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A Cosmological collider program
[Chen, Wang, 0911.3380; Arkani-Hamed, Maldacena, 1503.08043 and many more]
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particle production superhorizon resonance

mass ~ 10’4 GeV nonanalyticity
[Zhehan Qin, ZX, 2304.13295; 2308.14802]
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Phenomenological motivations

10E

[uny
T

in SM/BSM, with large signals

Understanding the amplitudes!
= efficient numerical implementation
= analytical structure
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[Lian-Tao Wang, ZX, 1910.12876]
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Over the years, many particle models identified

Many types of diagrams (tree + loop) involved
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Data are coming in!

Constraints from CMB data ( ~ 20 ) [2404.07203] ~ 2 orders in near future

Searching for Cosmological Collider in the Planck CMB Data ~4 UItImately with 21cm

Wuhyun Sohn!, Dong-Gang Wang?, James R. Fergusson?, and E. P. S. Shellard?

[Snowmass 2021: 2203.08128§]
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Cosmological correlators: General structure
[See Chen, Wang, ZX, 1703.10166 for a review]

T({k}) ~ / dr / d’q x (1) x €57 x Hip| — K(q, k)7| x 0(7: — )
vertex int loop int ext line bulk line

Complications and strategies

Special functions in propagators

O cosmo bootstrap [Arkani-Hamed et al. 1811.00024 etc] O AdS + Mellin [Sieight 1907.01143 etc]
O partial Mellin-Barnes [ain, zx, 2205.01692, 2208.13790 etc]

Loop (momentum) integral
O spectral decomposition [zx, Zhang, arxiv:2211.03810] O dispersion, star-mesh [ongoing]

Nested time integral
O diff eq [Arkani-Hamed et al. 2312.05303] O family tree [iis talk]




Partial Mellin-Barnes representation
[Qin, ZX, 2205.01692, 2208.13790]

T({k}) ~ / 7 / dq x (=7)? x &7 x Hyy | - K(q, k)r| x 0(r: — )

Partial Mellin-Barnes: All massive lines in Mellin space [expanded in dilatation eigenmodes]

ico —2s ;
HY (az) = / ds_ A2i12) e(_l)ﬁl(%_”_”“i/zI‘[s L 1]

oo 271 T

Time and loop integrals factorize in the Mellin integrand

T ({k}) ~ / ds x [ / dqu(q,k)O‘] X [ / dre' BT x (—=1)P x (T —Tj)] ______ .

loop int nested time int L. D

Mellin integrand meromorphic (IR finite): Sum of residues - T—



Family tree decomposition
[ZX, Zang, 2309.10849]

The most general time integral: / H dry (—7) %1 lwm] HH

°°£1

They naturally acquire graphic representations [NOT original Feynman diagrams]

For example:
W1, @1 o71
4
wa,qal e = (—i)* / H [dTe (—Tg)qe_leiw‘”]H(m —711)0(14 — T2)0(73 — T4)
e - =1

T2 T3



Family tree decomposition

Complications all from theta functions

Irremovabile, but can flip directions, at the expense of additional factorized graphs

9(71—72)+9(72—71)=1 : > s + - A I - =

T1 T2 1 T2 1 T2

Family tree decomposition:

We always flip the directions such that all nested graphs are partially ordered

Partial order:
mother daughter
A mother can have any nhumber of daughters . - .
T1 72

but a daughter must have only one mother

Every resulting nested graph can be interpreted as a maternal family tree
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A useful notation for family trees:

|

sisters

12(34 - -

Y

mother-daughter

2 3
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Examples:

123

/H dr;(—7;)® - lc‘)T]932921

4

(—i)4/H [dTi(—Ti)qi_leiwin]041031021

i=1

5

= (—1)5/]:[ [dTi(_Ti)Qi_leiwiTi]043053931921

=1

0;; = 0(1; — 75)
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Computing the family tree

