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Introduction
Strong CP problem and QCD axion

@ QCD Lagrangian could contain a P- and CP- odd term due to instantons effect
[Belavin et al., 1975, Callan et al., 1976, Jackiw and Rebbi, 1976]
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which is called QCD 6-term. 6 is an angular parameter of QCD 6-vacuum with 6 € [0, 27).
o The measurable CP violation parameter is not 6 but the combination of it and the phase angle of quark

mass matrix B
0 =0+ ArgDetYyYp .

@ @ can be determined from the measurement of neutron electric dipole moment (nEDM)
H=—d,E-S.
Experimental upper limit on dy, [Abel et al., 2020]
|dnlexp < 1.8 X 10726 ecm.
nEDM contributed from @ [Pospelov and Ritz, 2000]
dn = 2.4(1.0) x 107 %9 ecm.

Thus 0] < 10~19.
o The strong CP problem is to understand why @ is so small.
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Introduction
Strong CP problem and QCD axion

PQ solution of the strong CP problem

A global U(1)pg symmetry was introduced by Peccie and Quinn in order to preserve P and CP invariance
of strong interactions despite the effects of instantions.

[Peccei and Quinn, 1977a, Peccei and Quinn, 1977b]

The spontaneous breakdown of the U (1)pq symmetry leads to a pseudoscalar pseudo-Goldstone boson, the
“axion”. [Weinberg, 1978, Wilczek, 1978]

@ Modern perspective of PQ mechanism: o The aGG operator is commonly
# Introduce pseudoscalar axion field regarded as the model independent
5 axion coupling in the construction of
Lo = lauaa“aqtﬁ(@ua )+ 9s e é v various axion models.
’ 2
2 f 32m o There are UV model dependent axion
with ql}asi shift sXmmetrX:. a— a + K. coupling, like aF'F, Buafcglfy”'yz,f.
#) By taking +- 4 6 = 0, 6 is effectively replaced For rev, see [Di Luzio et al., 2020]
with dynamical field ﬁ o Following we will stick to the model
#> QCD vacuum energy density takes its minimum independent axion coupling, i.e., axion
value when (a) = 0, couples to SM particles entirely through
[Vafa and Witten, 1984] the aGG operator.

thus solve the strong CP problem.
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Introduction
Thermal axion and its HDM bound

@ Weak coupling of axion to SM particles (f, > 107 GeV) =? Dark matter candidate

@ Axion could keep in thermal equilibrium with SM thermal bath in the early stage of thermal history, as
long as the axion coupling is not too faint.
(There is thermal axion production when f, < 102 GeV [Masso et al., 2002])

Thermal axion = Hot dark matter (HDM) component =?  Extra dark radiation

Contribute to the effective number of extra relativistic degrees of freedom

43 4/3
7> ,  with Tp the decoupling temperature of axion.
49+s(Tp)

@ The value of A N.g is constrained by cosmic microwave background (CMB) experiments

4
ANcﬁ’ ~ ? (

ANeg < 0.28, given by Planck’ 18 [Aghanim et al., 2020].

o The interaction rate between axions and SM particles is depicted by axion thermalization rate

1

e
n aq

Io(T) = /df > IMP np(Ens(B2)[L +np(Es)[L + np(Ea)].

o The decoupling condition under instantaneous decoupling approximation

FQ(TD) ~ H(TD) .
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Introduction
Thermal axion and its HDM bound

Temperature regions and main thermal channels

=]
S

w Tph 2 1GeV: ag < gg.
[Masso et al., 2002, Graf and Steffen, 2011]

1w Tp < 1 GeV: Hadrons need to be included.

w Tp < 200 MeV: arr <> 7.
[Chang and Choi, 1993, Hannestad et al., 2005,
Giusarma et al., 2014, D’Eramo et al., 2022]

S

1

0.100

0.010

Rates in unit of [72/my]

0.001

T,.~155 MeV T=1GeV

@ The constrain of ANg gives a lower limit of f,, or equivalently, upper limit of m, by
mae ~ 5.7 x (10° GeV/fa) eV.

