g Symmetrg_\

phenomenon is known under the pgme of anomalies. Cepiefin Ward\identities get

In this tage, the effective
correct anomaly in the u
Witten (WZW Jterpd'in the effective chiral Maghangian, which yields the anomatous
divergence of the sing

As we will€ee in the Tellowing, symimetries can be raalized in varjeds ways. Most
simply, théy can be exact dx appfoximate. However, in many edse symmetries are
hiddep/(spontaneously brokedf\or anomalous. All these irffricate phenome
appear in QCD and its refdted effestive field theories:

7

2.2 Euler-Heisenberg Lagrangian

2.2.1 The role of symmetry

To elucidate the role of symmetries, we start with an warm-up example, where
perturbative calculations can be carried out explicitly in order to verify the result.
Consider Quantum Electrodynamics (QED) for momenta/energies much smaller
than the electron mass. According to the decoupling theorem, the only relevant
degrees of freedom in the effective theory will be photons for such energies, £ < m,,
with E the photon energy and m, denotes the electron mass. Consequently, the

effective Lagrangian of the theory sho field .

It is important to realize that this is not a theory of free photons: the corresponding
Lagrangian contains vertices with 4,6,... photons (an odd number is not allowed
because of Furry’s theorem [2]). These vertices describe interactions which in the
original theory are mediated by closed electron loops, see Fig. 2.1.

In order to construct the effective Lagrangian, one writes down all possible terms,
which can be built using the field @,. In the next step, the couplings in front of
these terms should be matched to the underlying theory, in this case QED. Here
one arrives at the central question: what is a criterion for the possible terms? The
corresponding procedure is based on the following rules:

e Use only those fields that correspond to the relevant degrees of freedom at the
given energy.

e Respect all symmetries. In our example, Lorentz invariance and the discrete

: metries of QED should be maintained. Here, C, P and T refer
to charge conjugation, parity transformations and time reversal, in order (see,
e.g., Ref. [3]). However, in addition to these general symmetries, QED possesses

1) gauge symmetry. In this section we shall demonstrate that the require-
ment of U(1)-invariance of the effective theory severely limits the number of
the possible terms. This simplifies the procedure of constructing the effective
Lagrangian.

oV
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Now, let us focus on the role of gauge invariance. It is straightforward to see that
the integrand in Eq. (2.4) is invariant under the gauge transformations

'L'i’(:-?) — E—ia(z)w(x) . z,Z:(:r:) s ﬁ(m)em(z) , ﬁfu sy gfp + éaﬂa(a,)_ (2_5)

Here, a(z) denotes the real-valued parameter of the gauge transformation.

Consequently, assuming that the path integral measure is also invariant with
respect to the gauge transformations!, and performing these transformations in
Eq. (2.4), we easily obtain

exp{é/d“xﬁeff(gf#)} :exp{i/d“xﬁeff(.efp-i-@pa)}. (2.6)

In the above equation, 4, is considered as an external classical field. Eq. (2.6) holds
if the effective Lagrangian L (%7,) is gauge-invariant, i.e., if it only depends on the
gauge-invariant field strength tensor

L‘eff(du) = £eﬁ(ﬁ_¢w) s (2-7)

Note that the gauge invariance naturally leads to consistent counting rules: since
Z, contains field derivatives, insertions of .%#,, into the loop diagrams result in
the suppression of the loop corrections at low energies.

The non-linear contributions to the Lagrangian arise first at O(m;4). To this
order, there are onl - i .

2
Loy = —952 Fu F" + % {cl (Fuw F"™)? + Oz(ﬁwﬁ’“’f} +0(m_®) [2.8)
]

where FHV = ghval Fos, and e#7F ig the totally antisymmetric Levi-Civita tensor.
The overall factor m_ 4 appears on dimensional grounds, and the factor o, where
a = e?/(4r) is the electromagnetic fine-structure constant, appears because this
term couples with four photons, each carrying a factor e. So, to this order, only
two constants cj,ce have to be determined from matching to QED. Note also the
constant ¢g is ultraviolet-divergent. Note further that the first term in Eq. (2.8)
combines with the free photon kinetic term and leads to a renormalization of the
photon field.

