMVtI5stIMq6AhVkYMIukH36Ak9a7fao/aivX5Kh7SvmwU0AK37ATm5qUE=</latexit><latexit sha1_base64="qawDH+I8BpBj9vYd7b1RWRJk0L4=">AAACH3icfVBNS8NAFNzUrxq/qh69BIvgQcKmirYHoeLFY4WmLTQ1bNbXNjTZDbsbaQn5I978J95ED+LBS/+Naa1gKTqnx7x5M7zxosCXCuOxlltaXlldy6/rG5tb2zuF3b2G5LGgYFMecNHyiITAZ2ArXwXQigSQ0Aug6Q2uJ/vmAwjpc1ZXowg6Iekxv+tTojLKLZwZjoKhEmFSF2niiD53r+5K6aXhTL0TLgjrQerwzGSSkbRcO3ULRWziShmfVozFwTLxFEU0Q80tfDr3nMYhMEUDImUbWC97rn9i4Uh1EgERFyrVj/5VSSoy4USnO7GEiNAB6UESU5n+Jtqx6paHncRnUayA0bllQkIZEtVfIOUo9OZJkD7LspyQDIBkvSoFQnemrkbfzErTsxp+fjX+Hhol08KmdYuL1fNZIXl0gA7RMbLQBaqiG1RDNqLoET2jV/SmPWkv2rv28S3NabObfTQHbfwFgbmlww==</latexit>



Example 1: Single qubit - pure state

Correlations of probabilities

XU =2
⇥
PU (")2 + PU (#)2 � PU (")PU (#)

⇤
<latexit sha1_base64="25vkU+OuGURghvgl/+eu8hYsx/k="></latexit><latexit sha1_base64="25vkU+OuGURghvgl/+eu8hYsx/k="></latexit><latexit sha1_base64="25vkU+OuGURghvgl/+eu8hYsx/k="></latexit><latexit sha1_base64="25vkU+OuGURghvgl/+eu8hYsx/k="></latexit>

2
⇥
PU (")2 + PU (#)2

� PU (")PU (#)
⇤

<latexit sha1_base64="7xthNWFf/D/pb6Q+hbRkyqab5Zw="></latexit><latexit sha1_base64="7xthNWFf/D/pb6Q+hbRkyqab5Zw="></latexit><latexit sha1_base64="7xthNWFf/D/pb6Q+hbRkyqab5Zw="></latexit><latexit sha1_base64="7xthNWFf/D/pb6Q+hbRkyqab5Zw="></latexit>
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⇢ =
1

2
( 2 + ~a · ~�)

<latexit sha1_base64="Fa+OlKTbonKe8+Brnx+7c2KWlZs="></latexit><latexit sha1_base64="Fa+OlKTbonKe8+Brnx+7c2KWlZs="></latexit><latexit sha1_base64="Fa+OlKTbonKe8+Brnx+7c2KWlZs="></latexit><latexit sha1_base64="Fa+OlKTbonKe8+Brnx+7c2KWlZs="></latexit>

State on the Bloch sphere

U⇢U † =
1

2
( 2 +RU (~a) · ~�)

<latexit sha1_base64="+zfYB+xavay6WFhNdRI+cjbFsA8="></latexit><latexit sha1_base64="+zfYB+xavay6WFhNdRI+cjbFsA8="></latexit><latexit sha1_base64="+zfYB+xavay6WFhNdRI+cjbFsA8="></latexit><latexit sha1_base64="+zfYB+xavay6WFhNdRI+cjbFsA8="></latexit>

Random Measurement

PU ("), PU (#)
<latexit sha1_base64="Ms57UER6wTIFC2VH9oDPZ/pbWSo="></latexit><latexit sha1_base64="Ms57UER6wTIFC2VH9oDPZ/pbWSo="></latexit><latexit sha1_base64="Ms57UER6wTIFC2VH9oDPZ/pbWSo="></latexit>

: |~a| = 1
<latexit sha1_base64="9OjuKJNxS6XHa/2zTTM6OEPeI7U="></latexit><latexit sha1_base64="9OjuKJNxS6XHa/2zTTM6OEPeI7U="></latexit><latexit sha1_base64="9OjuKJNxS6XHa/2zTTM6OEPeI7U="></latexit><latexit sha1_base64="9OjuKJNxS6XHa/2zTTM6OEPeI7U="></latexit>

Rotation:

z-Measurements:

PU (") $ PU (")
<latexit sha1_base64="66fgWHOPOTmGQD4mUxfFOw+CGaM="></latexit><latexit sha1_base64="66fgWHOPOTmGQD4mUxfFOw+CGaM="></latexit><latexit sha1_base64="66fgWHOPOTmGQD4mUxfFOw+CGaM="></latexit><latexit sha1_base64="66fgWHOPOTmGQD4mUxfFOw+CGaM="></latexit>

PU (") $ PU (#)
<latexit sha1_base64="qPe6tJkfychxseChQmPHdD0PnL4="></latexit><latexit sha1_base64="qPe6tJkfychxseChQmPHdD0PnL4="></latexit><latexit sha1_base64="qPe6tJkfychxseChQmPHdD0PnL4="></latexit><latexit sha1_base64="qPe6tJkfychxseChQmPHdD0PnL4="></latexit>

# unitaries



Example 1: Single qubit - pure state

Correlations of probabilities

XU =2
⇥
PU (")2 + PU (#)2 � PU (")PU (#)

⇤
<latexit sha1_base64="25vkU+OuGURghvgl/+eu8hYsx/k="></latexit><latexit sha1_base64="25vkU+OuGURghvgl/+eu8hYsx/k="></latexit><latexit sha1_base64="25vkU+OuGURghvgl/+eu8hYsx/k="></latexit><latexit sha1_base64="25vkU+OuGURghvgl/+eu8hYsx/k="></latexit>

2
⇥
PU (")2 + PU (#)2

� PU (")PU (#)
⇤

<latexit sha1_base64="7xthNWFf/D/pb6Q+hbRkyqab5Zw="></latexit><latexit sha1_base64="7xthNWFf/D/pb6Q+hbRkyqab5Zw="></latexit><latexit sha1_base64="7xthNWFf/D/pb6Q+hbRkyqab5Zw="></latexit><latexit sha1_base64="7xthNWFf/D/pb6Q+hbRkyqab5Zw="></latexit>

PU (") $ PU (")
<latexit sha1_base64="66fgWHOPOTmGQD4mUxfFOw+CGaM="></latexit><latexit sha1_base64="66fgWHOPOTmGQD4mUxfFOw+CGaM="></latexit><latexit sha1_base64="66fgWHOPOTmGQD4mUxfFOw+CGaM="></latexit><latexit sha1_base64="66fgWHOPOTmGQD4mUxfFOw+CGaM="></latexit>

PU (") $ PU (#)
<latexit sha1_base64="qPe6tJkfychxseChQmPHdD0PnL4="></latexit><latexit sha1_base64="qPe6tJkfychxseChQmPHdD0PnL4="></latexit><latexit sha1_base64="qPe6tJkfychxseChQmPHdD0PnL4="></latexit><latexit sha1_base64="qPe6tJkfychxseChQmPHdD0PnL4="></latexit>

State on the Bloch sphere

Random Measurement

XU = Trρ2
<latexit sha1_base64="v+NFKoWc0aqV9JpGxnLJRSxvu7E=">AAACDnicfZDNSsNAFIVv6l+Nf1VxpYtgEVxISCpouxAKblxWaNpCU8tkvG1DM0mYmUhL6AO4803ciS7ErQ/gxrdx2ipYip7V5ZzvznCPFwe+kJb1qWUWFpeWV7Kr+tr6xuZWbnunJqKEU3RoFES84RGBgR+iI30ZYCPmSJgXYN3rX47z+h1y4UdhVQ5jbDHSDf2OT4lUVjuXdyMVj7fTRtsZXRiuxIHkzEirfGS4vBfdFBRlmVapaJ2WjPnBNq2J8uW9A2YAQKWd+3BvI5owDCUNiBBNDLvqlt6JbcWylXKMIy5H+tG/lKBcgWNOdxOBMaF90sU0oWL022gmslMctFI/jBOJIZ0JU8IEI7I3Z4oh82ZNFH6o/nIZ6SNRNUqJXHcnrxo9U5Wiqxp+bjX+HmoF07ZM+1r1cQZTZWEfDuEYbDiHMlxBBRygcA+P8Awv2oP2pL1qb1M0o33v7MKMtPcv+TaesA==</latexit><latexit sha1_base64="H59aXbVncbDf8VxLbQ5o6vNgDA8=">AAACDnicfZDNSsNAFIUn9a/Gv6i4UiRYBBcSkgraLsSCG5cVmrZgapmMt01oJgkzE2kJeQDBhW/iTnQhbn0AN76N01bBUvSsLud8d4Z73DjwuTDNTyU3Mzs3v5BfVJeWV1bXtPWNOo8SRsAmURCxpos5BH4ItvBFAM2YAaZuAA23dz7MG7fAuB+FNTGIoUVxN/Q7PsFCWm2t4EQyHm6nzbadneqOgL5gVE9rLNMd5kXXRUmZhlkumUdlfXqwDHOkQmVrh+5q92fVtvbh3EQkoRAKEmDOryDsylu8Q8uMRStlEEdMZOr+vxQnTIJDTnUSDjEmPdyFNCE8+21cJaJT6rdSP4wTASGZCFNMOcXCmzL5gLqTJnA/lH85FPcAyxqFAKY6o1d1z5ClqLKGn1v1v4d60bBMw7qUfRyjsfJoG+2hA2ShE1RBF6iKbETQHXpEz+hFeVCelFflbYzmlO+dTTQh5f0LHLmfiQ==</latexit><latexit sha1_base64="H59aXbVncbDf8VxLbQ5o6vNgDA8=">AAACDnicfZDNSsNAFIUn9a/Gv6i4UiRYBBcSkgraLsSCG5cVmrZgapmMt01oJgkzE2kJeQDBhW/iTnQhbn0AN76N01bBUvSsLud8d4Z73DjwuTDNTyU3Mzs3v5BfVJeWV1bXtPWNOo8SRsAmURCxpos5BH4ItvBFAM2YAaZuAA23dz7MG7fAuB+FNTGIoUVxN/Q7PsFCWm2t4EQyHm6nzbadneqOgL5gVE9rLNMd5kXXRUmZhlkumUdlfXqwDHOkQmVrh+5q92fVtvbh3EQkoRAKEmDOryDsylu8Q8uMRStlEEdMZOr+vxQnTIJDTnUSDjEmPdyFNCE8+21cJaJT6rdSP4wTASGZCFNMOcXCmzL5gLqTJnA/lH85FPcAyxqFAKY6o1d1z5ClqLKGn1v1v4d60bBMw7qUfRyjsfJoG+2hA2ShE1RBF6iKbETQHXpEz+hFeVCelFflbYzmlO+dTTQh5f0LHLmfiQ==</latexit><latexit sha1_base64="H59aXbVncbDf8VxLbQ5o6vNgDA8=">AAACDnicfZDNSsNAFIUn9a/Gv6i4UiRYBBcSkgraLsSCG5cVmrZgapmMt01oJgkzE2kJeQDBhW/iTnQhbn0AN76N01bBUvSsLud8d4Z73DjwuTDNTyU3Mzs3v5BfVJeWV1bXtPWNOo8SRsAmURCxpos5BH4ItvBFAM2YAaZuAA23dz7MG7fAuB+FNTGIoUVxN/Q7PsFCWm2t4EQyHm6nzbadneqOgL5gVE9rLNMd5kXXRUmZhlkumUdlfXqwDHOkQmVrh+5q92fVtvbh3EQkoRAKEmDOryDsylu8Q8uMRStlEEdMZOr+vxQnTIJDTnUSDjEmPdyFNCE8+21cJaJT6rdSP4wTASGZCFNMOcXCmzL5gLqTJnA/lH85FPcAyxqFAKY6o1d1z5ClqLKGn1v1v4d60bBMw7qUfRyjsfJoG+2hA2ShE1RBF6iKbETQHXpEz+hFeVCelFflbYzmlO+dTTQh5f0LHLmfiQ==</latexit><latexit sha1_base64="33mgqi3cVWb3666/jQOR8I/+1Bs=">AAACDnicfZDNSsNAFIUn9a/Gv6pLN8EiuJAwqaDtQii4cVmhaQtNLZPxtglNZsLMRFpCH8Cdb+JOdCFufQA3vo3TWsFS9Kwu53x3hnv8JAqlwvjTyC0tr6yu5dfNjc2t7Z3C7l5D8lRQcCmPuGj5REIUMnBVqCJoJQJI7EfQ9AeXk7x5B0KGnNXVKIFOTPos7IWUKG11C0WP63iynbW67vjC8hQMlYitrC7GlicCflPSFLZxpYxPK9bi4Nh4qiKaqdYtfHi3nKYxMEUjImUbWF/fEpw4OFGdTEDChRqbR/9SkgoNTjjTSyUkhA5IH7KUyvFvo52qXnnYyUKWpAoYnQszEsuYqGDBlKPYnzdBhkz/5cVkAETXqBQI05u+agW2LsXUNfzcav09NEq2g23nGherZ7NC8ugAHaJj5KBzVEVXqIZcRNE9ekTP6MV4MJ6MV+PtG80Zs519NCfj/Quf952y</latexit>

# unitaries

⇢ =
1

2
( 2 + ~a · ~�)

<latexit sha1_base64="Fa+OlKTbonKe8+Brnx+7c2KWlZs="></latexit><latexit sha1_base64="Fa+OlKTbonKe8+Brnx+7c2KWlZs="></latexit><latexit sha1_base64="Fa+OlKTbonKe8+Brnx+7c2KWlZs="></latexit><latexit sha1_base64="Fa+OlKTbonKe8+Brnx+7c2KWlZs="></latexit>

: |~a| = 1
<latexit sha1_base64="9OjuKJNxS6XHa/2zTTM6OEPeI7U="></latexit><latexit sha1_base64="9OjuKJNxS6XHa/2zTTM6OEPeI7U="></latexit><latexit sha1_base64="9OjuKJNxS6XHa/2zTTM6OEPeI7U="></latexit><latexit sha1_base64="9OjuKJNxS6XHa/2zTTM6OEPeI7U="></latexit>

U⇢U † =
1

2
( 2 +RU (~a) · ~�)

<latexit sha1_base64="+zfYB+xavay6WFhNdRI+cjbFsA8="></latexit><latexit sha1_base64="+zfYB+xavay6WFhNdRI+cjbFsA8="></latexit><latexit sha1_base64="+zfYB+xavay6WFhNdRI+cjbFsA8="></latexit><latexit sha1_base64="+zfYB+xavay6WFhNdRI+cjbFsA8="></latexit>

PU ("), PU (#)
<latexit sha1_base64="Ms57UER6wTIFC2VH9oDPZ/pbWSo="></latexit><latexit sha1_base64="Ms57UER6wTIFC2VH9oDPZ/pbWSo="></latexit><latexit sha1_base64="Ms57UER6wTIFC2VH9oDPZ/pbWSo="></latexit>

Rotation:

z-Measurements:



Example 2: Single qubit - mixed state

⇢ =
1

2
( 2 + ~a · ~�)

<latexit sha1_base64="Fa+OlKTbonKe8+Brnx+7c2KWlZs="></latexit><latexit sha1_base64="Fa+OlKTbonKe8+Brnx+7c2KWlZs="></latexit><latexit sha1_base64="Fa+OlKTbonKe8+Brnx+7c2KWlZs="></latexit><latexit sha1_base64="Fa+OlKTbonKe8+Brnx+7c2KWlZs="></latexit>

State on the Bloch sphere

U⇢U † =
1

2
( 2 +RU (~a) · ~�)

<latexit sha1_base64="+zfYB+xavay6WFhNdRI+cjbFsA8="></latexit><latexit sha1_base64="+zfYB+xavay6WFhNdRI+cjbFsA8="></latexit><latexit sha1_base64="+zfYB+xavay6WFhNdRI+cjbFsA8="></latexit><latexit sha1_base64="+zfYB+xavay6WFhNdRI+cjbFsA8="></latexit>

Random Measurement

Correlations of probabilities

PU ("), PU (#)
<latexit sha1_base64="Ms57UER6wTIFC2VH9oDPZ/pbWSo="></latexit><latexit sha1_base64="Ms57UER6wTIFC2VH9oDPZ/pbWSo="></latexit><latexit sha1_base64="Ms57UER6wTIFC2VH9oDPZ/pbWSo="></latexit>

: |~a| = 1
<latexit sha1_base64="9OjuKJNxS6XHa/2zTTM6OEPeI7U="></latexit><latexit sha1_base64="9OjuKJNxS6XHa/2zTTM6OEPeI7U="></latexit><latexit sha1_base64="9OjuKJNxS6XHa/2zTTM6OEPeI7U="></latexit><latexit sha1_base64="9OjuKJNxS6XHa/2zTTM6OEPeI7U="></latexit>

Rotation:

z-Measurements:

2
⇥
PU (")2 + PU (#)2

� PU (")PU (#)
⇤

<latexit sha1_base64="7xthNWFf/D/pb6Q+hbRkyqab5Zw="></latexit><latexit sha1_base64="7xthNWFf/D/pb6Q+hbRkyqab5Zw="></latexit><latexit sha1_base64="7xthNWFf/D/pb6Q+hbRkyqab5Zw="></latexit><latexit sha1_base64="7xthNWFf/D/pb6Q+hbRkyqab5Zw="></latexit>

XU =2
⇥
PU (")2 + PU (#)2 � PU (")PU (#)

⇤
<latexit sha1_base64="25vkU+OuGURghvgl/+eu8hYsx/k="></latexit><latexit sha1_base64="25vkU+OuGURghvgl/+eu8hYsx/k="></latexit><latexit sha1_base64="25vkU+OuGURghvgl/+eu8hYsx/k="></latexit><latexit sha1_base64="25vkU+OuGURghvgl/+eu8hYsx/k="></latexit>

: |~a| = 0.5
<latexit sha1_base64="B+t2I9GyrxYj6yzi2Bu5QCoE9mQ="></latexit><latexit sha1_base64="B+t2I9GyrxYj6yzi2Bu5QCoE9mQ="></latexit><latexit sha1_base64="B+t2I9GyrxYj6yzi2Bu5QCoE9mQ="></latexit><latexit sha1_base64="B+t2I9GyrxYj6yzi2Bu5QCoE9mQ="></latexit>

PU (") $ PU (")
<latexit sha1_base64="66fgWHOPOTmGQD4mUxfFOw+CGaM="></latexit><latexit sha1_base64="66fgWHOPOTmGQD4mUxfFOw+CGaM="></latexit><latexit sha1_base64="66fgWHOPOTmGQD4mUxfFOw+CGaM="></latexit><latexit sha1_base64="66fgWHOPOTmGQD4mUxfFOw+CGaM="></latexit>

PU (") $ PU (#)
<latexit sha1_base64="qPe6tJkfychxseChQmPHdD0PnL4="></latexit><latexit sha1_base64="qPe6tJkfychxseChQmPHdD0PnL4="></latexit><latexit sha1_base64="qPe6tJkfychxseChQmPHdD0PnL4="></latexit><latexit sha1_base64="qPe6tJkfychxseChQmPHdD0PnL4="></latexit>

# unitaries



Example 3: Two qubit — pure product state
⇢ = |""i h""|

<latexit sha1_base64="XIO3pok8oHEriD7xime3lXl/DAA="></latexit><latexit sha1_base64="XIO3pok8oHEriD7xime3lXl/DAA="></latexit><latexit sha1_base64="XIO3pok8oHEriD7xime3lXl/DAA="></latexit><latexit sha1_base64="XIO3pok8oHEriD7xime3lXl/DAA="></latexit>

Correlations of probabilities
PU ("") $ PU ("")

<latexit sha1_base64="aJvU9sR+t4YRm4q4isXVj9RZnBw="></latexit><latexit sha1_base64="aJvU9sR+t4YRm4q4isXVj9RZnBw="></latexit><latexit sha1_base64="aJvU9sR+t4YRm4q4isXVj9RZnBw="></latexit><latexit sha1_base64="aJvU9sR+t4YRm4q4isXVj9RZnBw="></latexit>

PU ("") $ PU ("#)
<latexit sha1_base64="4hNoG2TNCJEqMu9yB2du6Lfdk0Q="></latexit><latexit sha1_base64="4hNoG2TNCJEqMu9yB2du6Lfdk0Q="></latexit><latexit sha1_base64="4hNoG2TNCJEqMu9yB2du6Lfdk0Q="></latexit><latexit sha1_base64="4hNoG2TNCJEqMu9yB2du6Lfdk0Q="></latexit>

PU ("") $ PU (##)
<latexit sha1_base64="91G35bDE6HaEN9oE74RhJOvoVnw="></latexit><latexit sha1_base64="91G35bDE6HaEN9oE74RhJOvoVnw="></latexit><latexit sha1_base64="91G35bDE6HaEN9oE74RhJOvoVnw="></latexit><latexit sha1_base64="91G35bDE6HaEN9oE74RhJOvoVnw="></latexit>

XU =4 (PU ("")PU ("") + . . . )

� 4 (PU ("")PU ("#) + . . . )

+ 2 (PU ("")PU (##) + . . . )
<latexit sha1_base64="Yaw02UXDr3/wOZWYtRJJsHLRViY="></latexit><latexit sha1_base64="Yaw02UXDr3/wOZWYtRJJsHLRViY="></latexit><latexit sha1_base64="Yaw02UXDr3/wOZWYtRJJsHLRViY="></latexit><latexit sha1_base64="Yaw02UXDr3/wOZWYtRJJsHLRViY="></latexit>
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# unitaries



Example 4: Two qubit — pure entangled state
⇢ =

1

2
(|""i+ |##i)(h""|+ h##|)

<latexit sha1_base64="8TTQX2en0X0pquPQeXgHBGWeT1M="></latexit><latexit sha1_base64="8TTQX2en0X0pquPQeXgHBGWeT1M="></latexit><latexit sha1_base64="8TTQX2en0X0pquPQeXgHBGWeT1M="></latexit><latexit sha1_base64="8TTQX2en0X0pquPQeXgHBGWeT1M="></latexit>

PU ("") $ PU ("")
<latexit sha1_base64="aJvU9sR+t4YRm4q4isXVj9RZnBw="></latexit><latexit sha1_base64="aJvU9sR+t4YRm4q4isXVj9RZnBw="></latexit><latexit sha1_base64="aJvU9sR+t4YRm4q4isXVj9RZnBw="></latexit><latexit sha1_base64="aJvU9sR+t4YRm4q4isXVj9RZnBw="></latexit>

PU ("") $ PU ("#)
<latexit sha1_base64="4hNoG2TNCJEqMu9yB2du6Lfdk0Q="></latexit><latexit sha1_base64="4hNoG2TNCJEqMu9yB2du6Lfdk0Q="></latexit><latexit sha1_base64="4hNoG2TNCJEqMu9yB2du6Lfdk0Q="></latexit><latexit sha1_base64="4hNoG2TNCJEqMu9yB2du6Lfdk0Q="></latexit>

PU ("") $ PU (##)
<latexit sha1_base64="91G35bDE6HaEN9oE74RhJOvoVnw="></latexit><latexit sha1_base64="91G35bDE6HaEN9oE74RhJOvoVnw="></latexit><latexit sha1_base64="91G35bDE6HaEN9oE74RhJOvoVnw="></latexit><latexit sha1_base64="91G35bDE6HaEN9oE74RhJOvoVnw="></latexit>

XU =4 (PU ("")PU ("") + . . . )

� 4 (PU ("")PU ("#) + . . . )

