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■ Ex: WW>WW with gauge couplings only
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■ 1. Motivation: subtle gauge cancellation  

■ Violate unitarity, theory not cosistent. 
■ Also not renormalizable

/ (E/mV )4
<latexit sha1_base64="dx2jStuOvnm021etMK266uWtnsI="></latexit>

n Longitudinal vector boson 𝜖"
#~	𝑘#/m ~ 𝐸/m 

1.1The Unitarity Problem of SM of EW Interactions



■ Solution: introduce a scalar with couplings to vector bosons
■ Vertices: ℎ𝑊𝑊; 𝑔-.. = 𝑖𝑔𝑚2 (Higgs mechanism)
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■ Final Amplitude: 		A / O(1)
<latexit sha1_base64="CrFiNmCzgE/AgHerYXWnDuJGrTQ="></latexit>

■ 1. Motivation: subtle gauge cancellation  

■ Condition: precise relation between gauge couplings and hWW

■ Reflection of gauge symmetry in S-matrix/amplitude

/ (E/mV )4
<latexit sha1_base64="dx2jStuOvnm021etMK266uWtnsI="></latexit>

The Unitarity Problem of SM of EW Interactions

n Unitarity restored 



■ Goldstone equivalence theorem(GET)

■ Amplitudes of Longitudinal vector bosons approximately equal to 
amplitudes of the corresponding Goldstone bosons 

■ 1. Motivation: subtle gauge cancellation  

■ GET is a direct consequence of “massive Ward identity”

■ So applies to any theory with gauge symmetry, e.g. SMEFT

The Unitarity Problem of SM of EW Interactions

=<latexit sha1_base64="JfR3WT7kNoctgng+gpbqOf6O9gg="></latexit> +O(mW
E )

<latexit sha1_base64="0sguOYKR7Wnxv6ATaIDXqTBKf7I="></latexit>

W± ' �±
<latexit sha1_base64="rUgPOz9vhTzg/9xH/suHewlBsyY="></latexit>

kµMµ = imWM(�)
<latexit sha1_base64="46rEgS+asAK0a1fR5ycSFTCKUoE="></latexit>



■ WW>WW Large cancellation between diagrams

■ 1. Motivation: subtle gauge cancellation  

■ Theory: single diagrams has unphysical energy behavior, power counting 
doesn’t hold (compare standard way to compute WW>WW with GET )

■ Numerical: large number cancellation easily leads to large error    

1.2 The Techniaue Problem of Large Cancellation
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■ 1. Motivation: subtle gauge cancellation  

■ Numerical Problem 
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Total cross section of WW > ZZ 
when t/u channel propagators are 
given physical decay width 

■ Cancellation between large numbers(diagrams) easily leads to errors

(Madgraph before v3_** versions)
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■ 1. Motivation: subtle gauge cancellation  

■ Computing efficiency
■ Numerical Problem: Cancellation between large numbers(diagrams) 

Madgraph v3_2_0

pp > jj w+{0}w-{0}h:
Event no: 147/10000

pp > jj w+{T}w-{T}h:



WW>WW IN GET
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• Physical behavior for  individual diagrams
• Power counting valid, again becomes a valuable tool for physical analysis
• However，not exact equivalent to VBS amplitude
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■ 1. Motivation: subtle gauge cancellation  

■ Theoretical Problem 
■ Ex.: SMEFT and Higgs Couplings Measurement

W±
L /ZL ⇠ �±/�0

<latexit sha1_base64="70n/VxoI61Br77ZboIc6hg9kdBw="></latexit>WLWL ! WLWLh/hhh
<latexit sha1_base64="4vpXlUc2ZEaGRcz8LYCOGLo39rs="></latexit>

'<latexit sha1_base64="LJ5t8I+jRXpCdwQ4lQu2UIwa7Jw="></latexit>

E � m
<latexit sha1_base64="CYc7s3qQ0hm/VbNclD/QneOOdhw="></latexit>

+O(mE )
<latexit sha1_base64="I2ZdbQBC62iqRklLGaYM9yWB+Nw="></latexit>

O6 = c6
⇤2 (�†�)3

<latexit sha1_base64="VjuxAPyQGquY0EAo4jd9FNYv6M4="></latexit>

At what exactly range is on this picture(GET) valid? Corrections?