Expand-and-integrate strategy works, but more streamlined with MB reps

s 1 =

\ / dry (—75) %2~ Lelw2T2 - s
R / : o . — Ep(z):/_ st p—1
/ \ — (_Tl)qul—fh (_1w27'1) —ioo p
- ! > - (exp int) MB rep

=) Next layer: again powers and exp ====p go through all layers wsssp finish MB int

Mellin integrals finished by the residue theorem, with a series expansion:

[@(iQN)] _ (iu(Jl_)lq)l--.N Z I‘(ql,..N + No2...N 1:[ q_Jw_i/,,:an

t

earliest site sum of all g’s on Site j and her descendants (qi2.. =¢1 + ¢+ ---)

na,-- ,nN=0 =

12



All family trees are multivariate hypergeometric series

For simple family trees, the series sum to named hypergeometric functions [all dressed]

—1

1] = (iwl)‘hr[qﬂ Euler Gamma function
= G P e+ 1| T o auss hypergeometric functiona
i q1,9 wy w3 .
2(1)3)] = AT Fa !Q123 ai + i,qi n 1' - @’_@} Appell function
1 - w w
[123] — oY 1 [(](]1223311213 _ q;‘I_T_ 1’ _ wj’_wj Kampé de Fériet function

1(2) - (V)] = =7, [ql...N

(iwl)ql---N

g2, 4N ‘ W

WN : :
@41 gy +1 w w1] Lauricella function

... While more complicated family trees are not yet named
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Example of family tree decomposition

Choose Site 1 as the earliest
5 5 54 1->2good  2->3flip
3->4 good 4->5 flip

5 9

/f[ |:d7'g (—TE)QE—leiweTe: 0(te — 71)0(12 — 73)0(74 — 73)(T3 — T5)

= [12][34] 5] — [1234][5] — [12] [3(4)(5)] + [123(4)(5)]




Functional identities & analytical continuation

The family tree decomposition yields many functional identities for family trees:

1 (g2, 12| w2 _ Tlgg] 1,q12 | we
12 = 12 R P e B e el
1 2, wy| 1 : wi| _ Tla1, ¢
12+ 1] =[] g es |20 - 2|4 gm0 - 2] - TR
L2+1 4123, 923 g3 | W2 W3 L 41,93 w1 w3
[123] + [2(1)3)] = [1] 23] “i], | f:lq[jzjlw;,qgﬂ Ry =l M B
T wiwds [Q3+1 _w_z]

More importantly, when series do not close, the
identities amount to analytical continuation O
beyond the region of convergence O O

Unfortunately, conv. regions do not overlap O
Numerical interpolation works. Better strategy?




Minimal set of functions: family chains

birthday rule: Compare the birthdays of all 021031 (032 + 923) = 035091 + 093051
family members and sum over all possibilities

Example:

1
Formally, take shuffle products recursively /\ .
among all subfamilies :

[1(24)(35)] = {1(24) w (35)}
= {12435} + {12345} + {12354}

+ {13245} + {13254} + {13524}

Family trees over-complete: further decomposable to chains; tree topology erased

Family chains: standard iterated integrals; Hopf algebra; symbology?

16



Multiple massive exchange in dS
[ZX, Zang, 2309.10849]

Partial MB + family tree iy

yields analytical expressions |

and enables fast numerical Toost g

implementation of multiple i L ~—

massive exchanges "F s — sBBs v
~10F BB —— Total

[£X, Zang, 2309.10849) e e

g
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Conformal amplitudes in power-law FRW
[Fan, ZX, 2403.07050]

An interesting toy model: conformal scalar with non-conformal self-interactions

Sleel = - [ d*1ay=g| 3 @ub.) + 5ERS: +z—_¢n] £ = (d—1)/(4d)

e—ik:'T

Conformal to Mink massless scalar + time-dep int: ¢(k,7) =

8-
o

Many activities in recent years

O Cosmo polytopes [Arkani-Hamed et al. 1709.02813 etc]
O Symbol recursion [Hillman 1912.09450]

O Twisted cohomology [De & Pokraka 2308.03753]

O Diff eqs [Arkani-Hamed et al. 2312.05303]

--- We get the full analytical results.