The highest attainable axion mass from the constrain of A Ng is called HDM bound.

o Reliable axion-pion interactions are needed to determine I', for Tp < Te.
= The calculation of I', up to NLO in ChPT show that the boundary of validity of chiral expansion for I';, is
Ty ~ 70 MeV. [Di Luzio et al., 2021]
w== Unitarization procedure is implemented to the chiral perturbative amplitudes in order to extend the applicable
range of energy and temperature. [Di Luzio et al., 2023]
= Other important works which are not listed...
To our knowledge, the thermal correction in a7 scattering amplitudes was ignored in all previous works.
In this talk, we consider all thermal correction in scattering amplitudes up to one loop level, and investigate
its effect on axion thermalization rate.
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) chiral perturbation theor

Axion-pion SU (2) chiral perturbation theory

o QCD-axion effective Lagrangian
We stick to the model independent axion coupling

Laqcep = Lqep + Eaﬂaa"a + A 32;2 G, GEY .

Eliminate aGG operator by a chiral transformation of quark field

. a
q — exp (Z?Qavs) 4, QL =Qs, TrQa=1.
a

Arrive an other basis

Iua

(TYN'}%Qaq - qRMaqL - (YLM;C]R s
2fa

1
aqep = 50ua0"a+ Locp —

a a
M., = —i—Qq | M —i—Q M = diag(my, m
a = €xXp ( Z2fa a) exp ( Z2fa a) ) iag(mu, maq) ,

where ‘COQCD denotes QCD Lagrangian under x-limit (mq — 0).
#» There is arbitrariness for the choice of Q.

To get axion-pion interactions, we match £, o~y to SU(2) ChPT.
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) chiral perturbation theor

Axion-pion SU (2) chiral perturbation theory

Chiral effective Lagrangian can be constructed order by order
[Gasser and Leutwyler, 1984, Gasser and Leutwyler, 1985]

1
LoxpT = §8Ma8“a 4 Lo+ Lo+

o Power counting rule
Expansion by soft external momenta, light quarks masses are counted as mq = O(p?).

o The LO effective Lagrangian

P
Ly = <a UOPUT + xaUT + Uxl) + #C‘Jg

Lo

Ihlo = —i—(Qa{a”U, Utyy.

1: 0 \/5 +
U*eXP(F>7 ¢ = ZT(ﬁz*(\/gﬂ_f _:rro )
XGZQBOMa~

Two parameters: F’ the decay constant of pion in x-limit, By is related to (§q)|y-limit-
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) chiral perturbation theor

Axion-pion SU (2) chiral perturbation theory

@ We take a specific @), in practical calculation

The mass mixing of axion and 7 field will be absent at LO, by such choice of Q.

o The the a-7¥ kinetic mixing still appears at LO, contributed by axial current coupling

%Jﬁ

2fa

and this can be eliminated by the field redefination up to O(1/f2)

1 F mqg — My,
S banOpadtn®, gn = —0;—, 0= — %,
|LO amOp am 2 Ifa, I Mg + ma

1
a—=a—08um® +01/f3), %= (1 + 55%;”) 70 +001/f3).
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Axion-pion SU (2) chiral perturbation theory

o The effective Lagrangian at O (p*)

Ly Dl3+l4<

Ut + UXL> <XaUT +UxE > +2 <8 U8“UT> <XaUT + UXT>

5 (- vt ot -0 BB (0

(<><aUT UxT>) _2<XaUTXaUT+UXTUX2>:|+2;GJM{NLO’

Tlxwo 2 =i (Qa {oru,ut}) (a,u6"UT)
- 2%2 <Qa {(%U, UT}> <8“U8”UT + a"UaMUT>
- z‘% <Qa {6“U, UT}> <><aUT + UX1> ‘

Only the operators relevant to this work are shown.
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am — 7w scattering at finite temperature

am — 7 scattering at finite temperature

o Finite-temperature effects are included by imaginary time formalism (ITF), where
[Kapusta and Gale, 2011, Bellac, 2011, Laine and Vuorinen, 2016]

p® = iwn, withw, =27nT ,n € Z,

) ddq . ddl
_7'/(2“.)(1_)_25 Z/Qﬂ.dl'

The zeroth components of external momenta can be extrapolated to real and continuous energies

iwn — E+407 .

after completing the Matsubara sums.

o Compute the thermal Green functions in ITF

GL oortne(PLiP2P3,P1) = D Gai(p1)Graj(p3)Gont (P3)Gime (pF) Aijir (P1, P23 P3, Pa) -
ikl

™~

Feynman diagrams for amputated functions up to NLO.
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1g at finite temperature

am — 7 scattering at finite temperature

@ Thermal scattering amplitudes are extracted from thermal Green functions by LSZ reduction formula

4
. 1 .
zMaTwambﬂc(phpz;ps,m) =i lim {pf [ @ —mi)] GaTﬁamw(phpz;ps,m)v
™ 1=2

P} —Ep,

In the calculation of the amr — 7 scattering amplitudes, we keep the terms up to O(1/ f), and ignore
the isospin breaking in m .

w MT

s s e +
ama:pb e Nave well-defined zero temperature limitation MZ o,
;

T pbme’?