Even simpler amplitude WW>WW？

We need a method that manifests GET, but computes amplitudes exactly. 



10

■ 1. Motivation: subtle gauge cancellation  

■ Theoretical Problems 
■ Ex: SMEFT and Higgs Couplings Measurement
■ Measuring Higgs self-couplings through W±

L /ZL ⇠ �±/�0
<latexit sha1_base64="70n/VxoI61Br77ZboIc6hg9kdBw="></latexit>

(Mainstream: double Higgs production) 

WLWL ! WLWLh/hhh
<latexit sha1_base64="4vpXlUc2ZEaGRcz8LYCOGLo39rs="></latexit>

'<latexit sha1_base64="LJ5t8I+jRXpCdwQ4lQu2UIwa7Jw="></latexit>E � m
<latexit sha1_base64="CYc7s3qQ0hm/VbNclD/QneOOdhw="></latexit>

+O(mE )
<latexit sha1_base64="I2ZdbQBC62iqRklLGaYM9yWB+Nw="></latexit>

O6 = c6
⇤2 (�†�)3

<latexit sha1_base64="VjuxAPyQGquY0EAo4jd9FNYv6M4="></latexit>

JHEP10(2021)099
PhysRevD.105.053009

Importance is of the same level as hh production in muon colliders

Junmou Chen, Chih-Ting Ting, Yongcheng Wu, Tong Li
Chang-Yuan Yao
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• GET solution not completely satisfactory

• Need to take into account the energy suppressed terms
■ Ward identity kµMµ = �imV M(�)

<latexit sha1_base64="C04iI9jLHaYhyWGDBnlHzs4FmHA="></latexit>

✏µL = kµ

mW
� m

E+|~k|
nµ

<latexit sha1_base64="QbSMWhvwRKijyKbpLRrlWjI9kWo="></latexit>

(From gauge symmetry) 

■ N-point amplitudes: 

■ Problem:  Too many diagrams, hard to calculate

GET
O(mE )

<latexit sha1_base64="za5AdwQaNdyHJzI4XLO3sklio+A="></latexit>

The terms (diagrams) on the RH are 24 times of LH (Naïve est.)

See, e.g. Nucl. Phys. B 261, 379 (1985)
M. S. Chanowitz and M. K. Gaillard 

M(WL) = �iM(�)� mW

E+|~k|
nµ

<latexit sha1_base64="uARtRF75GzBJJFK/N6ZLMyn4kv4="></latexit>
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■ 2. Solution:  “New Feynman Diagram”

■ Polarization vector

𝑘5 = 𝑘#
𝑖𝑚6

𝑔54 = 𝑑𝑖𝑎𝑔(1,−1,−1,−1,−1)

M = ✏MMM = ✏̃µMµ � iM(�)
<latexit sha1_base64="YHy4luTpSm122YwCI1YOyi2BS88="></latexit>

kMMM = kµMµ � iM(�)
<latexit sha1_base64="KLnAZTUERO5c24BmHriGGft0znY="></latexit>

■ 5-component formalism

■ Gauge and Goldstone components combined together

M(k1, k2, ..., kn) = ✏M1✏M2 ...✏MNMM1,M2,...,MN (k1, k2, ..., kn)
<latexit sha1_base64="rsw0FEGDk8KipnFR/gCTYyoRWYo="></latexit>

■ N-point amplitudes(pol.vec., propagators, vertices)

𝜖"5 = 𝜖"
#

0
− 𝑘5 = 𝜖@̃

#

𝑖

■ GET = 0
<latexit sha1_base64="HADMbnryNiq4LDYLPzCJJkGMW4Q="></latexit>

Well behaved in high energy and a single object
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■ Gauge Choice and Propagators: 5-components formalism
■ 2. Solution:  “New Feynman Diagram”

■ Goldstone equivalence gauge(GEG)

n · V = 0
<latexit sha1_base64="byK2biVNJaOgCB4TOfoSah93gUs="></latexit> n · ✏s = 0