Irrespective of the actual values of the constants ¢y, ¢z, one may investigate, e.g.,
the dependence of the photon-photon scattering cross section on photon energy E
at F < m,. From the explicit form of the Euler-Heisenberg Lagrangian given in

! At first glance, this seems self-evident, since dyd) = T[], dg(2)df(z) =
[1, (e~ @ dip(z))(e!*(*)dip(x)). However, a certain care is needed in performing the
continuum limit, where the number of integration variables tends to infinity. One, in particular,

“eeds to regularize The ultraviolet divergence emergig T TS it Temove the regular-
ization at the end of the calculations. In the given particular case, this can be done without
a problem, justifying the assumption about the gauge-invariance of the fermionic measure.
However, if the gauge transformation contains <5, the fermionic measure is, in general, no
more gauge-invariant, giving rise to the so-called anomalies. In the following, we shall consider
this issue in detail.
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It can be shown that (see below)

; 1 [®ds _iym2_io)[ 2 ,cosh(eas)cos(ebs) 1
it D) = W_/ rh € absinh(eas)sin(ebs) 52 (214)

where the factor 70 is needed to make the integral convergent. Expanding in powers
of a,b and using Eq. (2.13), we obtain

? 3 N
—ilndet(D) = .2_(6:_“3 (E? — BQ)/G _:, e—is(mi—i0)

= - —is(m?—i
- (3——6%2 (E2 - B?)? + 360 2(}3: B) )fo dsse—ismi=i0) | .
(2.15)

The ultraviolet divergence at s = 0 in the first integral can be removed by the
renormalization of the free-photon term ~ %, #"" in the Lagrangian. The second
term is finite. Performing the integration over s in this term, we finally get

2

—ilndet(D) = -3:139 Fy F™ + Q%%—;

(gpwgw)Q (ﬁpw ) e

360 q
(2.16)

where ¢g denotes an ultraviolet-divergent constant, as discussed before. From this
equation, one may directly read off the values of ¢;, ea:
1 7

‘9—0 3 Co = % 3 (21?}

=

2.2.3 The fermion determinant in a constant field

Here, we perform the explicit calculation of the fermion determinant in a constant

field. Namely, our final goal will be to derive Eq. (2.14), which was already been

used to match the coeflicients ¢;, ¢5 in the Euler-Heisenberg Lagrangian.
Subtracting a constant that does not depend on the field 4, we may define

Indet(D) = Indet(D) — Indet(iy*8, — m.)
=Tr ln((i @ —ed —mg)(i ﬂ—mc)'l) ; (2.18)
where “Tr” denotes the trace both in the coordinate-space and in the space of the

Dirac indices. Using Cy,C~" = —y[, where C = iy?7°, Eq. (2.18) can be rewritten
as

2Indet(D) = Tr ln(((i P—ed)?—m?((iP)? - mz)—l) : (2.19)
Further, using the relation

1n__ f ds zs{ﬁ+n0}_ew(a+m}) (2.20)

c (F-e-nfTiA-n) ¢
K m) (- )

(if—ef+m) (iF4M)
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|z3). Calculating the matrix elements in Eq. (2.30) separately, for the first one we
get

(zoxs|e’ o3 |xoms

- / dpodpsdpodpddodesdeodds izo(po—p})-+izs(ps—rh)
(2m)®

: T on S 3 |
x (p0p3|emnp3"ea|QOq3> (qUQ3|eme o q0)|q6qé>

x (qogsle™ PP/ * |pyps) . (2.31)
Using the relations

(pops|eiPoPa/ee|goqs) = eXPoPs/ea(2m)25(py — go)8(ps — g3) »
(gogale* P25 g gh) = (2m)6(gs — g (qole™* PO~ D) |gf),  (2.32)
we obtain
(zoxs|e? ™% |Tozs) = Ze??f f dpo (po|e*®e="2"=8) pg) . (2.33)

In order to calculate the matrix element in Eq. (2.33), we consider the quantum-
mechanical problem of a harmonic oscillator given by the Hamiltonian

1 5, Wi 5
The eigenfunctions of this Hamiltonian are labeled by an integer n =0,1,---
1
hect) = o+ 3 ) ) (239

Consider now the matrix element

ea

€a 1 2ishe - B £ 2 . -
e fdpo (pole po) = 1 nzofdpol(iﬂolﬂ)l exp{2tsuo(n+ 2)}

- 1
= ;_:_ Z exp{Qist (n + E) } . (2.36)
n=0

In order to recover the original matrix element in Eq. (2.33), one has to substitute
wp — iea. Carrying out the summation over n, we finally arrive at the following
result
i8Haa | .. i €a
(zoz3le'* % |zos) = Trontlas (2.37)
Evaluating the second matrix element in Eq. (2.30) with the same method, we
obtain
) isHyz - eb
(z122|e® ™2 @1 29) = P (2.38)
Finally, substituting Egs. (2.37) and (2.38) into Egs. (2.30) and (2.26), we arrive
at Eq. (2.14), which was used for matching the couplings of the Euler-Heisenberg
Lagrangian.
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Fig. 1.1

Basic concepts

-

An electrlc.'ﬁgld produced by an arbifrary localized stitic distribution of charges. The

integrated out from the theory, leading to an effective theory, which contains t
light degrees of freedom only.