+ 2 (PU ("")PU (##) + . . . )
<latexit sha1_base64="Yaw02UXDr3/wOZWYtRJJsHLRViY="></latexit><latexit sha1_base64="Yaw02UXDr3/wOZWYtRJJsHLRViY="></latexit><latexit sha1_base64="Yaw02UXDr3/wOZWYtRJJsHLRViY="></latexit><latexit sha1_base64="Yaw02UXDr3/wOZWYtRJJsHLRViY="></latexit>

Correlations of probabilities

# unitaries
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… reminiscent of correlation in Bell inequalities
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Preparation:

Neel

z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>

z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>

z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>

z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>

z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>

z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>

z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>

u1
<latexit sha1_base64="tZdItQ0PVkZsbwu8y/xHWII8OnA="></latexit><latexit sha1_base64="9b1BgZxpvhh/lRPZQctZbcZQ8AI="></latexit><latexit sha1_base64="9b1BgZxpvhh/lRPZQctZbcZQ8AI="></latexit><latexit sha1_base64="K6n/JhMrsgX+1tKzgN+GE1fEqdE=">AAACMHicbVC7TgMxEPSFd3hDQUFjESFRRWcKoESioQRBSKTcKdpzNokV23eyfaDoyCfQwn/wNVAhWr4C50jBayRLo5lZeXeSTArrwvA1qMzMzs0vLC5Vl1dW19Y3NrdubJobjg2eytS0ErAohcaGE05iKzMIKpHYTIZnE795i8aKVF+7UYaxgr4WPcHBeekq77DORi2shyXoX8KmpEamuOhsBjtRN+W5Qu24BGvbLMxcXIBxgkscV6PcYgZ8CH1se6pBoY2Lctcx3fdKl/ZS4592tFS/TxSgrB2pxCcVuIH97U3E/7x27noncSF0ljvU/OujXi6pS+nkcNoVBrmTI0+AG+F3pXwABrjz9VQjjXc8VQp0t4iG6MZtFhf3tMZoZED3y7O+RxIDZSSSpeuD9+Oqr5L9Lu4vuTmss7DOLsPa6dG01EWyS/bIAWHkmJySc3JBGoSTPnkgj+QpeA5egrfg/StaCaYz2+QHgo9P/9un1w==</latexit>

u2
<latexit sha1_base64="ox9WB9JkGcBSze2xQ3TJ0UgPDhU="></latexit><latexit sha1_base64="iQ/TMLwdG5WnxXE0JRvGIRXq1mE="></latexit><latexit sha1_base64="iQ/TMLwdG5WnxXE0JRvGIRXq1mE="></latexit><latexit sha1_base64="kZ1//DKdprDYYz/icmTFMR+Ik/Q=">AAACMHicbVC7TgMxEPSFVwivAAUFjUWERBXdpQDKSDSUQZCAlDtFe84mWLF9J9sHio58Ai38B18DFaLlK3AuKXiNZGk0MyvvTpwKbqzvv3mlhcWl5ZXyamVtfWNzq7q90zFJphm2WSISfRODQcEVti23Am9SjSBjgdfx6GzqX9+hNjxRV3acYiRhqPiAM7BOusx6jV615tf9AvQvCeakRuZo9ba9vbCfsEyiskyAMd3AT22Ug7acCZxUwsxgCmwEQ+w6qkCiifJi1wk9dEqfDhLtnrK0UL9P5CCNGcvYJSXYW/Pbm4r/ed3MDk6jnKs0s6jY7KNBJqhN6PRw2ucamRVjR4Bp7nal7BY0MOvqqYQK71kiJah+Ho7QTrpBlD/QWkBDDWpYnPU9EmsoIqEoXBd8mFRclcHv4v6STqMe+PXgwq81j+ellsk+OSBHJCAnpEnOSYu0CSND8kieyLP34r16797HLFry5jO75Ae8zy8BtKfY</latexit>

u3
<latexit sha1_base64="NSNuEWoth/Fp/FhWO1Zad0rFX4U="></latexit><latexit sha1_base64="FhyFvVvjMH97lkajfFyTgxjztrI="></latexit><latexit sha1_base64="FhyFvVvjMH97lkajfFyTgxjztrI="></latexit><latexit sha1_base64="6HQsCSuyq2Z5BXi84rOT/JGGWCc=">AAACMHicbVDLSgMxFM34rPXV6sKFm2ARXJUZBXUpuHGpaLXQGcqd9LYNTTJDklHK2E9wq//h1+hK3PoVpmMX2nogcDjnXHLviVPBjfX9d29ufmFxabm0Ul5dW9/YrFS3bk2SaYYNlohEN2MwKLjChuVWYDPVCDIWeBcPzsf+3T1qwxN1Y4cpRhJ6inc5A+uk66x91K7U/LpfgM6SYEJqZILLdtXbCTsJyyQqywQY0wr81EY5aMuZwFE5zAymwAbQw5ajCiSaKC92HdF9p3RoN9HuKUsL9fdEDtKYoYxdUoLtm2lvLP7ntTLbPY1yrtLMomI/H3UzQW1Cx4fTDtfIrBg6AkxztytlfdDArKunHCp8YImUoDp5OEA7agVR/khrAQ01qF5x1u9IrKGIhKJwXfBxVHZVBtPFzZLbw3rg14Mrv3Z2PCm1RHbJHjkgATkhZ+SCXJIGYaRHnsgzefFevTfvw/v8ic55k5lt8gfe1zcDfqfZ</latexit>

u4
<latexit sha1_base64="Invgj+9k46Lv+lKF6dVEsysonzU="></latexit><latexit sha1_base64="IMHj9k7jvD/xZmEkFkcbhOne/go="></latexit><latexit sha1_base64="IMHj9k7jvD/xZmEkFkcbhOne/go="></latexit><latexit sha1_base64="UU04pzV95IZaV9SJ5iYsBTeYObk=">AAACMHicbVDLSgMxFM34rPXV6sKFm2ARXJUZEXUpuHGpaLXQGcqd9LYNTTJDklHK2E9wq//h1+hK3PoVpmMX2nogcDjnXHLviVPBjfX9d29ufmFxabm0Ul5dW9/YrFS3bk2SaYYNlohEN2MwKLjChuVWYDPVCDIWeBcPzsf+3T1qwxN1Y4cpRhJ6inc5A+uk66x91K7U/LpfgM6SYEJqZILLdtXbCTsJyyQqywQY0wr81EY5aMuZwFE5zAymwAbQw5ajCiSaKC92HdF9p3RoN9HuKUsL9fdEDtKYoYxdUoLtm2lvLP7ntTLbPY1yrtLMomI/H3UzQW1Cx4fTDtfIrBg6AkxztytlfdDArKunHCp8YImUoDp5OEA7agVR/khrAQ01qF5x1u9IrKGIhKJwXfBxVHZVBtPFzZLbw3rg14Mrv3Z2PCm1RHbJHjkgATkhZ+SCXJIGYaRHnsgzefFevTfvw/v8ic55k5lt8gfe1zcFSKfa</latexit>

u5
<latexit sha1_base64="k4QcqvtcWQrGk1/70YmZrxaYOrE="></latexit><latexit sha1_base64="PCsJ2TERFK40DHT+Vlx8JyYt+ys="></latexit><latexit sha1_base64="PCsJ2TERFK40DHT+Vlx8JyYt+ys="></latexit><latexit sha1_base64="8NhRckGG18ffXBbrvKDsIMQIRr4=">AAACMHicbVDLSgMxFM34rPXV6sKFm2ARXJUZwcdScONS0WqhM5Q76W0bmmSGJKOUsZ/gVv/Dr9GVuPUrTMcutPVA4HDOueTeE6eCG+v7797c/MLi0nJppby6tr6xWalu3Zok0wwbLBGJbsZgUHCFDcutwGaqEWQs8C4enI/9u3vUhifqxg5TjCT0FO9yBtZJ11n7qF2p+XW/AJ0lwYTUyASX7aq3E3YSlklUlgkwphX4qY1y0JYzgaNymBlMgQ2ghy1HFUg0UV7sOqL7TunQbqLdU5YW6u+JHKQxQxm7pATbN9PeWPzPa2W2exrlXKWZRcV+PupmgtqEjg+nHa6RWTF0BJjmblfK+qCBWVdPOVT4wBIpQXXycIB21Aqi/JHWAhpqUL3irN+RWEMRCUXhuuDjqOyqDKaLmyW3h/XArwdXfu3seFJqieySPXJAAnJCzsgFuSQNwkiPPJFn8uK9em/eh/f5E53zJjPb5A+8r28HEqfb</latexit>

u6
<latexit sha1_base64="jhNmUejbcJ9QaYLC9PYx7MbODAI="></latexit><latexit sha1_base64="CzxDkE5PQzwwmt2xykf42Z2b5ac="></latexit><latexit sha1_base64="CzxDkE5PQzwwmt2xykf42Z2b5ac="></latexit><latexit sha1_base64="UZQRIA1frt1dcr4/LfBoTdGp4n8=">AAACMHicbVC7TgMxEPSFd3gGCgoaiwiJKrqjCJSRaCiDIAQpd4r2nE2wYvtOtg8UHfkEWvgPvgYqRMtX4FxShMdIlkYzs/LuxKngxvr+u1daWFxaXlldK69vbG5t71R2b0ySaYYtlohE38ZgUHCFLcutwNtUI8hYYDsenk/89j1qwxN1bUcpRhIGivc5A+ukq6xb7+5U/ZpfgP4lwYxUyQzNbsXbD3sJyyQqywQY0wn81EY5aMuZwHE5zAymwIYwwI6jCiSaKC92HdMjp/RoP9HuKUsLdX4iB2nMSMYuKcHemd/eRPzP62S2fxblXKWZRcWmH/UzQW1CJ4fTHtfIrBg5Akxztytld6CBWVdPOVT4wBIpQfXycIh23Ami/JFWAxpqUIPirPlIrKGIhKJwXfBxXHZVBr+L+0tuTmqBXwsu/WqjPit1lRyQQ3JMAnJKGuSCNEmLMDIgT+SZvHiv3pv34X1OoyVvNrNHfsD7+gYI3Kfc</latexit>

u7
<latexit sha1_base64="sRlDB4MKd3eDqQnasjd4SIaKCQM="></latexit><latexit sha1_base64="dQRHbiivvVs+1V7tuOEtQQcIVkg="></latexit><latexit sha1_base64="dQRHbiivvVs+1V7tuOEtQQcIVkg="></latexit><latexit sha1_base64="HPAjtbGylNt8RbPiaJD4zg0hB38=">AAACMHicbVC7TgMxEPSFd3gGCgoaiwiJKrqjIJSRaCiDIAQpd4r2nE2wYvtOtg8UHfkEWvgPvgYqRMtX4FxShMdIlkYzs/LuxKngxvr+u1daWFxaXlldK69vbG5t71R2b0ySaYYtlohE38ZgUHCFLcutwNtUI8hYYDsenk/89j1qwxN1bUcpRhIGivc5A+ukq6xb7+5U/ZpfgP4lwYxUyQzNbsXbD3sJyyQqywQY0wn81EY5aMuZwHE5zAymwIYwwI6jCiSaKC92HdMjp/RoP9HuKUsLdX4iB2nMSMYuKcHemd/eRPzP62S2fxblXKWZRcWmH/UzQW1CJ4fTHtfIrBg5Akxztytld6CBWVdPOVT4wBIpQfXycIh23Ami/JFWAxpqUIPirPlIrKGIhKJwXfBxXHZVBr+L+0tuTmqBXwsu/WrjdFbqKjkgh+SYBKROGuSCNEmLMDIgT+SZvHiv3pv34X1OoyVvNrNHfsD7+gYKpqfd</latexit>

A
<latexit sha1_base64="X2yfKFc3+PaYXoNNGjNyJyw98b4="></latexit><latexit sha1_base64="q8M0QeJlgcMpA2JwiIA/JFMLqIc="></latexit><latexit sha1_base64="q8M0QeJlgcMpA2JwiIA/JFMLqIc="></latexit><latexit sha1_base64="PDw7raL14bd1yTiZSx0ijj7VWxk=">AAACLnicbVDLSgMxFM3UV63P6sKFm2ARXJUZN3ZZceOyBVuFziB30tsammSGJKOUsV/gVv/DrxFciFs/w3TaRX0cCBzOOZfce+JUcGN9/90rLS2vrK6V1ysbm1vbO7vVva5JMs2wwxKR6JsYDAqusGO5FXiTagQZC7yORxdT//oeteGJurLjFCMJQ8UHnIF1Uvv8drfm1/0C9C8J5qRG5mjdVr2DsJ+wTKKyTIAxvcBPbZSDtpwJnFTCzGAKbARD7DmqQKKJ8mLTCT12Sp8OEu2esrRQFydykMaMZeySEuyd+e1Nxf+8XmYHjSjnKs0sKjb7aJAJahM6PZv2uUZmxdgRYJq7XSm7Aw3MunIqocIHlkgJqp+HI7STXhDlj7QW0FCDGhZnLUZiDUUkFIXrgo+Tiqsy+F3cX9I9rQd+PWj7tWZjXmqZHJIjckICckaa5JK0SIcwguSJPJMX79V78z68z1m05M1n9skPeF/fVh+nAQ==</latexit> HXY = ~
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<latexit sha1_base64="J9aIpIzNmlGC4PU0zk2oxFskjQo="></latexit><latexit sha1_base64="J9aIpIzNmlGC4PU0zk2oxFskjQo="></latexit><latexit sha1_base64="J9aIpIzNmlGC4PU0zk2oxFskjQo="></latexit><latexit sha1_base64="J9aIpIzNmlGC4PU0zk2oxFskjQo="></latexit>

local disorder potentialslong range interaction

z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>u8

<latexit sha1_base64="RcUi4fNyVhHvqZu8+hblL2ohDto="></latexit><latexit sha1_base64="G6oMFTJ98SM9ZJBLLUct5s3o62Q="></latexit><latexit sha1_base64="G6oMFTJ98SM9ZJBLLUct5s3o62Q="></latexit><latexit sha1_base64="sErbRtsMlz6OVZ/X+dwZ9g1sCXA=">AAACMHicbVC7TgMxEPSFd3gGCgoaiwiJKrqjgJSRaCiDIAQpd4r2nE2wYvtOtg8UHfkEWvgPvgYqRMtX4FxShMdIlkYzs/LuxKngxvr+u1daWFxaXlldK69vbG5t71R2b0ySaYYtlohE38ZgUHCFLcutwNtUI8hYYDsenk/89j1qwxN1bUcpRhIGivc5A+ukq6xb7+5U/ZpfgP4lwYxUyQzNbsXbD3sJyyQqywQY0wn81EY5aMuZwHE5zAymwIYwwI6jCiSaKC92HdMjp/RoP9HuKUsLdX4iB2nMSMYuKcHemd/eRPzP62S2X49yrtLMomLTj/qZoDahk8Npj2tkVowcAaa525WyO9DArKunHCp8YImUoHp5OEQ77gRR/kirAQ01qEFx1nwk1lBEQlG4Lvg4Lrsqg9/F/SU3J7XArwWXfrVxOit1lRyQQ3JMAnJGGuSCNEmLMDIgT+SZvHiv3pv34X1OoyVvNrNHfsD7+gYMcKfe</latexit>

z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>u9

<latexit sha1_base64="koL1j9FeKde8aIYIbfaagQSphAM="></latexit><latexit sha1_base64="apL854b+QDj/R0wlhI7UaHl9FzY="></latexit><latexit sha1_base64="apL854b+QDj/R0wlhI7UaHl9FzY="></latexit><latexit sha1_base64="ldU17CyXZ0BjfJRvJysJR+ONsag=">AAACMHicbVC7TgMxEPTxDOGVQEFBYxEhUUV3FDw6JBpKEAQi5U7RnrNJrNi+k+0DRUc+gRb+g6+BCtHyFThHCkgYydJoZlbenTgV3Fjff/fm5hcWl5ZLK+XVtfWNzUp169YkmWbYYIlIdDMGg4IrbFhuBTZTjSBjgXfx4Hzs392jNjxRN3aYYiShp3iXM7BOus7ap+1Kza/7BegsCSakRia4bFe9nbCTsEyiskyAMa3AT22Ug7acCRyVw8xgCmwAPWw5qkCiifJi1xHdd0qHdhPtnrK0UH9P5CCNGcrYJSXYvpn2xuJ/Xiuz3ZMo5yrNLCr281E3E9QmdHw47XCNzIqhI8A0d7tS1gcNzLp6yqHCB5ZICaqThwO0o1YQ5Y+0FtBQg+oVZ/2OxBqKSCgK1wUfR2VXZTBd3Cy5PawHfj248mtnR5NSS2SX7JEDEpBjckYuyCVpEEZ65Ik8kxfv1XvzPrzPn+icN5nZJn/gfX0DDjqn3w==</latexit>

z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>

Time 
evolution

u10
<latexit sha1_base64="t+q9v6C4sPGdpkcOW9UsMsPinmw="></latexit><latexit sha1_base64="+NlDvFcF8eq7YrnVBOgr+khBQmw="></latexit><latexit sha1_base64="+NlDvFcF8eq7YrnVBOgr+khBQmw="></latexit><latexit sha1_base64="rjC195RUdHkCp1hnh3tRd7UW554=">AAACM3icbVDLSgMxFM34tr514cJNsAiuysSFuiy4calgq9AZyp30tsYmmSHJKGWcf3Cr/+HHiDtx6z+Yjl34OhA4nHMuufckmRTWheFLMDU9Mzs3v7BYW1peWV1b39hs2zQ3HFs8lam5SsCiFBpbTjiJV5lBUInEy2R4MvYvb9FYkeoLN8owVjDQoi84OC+1827BwrK7Xg8bYQX6l7AJqZMJzrobwXbUS3muUDsuwdoOCzMXF2Cc4BLLWpRbzIAPYYAdTzUotHFRrVvSPa/0aD81/mlHK/X7RAHK2pFKfFKBu7a/vbH4n9fJXf84LoTOcoeaf33UzyV1KR3fTnvCIHdy5AlwI/yulF+DAe58Q7VI4x1PlQLdK6IhurLD4uKe1hmNDOhBddb3SGKgikSycn3wvqz5Ktnv4v6S9kGDhQ12Htabh5NSF8gO2SX7hJEj0iSn5Iy0CCc35IE8kqfgOXgN3oL3r+hUMJnZIj8QfHwChaepHQ==</latexit>

e−i HX Y T
<latexit sha1_base64="ImCEs/Wl6cPb5KuIPexzeRi2dQQ=">AAAB+nicfVDLSsNAFL3xWeOjUZdugkVwoWGioO3KgpsuK/QlTQ2T8bYdmheZibTEfIk70YW49VPc+Bd+gmmrYCl6Vpdzzn0dJ3S5kIR8KAuLS8srq7k1dX1jcyuvbe80RBBHDOsscIOo5VCBLvexLrl0sRVGSD3HxaYzuBzrzTuMBA/8mhyF2PFoz+ddzqjMKFvL401yzPWKnbSuU72W2lqBGKRUJKclfb4wDTJB4eITJqja2rt1G7DYQ18ylwrRRr+X3d0/MkkoO0mEYRDJVD341yVYlBnHPtWKBYaUDWgPk5iJ9DfRjmW3OOwk3A9jiT6bERPqCY/K/hwpRp4zS6LgfrbL8ugAaRaZlBip1mSq3jckDtUshp9f9b+LxolhEsO8IoXy2TQPyMEe7MMhmHAOZahAFerAIIYHeIJn5V55VF6U16l1Qfnu2YUZKG9fL7CV+g==</latexit><latexit sha1_base64="ImCEs/Wl6cPb5KuIPexzeRi2dQQ=">AAAB+nicfVDLSsNAFL3xWeOjUZdugkVwoWGioO3KgpsuK/QlTQ2T8bYdmheZibTEfIk70YW49VPc+Bd+gmmrYCl6Vpdzzn0dJ3S5kIR8KAuLS8srq7k1dX1jcyuvbe80RBBHDOsscIOo5VCBLvexLrl0sRVGSD3HxaYzuBzrzTuMBA/8mhyF2PFoz+ddzqjMKFvL401yzPWKnbSuU72W2lqBGKRUJKclfb4wDTJB4eITJqja2rt1G7DYQ18ylwrRRr+X3d0/MkkoO0mEYRDJVD341yVYlBnHPtWKBYaUDWgPk5iJ9DfRjmW3OOwk3A9jiT6bERPqCY/K/hwpRp4zS6LgfrbL8ugAaRaZlBip1mSq3jckDtUshp9f9b+LxolhEsO8IoXy2TQPyMEe7MMhmHAOZahAFerAIIYHeIJn5V55VF6U16l1Qfnu2YUZKG9fL7CV+g==</latexit><latexit sha1_base64="ImCEs/Wl6cPb5KuIPexzeRi2dQQ=">AAAB+nicfVDLSsNAFL3xWeOjUZdugkVwoWGioO3KgpsuK/QlTQ2T8bYdmheZibTEfIk70YW49VPc+Bd+gmmrYCl6Vpdzzn0dJ3S5kIR8KAuLS8srq7k1dX1jcyuvbe80RBBHDOsscIOo5VCBLvexLrl0sRVGSD3HxaYzuBzrzTuMBA/8mhyF2PFoz+ddzqjMKFvL401yzPWKnbSuU72W2lqBGKRUJKclfb4wDTJB4eITJqja2rt1G7DYQ18ylwrRRr+X3d0/MkkoO0mEYRDJVD341yVYlBnHPtWKBYaUDWgPk5iJ9DfRjmW3OOwk3A9jiT6bERPqCY/K/hwpRp4zS6LgfrbL8ugAaRaZlBip1mSq3jckDtUshp9f9b+LxolhEsO8IoXy2TQPyMEe7MMhmHAOZahAFerAIIYHeIJn5V55VF6U16l1Qfnu2YUZKG9fL7CV+g==</latexit><latexit sha1_base64="ImCEs/Wl6cPb5KuIPexzeRi2dQQ=">AAAB+nicfVDLSsNAFL3xWeOjUZdugkVwoWGioO3KgpsuK/QlTQ2T8bYdmheZibTEfIk70YW49VPc+Bd+gmmrYCl6Vpdzzn0dJ3S5kIR8KAuLS8srq7k1dX1jcyuvbe80RBBHDOsscIOo5VCBLvexLrl0sRVGSD3HxaYzuBzrzTuMBA/8mhyF2PFoz+ddzqjMKFvL401yzPWKnbSuU72W2lqBGKRUJKclfb4wDTJB4eITJqja2rt1G7DYQ18ylwrRRr+X3d0/MkkoO0mEYRDJVD341yVYlBnHPtWKBYaUDWgPk5iJ9DfRjmW3OOwk3A9jiT6bERPqCY/K/hwpRp4zS6LgfrbL8ugAaRaZlBip1mSq3jckDtUshp9f9b+LxolhEsO8IoXy2TQPyMEe7MMhmHAOZahAFerAIIYHeIJn5V55VF6U16l1Qfnu2YUZKG9fL7CV+g==</latexit><latexit sha1_base64="hVdzNXWTXu7t46zbG+bnow/Vhbk=">AAAB+nicfVDLSsNAFL3xWeOjUZdugkVwoWGioO2u4KbLCn1JU8tkvG2H5sXMRFpivsSd6ELc+ilu/BvTWsFS9Kwu55z7Om7kcakI+dSWlldW19ZzG/rm1vZO3tjda8gwFgzrLPRC0XKpRI8HWFdcediKBFLf9bDpDq8mevMeheRhUFPjCDs+7Qe8xxlVGdU18nibnHKz0k1aN6lZS7tGgVikVCTnJXOxsC0yRQFmqHaND+cuZLGPgWIelbKNQT+7e3Bik0h1EoFRKFSqH/3rkkxkxolPd2KJEWVD2sckZjL9TbRj1SuOOgkPolhhwObEhPrSp2qwQMqx786TKHmQ7XJ8OkSaRaYUCt2ZTjUHlsKRnsXw86v5d9E4s2xi2dekUL6YBZKDAziEY7DhEspQgSrUgUEMj/AML9qD9qS9am/f1iVt1rMPc9DevwCSQJTL</latexit>