<latexit sha1_base64="SviiRM+VqZ4u+z/YA67MHGMkYms="></latexit>

✏±
<latexit sha1_base64="tdvSL7Efqq8w+1yTTm+mueeLkqQ="></latexit>

satisfies

n · n = 0 ! n · ✏̃n = 0
<latexit sha1_base64="CH1lju4zSUqdjjaE0x1kfR0ckOc="></latexit>

Gauge condition:

✏µL = kµ

mV
+ ✏̃µn

<latexit sha1_base64="xfvzSoSaO04eseFgAxE29HSoMms="></latexit>

✏̃µn = �mV
n·k n

µ
<latexit sha1_base64="NdWUSrLsX5DexuxRw3iCNmRaA3Q="></latexit>

n · ✏± = 0
<latexit sha1_base64="BX31Yn4rjhzoA0y2uEtD4yiE15w="></latexit>

Transverse:

So where is 𝑘# term? 

n · ✏L 6= 0
<latexit sha1_base64="JW+hw3OXxaduWv8rXnimRPfrmIs="></latexit>

does not satisfy

nµ = (1,� ~k
|~k|

)
<latexit sha1_base64="j7hRdsImKIduHY5zqB9Iz1O61M8="></latexit>

with

Longitudinal:

“Scalarized” into Goldstone mode! kµ/mV ! �
<latexit sha1_base64="cgai+ccunuvsRiFa77eQAxQ6yAc="></latexit>

proposed in JHEP11(2017)093
Junmou Chen, Tao Han & Brock Tweedie✏µL = kµ

mW
� m

E+|~k|
nµ

<latexit sha1_base64="QbSMWhvwRKijyKbpLRrlWjI9kWo="></latexit>

or 
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■ Gauge Choice and Propagator: 5-components formalism
■ 2. Solution:  “New Feynman Diagram”

■ Degrees of freedom in Feynman gauge

�gµ⌫ + kµk⌫

m2
V

=
P

s=±,L
✏µL✏

⌫
L

<latexit sha1_base64="iNvOscLL9mtDGCb8/L8AEUTYE64="></latexit>

energy increase

�gµ⌫ =
P
s=±

✏µs ✏
⌫
s + ✏µL✏

⌫
L � kµk⌫

m2
V

<latexit sha1_base64="MqAzgfpFH7k0KjfHD7abEIVhU5Y="></latexit>

=
P
s=±

✏µs ✏
⌫
s � nµk⌫+kµn⌫

n·k + m2nµn⌫

(n·k)2
<latexit sha1_base64="ofCIjZH52tRqMMu/jVk/W+m5xFw="></latexit>

■ Gauge cancellation exists also on the propagator (Rxi gauge)

Physical degrees of freedom

Even Feynman gauge gives unphysical energy increase!  
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■ Gauge Choice and Propagators: 5-components formalism
■ 2. Solution:  “New Feynman Diagram”