1.2 Warm up: effective theory for scattering on th
potential well

1.2.1 Effective range expansion

Before addressing effective field theories, we would like to start from a more familiar
example and consider constructing an effective theory for the quantum-mechanical
scattering on a short-ranged potential. This allows to explain many fundamental
concepts and notions of the effective field theories in an intuitive and transparent
fashion'. Namely, we shall consider a spherical potential well, depicted in Fig. 1.2.
The potential of the well is given by:

ren ) =Uo for r<b,
B { 0 for r>b. (4

! A similar problem has been addressed, for example, in the beautiful lectures given by G.P. Lep-
age [1], which we strongly recommend for further reading.

e
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Basic concepts

In the following, we restrict ourselves to S-wave scattering with £ = 0 and thus
drop the index ¢. The S-wave scattering phase is given by:
ktan(Kb) — K tan(kb)

tandk) = T Ften(Bh) tan(KD) (1.9)

Using this expression, one may write down the effective-range expansion for the
phase shift:

kcot d(k) = —% + %’rk2+v4k4+0(k6). (1.10)
Here, a is the scattering length, r is called effective range, and the higher coefficients
V4. Vg, ... are known under the name shape parameters. Generally, a, r, v4, vg, . . . are
referred to as effective-range parameters. Note that in our sign convention, a positive
value of a corresponds to attraction. The explicit expressions for these parameters
are obtained by Taylor-expanding Eq. (1.9). It is convenient to express the results
in terms of b and the dimensionless parameter x = by/Up:

a=bfo(z),
P bf?(x) 3
van =" 1o (). (1.11)

Below, we display the first two coefficients explicitly:

tanx

fol®) =1-—,

_ 3tanz — 3z + 3z tan? z — 622 tanz + 22°

fa(z) = . (1.12)

3z(z — tanx)?

and so on.

Next, let us consider the limit # — 7 + 7n. One can easily convince oneself
that fa(z), fa(z),... stay finite in this limit. With the first coefficient, matters are
however different. As seen from Eq. (1.12), fo(x) — oo as tanz — oo. Thus, we
have two distinct possibilities:

1. All effective-range parameters are of natural size, which is determined by the
interaction range b. Namely, a ~ b, r ~ b, vg, ~ b*""1,

2. We have an unnaturally large scattering length, namely, a > b. All other param-
eters are of natural size, i.e., we still have r ~ b, vy, ~ b2"~1.

Note also that the convergence of the effective range expansion is in both cases

controlled by the parameter b. In other words, the effective range expansion con-

verges when kb < 1. Physically, this means that for the large distances r ~ 1/k > b,

the scattering on the short-ranged potential. irrespective of its shape, can be pa-
rameterized by the first few coefficients in this expansion (like any static charge
distribution in classical electrodynamics at large distances can be characterized by
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One may also introduce the scattering R-matrix, which obeys the the Lippmann-
Schwinger equation

2
R R =V k) + 2 { LU V.0 Rk, (1.18)

Here, unlike Eq. (1.15), the integral is equipped with the principal value prescription

(the bar across the integral sign denotes the principal-value integral). The T- and

R-matrices are related. (O this relation takes the form

_ Rk
Tik)= 1—ikR(k)’

In the following, we prefer to work with the R-matrix. The Fourier transform of

the potential in Eq. (1.14) is given by

V(p,k) = Cp. R=C.+ G 12(1_2 )

R(k) = % tan 8(k) . (1.19)

The solution of the Lippmann-Schwinger equation (1.18) is given by: - __g:._
Co 2 q*dg L2y

k)= —————, L(k? Z-f—. 21

R( ) ] — Colz(k2) 2( ) T qg = k:g ( )

Here, we encounter the problem of an ultraviolet (UV) divergence: since t =
function potential is singular at short distances, the integral I diver t the

upper limit and should be regularized. The most straightforward way to do this is

to introduce a momentum cutoff A. Then, the integral is equal to

A 2
Lk?) = g][ qg_i;;z = %A +O0(1/A). (1.22)
In the following, the terms of order 1/A are always neglected and never displayed
explicitly. The R-matrix at leading order, which is given by Eq. (1.21), turns out
to be constant. The matching condition then reads:

a
" 1-al(0)’

It follows from the above equation that Cy should be A-dependent, in order to
ensure that the observable (the scattering length a) does not depend on the cutoff.