↑
<latexit sha1_base64="JoBdLc4EeGebXYKB6hHiWbNBRBw=">AAACDXicfVA9S8NQFL2pXzV+RR27hBbBQUKig+0iBRfHCv2CppSX19s2NHkvvPeiLaHg6OY/cRMdxNU/4OK/MW0VLEXPdDnn3Hs5x4sCXyrb/tQyK6tr6xvZTX1re2d3z9g/qEseC4o1ygMumh6RGPgMa8pXATYjgST0Amx4w8up3rhBIX3OqmocYTskfeb3fEpUSnWMvOl6POiGRA1Md3Yu4YKwPk5MN46IEPy2YxRsyy4V7bOSuTw4lj1DoZyrVe8AoNIxPtwup3GITNGASNlC1k+jDE4cO1LtRGDEhZroR/+6JBWpcerT3VhiROiQ9DGJqZz8Jlqx6hVH7cRnUayQ0QUxIaGcJlsi5Tj0FkmUPkt/uSEZIklbVAqF7s6umgNL4UhPa/jJav491E8tx7ac67SPC5gjCznIwzE4cA5luIIK1IDCPTzCM7xoD9qT9qq9za0Z7XvnEBagvX8BjJ6fQg==</latexit><latexit sha1_base64="eTFCpuFHLUsh43dWGb7Wudzuem0=">AAACDXicfVA9T8JQFH3FL6xfVTdZGoiJg2laHYTFkLg4OGBCgYQS8vq4QEP73st7rwpp2N38Ee5uRgfj6h9w8d9YQBMJ0TPdnHPuvTnH52EglW1/apml5ZXVtey6vrG5tb1j7O7VJIsFAZewkImGjyWEAQVXBSqEBheAIz+Euj+4mOj1GxAyYLSqRhxaEe7RoBsQrFKqbeRNz2dhJ8Kqb3rTcwkTmPZgbHoxx0Kw27ZRsC27VLRPS+bi4Fj2FIVyzq3GDwdXlbbx4XUYiSOgioRYyibQXhqlf+zYXLUSAZwJNdYP/3VJIlLjxKd7sQSOyQD3IImJHP8mmrHqFoetJKA8VkDJnJjgSE6SLZByFPnzJMiApr+8CA8Apy0qBUL3plfNvqVgqKc1/GQ1/x5qJ5ZjW8512sc5miGLciiPjpCDzlAZXaIKchFBd+gRPaMX7V570l61t5k1o33v7KM5aO9f4j6gQA==</latexit><latexit sha1_base64="eTFCpuFHLUsh43dWGb7Wudzuem0=">AAACDXicfVA9T8JQFH3FL6xfVTdZGoiJg2laHYTFkLg4OGBCgYQS8vq4QEP73st7rwpp2N38Ee5uRgfj6h9w8d9YQBMJ0TPdnHPuvTnH52EglW1/apml5ZXVtey6vrG5tb1j7O7VJIsFAZewkImGjyWEAQVXBSqEBheAIz+Euj+4mOj1GxAyYLSqRhxaEe7RoBsQrFKqbeRNz2dhJ8Kqb3rTcwkTmPZgbHoxx0Kw27ZRsC27VLRPS+bi4Fj2FIVyzq3GDwdXlbbx4XUYiSOgioRYyibQXhqlf+zYXLUSAZwJNdYP/3VJIlLjxKd7sQSOyQD3IImJHP8mmrHqFoetJKA8VkDJnJjgSE6SLZByFPnzJMiApr+8CA8Apy0qBUL3plfNvqVgqKc1/GQ1/x5qJ5ZjW8512sc5miGLciiPjpCDzlAZXaIKchFBd+gRPaMX7V570l61t5k1o33v7KM5aO9f4j6gQA==</latexit><latexit sha1_base64="eTFCpuFHLUsh43dWGb7Wudzuem0=">AAACDXicfVA9T8JQFH3FL6xfVTdZGoiJg2laHYTFkLg4OGBCgYQS8vq4QEP73st7rwpp2N38Ee5uRgfj6h9w8d9YQBMJ0TPdnHPuvTnH52EglW1/apml5ZXVtey6vrG5tb1j7O7VJIsFAZewkImGjyWEAQVXBSqEBheAIz+Euj+4mOj1GxAyYLSqRhxaEe7RoBsQrFKqbeRNz2dhJ8Kqb3rTcwkTmPZgbHoxx0Kw27ZRsC27VLRPS+bi4Fj2FIVyzq3GDwdXlbbx4XUYiSOgioRYyibQXhqlf+zYXLUSAZwJNdYP/3VJIlLjxKd7sQSOyQD3IImJHP8mmrHqFoetJKA8VkDJnJjgSE6SLZByFPnzJMiApr+8CA8Apy0qBUL3plfNvqVgqKc1/GQ1/x5qJ5ZjW8512sc5miGLciiPjpCDzlAZXaIKchFBd+gRPaMX7V570l61t5k1o33v7KM5aO9f4j6gQA==</latexit><latexit sha1_base64="jQkOnB5wL00WrOjLLOUmbp3pQtU=">AAACDXicfVC7SgNBFJ31GdfXqqXNkiBYyDKrhUkjARvLCOYB2RBmJzfJkN2ZYWZWE5b0dv6JnWghtv6AjX/jJkYwBD3V5Zxz7+WcUEZMG4w/raXlldW19dyGvbm1vbPr7O3XtEgUhSoVkVCNkGiIGIeqYSaChlRA4jCCeji4nOj1W1CaCX5jRhJaMelx1mWUmIxqO3k3CEXUiYnpu8H0XCoU4T0Yu0EiiVLiru0UsIdLRXxWchcH38NTFNAMlbbzEXQETWLghkZE6ybwXhalf+JjaVqpAimUGdtH/7o0VZlx4rODRIMkdEB6kCZUj38TzcR0i8NWyrhMDHA6J6Yk1pNkC6QexeE8CZrx7FcQkwGQrEVjQNnB9Krb9wwM7ayGn6zu30Pt1POx51/jQvliVkgOHaI8OkY+OkdldIUqqIooukeP6Bm9WA/Wk/VqvX1bl6zZzgGag/X+BX3Jnb4=</latexit>

↑
<latexit sha1_base64="dAx4cajuQab317yPMNKxA6C35oc=">AAACDHicfVA9T8JQFL31E+tX1ZGlSkwcTNPqICyGxEFHTCyQUIKvjwt9oV9571UgDbOb/8TN6GBc/QUu/hsLaCIheqabc869N+e4sc+ENM1PZWFxaXllNbemrm9sbm1rO7tVESWcok0jP+J1lwj0WYi2ZNLHesyRBK6PNbd3MdZrd8gFi8IbOYyxGZBuyDqMEplRLW1fd9zIbwdEerozOZf2PSZxpDtJTDiP+i2tYBpmqWielvT5wTLMCQrlvH15CwCVlvbhtCOaBBhK6hMhGhh2syTesWXGsplyjCMuR+rhvy5BeWYc+1QnERgT2iNdTBMqRr+JRiI7xUEzZWGcSAzpjJiSQIyDzZFiGLizJAoWZr+cgPSQZCVKiVx1Jld1z5A4ULMafrLqfw/VE8MyDes66+McpshBHg7gCCw4gzJcQQVsoHAPj/AML8qD8qS8Km9T64LyvbMHM1DevwCTX56w</latexit><latexit sha1_base64="386hColSb6oTvqFW9Cp8jZ4NwgE=">AAACDHicfVBNT8JAFNz6ifWr6pFLlZh4ME2rB+FiSDzoERMLRErIdnnAhna32d0KpOHszV/h1ZvRg9Gjv8CL/8YCmkiIzullZt57mfGjgEpl25/a3PzC4tJyZkVfXVvf2DS2tsuSx4KAS3jARdXHEgLKwFVUBVCNBODQD6Did89GeuUGhKScXalBBPUQtxltUYJVSjWMXdPzedAMseqY3vhc0utQBUPTiyMsBO81jJxt2YW8fVwwZwfHssfIFbPu+bVz/1ZqGB9ek5M4BKZIgKWsAWunSTqHjh2peiIg4kIN9f1/XZKI1Djy6V4sIcKki9uQxEQOfxO1WLXy/XpCWRQrYGRKTHAoR8FmSDkI/WkSJGXpLy/EXcBpiUqB0L3xVbNjKejraQ0/Wc2/h/KR5diWc5n2cYomyKAs2kMHyEEnqIguUAm5iKBb9ICe0LN2pz1qL9rrxDqnfe/soClo71+oXKA9</latexit><latexit sha1_base64="386hColSb6oTvqFW9Cp8jZ4NwgE=">AAACDHicfVBNT8JAFNz6ifWr6pFLlZh4ME2rB+FiSDzoERMLRErIdnnAhna32d0KpOHszV/h1ZvRg9Gjv8CL/8YCmkiIzullZt57mfGjgEpl25/a3PzC4tJyZkVfXVvf2DS2tsuSx4KAS3jARdXHEgLKwFVUBVCNBODQD6Did89GeuUGhKScXalBBPUQtxltUYJVSjWMXdPzedAMseqY3vhc0utQBUPTiyMsBO81jJxt2YW8fVwwZwfHssfIFbPu+bVz/1ZqGB9ek5M4BKZIgKWsAWunSTqHjh2peiIg4kIN9f1/XZKI1Djy6V4sIcKki9uQxEQOfxO1WLXy/XpCWRQrYGRKTHAoR8FmSDkI/WkSJGXpLy/EXcBpiUqB0L3xVbNjKejraQ0/Wc2/h/KR5diWc5n2cYomyKAs2kMHyEEnqIguUAm5iKBb9ICe0LN2pz1qL9rrxDqnfe/soClo71+oXKA9</latexit><latexit sha1_base64="386hColSb6oTvqFW9Cp8jZ4NwgE=">AAACDHicfVBNT8JAFNz6ifWr6pFLlZh4ME2rB+FiSDzoERMLRErIdnnAhna32d0KpOHszV/h1ZvRg9Gjv8CL/8YCmkiIzullZt57mfGjgEpl25/a3PzC4tJyZkVfXVvf2DS2tsuSx4KAS3jARdXHEgLKwFVUBVCNBODQD6Did89GeuUGhKScXalBBPUQtxltUYJVSjWMXdPzedAMseqY3vhc0utQBUPTiyMsBO81jJxt2YW8fVwwZwfHssfIFbPu+bVz/1ZqGB9ek5M4BKZIgKWsAWunSTqHjh2peiIg4kIN9f1/XZKI1Djy6V4sIcKki9uQxEQOfxO1WLXy/XpCWRQrYGRKTHAoR8FmSDkI/WkSJGXpLy/EXcBpiUqB0L3xVbNjKejraQ0/Wc2/h/KR5diWc5n2cYomyKAs2kMHyEEnqIguUAm5iKBb9ICe0LN2pz1qL9rrxDqnfe/soClo71+oXKA9</latexit><latexit sha1_base64="Aqlt6LZWDjvtPkdRJ9m1R9ng/Lk=">AAACDHicfVDLSsNAFJ3UV42vqEs30SK4kDDRhe1GCm5cVrAPaEqZTG+boclkmJnYltC1O//EnehC3PoFbvwb01rBUvSsLuecey/n+CJkSmP8aeSWlldW1/Lr5sbm1vaOtbtXU3EiKVRpHMay4RMFIeNQ1UyH0BASSOSHUPf7VxO9fgdSsZjf6pGAVkR6nHUZJTqj2tah7flx2ImIDmxvei4dBEzD2PYSQaSMB22rgB1cKuLzkr04uA6eooBmqLStD68T0yQCrmlIlGoC72VJglMXC91KJYhY6rF5/K9LUZkZJz7TSxQIQvukB2lC1fg30Ux0tzhspYyLRAOnc2JKIjUJtkCqUeTPk6AYz355EekDyUrUGqTpTa/agaNhaGY1/GS1/x5qZ46LHfcGF8qXs0Ly6AAdoRPkogtURteogqqIonv0iJ7Ri/FgPBmvxtu3NWfMdvbRHIz3L8FpnVk=</latexit>

↓
<latexit sha1_base64="L7LJW2rPt6u/99erLSSSRAUJHqA=">AAACDnicfVDLSsNAFL2p7/iquuwmKIILCYkurBspuNClgtFCU3QyvW2HJjNhZmItoR/gzj9xJ7oQt36AG//GaatgKXpWl3POvZdzojRmSnvep1WYmp6ZnZtfsBeXlldWi2vrl0pkkmJARSxkNSIKY8Yx0EzHWE0lkiSK8SrqHA/0q1uUigl+oXsp1hPS4qzJKNGGui5uOWEk4kZCdNsJh+fybptp7DthQ3Q5kVJ0jctzvcOyt3/oTA6+6w2xVSkFJzcAcHZd/DDLNEuQaxoTpWrIWyZLe9f3Ul3PJaZC6r69/a9LUWmMA58dZgpTQjukhXlGVf83Uct0s3xXzxlPM42cjok5SdQg2gSpekk0TqJi3PwKE9JBYmrUGqUdDq86bVfjnW1q+Mnq/D1c7rm+5/rnpo8jGGEeSrAJO+DDAVTgFM4gAAr38AjP8GI9WE/Wq/U2shas750NGIP1/gU5lJ+X</latexit><latexit sha1_base64="qj8CzDac8nr4iJLrtaFCABpSsHo=">AAACDnicfVDLTsJAFJ3iC+sLdcmmkZi4ME2rC2FjSFzoEhMLRErIdLjQCe20mZkKpOED3PkR7t0ZXahbP8CNf+MAmkiIntXNOefem3O8OKBCWtanlllYXFpeya7qa+sbm1u57Z2qiBJOwCFREPG6hwUElIEjqQygHnPAoRdAzeudjfXaDXBBI3YlhzE0Q9xltEMJlopq5QqG60VBO8TSN9zJubTvUwkjw21HfYY5j/rKZZlWqWgdl4z5wTatCQrlvHN+bd+/Vlq5D7VMkhCYJAEWogGsq7L4h7YVy2bKIY64HOn7/7oE4co49uluIiDGpIe7kCZEjH4TjUR2ioNmSlmcSGBkRkxxKMbR5kgxDL1ZEgRl6pcb4h5gVaOUwHV3ctXwTQkDXdXwk9X4e6gembZl2peqj1M0RRbl0R46QDY6QWV0gSrIQQTdogf0hJ61O+1Re9HeptaM9r2zi2agvX8BTpGhJA==</latexit><latexit sha1_base64="qj8CzDac8nr4iJLrtaFCABpSsHo=">AAACDnicfVDLTsJAFJ3iC+sLdcmmkZi4ME2rC2FjSFzoEhMLRErIdLjQCe20mZkKpOED3PkR7t0ZXahbP8CNf+MAmkiIntXNOefem3O8OKBCWtanlllYXFpeya7qa+sbm1u57Z2qiBJOwCFREPG6hwUElIEjqQygHnPAoRdAzeudjfXaDXBBI3YlhzE0Q9xltEMJlopq5QqG60VBO8TSN9zJubTvUwkjw21HfYY5j/rKZZlWqWgdl4z5wTatCQrlvHN+bd+/Vlq5D7VMkhCYJAEWogGsq7L4h7YVy2bKIY64HOn7/7oE4co49uluIiDGpIe7kCZEjH4TjUR2ioNmSlmcSGBkRkxxKMbR5kgxDL1ZEgRl6pcb4h5gVaOUwHV3ctXwTQkDXdXwk9X4e6gembZl2peqj1M0RRbl0R46QDY6QWV0gSrIQQTdogf0hJ61O+1Re9HeptaM9r2zi2agvX8BTpGhJA==</latexit><latexit sha1_base64="qj8CzDac8nr4iJLrtaFCABpSsHo=">AAACDnicfVDLTsJAFJ3iC+sLdcmmkZi4ME2rC2FjSFzoEhMLRErIdLjQCe20mZkKpOED3PkR7t0ZXahbP8CNf+MAmkiIntXNOefem3O8OKBCWtanlllYXFpeya7qa+sbm1u57Z2qiBJOwCFREPG6hwUElIEjqQygHnPAoRdAzeudjfXaDXBBI3YlhzE0Q9xltEMJlopq5QqG60VBO8TSN9zJubTvUwkjw21HfYY5j/rKZZlWqWgdl4z5wTatCQrlvHN+bd+/Vlq5D7VMkhCYJAEWogGsq7L4h7YVy2bKIY64HOn7/7oE4co49uluIiDGpIe7kCZEjH4TjUR2ioNmSlmcSGBkRkxxKMbR5kgxDL1ZEgRl6pcb4h5gVaOUwHV3ctXwTQkDXdXwk9X4e6gembZl2peqj1M0RRbl0R46QDY6QWV0gSrIQQTdogf0hJ61O+1Re9HeptaM9r2zi2agvX8BTpGhJA==</latexit><latexit sha1_base64="BKoqG+PrtrjdT56ZB4y8kWkRikE=">AAACDnicfVC7SgNBFJ31GddX1NJmMQgWssxqYdJIwMYygnlANoTZyU12yO7MMjNrEpZ8gJ1/YidaiK0fYOPfOIkRDEFPdTnn3Hs5J0gipjTGn9bS8srq2npuw97c2t7Zze/t15RIJYUqFZGQjYAoiBiHqmY6gkYigcRBBPWgfzXR63cgFRP8Vo8SaMWkx1mXUaIN1c4XHD8QUScmOnT86blsEDINY8fviAEnUoqBcWEXl4r4vOQsDp6LpyigGSrt/IdZpmkMXNOIKNUE3jNZwlMPJ7qVSUiE1GP7+F+XotIYJz7bTxUkhPZJD7KUqvFvopnqbnHYyhhPUg2czokZidUk2gKpRnEwT4Ji3PzyY9IHYmrUGqTtT686oathaJsafrI6fw+1M9fDrneDC+XLWSE5dIiO0Any0AUqo2tUQVVE0T16RM/oxXqwnqxX6+3bumTNdg7QHKz3L2eenkA=</latexit>

↓
<latexit sha1_base64="L7LJW2rPt6u/99erLSSSRAUJHqA=">AAACDnicfVDLSsNAFL2p7/iquuwmKIILCYkurBspuNClgtFCU3QyvW2HJjNhZmItoR/gzj9xJ7oQt36AG//GaatgKXpWl3POvZdzojRmSnvep1WYmp6ZnZtfsBeXlldWi2vrl0pkkmJARSxkNSIKY8Yx0EzHWE0lkiSK8SrqHA/0q1uUigl+oXsp1hPS4qzJKNGGui5uOWEk4kZCdNsJh+fybptp7DthQ3Q5kVJ0jctzvcOyt3/oTA6+6w2xVSkFJzcAcHZd/DDLNEuQaxoTpWrIWyZLe9f3Ul3PJaZC6r69/a9LUWmMA58dZgpTQjukhXlGVf83Uct0s3xXzxlPM42cjok5SdQg2gSpekk0TqJi3PwKE9JBYmrUGqUdDq86bVfjnW1q+Mnq/D1c7rm+5/rnpo8jGGEeSrAJO+DDAVTgFM4gAAr38AjP8GI9WE/Wq/U2shas750NGIP1/gU5lJ+X</latexit><latexit sha1_base64="qj8CzDac8nr4iJLrtaFCABpSsHo=">AAACDnicfVDLTsJAFJ3iC+sLdcmmkZi4ME2rC2FjSFzoEhMLRErIdLjQCe20mZkKpOED3PkR7t0ZXahbP8CNf+MAmkiIntXNOefem3O8OKBCWtanlllYXFpeya7qa+sbm1u57Z2qiBJOwCFREPG6hwUElIEjqQygHnPAoRdAzeudjfXaDXBBI3YlhzE0Q9xltEMJlopq5QqG60VBO8TSN9zJubTvUwkjw21HfYY5j/rKZZlWqWgdl4z5wTatCQrlvHN+bd+/Vlq5D7VMkhCYJAEWogGsq7L4h7YVy2bKIY64HOn7/7oE4co49uluIiDGpIe7kCZEjH4TjUR2ioNmSlmcSGBkRkxxKMbR5kgxDL1ZEgRl6pcb4h5gVaOUwHV3ctXwTQkDXdXwk9X4e6gembZl2peqj1M0RRbl0R46QDY6QWV0gSrIQQTdogf0hJ61O+1Re9HeptaM9r2zi2agvX8BTpGhJA==</latexit><latexit sha1_base64="qj8CzDac8nr4iJLrtaFCABpSsHo=">AAACDnicfVDLTsJAFJ3iC+sLdcmmkZi4ME2rC2FjSFzoEhMLRErIdLjQCe20mZkKpOED3PkR7t0ZXahbP8CNf+MAmkiIntXNOefem3O8OKBCWtanlllYXFpeya7qa+sbm1u57Z2qiBJOwCFREPG6hwUElIEjqQygHnPAoRdAzeudjfXaDXBBI3YlhzE0Q9xltEMJlopq5QqG60VBO8TSN9zJubTvUwkjw21HfYY5j/rKZZlWqWgdl4z5wTatCQrlvHN+bd+/Vlq5D7VMkhCYJAEWogGsq7L4h7YVy2bKIY64HOn7/7oE4co49uluIiDGpIe7kCZEjH4TjUR2ioNmSlmcSGBkRkxxKMbR5kgxDL1ZEgRl6pcb4h5gVaOUwHV3ctXwTQkDXdXwk9X4e6gembZl2peqj1M0RRbl0R46QDY6QWV0gSrIQQTdogf0hJ61O+1Re9HeptaM9r2zi2agvX8BTpGhJA==</latexit><latexit sha1_base64="qj8CzDac8nr4iJLrtaFCABpSsHo=">AAACDnicfVDLTsJAFJ3iC+sLdcmmkZi4ME2rC2FjSFzoEhMLRErIdLjQCe20mZkKpOED3PkR7t0ZXahbP8CNf+MAmkiIntXNOefem3O8OKBCWtanlllYXFpeya7qa+sbm1u57Z2qiBJOwCFREPG6hwUElIEjqQygHnPAoRdAzeudjfXaDXBBI3YlhzE0Q9xltEMJlopq5QqG60VBO8TSN9zJubTvUwkjw21HfYY5j/rKZZlWqWgdl4z5wTatCQrlvHN+bd+/Vlq5D7VMkhCYJAEWogGsq7L4h7YVy2bKIY64HOn7/7oE4co49uluIiDGpIe7kCZEjH4TjUR2ioNmSlmcSGBkRkxxKMbR5kgxDL1ZEgRl6pcb4h5gVaOUwHV3ctXwTQkDXdXwk9X4e6gembZl2peqj1M0RRbl0R46QDY6QWV0gSrIQQTdogf0hJ61O+1Re9HeptaM9r2zi2agvX8BTpGhJA==</latexit><latexit sha1_base64="BKoqG+PrtrjdT56ZB4y8kWkRikE=">AAACDnicfVC7SgNBFJ31GddX1NJmMQgWssxqYdJIwMYygnlANoTZyU12yO7MMjNrEpZ8gJ1/YidaiK0fYOPfOIkRDEFPdTnn3Hs5J0gipjTGn9bS8srq2npuw97c2t7Zze/t15RIJYUqFZGQjYAoiBiHqmY6gkYigcRBBPWgfzXR63cgFRP8Vo8SaMWkx1mXUaIN1c4XHD8QUScmOnT86blsEDINY8fviAEnUoqBcWEXl4r4vOQsDp6LpyigGSrt/IdZpmkMXNOIKNUE3jNZwlMPJ7qVSUiE1GP7+F+XotIYJz7bTxUkhPZJD7KUqvFvopnqbnHYyhhPUg2czokZidUk2gKpRnEwT4Ji3PzyY9IHYmrUGqTtT686oathaJsafrI6fw+1M9fDrneDC+XLWSE5dIiO0Any0AUqo2tUQVVE0T16RM/oxXqwnqxX6+3bumTNdg7QHKz3L2eenkA=</latexit>