Ey = kS’ E3 = k34
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Tree conformal amplitudes ~ sum & products of family trees

[finally, computing tree graphs like in flat space!]

Rule for wavefunctions: Example: 3-site chain

[correlators similar] By B I

1. Fix a partial order

2. Write the uncut tree

g t % e o e B T Y% uh 7

[ E« | bar | sign index ]
+ O ---0——0 — C----0——0 — &--——-0——0 + &--——-0—>—0
3.Cut![bar<—>unbar| o & @& © o & o o ® & @ © ® & o o
: + &----@----0 - &----0----0 — &-——-0--—-—-0 + &--—-@--—-0
remove|ater|ndex] e ® o o e ®© o o @ ® o o @ © 0 o

_7]3_Chain(’1\) — Z ab{ 11221296330 | + 11227238 ] [32] + [17a] [2126355 ] + [17a] [2138] [32]}
a,b=+

2790 = Fo —aKq + bK>



Rich structures

FRW conformal amplitudes => Twisted energy integrals
integrand being fractions (cosmological polytope) [Arkani-Hamed et al. 1709.02813, 2312.05303]

T ~ / dey - x {energy integrand }

Easily recovered from the family trees: not only the integrand, but the whole integral!

[1 | N] N (_I)NL 71_[1 [d;’t[ili)qj ] 81512 1 81 { N}

Inflation limit (g->0): all family trees reduce to polylogarithms. For instance:

. EQ—K El—K E1+K EQ‘I'K 7T2

N—c ain:L Li 1 1 —
V2-ch 2 Eqo L Eqs Tlog Eq o5 Eqo 6

The family tree decomposition provides a new way to derive the symbol
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Concluding remarks

Analytical progress of cosmological correlators from our group since 2022:

e ® o
. L]
4
oo ko g e E fl 4 l;z E; o
/ S \]
. L]

boost-less graphs Closed-form formula Multiple massive exchange 1-loop bubble graphs
PMB / bootstrap improved bootstrap family-tree decomposition spectral decomposition
[2205.01692; 2208.13790] [2301.07047] [2309.10849] [2211.03810]
D}‘. 0 Pk, . .
7 ‘ 1-loop signal All-loop signal

Tatia ek PMB, bootstrap factorization theorem

Oks 4 =L D Pks 2 4.1 2 1
o [2304.13295] [2308.14802]

Analytical results enable fast numerical implementation:

1-loop: Brute-force numerical [ O(10°) CPU hours | vs. Analytical [ O(10s) on a laptop |
[Lian-Tao Wang, ZX, Yi-Ming Zhong, 2109.14635] [ZX, Hongyu Zhang, 2211.03810]

Yet still a lot more to be understood. Far from done!
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Concluding remarks
Massive tree diagrams essentially solved [PMB + family tree];
Simple loops (relevant to pheno) should be doable as well [ongoing]

Many structures seen in conformal amp should persist in general IR finite amp
[ Singularity structure | cut structure ]

In particular, redundant info in amplitudes: Full amp recoverable from a subset of data:

From the uncut part [cosmological bootstrap]:
Initial data given in early-time (flat-space) limit; evolved with bootstrap eqgs

From the cut part [dispersion]:
Recover the amplitude from the branch cut [ late time | signal | factorizable ] [ongoing]

Rich mathematical structure < deep physics of QFT in dS

Thank you!
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Back up
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Example: a 5-fold int

4 4 4
9 1 \ 9 1 \\ 2
3 _ 3P------ —-—0 — 3 - -

1
) @
5 5 Big
4 4
Choose Site 1 as the earliest 9 1 2 1
1->2good  2->3flip TSP Y
3->4 good 4->5 flip 5 3

[ Also need to decide “locally” earliest site in all nested subgraph, in this case Site 3 |
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Example: a 5-fold int

5 5 5
We can as well choose a 4 4
differerent site as the earliest \\ 9 1
Say Site 3: - 3 R
3->4 good 3->2 good E 5
3->5 flip 2->1 flip