■ Goldstone equivalence gauge(GEG)
L⇠ = 1

2⇠ (n · V )2
<latexit sha1_base64="UYaccaSgjhhpY5U1RbDQ5CqYfic="></latexit>

h(Va,�a), (Vb,�b)i = i�ab

k2�m2
V

<latexit sha1_base64="XzNFJp04E9cH8NxBGgH2BQwxpSc="></latexit>

When on-shell, 

✓
�gµ⌫ + nµk⌫+kµn⌫

n·k �i✏̃µn
i✏̃⌫n 1

◆

<latexit sha1_base64="l1QQGGud0Vp4bCgLNkGar0ajfcc="></latexit>

�gµ⌫ +
nµk⌫ + kµn⌫

n · k =
X

s=±,n

✏µs ✏
⌫
s

<latexit sha1_base64="1JdFBNorBV5bcjPBChqrjnBqInw="></latexit>

✓
�gµ⌫ + nµk⌫+kµn⌫

n·k �i✏̃µn
i✏̃⌫n 1

◆

<latexit sha1_base64="l1QQGGud0Vp4bCgLNkGar0ajfcc="></latexit>

=
X

s=±,L

✏Ms ✏N⇤
s

<latexit sha1_base64="E5yPiqM0wCMRoBn/DG+DsVd4/i0="></latexit>

✏M± =

✓
✏µ±
0

◆

<latexit sha1_base64="7jjI3Wyginh0amYd/iVRN3oiBx0="></latexit>

Pol. Vec. : ✏ML =

✓
✏̃µn
i

◆

<latexit sha1_base64="gVA5BlLiPCf0rR2CqQDtS1afZ3c="></latexit>

✏̃µn = �mV
n·k n

µ
<latexit sha1_base64="NdWUSrLsX5DexuxRw3iCNmRaA3Q="></latexit>

Gauge-Goldstone mixing terms
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■ Vertices(SM)
■ 2. Solution:  “New Feynman Diagram”

✏µL = kµ

mV
� mV

n·k n
µ

<latexit sha1_base64="owiG8ytn2fW6KPFttE/rcJy3/w4="></latexit>

Full List see 2203.10440
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■ 3.1 Numerical Implementation
■ (Old) HELAS(HELicity Amplitudes Subroutines) Introduction

HELAS Basic setup: subroutines

External Lines

Vertices

HELAS compute amplitudes for Madgraph See e.g. 1106.0522
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■ 3.1 Numerical Implementation
■ New HELAS (implementing “New Feynman Diagrams”)

1. Replace polarization vectors of W/Z to 5-component form

2. Replace propagators of W/Z to GEG in 5-component form 

3. Extend vertices involving W/Z to incorporate Goldstone components

(4). Replace propagators of photon and gluons to parton shower gauge 
(counter part of GEG for massless case.)  

5. Add vertices not existing in Old Feynman Rules(ZZZZ, WWZh,WWAh)  

Codes can be found in https://madgraph.ipmu.jp/IPMU/Softwares/HELAS/index.html(HELAS V42)
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■ New HELAS Results: 2à2 VBS

WW>ZZ

■ 3.2 Numerical Results
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■ 3.2 Numerical Results
■ New HELAS Results:  WW production at lepton colliders

: total cross sectione+e� ! W+W� ! µ�⌫̄e+⌫e
<latexit sha1_base64="YYM2zNmenfdziEGOK7wCvIGr3zc="></latexit>



21

■ New HELAS Results: VBS at lepton colliders 

: total cross sectione�µ+ ! ⌫e⌫̄µZZ/WW (WW ! ZZ/WW )
<latexit sha1_base64="/K0shOoC43Sa6HiK1UbPJ++Dnxw="></latexit>

■ 3.2 Numerical Results
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■ New HELAS Results: WW production at lepton colliders

: angular distributione+e� ! W+W� ! µ�⌫̄e+⌫e
<latexit sha1_base64="YYM2zNmenfdziEGOK7wCvIGr3zc="></latexit>

■ 3.2 Numerical Results



CONCLUSION 

1. We propose a formalism (New Feynman Diagram) to solve gauge 
cancellation of weak scattering amplitudes, including:  

5-component pol. vec. , propagators (in GEG), vertices

2. We implement NFD to HELAS(SM), and demonstrate some numerical
results

3. Future: Needing deeper understanding, integrated into Madgraph(? ), 
Other models(?)
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■ 2. Solution:  “New Feynman Diagram”
■ New Feynman Rule(SM)

Propagator:

WWZ:

NFR=New Feynman Rule

“wave function” of 𝜙: 𝑖 for initial, −𝑖 for final 



25

■ 2. Solution:  “New Feynman Diagram”

■ Vertices doesn’t exist in “Old” Feynman Diagrams

ZZZZ:

■ New Feynman Rule(SM)

NFR=New Feynman Rule
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■ 2. Solution:  “New Feynman Diagram”

■ Ex2: ZZ>ZZ
■ New Feynman Rule(SM)

NFR=New Feynman Rule
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Z

Z

Z
NFR

h

Z

Z

Z

Z
NFR

h

Z

Z

Z

Z
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Doesn’t exist in 
“Old” Feynman Rules
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■ New HELAS Results: 2à2 VBS

WW>WW

■ 4. Numerical Results
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■ New HELAS Results: 2à2 VBS

ZZ>ZZ

■ 4. Numerical Results