↑
<latexit sha1_base64="dAx4cajuQab317yPMNKxA6C35oc=">AAACDHicfVA9T8JQFL31E+tX1ZGlSkwcTNPqICyGxEFHTCyQUIKvjwt9oV9571UgDbOb/8TN6GBc/QUu/hsLaCIheqabc869N+e4sc+ENM1PZWFxaXllNbemrm9sbm1rO7tVESWcok0jP+J1lwj0WYi2ZNLHesyRBK6PNbd3MdZrd8gFi8IbOYyxGZBuyDqMEplRLW1fd9zIbwdEerozOZf2PSZxpDtJTDiP+i2tYBpmqWielvT5wTLMCQrlvH15CwCVlvbhtCOaBBhK6hMhGhh2syTesWXGsplyjCMuR+rhvy5BeWYc+1QnERgT2iNdTBMqRr+JRiI7xUEzZWGcSAzpjJiSQIyDzZFiGLizJAoWZr+cgPSQZCVKiVx1Jld1z5A4ULMafrLqfw/VE8MyDes66+McpshBHg7gCCw4gzJcQQVsoHAPj/AML8qD8qS8Km9T64LyvbMHM1DevwCTX56w</latexit><latexit sha1_base64="386hColSb6oTvqFW9Cp8jZ4NwgE=">AAACDHicfVBNT8JAFNz6ifWr6pFLlZh4ME2rB+FiSDzoERMLRErIdnnAhna32d0KpOHszV/h1ZvRg9Gjv8CL/8YCmkiIzullZt57mfGjgEpl25/a3PzC4tJyZkVfXVvf2DS2tsuSx4KAS3jARdXHEgLKwFVUBVCNBODQD6Did89GeuUGhKScXalBBPUQtxltUYJVSjWMXdPzedAMseqY3vhc0utQBUPTiyMsBO81jJxt2YW8fVwwZwfHssfIFbPu+bVz/1ZqGB9ek5M4BKZIgKWsAWunSTqHjh2peiIg4kIN9f1/XZKI1Djy6V4sIcKki9uQxEQOfxO1WLXy/XpCWRQrYGRKTHAoR8FmSDkI/WkSJGXpLy/EXcBpiUqB0L3xVbNjKejraQ0/Wc2/h/KR5diWc5n2cYomyKAs2kMHyEEnqIguUAm5iKBb9ICe0LN2pz1qL9rrxDqnfe/soClo71+oXKA9</latexit><latexit sha1_base64="386hColSb6oTvqFW9Cp8jZ4NwgE=">AAACDHicfVBNT8JAFNz6ifWr6pFLlZh4ME2rB+FiSDzoERMLRErIdnnAhna32d0KpOHszV/h1ZvRg9Gjv8CL/8YCmkiIzullZt57mfGjgEpl25/a3PzC4tJyZkVfXVvf2DS2tsuSx4KAS3jARdXHEgLKwFVUBVCNBODQD6Did89GeuUGhKScXalBBPUQtxltUYJVSjWMXdPzedAMseqY3vhc0utQBUPTiyMsBO81jJxt2YW8fVwwZwfHssfIFbPu+bVz/1ZqGB9ek5M4BKZIgKWsAWunSTqHjh2peiIg4kIN9f1/XZKI1Djy6V4sIcKki9uQxEQOfxO1WLXy/XpCWRQrYGRKTHAoR8FmSDkI/WkSJGXpLy/EXcBpiUqB0L3xVbNjKejraQ0/Wc2/h/KR5diWc5n2cYomyKAs2kMHyEEnqIguUAm5iKBb9ICe0LN2pz1qL9rrxDqnfe/soClo71+oXKA9</latexit><latexit sha1_base64="386hColSb6oTvqFW9Cp8jZ4NwgE=">AAACDHicfVBNT8JAFNz6ifWr6pFLlZh4ME2rB+FiSDzoERMLRErIdnnAhna32d0KpOHszV/h1ZvRg9Gjv8CL/8YCmkiIzullZt57mfGjgEpl25/a3PzC4tJyZkVfXVvf2DS2tsuSx4KAS3jARdXHEgLKwFVUBVCNBODQD6Did89GeuUGhKScXalBBPUQtxltUYJVSjWMXdPzedAMseqY3vhc0utQBUPTiyMsBO81jJxt2YW8fVwwZwfHssfIFbPu+bVz/1ZqGB9ek5M4BKZIgKWsAWunSTqHjh2peiIg4kIN9f1/XZKI1Djy6V4sIcKki9uQxEQOfxO1WLXy/XpCWRQrYGRKTHAoR8FmSDkI/WkSJGXpLy/EXcBpiUqB0L3xVbNjKejraQ0/Wc2/h/KR5diWc5n2cYomyKAs2kMHyEEnqIguUAm5iKBb9ICe0LN2pz1qL9rrxDqnfe/soClo71+oXKA9</latexit><latexit sha1_base64="Aqlt6LZWDjvtPkdRJ9m1R9ng/Lk=">AAACDHicfVDLSsNAFJ3UV42vqEs30SK4kDDRhe1GCm5cVrAPaEqZTG+boclkmJnYltC1O//EnehC3PoFbvwb01rBUvSsLuecey/n+CJkSmP8aeSWlldW1/Lr5sbm1vaOtbtXU3EiKVRpHMay4RMFIeNQ1UyH0BASSOSHUPf7VxO9fgdSsZjf6pGAVkR6nHUZJTqj2tah7flx2ImIDmxvei4dBEzD2PYSQaSMB22rgB1cKuLzkr04uA6eooBmqLStD68T0yQCrmlIlGoC72VJglMXC91KJYhY6rF5/K9LUZkZJz7TSxQIQvukB2lC1fg30Ux0tzhspYyLRAOnc2JKIjUJtkCqUeTPk6AYz355EekDyUrUGqTpTa/agaNhaGY1/GS1/x5qZ46LHfcGF8qXs0Ly6AAdoRPkogtURteogqqIonv0iJ7Ri/FgPBmvxtu3NWfMdvbRHIz3L8FpnVk=</latexit>

↓
<latexit sha1_base64="L7LJW2rPt6u/99erLSSSRAUJHqA=">AAACDnicfVDLSsNAFL2p7/iquuwmKIILCYkurBspuNClgtFCU3QyvW2HJjNhZmItoR/gzj9xJ7oQt36AG//GaatgKXpWl3POvZdzojRmSnvep1WYmp6ZnZtfsBeXlldWi2vrl0pkkmJARSxkNSIKY8Yx0EzHWE0lkiSK8SrqHA/0q1uUigl+oXsp1hPS4qzJKNGGui5uOWEk4kZCdNsJh+fybptp7DthQ3Q5kVJ0jctzvcOyt3/oTA6+6w2xVSkFJzcAcHZd/DDLNEuQaxoTpWrIWyZLe9f3Ul3PJaZC6r69/a9LUWmMA58dZgpTQjukhXlGVf83Uct0s3xXzxlPM42cjok5SdQg2gSpekk0TqJi3PwKE9JBYmrUGqUdDq86bVfjnW1q+Mnq/D1c7rm+5/rnpo8jGGEeSrAJO+DDAVTgFM4gAAr38AjP8GI9WE/Wq/U2shas750NGIP1/gU5lJ+X</latexit><latexit sha1_base64="qj8CzDac8nr4iJLrtaFCABpSsHo=">AAACDnicfVDLTsJAFJ3iC+sLdcmmkZi4ME2rC2FjSFzoEhMLRErIdLjQCe20mZkKpOED3PkR7t0ZXahbP8CNf+MAmkiIntXNOefem3O8OKBCWtanlllYXFpeya7qa+sbm1u57Z2qiBJOwCFREPG6hwUElIEjqQygHnPAoRdAzeudjfXaDXBBI3YlhzE0Q9xltEMJlopq5QqG60VBO8TSN9zJubTvUwkjw21HfYY5j/rKZZlWqWgdl4z5wTatCQrlvHN+bd+/Vlq5D7VMkhCYJAEWogGsq7L4h7YVy2bKIY64HOn7/7oE4co49uluIiDGpIe7kCZEjH4TjUR2ioNmSlmcSGBkRkxxKMbR5kgxDL1ZEgRl6pcb4h5gVaOUwHV3ctXwTQkDXdXwk9X4e6gembZl2peqj1M0RRbl0R46QDY6QWV0gSrIQQTdogf0hJ61O+1Re9HeptaM9r2zi2agvX8BTpGhJA==</latexit><latexit sha1_base64="qj8CzDac8nr4iJLrtaFCABpSsHo=">AAACDnicfVDLTsJAFJ3iC+sLdcmmkZi4ME2rC2FjSFzoEhMLRErIdLjQCe20mZkKpOED3PkR7t0ZXahbP8CNf+MAmkiIntXNOefem3O8OKBCWtanlllYXFpeya7qa+sbm1u57Z2qiBJOwCFREPG6hwUElIEjqQygHnPAoRdAzeudjfXaDXBBI3YlhzE0Q9xltEMJlopq5QqG60VBO8TSN9zJubTvUwkjw21HfYY5j/rKZZlWqWgdl4z5wTatCQrlvHN+bd+/Vlq5D7VMkhCYJAEWogGsq7L4h7YVy2bKIY64HOn7/7oE4co49uluIiDGpIe7kCZEjH4TjUR2ioNmSlmcSGBkRkxxKMbR5kgxDL1ZEgRl6pcb4h5gVaOUwHV3ctXwTQkDXdXwk9X4e6gembZl2peqj1M0RRbl0R46QDY6QWV0gSrIQQTdogf0hJ61O+1Re9HeptaM9r2zi2agvX8BTpGhJA==</latexit><latexit sha1_base64="qj8CzDac8nr4iJLrtaFCABpSsHo=">AAACDnicfVDLTsJAFJ3iC+sLdcmmkZi4ME2rC2FjSFzoEhMLRErIdLjQCe20mZkKpOED3PkR7t0ZXahbP8CNf+MAmkiIntXNOefem3O8OKBCWtanlllYXFpeya7qa+sbm1u57Z2qiBJOwCFREPG6hwUElIEjqQygHnPAoRdAzeudjfXaDXBBI3YlhzE0Q9xltEMJlopq5QqG60VBO8TSN9zJubTvUwkjw21HfYY5j/rKZZlWqWgdl4z5wTatCQrlvHN+bd+/Vlq5D7VMkhCYJAEWogGsq7L4h7YVy2bKIY64HOn7/7oE4co49uluIiDGpIe7kCZEjH4TjUR2ioNmSlmcSGBkRkxxKMbR5kgxDL1ZEgRl6pcb4h5gVaOUwHV3ctXwTQkDXdXwk9X4e6gembZl2peqj1M0RRbl0R46QDY6QWV0gSrIQQTdogf0hJ61O+1Re9HeptaM9r2zi2agvX8BTpGhJA==</latexit><latexit sha1_base64="BKoqG+PrtrjdT56ZB4y8kWkRikE=">AAACDnicfVC7SgNBFJ31GddX1NJmMQgWssxqYdJIwMYygnlANoTZyU12yO7MMjNrEpZ8gJ1/YidaiK0fYOPfOIkRDEFPdTnn3Hs5J0gipjTGn9bS8srq2npuw97c2t7Zze/t15RIJYUqFZGQjYAoiBiHqmY6gkYigcRBBPWgfzXR63cgFRP8Vo8SaMWkx1mXUaIN1c4XHD8QUScmOnT86blsEDINY8fviAEnUoqBcWEXl4r4vOQsDp6LpyigGSrt/IdZpmkMXNOIKNUE3jNZwlMPJ7qVSUiE1GP7+F+XotIYJz7bTxUkhPZJD7KUqvFvopnqbnHYyhhPUg2czokZidUk2gKpRnEwT4Ji3PzyY9IHYmrUGqTtT686oathaJsafrI6fw+1M9fDrneDC+XLWSE5dIiO0Any0AUqo2tUQVVE0T16RM/oxXqwnqxX6+3bumTNdg7QHKz3L2eenkA=</latexit>

↓
<latexit sha1_base64="L7LJW2rPt6u/99erLSSSRAUJHqA=">AAACDnicfVDLSsNAFL2p7/iquuwmKIILCYkurBspuNClgtFCU3QyvW2HJjNhZmItoR/gzj9xJ7oQt36AG//GaatgKXpWl3POvZdzojRmSnvep1WYmp6ZnZtfsBeXlldWi2vrl0pkkmJARSxkNSIKY8Yx0EzHWE0lkiSK8SrqHA/0q1uUigl+oXsp1hPS4qzJKNGGui5uOWEk4kZCdNsJh+fybptp7DthQ3Q5kVJ0jctzvcOyt3/oTA6+6w2xVSkFJzcAcHZd/DDLNEuQaxoTpWrIWyZLe9f3Ul3PJaZC6r69/a9LUWmMA58dZgpTQjukhXlGVf83Uct0s3xXzxlPM42cjok5SdQg2gSpekk0TqJi3PwKE9JBYmrUGqUdDq86bVfjnW1q+Mnq/D1c7rm+5/rnpo8jGGEeSrAJO+DDAVTgFM4gAAr38AjP8GI9WE/Wq/U2shas750NGIP1/gU5lJ+X</latexit><latexit sha1_base64="qj8CzDac8nr4iJLrtaFCABpSsHo=">AAACDnicfVDLTsJAFJ3iC+sLdcmmkZi4ME2rC2FjSFzoEhMLRErIdLjQCe20mZkKpOED3PkR7t0ZXahbP8CNf+MAmkiIntXNOefem3O8OKBCWtanlllYXFpeya7qa+sbm1u57Z2qiBJOwCFREPG6hwUElIEjqQygHnPAoRdAzeudjfXaDXBBI3YlhzE0Q9xltEMJlopq5QqG60VBO8TSN9zJubTvUwkjw21HfYY5j/rKZZlWqWgdl4z5wTatCQrlvHN+bd+/Vlq5D7VMkhCYJAEWogGsq7L4h7YVy2bKIY64HOn7/7oE4co49uluIiDGpIe7kCZEjH4TjUR2ioNmSlmcSGBkRkxxKMbR5kgxDL1ZEgRl6pcb4h5gVaOUwHV3ctXwTQkDXdXwk9X4e6gembZl2peqj1M0RRbl0R46QDY6QWV0gSrIQQTdogf0hJ61O+1Re9HeptaM9r2zi2agvX8BTpGhJA==</latexit><latexit sha1_base64="qj8CzDac8nr4iJLrtaFCABpSsHo=">AAACDnicfVDLTsJAFJ3iC+sLdcmmkZi4ME2rC2FjSFzoEhMLRErIdLjQCe20mZkKpOED3PkR7t0ZXahbP8CNf+MAmkiIntXNOefem3O8OKBCWtanlllYXFpeya7qa+sbm1u57Z2qiBJOwCFREPG6hwUElIEjqQygHnPAoRdAzeudjfXaDXBBI3YlhzE0Q9xltEMJlopq5QqG60VBO8TSN9zJubTvUwkjw21HfYY5j/rKZZlWqWgdl4z5wTatCQrlvHN+bd+/Vlq5D7VMkhCYJAEWogGsq7L4h7YVy2bKIY64HOn7/7oE4co49uluIiDGpIe7kCZEjH4TjUR2ioNmSlmcSGBkRkxxKMbR5kgxDL1ZEgRl6pcb4h5gVaOUwHV3ctXwTQkDXdXwk9X4e6gembZl2peqj1M0RRbl0R46QDY6QWV0gSrIQQTdogf0hJ61O+1Re9HeptaM9r2zi2agvX8BTpGhJA==</latexit><latexit sha1_base64="qj8CzDac8nr4iJLrtaFCABpSsHo=">AAACDnicfVDLTsJAFJ3iC+sLdcmmkZi4ME2rC2FjSFzoEhMLRErIdLjQCe20mZkKpOED3PkR7t0ZXahbP8CNf+MAmkiIntXNOefem3O8OKBCWtanlllYXFpeya7qa+sbm1u57Z2qiBJOwCFREPG6hwUElIEjqQygHnPAoRdAzeudjfXaDXBBI3YlhzE0Q9xltEMJlopq5QqG60VBO8TSN9zJubTvUwkjw21HfYY5j/rKZZlWqWgdl4z5wTatCQrlvHN+bd+/Vlq5D7VMkhCYJAEWogGsq7L4h7YVy2bKIY64HOn7/7oE4co49uluIiDGpIe7kCZEjH4TjUR2ioNmSlmcSGBkRkxxKMbR5kgxDL1ZEgRl6pcb4h5gVaOUwHV3ctXwTQkDXdXwk9X4e6gembZl2peqj1M0RRbl0R46QDY6QWV0gSrIQQTdogf0hJ61O+1Re9HeptaM9r2zi2agvX8BTpGhJA==</latexit><latexit sha1_base64="BKoqG+PrtrjdT56ZB4y8kWkRikE=">AAACDnicfVC7SgNBFJ31GddX1NJmMQgWssxqYdJIwMYygnlANoTZyU12yO7MMjNrEpZ8gJ1/YidaiK0fYOPfOIkRDEFPdTnn3Hs5J0gipjTGn9bS8srq2npuw97c2t7Zze/t15RIJYUqFZGQjYAoiBiHqmY6gkYigcRBBPWgfzXR63cgFRP8Vo8SaMWkx1mXUaIN1c4XHD8QUScmOnT86blsEDINY8fviAEnUoqBcWEXl4r4vOQsDp6LpyigGSrt/IdZpmkMXNOIKNUE3jNZwlMPJ7qVSUiE1GP7+F+XotIYJz7bTxUkhPZJD7KUqvFvopnqbnHYyhhPUg2czokZidUk2gKpRnEwT4Ji3PzyY9IHYmrUGqTtT686oathaJsafrI6fw+1M9fDrneDC+XLWSE5dIiO0Any0AUqo2tUQVVE0T16RM/oxXqwnqxX6+3bumTNdg7QHKz3L2eenkA=</latexit>

↓
<latexit sha1_base64="L7LJW2rPt6u/99erLSSSRAUJHqA=">AAACDnicfVDLSsNAFL2p7/iquuwmKIILCYkurBspuNClgtFCU3QyvW2HJjNhZmItoR/gzj9xJ7oQt36AG//GaatgKXpWl3POvZdzojRmSnvep1WYmp6ZnZtfsBeXlldWi2vrl0pkkmJARSxkNSIKY8Yx0EzHWE0lkiSK8SrqHA/0q1uUigl+oXsp1hPS4qzJKNGGui5uOWEk4kZCdNsJh+fybptp7DthQ3Q5kVJ0jctzvcOyt3/oTA6+6w2xVSkFJzcAcHZd/DDLNEuQaxoTpWrIWyZLe9f3Ul3PJaZC6r69/a9LUWmMA58dZgpTQjukhXlGVf83Uct0s3xXzxlPM42cjok5SdQg2gSpekk0TqJi3PwKE9JBYmrUGqUdDq86bVfjnW1q+Mnq/D1c7rm+5/rnpo8jGGEeSrAJO+DDAVTgFM4gAAr38AjP8GI9WE/Wq/U2shas750NGIP1/gU5lJ+X</latexit><latexit sha1_base64="qj8CzDac8nr4iJLrtaFCABpSsHo=">AAACDnicfVDLTsJAFJ3iC+sLdcmmkZi4ME2rC2FjSFzoEhMLRErIdLjQCe20mZkKpOED3PkR7t0ZXahbP8CNf+MAmkiIntXNOefem3O8OKBCWtanlllYXFpeya7qa+sbm1u57Z2qiBJOwCFREPG6hwUElIEjqQygHnPAoRdAzeudjfXaDXBBI3YlhzE0Q9xltEMJlopq5QqG60VBO8TSN9zJubTvUwkjw21HfYY5j/rKZZlWqWgdl4z5wTatCQrlvHN+bd+/Vlq5D7VMkhCYJAEWogGsq7L4h7YVy2bKIY64HOn7/7oE4co49uluIiDGpIe7kCZEjH4TjUR2ioNmSlmcSGBkRkxxKMbR5kgxDL1ZEgRl6pcb4h5gVaOUwHV3ctXwTQkDXdXwk9X4e6gembZl2peqj1M0RRbl0R46QDY6QWV0gSrIQQTdogf0hJ61O+1Re9HeptaM9r2zi2agvX8BTpGhJA==</latexit><latexit sha1_base64="qj8CzDac8nr4iJLrtaFCABpSsHo=">AAACDnicfVDLTsJAFJ3iC+sLdcmmkZi4ME2rC2FjSFzoEhMLRErIdLjQCe20mZkKpOED3PkR7t0ZXahbP8CNf+MAmkiIntXNOefem3O8OKBCWtanlllYXFpeya7qa+sbm1u57Z2qiBJOwCFREPG6hwUElIEjqQygHnPAoRdAzeudjfXaDXBBI3YlhzE0Q9xltEMJlopq5QqG60VBO8TSN9zJubTvUwkjw21HfYY5j/rKZZlWqWgdl4z5wTatCQrlvHN+bd+/Vlq5D7VMkhCYJAEWogGsq7L4h7YVy2bKIY64HOn7/7oE4co49uluIiDGpIe7kCZEjH4TjUR2ioNmSlmcSGBkRkxxKMbR5kgxDL1ZEgRl6pcb4h5gVaOUwHV3ctXwTQkDXdXwk9X4e6gembZl2peqj1M0RRbl0R46QDY6QWV0gSrIQQTdogf0hJ61O+1Re9HeptaM9r2zi2agvX8BTpGhJA==</latexit><latexit sha1_base64="qj8CzDac8nr4iJLrtaFCABpSsHo=">AAACDnicfVDLTsJAFJ3iC+sLdcmmkZi4ME2rC2FjSFzoEhMLRErIdLjQCe20mZkKpOED3PkR7t0ZXahbP8CNf+MAmkiIntXNOefem3O8OKBCWtanlllYXFpeya7qa+sbm1u57Z2qiBJOwCFREPG6hwUElIEjqQygHnPAoRdAzeudjfXaDXBBI3YlhzE0Q9xltEMJlopq5QqG60VBO8TSN9zJubTvUwkjw21HfYY5j/rKZZlWqWgdl4z5wTatCQrlvHN+bd+/Vlq5D7VMkhCYJAEWogGsq7L4h7YVy2bKIY64HOn7/7oE4co49uluIiDGpIe7kCZEjH4TjUR2ioNmSlmcSGBkRkxxKMbR5kgxDL1ZEgRl6pcb4h5gVaOUwHV3ctXwTQkDXdXwk9X4e6gembZl2peqj1M0RRbl0R46QDY6QWV0gSrIQQTdogf0hJ61O+1Re9HeptaM9r2zi2agvX8BTpGhJA==</latexit><latexit sha1_base64="BKoqG+PrtrjdT56ZB4y8kWkRikE=">AAACDnicfVC7SgNBFJ31GddX1NJmMQgWssxqYdJIwMYygnlANoTZyU12yO7MMjNrEpZ8gJ1/YidaiK0fYOPfOIkRDEFPdTnn3Hs5J0gipjTGn9bS8srq2npuw97c2t7Zze/t15RIJYUqFZGQjYAoiBiHqmY6gkYigcRBBPWgfzXR63cgFRP8Vo8SaMWkx1mXUaIN1c4XHD8QUScmOnT86blsEDINY8fviAEnUoqBcWEXl4r4vOQsDp6LpyigGSrt/IdZpmkMXNOIKNUE3jNZwlMPJ7qVSUiE1GP7+F+XotIYJz7bTxUkhPZJD7KUqvFvopnqbnHYyhhPUg2czokZidUk2gKpRnEwT4Ji3PzyY9IHYmrUGqTtT686oathaJsafrI6fw+1M9fDrneDC+XLWSE5dIiO0Any0AUqo2tUQVVE0T16RM/oxXqwnqxX6+3bumTNdg7QHKz3L2eenkA=</latexit>
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Quantum many-body: thermalization vs. localization

Clifford circuits to the fact that such circuits always
exhibit trivial (in a sense that we clarify below)
OTOC behavior. Nevertheless, they can still have
linear entanglement growth, and their local observ-
ables thermalize to infinite temperature. This dem-
onstrates the broader point that the presence of
ballistic entanglement growth and thermalization
is not sufficient to predict scrambling behavior
(i.e., the behavior of the OTOC).