For a tree graph: choosing an earliest site fixes the partial order
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Total-energy series

- mp [, (z)=e¢" »

T1
/ d,r2 (_7-2)Q2—161w2T2 /-I-ioo EF D+ s, 1+ s, —8 z—s—l
I —ioco 271

= (—71)PE1_¢, (—iwaT1)

The energy of a site is collected by her mother

=mmdp A new series expanded in reciprocal of total energy:

N o0

[2(12--- N)] — Y Dgrn+ne.n)]] S0

B (iwy...n )9 N (=g — ﬁj)1+nj

ng, - ,nn=0 =2

MB reps very flexible, opening up many possibilities to expand family trees:

Mix of single- & total-energy rep, vanishing total-energy limit, etc [progress underway]



family tree vs energy integral

FRW conformal amplitudes => Twisted integrals of flat amplitudes
[Arkani-Hamed et al. 2312.05303]

T ~ / dey - x {energy integrand }

The energy integrand constructable recursively (cosmological polytope)
[Arkani-Hamed et al. 1709.02813]

Example: 2-site wavefunction

E; E, 2K,
- ° .-— E ]
K E12(&1+ K1)(& + Kq) Ei i T €
3-site wavefunction
E, E, E, 4K1K2 1 4 1
K, Ky E123(E1 + K1)(E2 + K12)(E3 + K2) | E12+ Ko &3 + K,
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Time and energy integrals essentially related by Fourier transform:

(1 = ot [ decre
F(l—Q) 0

Energy integrand easily recovered from family tree integrals for chain diagrams:

o N
[1 e N] = (_i)N/ H [de (—Ti)Qi_leiwiTi]eN,N—l o091
— g

oo N ; — 0
B de; (ie;) ™% i
-, H[ SErN AR ]9”‘1 .

=1

- [ Jae =y

11 &N

Energy integrand of a chain is 1 / product of successive sums of external energies
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Inflationary limit

Interesting to consider the special case of ¢3 theory in dS limit (allq=0)

Boundary of IR safe region: A family tree of V sites contains q = 0 poles up to deg V
All poles cancel out in amplitudes, finite terms being polylogs

Example 2-site wavefunction: ¥z-chain = [1121] — [1121] + [11][21] — [11] [24]

l B —1 = (=)™ I'[n+2q] s E; — K \"
[1121]q1:q2:q - i(E; + K)]24 Z ( )

e n! n+q Ei+ K
1 YE + log[i(E1 -+ K)] . K — E ) 2 2
= — - L — (log[i(E; + K - —
7oha ; o~ (Logli(Er + K)] +75) — T +O(9)
| J L )
1 1
divergent terms finite terms
: ~ . By —K . E;-K Ei1+K E;+ K  «?
. Y2-chain = L L 1 1 —
Final answer: v2.cn 2 —p + Liy B + log B, 08 g z

Question: a new algorithm for all family-trees/amplitudes? [See also Hillman 1912.09450]
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Inflationary limit

More sites: integrated polylogs could be tedious, but easy to get the symbol

o0

i Z (=1)™3'[n13 + q123] u7! U§3
(iwg) 9228 (n1+q1)(ng +q3) ni! ng!

A 3-site example: [2(1)(3)] = u; = w; /wo

n1,n3=0

Inflationary limit: lim 2(1)(3)] = t i)3 {P([JP;Q] + Liz(—u1) :Liz(_ug’) +L3(u1,U3)} + O(q)
q— 1wy )29
— (=1)™sT[nis] ui” wy®

L3(’U,1, ’U,3) = Z

ni ,n3=1

ninsg nl! n3!

: : 0 0
L, is a weight-3 polylog: 9Tog u; D108 s L3 (u1,u3) = log(1+ u1) + log(1 4 u3) — log(1 + u13)
_ (T +w)( + ug) (14 u1)(1 + us3)
S(L3) = 1+ uis ®u; ®us + T ® uz ® uy
1+ uq3 1+ uy3

®(1+u)Quy+ ® (1+u3) ®us
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