In order to illustrate the matching, let us do a simple numerical exercise. We
arbitrarily choose the parameters of the square well as b =1 and x = b\/TUp = 7/4.
In Fig. 1.3, we display the exact phase shift, given by Eq. (1.9), as well as the
phase shift, obtained in the effective field theory with a zero-range potential given
in Eq. (1.14), where the parameter () is determined from the matching to the exact
scattering length. The parameter A is set equal to 1/b (i.e., to the inverse of the
short-range scale of the model). It is seen that, up to the momenta k2/A% < 0.5,
the phase shift is reproduced in the effective theory rather well.

We are not going to stop here, however, and ask ourselves whether it is possible
to systematically improve the description of the phase shift. To this end, note that,
using the leading-order potential (with no derivatives), it is possible to adjust only

R(0)=—a, Cp= (1.23)
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we learn from this gxample?

omenta (A < 1/b) a scattering process cafi be characterized by a small

{ effective rangé expansion parameters.

interaction rafige, is implicitly encodedAn the size of the effective range

expansion pardmeters, Namely, if the scgftering length is of natural size, then

we have a by r ~ b vy ~ b and £o on. case of an unnaturally large
scattering’length, only the first of these relations is not valid.

e An unnafurally large scattéring ledgth ig“related to the formation of a near-

threshiold bound state (or, &f aAirtuad state, in general).

e One fhay construct a low-energk effe€tive theory, approximating the square well
pOtential by a series of thé d-fMnction potential and derivatives thereof. The
couplings in front of thee pétendals are adjustable parameters and are used
to reproduce the effectivelrange eXpansion parameters order by order. This
procedure goes undér fe name of mafching.

Albeit the matching canditions may look \differently in different regularizations,
the resulting seapfering amplitude, expredged ip-ferms of the effective ra
parameters, j5 the same in all regularizationsip to the terms of higher orders.

Last but not fedst, it is interesting to mentien thatthe matching fixes not
scat.ter 2

states 4¢ well. To see this, it suffiCes to note that, acsording to 4. (1.19), the
poled 6f the T-matrix (corresponding to the bound states)

equation will glso be reproduced up to higheporder terms.
e Theoretical yAcertainties can and should be£stimated.

1.3 Integrating out a heavy scale: A model at tre

level
O e e R A R R I R RS

1.3.1 Matching at tree level

After this warm-up example considered in the previous section, let us proceed with
the construction of an effective theory in a simple field-theoretical model, This
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@B The tree-level scattering amplitude for the process ¢¢ — ¢¢ in the effective theory

described by the Lagrangian given in Eq. (1.43). This amplitude can be obtained from
the amplitude shown in Fig. 1.5 by contracting all heavy lines to a point.

a Taylor series:

3° ¢ g -
+—(s+t+u)+W(sg+t‘?+u2)+~- (1.42)

=32+ 313

At low energies, each subsequent term in this expansion is suppressed by a factor
E?/M? with respect to the previous one, where E is the characteristic energy of
the light particles.

Our aim is to find a Lagrangian that contains only ¢-fields, and which repro-
duces the expansion of the amplitude in Eq. (1.42). In general, such an effective
Lagrangian must contain an infinite tower of quartic terms in the field ¢. In analogy
with Eq. (1.24) one may try to use the Lagrangian of the following form:

P
Lo = 11; (99)% — m? ¢? — Cod* — C1¢°06% — Cp¢?0%¢% + -+, (1.43)

with O = 99, = 99. Note that at tree level the mass parameters in both the
underlying and effective Lagrangians are equal. As we shall see below, this is no
more the case at one loop.

The tree-level amplitude, obtained from this Lagrangian, takes the form

T = —24Co +8Ci(s+t+u) — 8Cy(s® + 2 + u?) +--- . (1.44)
This amplitude is shown in Fig. 1.6. Demanding T2, = Ty leads to match-

ing conditions which enable one to express the couplings of the effective theory
Cp,C1,Cy, ... in terms of the parameters of the underlying theory g, m and M.

1.3.2 Equations of motion

The matching condition is imposed on observables, i.e., in our case, on the scattering
amplitude defined on shell, p;? = m?. As it is known, the Mandelstam variables on
shell obey the constraint

s+t+u=4m?, (1.45)
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