The systems above do not have local conserved quan-
tities (in particular, they do not conserve energy), so it is
surprising that hydrodynamics arises in (I) and (II). We
conjecture that such hydrodynamic behavior is universal,
generically appearing in 1D ergodic Floquet systems with
local unitary evolution and a bounded local Hilbert space.
(In this connection, our work has obvious parallels with
Ref. [30], although, as we discuss in Sec. III, the hydro-
dynamics in our case has a different physical origin.)
Moreover, our work makes a clear and precise connection
between the spreading dynamics of operators, the scram-
bling behavior captured by the OTOC, and other metrics of
ergodicity such as entanglement entropy and the late-time
behavior of local correlation functions (see Appendix D).

The content of the Appendixes is as follows: Appendix A
and Appendix B contain technical lemmas used in
quantifying the operator weight and OTOC functions.
Appendix C presents exact results on the averages of
certain operator-spread coefficients. Appendix D contains
exact results on time-ordered correlation functions in
random circuits. Appendix E lists Haar averaging identities,
while Appendix F rigorously bounds the recurrence times
in a class of translation-invariant Clifford circuits.

II. QUANTIFYING OPERATOR SPREADING

Consider a one-dimensional chain of L sites, for which
the Hilbert space of a single site is Hsite ¼ Cq. There exist
operators X, Z on the single-site Hilbert space obeying

ZX ¼ e2πi=qXZ; ð1aÞ

Zq ¼ Xq ¼ 1: ð1bÞ

These generate a convenient complete basis for all
operators on Hsite, namely, fσμ ≡ Xμð1ÞZμð2Þ∶μ ∈ Z⊗2

q g.
Here, μ is shorthand for the doublet μð1Þ, μð2Þ ∈
f0; 1;…; q − 1g ¼ Zq. This basis is orthonormal, such
that trðσμ†σνÞ=q ¼ δμν. The operators σμ can be regarded
as generalizations of Pauli matrices, where the usual Pauli
matrices correspond to the q ¼ 2 case. Generalizing this to
the Hilbert space of a 1D chain, Hchain ¼ ðCqÞ⊗L, a
complete orthonormal basis of operators is given by the

q2L Pauli strings, defined as σμ ≡ ⊗
L

r¼1
σμrr , where each string

is indexed by a vector μ ∈ ðZ⊗2
q Þ⊗L.

Our goal is to quantify how an initial Pauli string spreads
over the space of all Pauli strings under local unitary time
evolution. At time τ, the Pauli string σμ becomes

σμðτÞ≡U†ðτÞσμUðτÞ ¼
X

ν

cμνðτÞσν: ð2Þ

This defines a set of “operator-spread coefficients”
cμνðτÞ≡ tr(σν†U†ðτÞσμUðτÞ)=qL. The full set of coeffi-
cients fcμνðτÞg encodes all information regarding the
unitary time evolution. However, as we show below, the
values of particular coefficients are not so useful for
accessing the most physically interesting quantities, such
as entanglement entropies [30–32] or out-of-time-order
commutators. It is more useful to consider “coarse-grained”
quantities like the total weight on all operators with the
right endpoint s appearing in σμðτÞ, i.e.,

ρμRðs; τÞ≡
X

ν

jcμνðτÞj2δ(RHSðνÞ ¼ s); ð3Þ

where RHSðνÞ denotes the rightmost site on which ν is
nonzero [40]. Note that the “density” ρμR is conserved; i.e.,

(a)

(b)

FIG. 3. Time dependence of the average OTOC in the random
circuit model. (a) Different time regimes for fixed separation
s ¼ 100. The exact result for the OTOC follows Eq. (19) after the
light cone hits site s. The behavior then goes over to the regime
described by Eq (20) after the front with speed vB arrives. The
inset shows the exponential decay of the OTOC to its final value
1, as described by Eq. (21), for different separations. (b) Scaling
collapse of the OTOC at the front.
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Figure 4 The same quantities in the same samples as shown in
Fig. 3, but here shown to long time on log scales.

The behavior of the Anderson localized case hz = 0
is unstable to dephasing when interactions hz != 0 are
added. In the model defined in Eq. (14), if the disorder
strength is strong, a small hz puts the system in the MBL
phase. In Fig. 3, we compare single samples with pre-
cisely the same random transverse fields with and with-
out an interaction (hz = 0 and hz = 0.1). At the earliest
times both systems show roughly the same pattern of os-
cillation. The onset of the dephasing due to the interac-
tion becomes quite apparent in this plot around t = 25.
As shown in Fig. 4, this damping due to dephasing con-
tinues to very long time, with the MBL system’s OTO cor-
relator oscillating within a power-law decaying envelope.

For each disorder realization, |Oβ(t)| has damped
pseudorandom oscillations within a power-law decay-
ing envelope function. Once we take the disorder aver-
age, these oscillations are fully dephased and only the
power-law decay behavior (13) is left. In an infinitely long
system, |Oβ(t)|2 will eventually saturate to a constant γ

determined by the overlap between the initial operators
and l-bits. In our numerical calculation for small L, to
suppress the finite size effect, γ is estimated by choos-
ing a constant slightly smaller than the long time limit of
|Oβ(t)|2 (within the statistic error bar). In Fig. 5 and Fig. 6,
we plot |Oβ(t)|2 − γ on logarithmic scales for different W
and hz. As long as hz is nonzero, |Oβ(t)|2 − γ decays as a
power-law in the long time regime. The slope decreases
as W increases, since the decay length ζ decreases as
the system gets more strongly localized. We find that the
slope, and thus the decay length ζ , is not sensitive to hz,
suggesting that here the decay length is set by the lo-
calization length at hz = 0. The value of hz does affect
the time at which the dephasing starts. The power-law

Figure 5 |Oβ(t)|2 − γ with Ŵ(r1, 0) = σ̂ z
1 and V̂ (r2, 0) = σ̂ z

3 at
various W in a log-log plot. The Hamiltonian is the Ising model in
a random transverse %eld and a uniform longitudinal %eld de%ned
in Eq. (14). The parameters are L = 12, hz = 0.1 and β = 0. The
standard deviation for |Oβ(t)|2 is always less than1%. The growth
of the error bars with time on the plot is due to two reasons: (1)
Once we subtract γ , the relative error for |Oβ(t)|2 − γ increases
with the time and looks large for the last several points. (2) The log-
log scale exaggerates the error bars at late times. γ is evaluated by
taking disorder average on 104 samples at around t = 1018 with
relative error not larger than 1%.

Figure 6 |Oβ(t)|2 − γ with Ŵ(r1, 0) = σ̂ z
1 and V̂ (r2, 0) = σ̂ z

3 at
various hz in a log-log plot. The Hamiltonian is the Ising model in
a random transverse %eld and a uniform longitudinal %eld de%ned
in Eq. (14). The parameters are L = 12, W = 20 and β = 0.

decay is caused by destructive interference between dif-
ferent eigenstates. We verify this point by further study-
ing the OTO correlator for single eigenstates. Fig. 7(b)
shows the |Os(t)| for some excited eigenstates in the MBL
phase. They oscillate at different frequencies and never
decay to zero, in contrast with the thermal phase shown

C© 2016 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim (7 of 11) 1600332www.ann-phys.org
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theoretical result. If a quantum system is exactly holo-
graphic dual to a black hole, its Lyapunov exponent will
saturate the bound; and a more nontrivial speculation is that
if the Lyapunov exponent of a quantum system saturates the
bound, it will possess a holographic dual to a gravity model
with a black hole. A concrete quantum mechanics model,
now known as the Sachdev-Ye-Kitaev model, has been
shown to fulfill this conjecture [2,7,8]. This establishes a
profound connection between the existence of holographic
duality and the chaotic behavior in many-body quantum
systems [9].
Recent studies also reveal that the OTOC can be applied

to study physical properties beyond chaotic systems. The
decay of the OTOC is closely related to the delocalization
of information and implies the information-theoretic def-
inition of scrambling. In the high- temperature limit (i.e.,
β ¼ 0), a connection between the OTOC and the growth of
entanglement entropy in quantum many-body systems has
also been discovered quite recently [10,11]. The OTOC can
also characterize many-body localized phases, which are
not even thermalized [10,12–15].
Despite the significance of the OTOC revealed by recent

theories, experimental measurement of the OTOC remains
challenging. First of all, unlike the normal time-ordered
correlators, the OTOC cannot be related to conventional
spectroscopy measurements, such as angle-resolved photo-
emission spectroscopy (ARPES) and neutron scattering,
through the linear response theory. Secondly, direct simu-
lation of this correlator requires the backward evolution in
time, that is, the ability to completely reverse the
Hamiltonian, which is extremely challenging. One exper-
imental approach closely related to time reversal of quantum
systems is the echo technique [16], and the echo has been
studied extensively for both noninteracting particle systems
and many-body systems to characterize the stability
of quantum evolution in the presence of perturbations
[17–19], and the physics is already quite close to OTOC.
Recently it has been proposed that the OTOC can be
measured using echo techniques [20]. In addition, there also
exists several other theoretical proposals based on the
interferometric approaches [21–23]. However, none of them
have been experimentally implemented thus far.
Here, we adopt a different approach to measure the

OTOC. To make our approach work, some extent of “local
control” is required. A universal quantum computer fulfills
this need by having “full local control” of the system—that
is, a universal set of local evolutions can be realized, and
this set of local evolutions can build up any unitary
evolution of the many-body system, both forward and
backward evolution in time. That is to say, we use a
quantum computer to perform the measurement of the
OTOC. In fact, historically, one of the key motivations to
develop quantum computers is to simulate the dynamics of
many-body quantum systems [24], and quantum simulation
of many-body dynamics has been theoretically shown to be

efficient with practical algorithms proposed [25]. Here, the
quantum computer we use is liquid-state nuclear magnetic
resonance (NMR) with molecules. In this work, we report
measurements of OTOCs on a NMR quantum simulator.
We stress that, on one hand, our approach is universal and
can be applied to any system that has full local quantum
control, including a superconducting qubit and trapped ion;
on the other hand, this experiment is currently limited to a
small size not because of our scheme but because of the
scalability issue of the quantum computer.

II. NMR QUANTUM SIMULATION OF THE OTOC

The system we simulate is an Ising spin chain model,
whose Hamiltonian is written as

Ĥ ¼
X

i

ð−σ̂zi σ̂ziþ1 þ gσ̂xi þ hσ̂zi Þ; ð2Þ

where σ̂x;y;zi are Pauli matrices on the i site. The parameter
values g ¼ 1, h ¼ 0 correspond to the traverse field Ising
model, where the system is integrable. The system is
nonintegrable whenever both g and h are nonzero. We
simulate the dynamics governed by the system Hamiltonian
Ĥ, and measure the OTOCs of operators that are initially
acting on different local sites. The time dynamics of the
OTOCs are observed, from which entanglement entropy of
the system and butterfly velocities of the chaotic systems
are extracted.

A. Physical system

The physical system to perform the quantum simulation
is the ensemble of nuclear spins provided by iodotrifluro-
ethylene (C2F3I), which is dissolved in d chloroform; see
Fig. 1(a) for the sample’s molecular structure. For this

(a) (b)

(c)

FIG. 1. Illustration of the physical system, the Ising model, and
the experimental scheme. (a) The structure of the C2F3I molecule
used for the NMR simulation. (b) The four site Ising spin chain.
A and B label two subsystems for the later discussion of the
entanglement entropy. (c) Quantum circuit for measuring the
OTOC for the general N-site Ising chain when β ¼ 0 (in our case,
N ¼ 4). Here, R̂ ¼ 1, R̂xð−π=2Þ, R̂yðπ=2Þ for Â ¼ σ̂z1, σ̂

y
1, σ̂

x
1,

respectively.
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Figure 1 | Illustration of the many-body echo scheme. a, Experimental sequence. The global �⇡/2 rotation R̂y about the y-axis prepares an initial state with
all spins pointing along the x-axis, and enables a measurement in this same basis. The generalized Bloch spheres illustrate the evolution of the state
(Husimi distribution). In the case of �=0 (blue) the spins return to the initial state, while for �=⇡/2 (green) the overlap of the final state ⇢̂f with the
initial state is small. b, Fidelity signal for an idealized case with N=6 spins and di�erent evolution times ⌧ given in c. c, The Fourier transforms of the fidelity
signals of b. The Fourier amplitudes are identical to the MQCs Im, which quantify the coherence of the state ⇢̂(⌧ ). The small squares on the right show the
absolute values of the density matrix elements of ⇢̂(⌧ ) in the basis of symmetric Dicke states. Thus, Im is the sum of the squares of all matrix elements at a
distance m from the diagonal. The times are given in units of the time to reach the Schrödinger cat state tcat =⇡h̄N/(4J). d, Simulated dynamics of the
Fourier amplitudes of fidelity, Im, and magnetization, Am, for purely coherent evolution of 48 ions, illustrating complementary probes of the flow of quantum
information. The vanishing odd Fourier components are not shown.

particular decoupling times ⌧n =2⇡n/� for an integer n (Fig. 2c and
Supplementary Information). Here we always choose |�|= 2⇡n/⌧ ,
ensuring spins and phonons decouple. This guarantees that the
dynamics matches that of the Ising Hamiltonian in equation (2)
with uniform couplings J (�)/h̄= ⌦2

0/(2�), and leads to di�erent
values of the coupling constant J at di�erent interaction times
⌧ . The detuning-dependent coupling enables us to implement a
many-body echo of the spin dynamics by inverting the sign of �.

For measuring magnetization and fidelity, we collect the global
ion fluorescence scattered from the Doppler cooling laser on the
cycling transition for ions in |"i, after applying a ⇡/2 rotation
of the spins. We count the total number of photons collected
on a photomultiplier tube (PMT) in a detection period, typically
tc =5ms. From the independently calibrated photons collected per
ion, we can infer the state populations, N" and N#. After averaging
over many experimental trials, between 500 and 800, we calculate
the expectation values hŜzi= hN̂"i�N/2. To measure the fidelity,
we distinguish the single state with all ions in |#i, which does
not scatter from the cooling laser, from all other states. Any ion
fluorescence indicates the system is no longer in the initial state. The
fidelity is the fraction of experimental trials that result in measuring
the state |# ...#i (see Supplementary Information).

Figure 3 shows the measured fidelity F as a function of the
angle � for di�erent evolution times ⌧ in an array of 48 ions.
The measurements at � = 0 and 2⇡ give the state purity, while
the ⇡-periodic oscillations encode information on the buildup of
MQCs. The pulse sequence in Fig. 3a follows Fig. 1, whereas in
Fig. 3b, an additional ⇡-rotation has been inserted in the middle
of each evolution period ⌧ to suppress some forms of decoherence.
We extract the coherences Im, shown in Fig. 3c, as the Fourier
components of the fidelity in Fig. 3b. We see a clear buildup of the
two-body (I2), and then four-body (I4) coherences with increasing

interaction time. Odd components are zero within statistical error,
consistent with the fact that the coherences are generated by the
Ising interaction, which can be viewed as only flipping pairs of spins.

All the measurements are in good agreement with theory
calculations (solid lines) that account for independently calibrated
sources of decoherence. O�-resonant light scattering is the
dominant decoherence mechanism in the system. Because the
fidelity measures a projection onto a single many-body state, it
decays with a rate approximatelyN� , where � is the single-particle
decoherence rate. This causes a fast decay of I0 as exp(�N� ⌧ ).
However, Fig. 3c shows that I0 decays as exp(�N� ⌧ )I (pure)0 , where
the algebraic decay I (pure)0 ⇡ 1/(1 + J 2⌧ 2) (see Supplementary
Section 3) signals the buildup of higher-order coherences seen also
in the fully coherent case.Other sources of decoherence include slow
drifts in themagnetic field36 andCOMmode frequency fluctuations,
which the MQC can distinguish. Figure 3a reveals the degree to
which the COM axial mode phonons cannot be decoupled from
the spins due to uncertainty in the COM mode frequency !z . The
impact of residual spin–phonon coupling, arising from fluctuations
in !z , is more pronounced at � = ⇡ than � = 0. In contrast,
slow magnetic field noise causes a reduction of the fidelity around
� = 0(2⇡), but has no e�ect at � = ⇡, allowing us to benchmark
these two imperfections independently. For the data in Fig. 3b,
where the sequence includes an additional ⇡ rotation to suppress
errors from slow drifts in the magnetic field and COM mode
frequency, the full theory collapses to a solution that includes only
o�-resonant light scattering as the sole decoherence mechanism
(dashed line).

Single-body observables, like the collective magnetization, are
much less sensitive to decoherence, and provide an alternative way
to experimentally measure the sequential buildup of higher-order
correlations induced by spin–spin interactions. In Fig. 4, we show
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How to measure OTOCs in a many-body system with local interactions - without time-reversal?



Protocol 1: Global Random Unitary
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FIG. 1. Probing scrambling via statistical correlations in a spin system. (a) The global protocol consists in measuring separately
hW (t)iu,k0 and hV †

W (t)V iu,k0 to obtain the OTOC O(t). (b) Numerical simulations of the protocol for the kicked Ising model
with parameters hx = J , hz = 0.809J , JT = 1.6, N = 8, and j = 3. The first two panels show the statistics of the measurement
at Jt = 0, and Jt = 35.2 In the third panel, the exact OTOC O(t) is shown as solid line, and the points represent the statistical
correlations obtained from Nu = 500 unitaries and NM = 500 projective measurements (per unitary), with errors bars placed
at ±2� calculated from the Jacknife resampling method. (c) Local protocol using local random unitaries. (d) Same as (b)
with the local protocol, extracting the modified OTOC On(t) (calculated exactly, colored lines) from the statistical correlations
(circles with error bars). Convergence to the OTOC O(t) (black line) is achieved for low index n ⇠ 2. Throughout this work,
we use unbiased estimators for the normalization terms D(G,L).

depolarization and readout errors. As a consequence,
our protocols can be realized in any state-of-the-art
AMO [2, 3, 44] or superconducting qubit platforms [4],
and used as experimental probes of scrambling in many-
body systems.

The present paper presents two key results related to
two protocols. First, we present the global protocol and
demonstrate the exact equivalence between the OTOC
O(t), as defined above, and the statistical correlations
obtained from initial states, which are randomized with a
global unitary operator u for the total many-body system.
We then present the local protocol, which consists of an
experimentally simpler approach for spin systems, where
the initial state is randomized with local unitary oper-
ations, and where the statistical correlations also give
access to O(t).

This paper is organized as follows. Section II presents
the main results of this paper by describing the two pro-
tocols to measure O(t) with local and random unitaries.
Section III gives di↵erent physical examples, accessible
to current AMO and solid-state platforms. Finally, we
discuss in section IV the role of statistical errors and im-
perfections, and identify in particular the di↵erent situa-
tions (depolarization, readout errors) where the protocol
is not a↵ected.

II. PROTOCOLS MAPPING STATISTICAL
CORRELATIONS TO OTOCS

In this section, we present and illustrate both the global
and local protocols to measure OTOCs via random mea-
surements. We consider a system S associated with a
Hilbert space of dimension NH. This can be, for ex-
ample, a set of atoms described by a Hubbard model,
or an ensemble of spin-1/2 as shown in Fig. 1(a). In
the following, we also assume the operator V to be uni-
tary, and the operator W to be Hermitian and traceless
(Tr(W ) = 0). Note that these conditions do not restrict
the ability of OTOCs to describe scrambling: For spin
systems we will consider as examples W and V to be
local Pauli operators, which are particularly relevant in
this context [22, 23]. We also give examples below that
are relevant to probe scrambling in Hubbard systems.

Our two protocols are illustrated in Fig. 1. The
first protocol described in Sec. IIA relies on global ran-
dom unitaries u from the circular unitary ensemble
CUE(NH) [45] or from a unitary 2-design [46]. As il-
lustrated below for a Bose-Hubbard systems, such ran-
dom unitaries can be realized in generic interacting mod-
els using time-dependent disorder [47–49]. The sec-
ond protocol presented in Sec. II B considers spin sys-
tems with individual spin control, which allows us to
simplify drastically the experimental task by replacing
the global random unitaries by local random unitaries
u = u1 ⌦ u2 ⌦ . . . ⌦ uN , ui 2 CUE(2), acting on single
spins i = 1, . . . , N . Note that such local random uni-
taries have been recently realized with high fidelity with
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FIG. 1. Probing scrambling via statistical correlations in a spin system. (a) The global protocol consists in measuring separately
hW (t)iu,k0 and hV †

W (t)V iu,k0 to obtain the OTOC O(t). (b) Numerical simulations of the protocol for the kicked Ising model
with parameters hx = J , hz = 0.809J , JT = 1.6, N = 8, and j = 3. The first two panels show the statistics of the measurement
at Jt = 0, and Jt = 35.2 In the third panel, the exact OTOC O(t) is shown as solid line, and the points represent the statistical
correlations obtained from Nu = 500 unitaries and NM = 500 projective measurements (per unitary), with errors bars placed
at ±2� calculated from the Jacknife resampling method. (c) Local protocol using local random unitaries. (d) Same as (b)
with the local protocol, extracting the modified OTOC On(t) (calculated exactly, colored lines) from the statistical correlations
(circles with error bars). Convergence to the OTOC O(t) (black line) is achieved for low index n ⇠ 2. Throughout this work,
we use unbiased estimators for the normalization terms D(G,L).

depolarization and readout errors. As a consequence,
our protocols can be realized in any state-of-the-art
AMO [2, 3, 44] or superconducting qubit platforms [4],
and used as experimental probes of scrambling in many-
body systems.

The present paper presents two key results related to
two protocols. First, we present the global protocol and
demonstrate the exact equivalence between the OTOC
O(t), as defined above, and the statistical correlations
obtained from initial states, which are randomized with a
global unitary operator u for the total many-body system.
We then present the local protocol, which consists of an
experimentally simpler approach for spin systems, where
the initial state is randomized with local unitary oper-
ations, and where the statistical correlations also give
access to O(t).

This paper is organized as follows. Section II presents
the main results of this paper by describing the two pro-
tocols to measure O(t) with local and random unitaries.
Section III gives di↵erent physical examples, accessible
to current AMO and solid-state platforms. Finally, we
discuss in section IV the role of statistical errors and im-
perfections, and identify in particular the di↵erent situa-
tions (depolarization, readout errors) where the protocol
is not a↵ected.

II. PROTOCOLS MAPPING STATISTICAL
CORRELATIONS TO OTOCS

In this section, we present and illustrate both the global
and local protocols to measure OTOCs via random mea-
surements. We consider a system S associated with a
Hilbert space of dimension NH. This can be, for ex-
ample, a set of atoms described by a Hubbard model,
or an ensemble of spin-1/2 as shown in Fig. 1(a). In
the following, we also assume the operator V to be uni-
tary, and the operator W to be Hermitian and traceless
(Tr(W ) = 0). Note that these conditions do not restrict
the ability of OTOCs to describe scrambling: For spin
systems we will consider as examples W and V to be
local Pauli operators, which are particularly relevant in
this context [22, 23]. We also give examples below that
are relevant to probe scrambling in Hubbard systems.

Our two protocols are illustrated in Fig. 1. The
first protocol described in Sec. IIA relies on global ran-
dom unitaries u from the circular unitary ensemble
CUE(NH) [45] or from a unitary 2-design [46]. As il-
lustrated below for a Bose-Hubbard systems, such ran-
dom unitaries can be realized in generic interacting mod-
els using time-dependent disorder [47–49]. The sec-
ond protocol presented in Sec. II B considers spin sys-
tems with individual spin control, which allows us to
simplify drastically the experimental task by replacing
the global random unitaries by local random unitaries
u = u1 ⌦ u2 ⌦ . . . ⌦ uN , ui 2 CUE(2), acting on single
spins i = 1, . . . , N . Note that such local random uni-
taries have been recently realized with high fidelity with

Correlations of the two experiments
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FIG. 1. Probing scrambling via statistical correlations in a spin system. The global protocol consists in measuring separately
(a) hW (t)iu and (b) hV †

W (t)V iu to obtain the OTOC O(t). (b) Numerical simulations of the protocol for the kicked Ising
model with parameters hx = J , hz = 0.809J , JT = 1.6, N = 8, and j = 3. The exact OTOC O(t) is shown as solid line. The
points represents the statistical correlations obtained from Nu = 500 unitaries and NM = 500 projective measurements, with
errors bars placed at ±2� calculated from the Jacknife resampling method. (c) Second protocol using local random unitaries.
(d) Same as (b) with protocol based on local unitaries, extracting the modified OTOC On(t) (calculated exactly, colored lines)
from the statistical correlations (circles with error bars). Convergence to the OTOC O(t) (black line) is achieved for low index
n ⇠ 2. In all this work, we use unbiased estimators for the normalization terms D(G,L).

O(t), as defined above, and the statistical correlations
obtained from initial states, which are randomized with
a global unitary operator u for the total many-body sys-
tem. We then present an experimentally simpler proto-
col for spin systems, where the initial state is randomized
with local unitary operations, and where the statistical
correlations also give access to O(t).

This paper is organized as follows. Section II presents
the main results of this paper by describing the two pro-
tocol to measure O(t) with local and random unitaries.
Section III gives di↵erent physical examples, accessible
to current AMO and solid-state platforms. Finally, we
discuss in section IV the role of statistical errors and im-
perfections, identifying in particular the di↵erent situa-
tions (depolarization, readout errors) where the protocol
is not a↵ected.

II. PROTOCOLS MAPPING STATISTICAL
CORRELATIONS TO OTOCS

In this section we present and illustrate both the global

and local protocols to measure OTOCs via random mea-
surements. We consider a system S associated with a
Hilbert space of dimension NH. This can be, for exam-
ple, a set of atoms described by a Hubbard model, or an
ensemble of spin-1/2 as shown in Fig. 1(a). In the follow-
ing, we also assume the operator V to be unitary, and the
operator W to be Hermitian and traceless (Tr(W ) = 0).
For spin systems we will consider W and V to be local
Pauli operators, which are particularly relevant to de-
scribe scrambling [22, 23]. We also give examples below

relevant to probe scrambling in Hubbard systems.
Our two protocols are illustrated in Fig. 1. The first

protocol described in Sec. II A relies on global random
unitaries u from the circular unitary ensemble (CUE) [44]
or a unitary 2-design [45]. As illustrated below for a
Bose-Hubbard systems, they can be realized in generic
interacting models using time-dependent disorder [46–
48]. The second protocol presented in Sec. II B considers
spin systems with individual spin control, which allows us
to simplify drastically the experimental task by replac-
ing the global random unitaries local random unitaries
u = u1 ⌦ u2 ⌦ . . . ⌦ uN , ui 2 CUE, acting on single
spins i = 1, . . . , N . Note that such local random uni-
taries have been recently realized with high-fidelity with
trapped ions [10].

We find it convenient to present both protocols as ex-
perimental recipes to measure the statistical correlations.
In each case, we then relate mathematically the correla-
tions to O(t).

A. Global random unitaries

Experimental protocol.— The protocol consists of the
following steps, as illustrated in Fig. 1(a).

(i) We prepare an arbitrary state |k0i, and apply a
global random unitary u to obtain | u,k0i = u |k0i. The
randomized state | u,k0i is the starting point for two in-
dependent experiments:

(ii.a) In the first experiment, we evolve the system in
time with U(t), and perform a measurement of the ex-
pectation value of W . The time evolution operator U(t)

Experiment 1 Experiment 2
2

(c)

(d)

(e)

(a)

(a)
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FIG. 1. Probing scrambling via statistical correlations in a spin system. The global protocol consists in measuring separately
(a) hW (t)iu and (b) hV †

W (t)V iu to obtain the OTOC O(t). (b) Numerical simulations of the protocol for the kicked Ising
model with parameters hx = J , hz = 0.809J , JT = 1.6, N = 8, and j = 3. The exact OTOC O(t) is shown as solid line. The
points represents the statistical correlations obtained from Nu = 500 unitaries and NM = 500 projective measurements, with
errors bars placed at ±2� calculated from the Jacknife resampling method. (c) Second protocol using local random unitaries.
(d) Same as (b) with protocol based on local unitaries, extracting the modified OTOC On(t) (calculated exactly, colored lines)
from the statistical correlations (circles with error bars). Convergence to the OTOC O(t) (black line) is achieved for low index
n ⇠ 2. In all this work, we use unbiased estimators for the normalization terms D(G,L).

O(t), as defined above, and the statistical correlations
obtained from initial states, which are randomized with
a global unitary operator u for the total many-body sys-
tem. We then present an experimentally simpler proto-
col for spin systems, where the initial state is randomized
with local unitary operations, and where the statistical
correlations also give access to O(t).

This paper is organized as follows. Section II presents
the main results of this paper by describing the two pro-
tocol to measure O(t) with local and random unitaries.
Section III gives di↵erent physical examples, accessible
to current AMO and solid-state platforms. Finally, we
discuss in section IV the role of statistical errors and im-
perfections, identifying in particular the di↵erent situa-
tions (depolarization, readout errors) where the protocol
is not a↵ected.

II. PROTOCOLS MAPPING STATISTICAL
CORRELATIONS TO OTOCS

In this section we present and illustrate both the global

and local protocols to measure OTOCs via random mea-
surements. We consider a system S associated with a
Hilbert space of dimension NH. This can be, for exam-
ple, a set of atoms described by a Hubbard model, or an
ensemble of spin-1/2 as shown in Fig. 1(a). In the follow-
ing, we also assume the operator V to be unitary, and the
operator W to be Hermitian and traceless (Tr(W ) = 0).
For spin systems we will consider W and V to be local
Pauli operators, which are particularly relevant to de-
scribe scrambling [22, 23]. We also give examples below

relevant to probe scrambling in Hubbard systems.
Our two protocols are illustrated in Fig. 1. The first

protocol described in Sec. II A relies on global random
unitaries u from the circular unitary ensemble (CUE) [44]
or a unitary 2-design [45]. As illustrated below for a
Bose-Hubbard systems, they can be realized in generic
interacting models using time-dependent disorder [46–
48]. The second protocol presented in Sec. II B considers
spin systems with individual spin control, which allows us
to simplify drastically the experimental task by replac-
ing the global random unitaries local random unitaries
u = u1 ⌦ u2 ⌦ . . . ⌦ uN , ui 2 CUE, acting on single
spins i = 1, . . . , N . Note that such local random uni-
taries have been recently realized with high-fidelity with
trapped ions [10].

We find it convenient to present both protocols as ex-
perimental recipes to measure the statistical correlations.
In each case, we then relate mathematically the correla-
tions to O(t).

A. Global random unitaries

Experimental protocol.— The protocol consists of the
following steps, as illustrated in Fig. 1(a).

(i) We prepare an arbitrary state |k0i, and apply a
global random unitary u to obtain | u,k0i = u |k0i. The
randomized state | u,k0i is the starting point for two in-
dependent experiments:

(ii.a) In the first experiment, we evolve the system in
time with U(t), and perform a measurement of the ex-
pectation value of W . The time evolution operator U(t)

Local random unitaries

Initial

product state

4

erate local random unitaries acting on individual spins.
These unitaries can be realized by combining local rota-
tions along a fixed axis of the Bloch sphere, say the z
axis, with global rotations along an orthogonal direction,
for instance the x axis [10], and can be therefore imple-
mented in present qubit experiments, e.g. with trapped
ions [2], Rydberg atoms [3] or superconducting qubits [4].

B. Local random unitaries

The protocol— We now describe our protocol based
on local unitaries. The main di↵erence compared to the
protocol presented in Sec. II A is that we need to con-
sider here an ensemble En = {|k0i , . . . } of initial prod-
uct states, instead of a single one |k0i, in order to obtain
a mapping between statistical correlations and OTOCs.
For this second protocol, each state ks 2 En is subject
to the same local unitary u = u1 ⌦ . . . uN , which gives
access to the random measurement hW (t)iu,ks after time-
evolution with U(t), c.f Fig. 1(b). In a second step we
access hV †W (t)V iu,k0 for a single initial state |k0i, and
the same random unitary u, as in Sec. II A. From these
measurements, we can construct the statistical correla-
tions

On(t) =
1

D(L)

n

X

ks2En

ckshW (t)iu,kshV †W (t)V iu,k0 , (5)

with D(L)

n =
P

ks2En
ckshW (t)iu,kshW (t)iu,k0 , and

weights cks .
In the following, we show how to choose the ensem-

bles En and weights cks , so that the correlations On cor-
respond to a converging series indexed by n of “modi-
fied OTOC” approximating O(t). The low order OTOCs
O0,1,...(t) will correspond to small number of initial states
to sample, and thus will be the easiest quantities to access
experimentally. Conversely, we will show that the highest
order term maps to the familiar OTOC ON (t) = O(t).

Introducing the modified OTOCs— Here for concrete-
ness we consider V to be a Pauli operator on the first site
i = 1. For each n = 0 . . . , N , we then define the ensem-
ble En as the set of all 2n the configurations |ksi, such
that only the states of the first n spins can di↵er from

the ones of the reference state |k0i, i.e., k(i>n)

s = k(i)

0
.

For instance, for n = 0 (n = 1, respectively), which will
be studied in details below, the ensemble S0 = {|k0i}
(S1 = {k0, �x

1
|k0i}) is represented by a single state (just

two states). As proven in App. A, by choosing the
weights cks = (�1/2)d[k0,ks], with d[k0, ks] the Hamming
distance (the number of spin flips between k0 and ks), we
can relate the statistical correlations On(t) to “modified
OTOCs”

On(t) =

P
A,Bn✓A

TrA (W (t)A(V W (t)V )A)
P

A,Bn✓A
TrA (W (t)AW (t)A)

(6)

which converges to O(t) for n = N [53]. Here, the
sums in the first line are performed over all partitions

A which include the set Bn = {1, . . . , n} of the first n
spins (for n = 0, B0 = ; is empty), and the traces are
performed over reduced operators WA(t) = TrS�A(W (t))
((V WV )A(t) = TrS�A(V WV (t)). The modified OTOCs
On(t) are thus sums of out-of-time ordered functions of
the di↵erent reduced operators W (t)A, V W (t)VA.
Properties of the modified OTOCs and illustrations—

The identity Eq.(6) shows that the index n plays the
role of a spatial resolution controlling how On(t) approx-
imates O(t): for all contributing partitions A, {1 . . . n} ✓
A, the information about the first n spins is preserved
when reducing the operators W (t) ! W (t)A V W (t)V !
(V W (t)V )A. In particular, for the maximal spatial res-
olution n = N , statistical correlations are exactly the
OTOC ON (t) = O(t). In the opposite case of n = 0, all
partitions A ✓ S of the system contribute to O0(t). For
O1(t), the information related to the support of V (here
the first site) is “resolved” so that we can expect a better
approximation to O(t), and so on for n = 2, 3 . . . . Note
that our construction of the sets En can be generalized
easily to other positions of V , but also to multi-site op-
erators. In the following, we will show that in generic
physical situations the low-index n = 0, 1, 2 . . . OTOCS
provide good approximations of O(t).

An illustration of this protocol is shown in Fig. 1(e)
[compare to Fig. 1(d)], where we represent On(t) (solid
lines), and the corresponding statistical correlations ob-
tained by simulating numerically the protocol. For n = 0,
the modified OTOC captures the scrambling time as O(t)
but saturates to a non-zero value at long times. For
n = 1, 2, 3.. the values of On(t) are in quantitative agree-
ment with O(t). We also note that for short times the
local protocol has an advantage compared to the global
protocol in terms of statistical errors, as will be explained
below.

III. REALIZATION OF THE PROTOCOLS IN
DIFFERENT PHYSICAL SCENARIOS

This section is devoted to physical examples which
can be accessed with our protocol. In this first case
Sec. IIIA, we will show how to apply the protocol in an
atomic Bose-Hubbard system with global random uni-
taries realized via random quenches. We then focus on
the protocol with local unitaries and analyze for chaotic
(Sec. III B), many-body localized (Sec. III C) and long-
range spin models (Sec. III D) the behavior of modified
OTOCs On(t). We will establish in particular both via
analytical models and numerical simulations the conver-
gence properties of On(t) to O(t).

A. Implementation and realization of the global
protocol: example of the Bose Hubbard chain

We now present an example to illustrate the dif-
ferent steps of the protocols. We consider the situa-
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erate local random unitaries acting on individual spins.
These unitaries can be realized by combining local rota-
tions along a fixed axis of the Bloch sphere, say the z
axis, with global rotations along an orthogonal direction,
for instance the x axis [10], and can be therefore imple-
mented in present qubit experiments, e.g. with trapped
ions [2], Rydberg atoms [3] or superconducting qubits [4].

B. Local random unitaries

The protocol— We now describe our protocol based
on local unitaries. The main di↵erence compared to the
protocol presented in Sec. II A is that we need to con-
sider here an ensemble En = {|k0i , . . . } of initial prod-
uct states, instead of a single one |k0i, in order to obtain
a mapping between statistical correlations and OTOCs.
For this second protocol, each state ks 2 En is subject
to the same local unitary u = u1 ⌦ . . . uN , which gives
access to the random measurement hW (t)iu,ks after time-
evolution with U(t), c.f Fig. 1(b). In a second step we
access hV †W (t)V iu,k0 for a single initial state |k0i, and
the same random unitary u, as in Sec. II A. From these
measurements, we can construct the statistical correla-
tions

On(t) =
1

D(L)

n

X

ks2En

ckshW (t)iu,kshV †W (t)V iu,k0 , (5)

with D(L)

n =
P

ks2En
ckshW (t)iu,kshW (t)iu,k0 , and

weights cks .
In the following, we show how to choose the ensem-

bles En and weights cks , so that the correlations On cor-
respond to a converging series indexed by n of “modi-
fied OTOC” approximating O(t). The low order OTOCs
O0,1,...(t) will correspond to small number of initial states
to sample, and thus will be the easiest quantities to access
experimentally. Conversely, we will show that the highest
order term maps to the familiar OTOC ON (t) = O(t).

Introducing the modified OTOCs— Here for concrete-
ness we consider V to be a Pauli operator on the first site
i = 1. For each n = 0 . . . , N , we then define the ensem-
ble En as the set of all 2n the configurations |ksi, such
that only the states of the first n spins can di↵er from

the ones of the reference state |k0i, i.e., k(i>n)

s = k(i)

0
.

For instance, for n = 0 (n = 1, respectively), which will
be studied in details below, the ensemble S0 = {|k0i}
(S1 = {k0, �x

1
|k0i}) is represented by a single state (just

two states). As proven in App. A, by choosing the
weights cks = (�1/2)d[k0,ks], with d[k0, ks] the Hamming
distance (the number of spin flips between k0 and ks), we
can relate the statistical correlations On(t) to “modified
OTOCs”

On(t) =

P
A,Bn✓A

TrA (W (t)A(V W (t)V )A)
P

A,Bn✓A
TrA (W (t)AW (t)A)

(6)

which converges to O(t) for n = N [53]. Here, the
sums in the first line are performed over all partitions

A which include the set Bn = {1, . . . , n} of the first n
spins (for n = 0, B0 = ; is empty), and the traces are
performed over reduced operators WA(t) = TrS�A(W (t))
((V WV )A(t) = TrS�A(V WV (t)). The modified OTOCs
On(t) are thus sums of out-of-time ordered functions of
the di↵erent reduced operators W (t)A, V W (t)VA.
Properties of the modified OTOCs and illustrations—

The identity Eq.(6) shows that the index n plays the
role of a spatial resolution controlling how On(t) approx-
imates O(t): for all contributing partitions A, {1 . . . n} ✓
A, the information about the first n spins is preserved
when reducing the operators W (t) ! W (t)A V W (t)V !
(V W (t)V )A. In particular, for the maximal spatial res-
olution n = N , statistical correlations are exactly the
OTOC ON (t) = O(t). In the opposite case of n = 0, all
partitions A ✓ S of the system contribute to O0(t). For
O1(t), the information related to the support of V (here
the first site) is “resolved” so that we can expect a better
approximation to O(t), and so on for n = 2, 3 . . . . Note
that our construction of the sets En can be generalized
easily to other positions of V , but also to multi-site op-
erators. In the following, we will show that in generic
physical situations the low-index n = 0, 1, 2 . . . OTOCS
provide good approximations of O(t).

An illustration of this protocol is shown in Fig. 1(e)
[compare to Fig. 1(d)], where we represent On(t) (solid
lines), and the corresponding statistical correlations ob-
tained by simulating numerically the protocol. For n = 0,
the modified OTOC captures the scrambling time as O(t)
but saturates to a non-zero value at long times. For
n = 1, 2, 3.. the values of On(t) are in quantitative agree-
ment with O(t). We also note that for short times the
local protocol has an advantage compared to the global
protocol in terms of statistical errors, as will be explained
below.

III. REALIZATION OF THE PROTOCOLS IN
DIFFERENT PHYSICAL SCENARIOS

This section is devoted to physical examples which
can be accessed with our protocol. In this first case
Sec. IIIA, we will show how to apply the protocol in an
atomic Bose-Hubbard system with global random uni-
taries realized via random quenches. We then focus on
the protocol with local unitaries and analyze for chaotic
(Sec. III B), many-body localized (Sec. III C) and long-
range spin models (Sec. III D) the behavior of modified
OTOCs On(t). We will establish in particular both via
analytical models and numerical simulations the conver-
gence properties of On(t) to O(t).

A. Implementation and realization of the global
protocol: example of the Bose Hubbard chain

We now present an example to illustrate the dif-
ferent steps of the protocols. We consider the situa-

Set of 2n initial states, n=0,..,N 
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erate local random unitaries acting on individual spins.
These unitaries can be realized by combining local rota-
tions along a fixed axis of the Bloch sphere, say the z
axis, with global rotations along an orthogonal direction,
for instance the x axis [10], and can be therefore imple-
mented in present qubit experiments, e.g. with trapped
ions [2], Rydberg atoms [3] or superconducting qubits [4].

B. Local random unitaries

The protocol— We now describe our protocol based
on local unitaries. The main di↵erence compared to the
protocol presented in Sec. II A is that we need to con-
sider here an ensemble En = {|k0i , . . . } of initial prod-
uct states, instead of a single one |k0i, in order to obtain
a mapping between statistical correlations and OTOCs.
For this second protocol, each state ks 2 En is subject
to the same local unitary u = u1 ⌦ . . . uN , which gives
access to the random measurement hW (t)iu,ks after time-
evolution with U(t), c.f Fig. 1(b). In a second step we
access hV †W (t)V iu,k0 for a single initial state |k0i, and
the same random unitary u, as in Sec. II A. From these
measurements, we can construct the statistical correla-
tions

On(t) =
1

D(L)

n

X

ks2En

ckshW (t)iu,kshV †W (t)V iu,k0 , (5)

with D(L)

n =
P

ks2En
ckshW (t)iu,kshW (t)iu,k0 , and

weights cks .
In the following, we show how to choose the ensem-

bles En and weights cks , so that the correlations On cor-
respond to a converging series indexed by n of “modi-
fied OTOC” approximating O(t). The low order OTOCs
O0,1,...(t) will correspond to small number of initial states
to sample, and thus will be the easiest quantities to access
experimentally. Conversely, we will show that the highest
order term maps to the familiar OTOC ON (t) = O(t).

Introducing the modified OTOCs— Here for concrete-
ness we consider V to be a Pauli operator on the first site
i = 1. For each n = 0 . . . , N , we then define the ensem-
ble En as the set of all 2n the configurations |ksi, such
that only the states of the first n spins can di↵er from

the ones of the reference state |k0i, i.e., k(i>n)

s = k(i)

0
.

For instance, for n = 0 (n = 1, respectively), which will
be studied in details below, the ensemble S0 = {|k0i}
(S1 = {k0, �x

1
|k0i}) is represented by a single state (just

two states). As proven in App. A, by choosing the
weights cks = (�1/2)d[k0,ks], with d[k0, ks] the Hamming
distance (the number of spin flips between k0 and ks), we
can relate the statistical correlations On(t) to “modified
OTOCs”

On(t) =

P
A,Bn✓A

TrA (W (t)A(V W (t)V )A)
P

A,Bn✓A
TrA (W (t)AW (t)A)

(6)

which converges to O(t) for n = N [53]. Here, the
sums in the first line are performed over all partitions

A which include the set Bn = {1, . . . , n} of the first n
spins (for n = 0, B0 = ; is empty), and the traces are
performed over reduced operators WA(t) = TrS�A(W (t))
((V WV )A(t) = TrS�A(V WV (t)). The modified OTOCs
On(t) are thus sums of out-of-time ordered functions of
the di↵erent reduced operators W (t)A, V W (t)VA.
Properties of the modified OTOCs and illustrations—

The identity Eq.(6) shows that the index n plays the
role of a spatial resolution controlling how On(t) approx-
imates O(t): for all contributing partitions A, {1 . . . n} ✓
A, the information about the first n spins is preserved
when reducing the operators W (t) ! W (t)A V W (t)V !
(V W (t)V )A. In particular, for the maximal spatial res-
olution n = N , statistical correlations are exactly the
OTOC ON (t) = O(t). In the opposite case of n = 0, all
partitions A ✓ S of the system contribute to O0(t). For
O1(t), the information related to the support of V (here
the first site) is “resolved” so that we can expect a better
approximation to O(t), and so on for n = 2, 3 . . . . Note
that our construction of the sets En can be generalized
easily to other positions of V , but also to multi-site op-
erators. In the following, we will show that in generic
physical situations the low-index n = 0, 1, 2 . . . OTOCS
provide good approximations of O(t).

An illustration of this protocol is shown in Fig. 1(e)
[compare to Fig. 1(d)], where we represent On(t) (solid
lines), and the corresponding statistical correlations ob-
tained by simulating numerically the protocol. For n = 0,
the modified OTOC captures the scrambling time as O(t)
but saturates to a non-zero value at long times. For
n = 1, 2, 3.. the values of On(t) are in quantitative agree-
ment with O(t). We also note that for short times the
local protocol has an advantage compared to the global
protocol in terms of statistical errors, as will be explained
below.

III. REALIZATION OF THE PROTOCOLS IN
DIFFERENT PHYSICAL SCENARIOS

This section is devoted to physical examples which
can be accessed with our protocol. In this first case
Sec. IIIA, we will show how to apply the protocol in an
atomic Bose-Hubbard system with global random uni-
taries realized via random quenches. We then focus on
the protocol with local unitaries and analyze for chaotic
(Sec. III B), many-body localized (Sec. III C) and long-
range spin models (Sec. III D) the behavior of modified
OTOCs On(t). We will establish in particular both via
analytical models and numerical simulations the conver-
gence properties of On(t) to O(t).

A. Implementation and realization of the global
protocol: example of the Bose Hubbard chain

We now present an example to illustrate the dif-
ferent steps of the protocols. We consider the situa-
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erate local random unitaries acting on individual spins.
These unitaries can be realized by combining local rota-
tions along a fixed axis of the Bloch sphere, say the z
axis, with global rotations along an orthogonal direction,
for instance the x axis [10], and can be therefore imple-
mented in present qubit experiments, e.g. with trapped
ions [2], Rydberg atoms [3] or superconducting qubits [4].

B. Local random unitaries

The protocol— We now describe our protocol based
on local unitaries. The main di↵erence compared to the
protocol presented in Sec. II A is that we need to con-
sider here an ensemble En = {|k0i , . . . } of initial prod-
uct states, instead of a single one |k0i, in order to obtain
a mapping between statistical correlations and OTOCs.
For this second protocol, each state ks 2 En is subject
to the same local unitary u = u1 ⌦ . . . uN , which gives
access to the random measurement hW (t)iu,ks after time-
evolution with U(t), c.f Fig. 1(b). In a second step we
access hV †W (t)V iu,k0 for a single initial state |k0i, and
the same random unitary u, as in Sec. II A. From these
measurements, we can construct the statistical correla-
tions

On(t) =
1

D(L)

n

X

ks2En

ckshW (t)iu,kshV †W (t)V iu,k0 , (5)

with D(L)

n =
P

ks2En
ckshW (t)iu,kshW (t)iu,k0 , and

weights cks .
In the following, we show how to choose the ensem-

bles En and weights cks , so that the correlations On cor-
respond to a converging series indexed by n of “modi-
fied OTOC” approximating O(t). The low order OTOCs
O0,1,...(t) will correspond to small number of initial states
to sample, and thus will be the easiest quantities to access
experimentally. Conversely, we will show that the highest
order term maps to the familiar OTOC ON (t) = O(t).

Introducing the modified OTOCs— Here for concrete-
ness we consider V to be a Pauli operator on the first site
i = 1. For each n = 0 . . . , N , we then define the ensem-
ble En as the set of all 2n the configurations |ksi, such
that only the states of the first n spins can di↵er from

the ones of the reference state |k0i, i.e., k(i>n)

s = k(i)

0
.

For instance, for n = 0 (n = 1, respectively), which will
be studied in details below, the ensemble S0 = {|k0i}
(S1 = {k0, �x

1
|k0i}) is represented by a single state (just

two states). As proven in App. A, by choosing the
weights cks = (�1/2)d[k0,ks], with d[k0, ks] the Hamming
distance (the number of spin flips between k0 and ks), we
can relate the statistical correlations On(t) to “modified
OTOCs”

On(t) =

P
A,Bn✓A

TrA (W (t)A(V W (t)V )A)
P

A,Bn✓A
TrA (W (t)AW (t)A)

(6)

which converges to O(t) for n = N [53]. Here, the
sums in the first line are performed over all partitions

A which include the set Bn = {1, . . . , n} of the first n
spins (for n = 0, B0 = ; is empty), and the traces are
performed over reduced operators WA(t) = TrS�A(W (t))
((V WV )A(t) = TrS�A(V WV (t)). The modified OTOCs
On(t) are thus sums of out-of-time ordered functions of
the di↵erent reduced operators W (t)A, V W (t)VA.
Properties of the modified OTOCs and illustrations—

The identity Eq.(6) shows that the index n plays the
role of a spatial resolution controlling how On(t) approx-
imates O(t): for all contributing partitions A, {1 . . . n} ✓
A, the information about the first n spins is preserved
when reducing the operators W (t) ! W (t)A V W (t)V !
(V W (t)V )A. In particular, for the maximal spatial res-
olution n = N , statistical correlations are exactly the
OTOC ON (t) = O(t). In the opposite case of n = 0, all
partitions A ✓ S of the system contribute to O0(t). For
O1(t), the information related to the support of V (here
the first site) is “resolved” so that we can expect a better
approximation to O(t), and so on for n = 2, 3 . . . . Note
that our construction of the sets En can be generalized
easily to other positions of V , but also to multi-site op-
erators. In the following, we will show that in generic
physical situations the low-index n = 0, 1, 2 . . . OTOCS
provide good approximations of O(t).

An illustration of this protocol is shown in Fig. 1(e)
[compare to Fig. 1(d)], where we represent On(t) (solid
lines), and the corresponding statistical correlations ob-
tained by simulating numerically the protocol. For n = 0,
the modified OTOC captures the scrambling time as O(t)
but saturates to a non-zero value at long times. For
n = 1, 2, 3.. the values of On(t) are in quantitative agree-
ment with O(t). We also note that for short times the
local protocol has an advantage compared to the global
protocol in terms of statistical errors, as will be explained
below.

III. REALIZATION OF THE PROTOCOLS IN
DIFFERENT PHYSICAL SCENARIOS

This section is devoted to physical examples which
can be accessed with our protocol. In this first case
Sec. IIIA, we will show how to apply the protocol in an
atomic Bose-Hubbard system with global random uni-
taries realized via random quenches. We then focus on
the protocol with local unitaries and analyze for chaotic
(Sec. III B), many-body localized (Sec. III C) and long-
range spin models (Sec. III D) the behavior of modified
OTOCs On(t). We will establish in particular both via
analytical models and numerical simulations the conver-
gence properties of On(t) to O(t).

A. Implementation and realization of the global
protocol: example of the Bose Hubbard chain

We now present an example to illustrate the dif-
ferent steps of the protocols. We consider the situa-

Fast converging series: n=0,1,2 
is generically sufficient

1

N hW (t)iuhVW (t)V iu = Tr [W (t)VW (t)V ]
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as already shown in Ref. [18, 19]. We now evaluate Õ[⇢p] using Eq. (4). We first perform the trace with respect to
the site j

Trj

⇥
(I + Swapj)(W (t) ⌦ W (t))

⇤
= 2 cos

 
2t
X

i

Jij(�
z
i � ⌧z

i )

!

Trj

⇥
(I + Swapj)(W (t) ⌦ V W (t)V )

⇤
= 2 cos

 
2t
X

i

Jij(�
z
i � ci⌧

z
i )

!
, (C4)

with ⌧�
i the set of Pauli matrices in the ‘copy’ Hilbert space I ⌦ Hi associated to site i. We can then calculate the

trace over the remaining sites
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0
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1

A .

All the factors which enter in the numerator and in the denominatorEq. (4) of the MT are identical ,except for the
position of the k = 1 of the V operator. This leads to

Õ[⇢p] =
4 cos(2J1jt)2 + 2 cos(4J1jt)

4 cos(2J1jt)2 + 2
=

2 cos(4J1jt) + 1

cos(4J1jt) + 2
. (C6)

2. Averaged OTOCs

Considering now the average over independent realizations of the random realizations of Jij , we can rewrite each
cosine contribution as

cos(↵Jijt) !

Z
dJr,ijf(Jr,ij) cos(↵Jr,ije

(j�i)t/⇠), (C7)

leading to Eq. (7) of the MT with Jr ⌘ Jr,1j . Note that in terms of our phenomenological length for scrambling,
this expression for Õ[⇢p] correspond to an e↵ective scrambling length L(t) ⇠ ⇠ log(Jt) which increases logarithmically
with time.

Appendix D: Numerical simulation of spin models

In this section, we give details on the numerical simulations presented in the main text. For the two models, we
used open boundary conditions.

1. Kicked Ising model

To simulate scrambling dynamics, we use the Kicked Ising model and follow the notations from Ref. [15]

U(t = nT ) =

"
exp

 
�i

T

2
[
X

i

�z
i �z

i+1 + hz

X

i

�z
i ]

!
exp

 
�i

T

2
hx

X

i

�x
i

!#n

, (D1)

with n a positive integer.
For Fig. 4 (d) of the main text related to decoherence, we added a small disorder component hz ! hi

z ⌘ hz +�i, with
�i sampled from a uniform distribution in [��, �], with � = 0.1. The dynamics was calculated from the Lindblad
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FIG. 4. On(t) vs. O(t) for chaotic dynamics in the kicked
Ising model. All plots represent for N = 8 sites the modi-
fied OTOCs On(t), for n = 0, 1, 2, 3, 4 and the OTOC O(t)).
The dashed line the predicted value 1/3 for O0(t) for Haar
scrambling. (a) For hx = 0.75J , and j = 3, the OTOC de-
cay is fast and well captured by low-order On(t). (b) For a
larger j = 7 operator position, the OTOC decay is slower, as
a consequence of the di↵usive broadening of W (t). (c) For
j = 7, and hx = 0.75, the decay of O(t) is fast but is accom-
panied by strong oscillations, also resolved by the modified
OTOCs. (d) For a fixed long time Jt = 35.2, the modified
OTOCs provide good approximations to O(t), in particular
in the regime hx � 0.75J . Other parameters are hz = 0.809J ,
and JT = 1.6.

modified OTOC, with fast decay at the scrambling time
and saturation at the predicted value 1/3 of our phe-
nomenological model. Interestingly, the convergence of
On(t) to O(t) is achieved for n � 1. In panel (b), we rep-
resent the same quantities for a distant operator j = 7
[panel (b)]. In this case, the dynamics of the OTOC
includes a long time slow behavior, which we attribute
to the di↵usive character of the operator W (t) [22, 23].
This additional complexity of the operators (compared to
ballistic spreading as in (a)) is captured for spatial res-
olutions n � 4. In panel (c), we show another example
of deviation from ballistic scrambling, with strong oscil-
lations of the OTOCs which are quantitatively captured
for n � 2, 3 Finally, we show in panel (d) the di↵erent
regimes of scrambling as a function of the transverse field
hx for a fixed large time Jt = 35.2. All modified OTOCs

identify a region of fast scrambling around hx ⇠ J . In-
terestingly, the modified OTOCs provide excellent ap-
proximation to O(t) also in a regime of slow scrambling
hx � 1.25J . Finally, for hx  0.75J , an increased reso-
lution is require to access the exact value of O(t). This
example shows that the required resolution n to access
O(t) up to a given error depends on the type of evolution
realized by U(t), and is generically small. These results
also suggest that the convergence properties of the series
On(t) can also be useful to identify di↵erent regimes of
scrambling.

C. MBL dynamics with modified OTOCs

As a second example, with opposite type of scrambling,
we consider MBL, which is the paradigmatic example of
a closed quantum system, which does not thermalize [55,
56]. As a key signature, the decay of O(t) is slow : it
occurs at a characteristic time which scales exponentially
with the distance r between the support of W and V [24,
25], which has to be contrasted to the linear increasing
tB / r of chaotic systems. To begin our analysis, we
will first calculate the modified OTOC O0,1(t) for the
phenomenological `-bit model [57, 58] described by the
Hamiltonian

H =
X

i

hz

i
�z

i
+

X

i<j

JR,ije
�|j�i|/⇠�z

i
�z

j
, (11)

with hz

i
random fields, JR,ij random interactions

strengths which are taken uniformly in [�Jz, Jz], and
⇠ the localization length. Here, we have only con-
sidered 2-body interaction terms, which is su�cient to
show that MBL exhibits slow scrambling [24, 25]. With
U(t) = e�iHt, W = �x

j
, and V = �x

1
, one finds [24]

O(t) = sinc
⇣
4Jze

�r/⇠t
⌘

O0(t) =
1 + 2O(t)

2 + O(t)
O1(t) = O(t), (12)

with r = j � 1. Thus, for slow MBL scrambling, O0(t)
is related to O(t) via a simple transformation, while we

obtain en exact equivalence between the one-site resolved

modified OTOC O1(t) and O(t). In the non-interacting
case Jz = 0, each `-bit evolves independently O(t) =
O0,1(t) = 1 = const. With interactions Jz > 0, the de-
cay of both O(t) = O1(t), O0(t) occurs at tc = er/⇠/Jz.
This analytical result is shown in Fig. 5(a-b). Note that
similar to the case of chaotic dynamics, O(t) tends to
zero at long times while O0(t) saturates to a finite value,
here 1/2. These results are confirmed by our numeri-
cal simulations of a disordered XXZ chain [59] shown in
Fig. 5(c-d). For the non-interacting case Jz = 0, both
OTOCs values remain close to 1. In the MBL phase, the
decay O0,1(t) exhibits the expected exponential scaling
with the distance r, and converges at long times to the
predicted values of 1/2, 0, respectively. As predicted by

the `-bit model, the values of O(t) and O1(t) are almost

identical.

D. Information scrambling by long-range
interactions with modified OTOCs

So far we have considered examples where interactions
were local, with analytical models supporting the state-
ment that low n modified OTOCs provide good approx-
imations of O(t). To conclude, we study numerically
scrambling in a long range interacting model. This situa-
tion is particularly interesting as the decay of the OTOCs

decay time identified for all n=0,…
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Ising model. All plots represent for N = 8 sites the modi-
fied OTOCs On(t), for n = 0, 1, 2, 3, 4 and the OTOC O(t)).
The dashed line the predicted value 1/3 for O0(t) for Haar
scrambling. (a) For hx = 0.75J , and j = 3, the OTOC de-
cay is fast and well captured by low-order On(t). (b) For a
larger j = 7 operator position, the OTOC decay is slower, as
a consequence of the di↵usive broadening of W (t). (c) For
j = 7, and hx = 0.75, the decay of O(t) is fast but is accom-
panied by strong oscillations, also resolved by the modified
OTOCs. (d) For a fixed long time Jt = 35.2, the modified
OTOCs provide good approximations to O(t), in particular
in the regime hx � 0.75J . Other parameters are hz = 0.809J ,
and JT = 1.6.

modified OTOC, with fast decay at the scrambling time
and saturation at the predicted value 1/3 of our phe-
nomenological model. Interestingly, the convergence of
On(t) to O(t) is achieved for n � 1. In panel (b), we rep-
resent the same quantities for a distant operator j = 7
[panel (b)]. In this case, the dynamics of the OTOC
includes a long time slow behavior, which we attribute
to the di↵usive character of the operator W (t) [22, 23].
This additional complexity of the operators (compared to
ballistic spreading as in (a)) is captured for spatial res-
olutions n � 4. In panel (c), we show another example
of deviation from ballistic scrambling, with strong oscil-
lations of the OTOCs which are quantitatively captured
for n � 2, 3 Finally, we show in panel (d) the di↵erent
regimes of scrambling as a function of the transverse field
hx for a fixed large time Jt = 35.2. All modified OTOCs

identify a region of fast scrambling around hx ⇠ J . In-
terestingly, the modified OTOCs provide excellent ap-
proximation to O(t) also in a regime of slow scrambling
hx � 1.25J . Finally, for hx  0.75J , an increased reso-
lution is require to access the exact value of O(t). This
example shows that the required resolution n to access
O(t) up to a given error depends on the type of evolution
realized by U(t), and is generically small. These results
also suggest that the convergence properties of the series
On(t) can also be useful to identify di↵erent regimes of
scrambling.

C. MBL dynamics with modified OTOCs

As a second example, with opposite type of scrambling,
we consider MBL, which is the paradigmatic example of
a closed quantum system, which does not thermalize [55,
56]. As a key signature, the decay of O(t) is slow : it
occurs at a characteristic time which scales exponentially
with the distance r between the support of W and V [24,
25], which has to be contrasted to the linear increasing
tB / r of chaotic systems. To begin our analysis, we
will first calculate the modified OTOC O0,1(t) for the
phenomenological `-bit model [57, 58] described by the
Hamiltonian

H =
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strengths which are taken uniformly in [�Jz, Jz], and
⇠ the localization length. Here, we have only con-
sidered 2-body interaction terms, which is su�cient to
show that MBL exhibits slow scrambling [24, 25]. With
U(t) = e�iHt, W = �x

j
, and V = �x

1
, one finds [24]

O(t) = sinc
⇣
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O0(t) =
1 + 2O(t)

2 + O(t)
O1(t) = O(t), (12)

with r = j � 1. Thus, for slow MBL scrambling, O0(t)
is related to O(t) via a simple transformation, while we

obtain en exact equivalence between the one-site resolved

modified OTOC O1(t) and O(t). In the non-interacting
case Jz = 0, each `-bit evolves independently O(t) =
O0,1(t) = 1 = const. With interactions Jz > 0, the de-
cay of both O(t) = O1(t), O0(t) occurs at tc = er/⇠/Jz.
This analytical result is shown in Fig. 5(a-b). Note that
similar to the case of chaotic dynamics, O(t) tends to
zero at long times while O0(t) saturates to a finite value,
here 1/2. These results are confirmed by our numeri-
cal simulations of a disordered XXZ chain [59] shown in
Fig. 5(c-d). For the non-interacting case Jz = 0, both
OTOCs values remain close to 1. In the MBL phase, the
decay O0,1(t) exhibits the expected exponential scaling
with the distance r, and converges at long times to the
predicted values of 1/2, 0, respectively. As predicted by

the `-bit model, the values of O(t) and O1(t) are almost

identical.

D. Information scrambling by long-range
interactions with modified OTOCs

So far we have considered examples where interactions
were local, with analytical models supporting the state-
ment that low n modified OTOCs provide good approx-
imations of O(t). To conclude, we study numerically
scrambling in a long range interacting model. This situa-
tion is particularly interesting as the decay of the OTOCs
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FIG. 2. Out-of-time ordered correlators in a 10-qubit quan-
tum simulator. Estimated OTOC’s namely O0(t) in (a), O1(t)
in (b) and O2(t) in (c) are shown for various interaction times
and qubits, where circles are experimental points and lines are
numerically results for the experimental parameters. Initially,
at t = 0, the local observable V is not yet delocalized, hence
perfect anti-correlations/correlations between the quantities
are observed for all spins. However, when the system under-
goes many-body dynamics, the delocalization of the operator
V is observed in terms of the loss of correlations. Current
measurements are carried out at the same experimental pa-
rameters as for the experimental data in Fig 1. Error bars
are deduced by the Jackknife sampling method and for the
current measurements, they are of the size of the symbols.
Simulated exact OTOCs, ON (t) = O(t), are presented in d),
indicate a close agreement with the experimental results. The
small oscillations visible in the theory curves can be attributed
to the large value of the magnetic field term B.

ical simulations. In Fig. 2, the measured OTOCs O0(t),
O1(t), O2(t) (circles) as a function of time t after the
quantum quench are plotted. The error bars are statis-
tical errors obtained via the Jackknife method [49]. All
three measured OTOCs display the same qualitative be-
havior; perfect initial correlations (anti-correlations) ex-
ist for measurements of W = �x

j
performed at ion j > 1

(j = 1, respectively) and hence reveal spatio-temporal
profiles of the OTOCs in the long-range interacting sys-
tem. Here, the decay of the OTOC approximately occurs
at a time tc / d, d = j � 1, suggesting that the spatio-
temporal profile may be interpreted in terms of propa-
gation of a ballistic operator wavefront (with additional
di↵usive features), which propagates with a butterfly ve-
locity (and also broadens with time). These universal
features have been discussed theoretically for di↵erent
quantum lattice models [21–23].

FIG. 3. Measurement of OTOC’s with second interaction
Hamiltonian with parameters ↵ ⇡ 0.85, J0 ⇡ 2⇡ ⇥ 40.78 Hz
and B = 2⇡ ⇥ 1.5 kHz. As in Fig. 2, O2(t) provides a good
approximation to O(t). Here, the absence of ballistic operator
spreading (or butterfly velocity) is revealed by the fact that
the typical decay of the time does not increase linearly with
the site index j.

At the quantitative level, two observations are appar-
ent: (i) experimentally measured and theoretically simu-
lated OTOCs are, within error limits of the experiment
(see SM), in good agreement, implying consistency of the
protocol while measuring OTOCs in our system. Fur-
thermore, since the theoretical curves are obtained simu-
lating unitary dynamics, this demonstrates that the mea-
surement protocol is here not a↵ected by decoherence,
which is dominated by global dephasing (see Fig. 4 and
SM), in the experiment. (ii) O0(t) describes the same
qualitative behavior as O2(t) but quantitatively di↵ers
from the actual OTOC O(t), thus corroborating poor ap-
proximations of the OTOCs as predicted by the theory
[34]. On the contrary, the OTOC O2(t) provides an ex-
cellent approximation to O(t), and captures, in particular
quantitatively, all the features of the operator spreading
(compare Fig. 2 (c) and (d)). This means that the sam-
pling procedure described above to access the converging
series On(t) is adapted to our experimental setup.

We now consider a regime of power law exponent of
↵ ⇡ 0.85, corresponding to even longer range interactions
than the aforementioned case. In this case, the operator
wavefront is expected to spread in a non-ballistic man-
ner, i.e. without a butterfly velocity, and the shape of the
spatial-temporal profile of time ordered [9, 10] and out-
of-time ordered correlations [35–39] is the matter of cur-
rent intense theoretical investigations. We present these

3

0 1 2 3 4 5
time (ms)

-1

-0.5

0

0.5

1

a)

0 1 2 3 4 5
time (ms)

-1

-0.5

0

0.5

1

b)

0 1 2 3 4 5
time (ms)

-1

-0.5

0

0.5

1

c)

0 1 2 3 4 5
time (ms)

-1

-0.5

0

0.5

1

d)

FIG. 2. Out-of-time ordered correlators in a 10-qubit quan-
tum simulator. Estimated OTOC’s namely O0(t) in (a), O1(t)
in (b) and O2(t) in (c) are shown for various interaction times
and qubits, where circles are experimental points and lines are
numerically results for the experimental parameters. Initially,
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are observed for all spins. However, when the system under-
goes many-body dynamics, the delocalization of the operator
V is observed in terms of the loss of correlations. Current
measurements are carried out at the same experimental pa-
rameters as for the experimental data in Fig 1. Error bars
are deduced by the Jackknife sampling method and for the
current measurements, they are of the size of the symbols.
Simulated exact OTOCs, ON (t) = O(t), are presented in d),
indicate a close agreement with the experimental results. The
small oscillations visible in the theory curves can be attributed
to the large value of the magnetic field term B.
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features have been discussed theoretically for di↵erent
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ent: (i) experimentally measured and theoretically simu-
lated OTOCs are, within error limits of the experiment
(see SM), in good agreement, implying consistency of the
protocol while measuring OTOCs in our system. Fur-
thermore, since the theoretical curves are obtained simu-
lating unitary dynamics, this demonstrates that the mea-
surement protocol is here not a↵ected by decoherence,
which is dominated by global dephasing (see Fig. 4 and
SM), in the experiment. (ii) O0(t) describes the same
qualitative behavior as O2(t) but quantitatively di↵ers
from the actual OTOC O(t), thus corroborating poor ap-
proximations of the OTOCs as predicted by the theory
[34]. On the contrary, the OTOC O2(t) provides an ex-
cellent approximation to O(t), and captures, in particular
quantitatively, all the features of the operator spreading
(compare Fig. 2 (c) and (d)). This means that the sam-
pling procedure described above to access the converging
series On(t) is adapted to our experimental setup.

We now consider a regime of power law exponent of
↵ ⇡ 0.85, corresponding to even longer range interactions
than the aforementioned case. In this case, the operator
wavefront is expected to spread in a non-ballistic man-
ner, i.e. without a butterfly velocity, and the shape of the
spatial-temporal profile of time ordered [9, 10] and out-
of-time ordered correlations [35–39] is the matter of cur-
rent intense theoretical investigations. We present these
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FIG. 2. Out-of-time ordered correlators in a 10-qubit quan-
tum simulator. Estimated OTOC’s namely O0(t) in (a), O1(t)
in (b) and O2(t) in (c) are shown for various interaction times
and qubits, where circles are experimental points and lines are
numerically results for the experimental parameters. Initially,
at t = 0, the local observable V is not yet delocalized, hence
perfect anti-correlations/correlations between the quantities
are observed for all spins. However, when the system under-
goes many-body dynamics, the delocalization of the operator
V is observed in terms of the loss of correlations. Current
measurements are carried out at the same experimental pa-
rameters as for the experimental data in Fig 1. Error bars
are deduced by the Jackknife sampling method and for the
current measurements, they are of the size of the symbols.
Simulated exact OTOCs, ON (t) = O(t), are presented in d),
indicate a close agreement with the experimental results. The
small oscillations visible in the theory curves can be attributed
to the large value of the magnetic field term B.

ical simulations. In Fig. 2, the measured OTOCs O0(t),
O1(t), O2(t) (circles) as a function of time t after the
quantum quench are plotted. The error bars are statis-
tical errors obtained via the Jackknife method [49]. All
three measured OTOCs display the same qualitative be-
havior; perfect initial correlations (anti-correlations) ex-
ist for measurements of W = �x

j
performed at ion j > 1

(j = 1, respectively) and hence reveal spatio-temporal
profiles of the OTOCs in the long-range interacting sys-
tem. Here, the decay of the OTOC approximately occurs
at a time tc / d, d = j � 1, suggesting that the spatio-
temporal profile may be interpreted in terms of propa-
gation of a ballistic operator wavefront (with additional
di↵usive features), which propagates with a butterfly ve-
locity (and also broadens with time). These universal
features have been discussed theoretically for di↵erent
quantum lattice models [21–23].

FIG. 3. Measurement of OTOC’s with second interaction
Hamiltonian with parameters ↵ ⇡ 0.85, J0 ⇡ 2⇡ ⇥ 40.78 Hz
and B = 2⇡ ⇥ 1.5 kHz. As in Fig. 2, O2(t) provides a good
approximation to O(t). Here, the absence of ballistic operator
spreading (or butterfly velocity) is revealed by the fact that
the typical decay of the time does not increase linearly with
the site index j.

At the quantitative level, two observations are appar-
ent: (i) experimentally measured and theoretically simu-
lated OTOCs are, within error limits of the experiment
(see SM), in good agreement, implying consistency of the
protocol while measuring OTOCs in our system. Fur-
thermore, since the theoretical curves are obtained simu-
lating unitary dynamics, this demonstrates that the mea-
surement protocol is here not a↵ected by decoherence,
which is dominated by global dephasing (see Fig. 4 and
SM), in the experiment. (ii) O0(t) describes the same
qualitative behavior as O2(t) but quantitatively di↵ers
from the actual OTOC O(t), thus corroborating poor ap-
proximations of the OTOCs as predicted by the theory
[34]. On the contrary, the OTOC O2(t) provides an ex-
cellent approximation to O(t), and captures, in particular
quantitatively, all the features of the operator spreading
(compare Fig. 2 (c) and (d)). This means that the sam-
pling procedure described above to access the converging
series On(t) is adapted to our experimental setup.

We now consider a regime of power law exponent of
↵ ⇡ 0.85, corresponding to even longer range interactions
than the aforementioned case. In this case, the operator
wavefront is expected to spread in a non-ballistic man-
ner, i.e. without a butterfly velocity, and the shape of the
spatial-temporal profile of time ordered [9, 10] and out-
of-time ordered correlations [35–39] is the matter of cur-
rent intense theoretical investigations. We present these
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FIG. 1. Probing scrambling via statistical correlations in a spin system. The global protocol consists in measuring separately
(a) hW (t)iu and (b) hV †

W (t)V iu to obtain the OTOC O(t). (b) Numerical simulations of the protocol for the kicked Ising
model with parameters hx = J , hz = 0.809J , JT = 1.6, N = 8, and j = 3. The exact OTOC O(t) is shown as solid line. The
points represents the statistical correlations obtained from Nu = 500 unitaries and NM = 500 projective measurements, with
errors bars placed at ±2� calculated from the Jacknife resampling method. (c) Second protocol using local random unitaries.
(d) Same as (b) with protocol based on local unitaries, extracting the modified OTOC On(t) (calculated exactly, colored lines)
from the statistical correlations (circles with error bars). Convergence to the OTOC O(t) (black line) is achieved for low index
n ⇠ 2. In all this work, we use unbiased estimators for the normalization terms D(G,L).

O(t), as defined above, and the statistical correlations
obtained from initial states, which are randomized with
a global unitary operator u for the total many-body sys-
tem. We then present an experimentally simpler proto-
col for spin systems, where the initial state is randomized
with local unitary operations, and where the statistical
correlations also give access to O(t).

This paper is organized as follows. Section II presents
the main results of this paper by describing the two pro-
tocol to measure O(t) with local and random unitaries.
Section III gives di↵erent physical examples, accessible
to current AMO and solid-state platforms. Finally, we
discuss in section IV the role of statistical errors and im-
perfections, identifying in particular the di↵erent situa-
tions (depolarization, readout errors) where the protocol
is not a↵ected.

II. PROTOCOLS MAPPING STATISTICAL
CORRELATIONS TO OTOCS

In this section we present and illustrate both the global

and local protocols to measure OTOCs via random mea-
surements. We consider a system S associated with a
Hilbert space of dimension NH. This can be, for exam-
ple, a set of atoms described by a Hubbard model, or an
ensemble of spin-1/2 as shown in Fig. 1(a). In the follow-
ing, we also assume the operator V to be unitary, and the
operator W to be Hermitian and traceless (Tr(W ) = 0).
For spin systems we will consider W and V to be local
Pauli operators, which are particularly relevant to de-
scribe scrambling [22, 23]. We also give examples below

relevant to probe scrambling in Hubbard systems.
Our two protocols are illustrated in Fig. 1. The first

protocol described in Sec. II A relies on global random
unitaries u from the circular unitary ensemble (CUE) [44]
or a unitary 2-design [45]. As illustrated below for a
Bose-Hubbard systems, they can be realized in generic
interacting models using time-dependent disorder [46–
48]. The second protocol presented in Sec. II B considers
spin systems with individual spin control, which allows us
to simplify drastically the experimental task by replac-
ing the global random unitaries local random unitaries
u = u1 ⌦ u2 ⌦ . . . ⌦ uN , ui 2 CUE, acting on single
spins i = 1, . . . , N . Note that such local random uni-
taries have been recently realized with high-fidelity with
trapped ions [10].

We find it convenient to present both protocols as ex-
perimental recipes to measure the statistical correlations.
In each case, we then relate mathematically the correla-
tions to O(t).

A. Global random unitaries

Experimental protocol.— The protocol consists of the
following steps, as illustrated in Fig. 1(a).

(i) We prepare an arbitrary state |k0i, and apply a
global random unitary u to obtain | u,k0i = u |k0i. The
randomized state | u,k0i is the starting point for two in-
dependent experiments:

(ii.a) In the first experiment, we evolve the system in
time with U(t), and perform a measurement of the ex-
pectation value of W . The time evolution operator U(t)

Independent of System Size

L(t) ⇡ vBt / Jt
<latexit sha1_base64="1d26f7+zc3sC4RiXg8ownF8ouss=">AAACB3icbZDLSgMxFIYzXmu9VV0KEixC3ZQZEXRZ6kbERQV7gbYMmTTThmYmITlTLEN3bnwVNy4UcesruPNtTC8Lbf0h8PGfczg5f6AEN+C6387S8srq2npmI7u5tb2zm9vbrxmZaMqqVAqpGwExTPCYVYGDYA2lGYkCwepB/2pcrw+YNlzG9zBUrB2RbsxDTglYy88d3RbgFLeIUlo+4IFfxoBblhVIfIPBz+XdojsRXgRvBnk0U8XPfbU6kiYRi4EKYkzTcxW0U6KBU8FG2VZimCK0T7qsaTEmETPtdHLHCJ9Yp4NDqe2LAU/c3xMpiYwZRoHtjAj0zHxtbP5XayYQXrZTHqsEWEyni8JEYHvkOBTc4ZpREEMLhGpu/4ppj2hCwUaXtSF48ycvQu2s6Fm+O8+XyrM4MugQHaMC8tAFKqFrVEFVRNEjekav6M15cl6cd+dj2rrkzGYO0B85nz+rfZfn</latexit><latexit sha1_base64="1d26f7+zc3sC4RiXg8ownF8ouss=">AAACB3icbZDLSgMxFIYzXmu9VV0KEixC3ZQZEXRZ6kbERQV7gbYMmTTThmYmITlTLEN3bnwVNy4UcesruPNtTC8Lbf0h8PGfczg5f6AEN+C6387S8srq2npmI7u5tb2zm9vbrxmZaMqqVAqpGwExTPCYVYGDYA2lGYkCwepB/2pcrw+YNlzG9zBUrB2RbsxDTglYy88d3RbgFLeIUlo+4IFfxoBblhVIfIPBz+XdojsRXgRvBnk0U8XPfbU6kiYRi4EKYkzTcxW0U6KBU8FG2VZimCK0T7qsaTEmETPtdHLHCJ9Yp4NDqe2LAU/c3xMpiYwZRoHtjAj0zHxtbP5XayYQXrZTHqsEWEyni8JEYHvkOBTc4ZpREEMLhGpu/4ppj2hCwUaXtSF48ycvQu2s6Fm+O8+XyrM4MugQHaMC8tAFKqFrVEFVRNEjekav6M15cl6cd+dj2rrkzGYO0B85nz+rfZfn</latexit><latexit sha1_base64="1d26f7+zc3sC4RiXg8ownF8ouss=">AAACB3icbZDLSgMxFIYzXmu9VV0KEixC3ZQZEXRZ6kbERQV7gbYMmTTThmYmITlTLEN3bnwVNy4UcesruPNtTC8Lbf0h8PGfczg5f6AEN+C6387S8srq2npmI7u5tb2zm9vbrxmZaMqqVAqpGwExTPCYVYGDYA2lGYkCwepB/2pcrw+YNlzG9zBUrB2RbsxDTglYy88d3RbgFLeIUlo+4IFfxoBblhVIfIPBz+XdojsRXgRvBnk0U8XPfbU6kiYRi4EKYkzTcxW0U6KBU8FG2VZimCK0T7qsaTEmETPtdHLHCJ9Yp4NDqe2LAU/c3xMpiYwZRoHtjAj0zHxtbP5XayYQXrZTHqsEWEyni8JEYHvkOBTc4ZpREEMLhGpu/4ppj2hCwUaXtSF48ycvQu2s6Fm+O8+XyrM4MugQHaMC8tAFKqFrVEFVRNEjekav6M15cl6cd+dj2rrkzGYO0B85nz+rfZfn</latexit><latexit sha1_base64="1d26f7+zc3sC4RiXg8ownF8ouss=">AAACB3icbZDLSgMxFIYzXmu9VV0KEixC3ZQZEXRZ6kbERQV7gbYMmTTThmYmITlTLEN3bnwVNy4UcesruPNtTC8Lbf0h8PGfczg5f6AEN+C6387S8srq2npmI7u5tb2zm9vbrxmZaMqqVAqpGwExTPCYVYGDYA2lGYkCwepB/2pcrw+YNlzG9zBUrB2RbsxDTglYy88d3RbgFLeIUlo+4IFfxoBblhVIfIPBz+XdojsRXgRvBnk0U8XPfbU6kiYRi4EKYkzTcxW0U6KBU8FG2VZimCK0T7qsaTEmETPtdHLHCJ9Yp4NDqe2LAU/c3xMpiYwZRoHtjAj0zHxtbP5XayYQXrZTHqsEWEyni8JEYHvkOBTc4ZpREEMLhGpu/4ppj2hCwUaXtSF48ycvQu2s6Fm+O8+XyrM4MugQHaMC8tAFKqFrVEFVRNEjekav6M15cl6cd+dj2rrkzGYO0B85nz+rfZfn</latexit>

NM = 2L(t)
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error

All N operators W are measured simultaneously

Nu = NM = 500
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``Scrambling length’’

# projective

 measurements # unitaries

Kicked Ising model with 
spontaneous emission

Increasing 
rate

• OTOCs from normalized statistical correlations


➡ e.g. Depolarization is scaled out 

• Decoherence increases correlations (unique 
steady state)


➡ Opposite signal compared to unitary 
scrambling

N=6

Statistical Errors

Decoherence

`robust’
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FIG. 2. Single atom fluorescence in 3d arrays. (a-f) Maximum in-
tensity projection reconstruction of the average fluorescence of single
atoms stochastically loaded into exemplary arrays of traps. The x,y,z
scan range of the fluorescence is indicated and is the same for all the
3d reconstructions.

(ETL1) [19] in the imaging path allows us to acquire series
of stack images along the optical axis ẑ with which we recon-
struct the full 3d intensity distribution. The imaging system
covers a z-scan range of 200µm.

Figure 1 (b-d) shows some examples of patterns suitable
for experiments with single atoms. The images are recon-
structed using a maximum intensity projection method [20]
from 200 z-images obtained with the diagnostics CCD cam-
era. With ⇠ 3.5 mW of power per trap we reach depths of
U0/kB ' 1mK, and radial (longitudinal) trapping frequen-
cies of around 100 kHz (20 kHz). We produce highly uni-
form microtrap potentials (with peak intensities differing by
less than 5% rms) via a closed-loop optimization [16]. 87Rb
atoms are then loaded in the traps from a magneto-optical trap
(MOT), with a final temperature of 25µK. We detect the occu-
pancy of each trap by collecting the fluorescence of the atoms
at 780 nm with an EMCCD camera for 50 ms. A second tun-
able lens (ETL2) in the imaging path is used to focus the flu-
orescence of different atom planes.

In Fig. 2 we show the fluorescence of single atoms trapped
in various complex 3d structures, some of which are relevant
to the study of non-trivial properties of Chern insulators [21–
23]. Each example is reconstructed from a series of 100 z-
stack images covering an axial range of ⇠ 120µm. With no
further action, these arrays are randomly loaded with a filling
fraction of ⇠ 0.5; we thus average the fluorescence signal over

300 frames to reveal the geometry of the structures.
For deterministic atom loading, we extend our 2d atom-

by-atom assembler [12] to 3d geometries. For that, we su-
perimpose a second 850-nm laser beam (with 1/e2 radius
⇠ 1.3 µm) on the trapping beam, which can be steered in the
x-y plane using a 2d acousto-optical deflector (AOD) and in
z by changing the focal length of a third tunable lens (ETL3).
Combined with a real-time control system, this moving tweez-
ers (MT) can perform single atom transport with fidelities ex-
ceeding 0.993 [12], and produce fully loaded arrays by us-
ing independent and sequential rearrangement of the atoms
for each of the np planes in the 3d structures.

To explore the feasibility of plane-by-plane atom assembly,
we first determine the minimal separation between layers so
that each target plane can be reordered without affecting the
others. To quantify this, we perform the following experiment
in a 2d array containing 46 traps. We randomly load the array
with single atoms and demand the atom assembler to remove
all the atoms. We average over ⇠ 50 realizations and then
repeat the experiment for different axial separations between
the MT position and the trap plane. The result is shown in
Fig. 3a, where we see that for separations beyond ⇠ 17µm
the effect of the moving tweezers on the atoms is negligible.
This distance can be further reduced to ⇠ 14µm by operating
the moving tweezers with less power, without any degradation
in the performance of the sorting process. In a complementary
experiment, where we fully assembled small arrays, we also
checked that the assembling efficiency is not affected by slight
changes (below ⇠ 3µm) in the exact axial position of the MT.

We now demonstrate full loading of arbitrary 3d lattices us-
ing plane-by-plane assembly. We start by creating a 3d trap
array which can be decomposed in several planes normal to
z. In each plane we generate approximately twice the num-
ber of traps we need to load, such that we easily load enough
atoms to assemble the target structure. The sequence to create
fully loaded patterns (see Fig. 3b) starts by loading the MOT
and monitoring the atoms entering and leaving the traps by
sequentially taking a picture for each plane. We trigger the
assembler as soon as there are, in each plane, enough atoms
to fully assemble it. We then freeze the loading by dispersing
the MOT cloud, and record the initial positions of the atoms
by another series of z-stack images. The analysis of the im-
ages reveals which traps are filled with single atoms. We use
this information to compute, in about 1 ms, the moves needed
to create the fully loaded target array, and perform plane-by-
plane assembling, changing the z-position of the MT. Finally,
we detect the final 3d configuration with another series of z-
stack images.

Figure 3(c-h) shows a gallery of fully-loaded 3d atomic ar-
rays, arbitrarily arranged in space. We can create fully loaded
3d architectures with up to 72 atoms distributed in several lay-
ers with different degrees of complexity. The selected struc-
tures include simple cubic lattices (d), bilayers with a square
or graphene-like [24] arrangements (c,e,g), lattices with in-
herent geometrical frustration such as pyrochlore (f) [25], or
lattices with cylindrical symmetry (h), suitable e.g. to study

Barredo et al., Science (2016)IBM chip R. Blatt, Innsbruck

Classical simulation 
(if possible)

Classical computer (Jülich)

Quantum machine 2Quantum machine 1

Verify that both 
have prepared 
the same state

| 1i
<latexit sha1_base64="gjJnzs9sffWaEhSS+R23/wEoROw="></latexit> | 2i
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…

Theory

experiment vs. 
theory

Quantum computer / simulator  / quantum sensor & different platforms 

known quantum state

Fidelity estimation from few Pauli measurements,  
ST Flammia & YK Liu (PR:L 2011):


for known theory state

here: fidelities from statistical correlations 
between  randomized measurements:


no a-priori knowledge of quantum state 
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Cross-verification

Quantum machine 2Quantum machine 1

Verify that both 
have prepared 
the same state

Fidelity

For pure states F (| 1i, | 2i) = |h 1| 2i|2
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For mixed states
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Review: Liang et al., arXiv:1810.08034 
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How to measure in many-body systems?

35

Normalization:
- max

- geometric mean

Josza-axioms
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Measuring many-body fidelities
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Quantum machine 2Quantum machine 1
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quantum machine 2
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Renyi-Entropies: 
Experiment [Greiner Group]:  
Islam et al., Nature (2015); 
Kaufmann et al., Science (2016)

Theory: Daley et al. PRL 20121
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Quantum link
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Version 1: Quantum Link

Version 2: Classical Link 

Perform tomography, communicate results via classical link, compute

How to measure without quantum link but more efficiently than tomography*?

… statistical correlations between randomized measurements

here: no assumption 

on quantum state
G Torlai & RG Melko, Machine learning quantum 
states in the NISQ era,,arXiv:1905.04312
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Cross-correlations of randomized measurements
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Quantum 
simulation 

or
computation 

Quantum 
simulation 

or
computation 

P (1)
U (sA) = Tr
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U⇢1U

† |sAi hsA|
⇤
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Local random 
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Note for theory-experiment mode:  
compare to ‘direct fidelity estimation’ a la 
Silva et al., PRL 2011, Liu, Flammia, PRL 2011

Theory vs. experiment fidelities: `emulating x-platform’

Experiment Classical simulation (Theory)

⇢E
<latexit sha1_base64="DB/hVcDlmv0bkpjAU6ipsiIll5E="></latexit> ⇢T
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Quench dynamics within 
the long-range XY-model

Unitary time evolution simulated with 
exact diagonalization
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Theory vs. Experiment Fidelities: `Emulating X-Platform’

39

Data taken in context of: T Brydges, A Elben, P Jurcevic, B Vermersch, C Maier, BP Lanyon, P. Z., R Blatt, CF Roos, Science 2019
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Experiment vs. Experiment Fidelities: `Emulating X-Platform’

Experiment 1 Experiment 2

Quench dynamics within 
the long-range XY-model - 

Day 1

Quench dynamics within 
the long-range XY-model - 

Day 2

⇢E2<latexit sha1_base64="cY5Ub+kJ3y2W0pAXQw36cGPzoQs="></latexit>

⇢E1<latexit sha1_base64="qk5jz9Lk7KEJwIkKKAECimWa6FI="></latexit>

… what we really want to do is to compare Innsbruck & Maryland etc.



uibk |

Experiment self-verification in a trapped ion quantum simulator
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Data taken in context of: T Brydges, A Elben, P Jurcevic, B Vermersch, C Maier, BP Lanyon, P. Z., R Blatt, CF Roos, Science 2019
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Scaling of the required number of measurements [numerical results]
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Conclusions: `Randomized Measurement Toolbox’

hOiiU
<latexit sha1_base64="56swN8zrXPptY1fcSwT6B/cfry8="></latexit>

z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>

z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>

z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>

z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>u1

u2

u3

u4<latexit sha1_base64="m1bkZHpDKPaMkTMI3BnGSoI71XA="></latexit><latexit sha1_base64="m1bkZHpDKPaMkTMI3BnGSoI71XA="></latexit><latexit sha1_base64="m1bkZHpDKPaMkTMI3BnGSoI71XA="></latexit><latexit sha1_base64="m1bkZHpDKPaMkTMI3BnGSoI71XA="></latexit>

z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>

z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>

z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>

z
<latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit><latexit sha1_base64="ydKcMRZGs46zG/a1/3kUQns4L3o="></latexit>

…
random 
unitary


global local random unitaries

⇢
<latexit sha1_base64="XooUAhN6uYgbX7L6RuTGWhSHETo="></latexit>

self/cross-correlations

with UA 2 CUE
<latexit sha1_base64="5Z0jWbWCAlM6xlBKZ5J2MWQ9zqk="></latexit><latexit sha1_base64="5Z0jWbWCAlM6xlBKZ5J2MWQ9zqk="></latexit><latexit sha1_base64="5Z0jWbWCAlM6xlBKZ5J2MWQ9zqk="></latexit><latexit sha1_base64="5Z0jWbWCAlM6xlBKZ5J2MWQ9zqk="></latexit>

UA =
O

ui
<latexit sha1_base64="KbulCNRBU67G+FEcPfXCnliVH84="></latexit><latexit sha1_base64="KbulCNRBU67G+FEcPfXCnliVH84="></latexit><latexit sha1_base64="KbulCNRBU67G+FEcPfXCnliVH84="></latexit><latexit sha1_base64="KbulCNRBU67G+FEcPfXCnliVH84="></latexit>

ui 2 CUE(d)
<latexit sha1_base64="70hnL5sds7ArFIWT9gxIcbBr4CI="></latexit><latexit sha1_base64="70hnL5sds7ArFIWT9gxIcbBr4CI="></latexit><latexit sha1_base64="70hnL5sds7ArFIWT9gxIcbBr4CI="></latexit><latexit sha1_base64="70hnL5sds7ArFIWT9gxIcbBr4CI="></latexit>

hOiiU hOjiU
<latexit sha1_base64="lcW5pB5or+Vej6ha+CNt5ZlLmUQ="></latexit>

system 1

day 1

system 2

day 2

•  Randomized Measurements

•  Examples:

✓Renyi (entanglement) entropies

✓OTOCs

✓X-platform verification

F ⇠ Tr(⇢(1)A ⇢(2)A )
<latexit sha1_base64="0jSzVQtzOMHOk2uNsFpfhb71RRw="></latexit>

Different locations, times & platforms

classical

•  Scaling #qubits as friendly exponential ~ intermediate scale quantum devices
•  No assumption on quantum state: Importance sampling