= T'-dependence of /\/laTﬂa b e entirely introduced by loop diagrams;

= We can make pure predictions at finite temperature, once the values of LECs are fixed at zero
temperature.

For comparison with [Di Luzio et al., 2023], we take the same set of values for the parameters.
For perturbative calculation

my =137MeV, Fr=921MeV, my/mg=0.5,
I3 = —0.36(59), Iz =4.31(11), I3 =3.53(26), I4=4.73(10), Iy =0.007(4).
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g at finite temperature

am — 77 scattering at finite temperature

o Partial waves (PWs) and s-channel thermal unitarity relations
1 [t
Marirg(Eem) = 3 / dcosO Mgr,1(Ecm,cosf)Py(cosf).
-1

1 *
Ithur;IJ(Ecm) Z EP% (Ecm)Mgri;wﬁMamIJ ) (Ecm > 2m7‘r)a

oL (Bem) = 77 Eem) [1+2na (]

167
4m?2 1
on(s) =\[1= =% ne(E)= -

I denotes the total isospin of final 77 state, Ecqy, the center of mass (CM) energy and 6 the scattering
angle in CM collision.

o Perturbative PW amplitudes satisfy the thermal unitarity relations perturbatively

1

ImM(<14>;IJ(ECW) = 2:07’1:# (EC”TL)M##;(E%MEI?;IJ ) (Ecm > 2m7|—) .

™
o There are additional pure thermal contributions from Landau cuts of cross channels above 77 threshold
on right hand.
A similiar case is thermal K — K scattering, where the thermal Landau cut generated in the «
channel show up in the physical energy region above the 7 K threshold. [Gémez Nicola et al., 2023].
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am — 7o scattering at finite temperature

am — 77 scattering at finite temperature

o The unitarized PW am — 77 amplitudes in inverse amplitude method (IAM) take the form
[Salas-Bernardez et al., 2021]
M@ )
am;IJ

2 4 !
M((Lﬂ');IJ - M(<17\');IJ

IAM
Marr;IJ =
‘We use two values of LECs in the calculation by IAM amplitudes
Ii —la = —5.95(2), I1+1>=4.9(6).

which were determined from 77 scattering to fit the pole position and width of the p resonance
precisely [Dobado and Pelaez, 1997]. Such values are also same with that used in [Di Luzio et al., 2023].

@ Resonances poles on the second Riemann sheet

f0(500) /o p(770)
. .
Maiera |fagoar| Mp:tsz |fagpa7r‘
T = 0 MeV 422 + 9240 MeV  0.032 GeV?2 739 £ 472 MeV  0.035 GeV?2
T =100 MeV* 368 + 4310 MeV  0.037 GeV? 744 + 477 MeV  0.036 GeV?2

*Only include s-channel unitary thermal correction.
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am — 7w scattering at finite temperature

am — 7 scattering at finite temperature

50} — LO
= — NLO, T=0 MeV =
s 2 15
2 40F .- NLO, T=100 MeV <
< -~ NLO, T=155 MeV s
Z 30F 1AM, T=0 MeVv z 10
= ooh < IAM, T=100 MeV . =
St SR IAM, T=155 MeV,_-~ 3 5
= 10 - Sl
-"-':" 7 0 it i
S 5T 05 05 05 05 10 03 04 05 06 07 08 09 10
Ean [GeV] Fam [GEV]
14 15
=12 g
510 :
S = 10
z 2
< 6 =
@ &
= 3 e
2 i
0 00 0d
03 04 05 06 07 08 09 1.0 03 04 05 06 07 08 09 10

Eem [GeV] Eem [GeV]
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am — 7w scattering at finite temperature

am — 7 scattering at finite temperature

M 4 M@)2 = (M(2>)2 L oM@ Re <M<4>) F M@,

i — s T=0 MeV = 14
E af —ono T=OMeV == oy, T=100 MeV g 12
| < N0, T=100 MeV = iy, T=155 MeV /4 =
*: 3} - w0, T=155 MeV c: 1.0
°'§: — a0, T=0 MeV osf 0.8
Nb 2f --- onos T=100 MeV > Nb 0.6
—~ - onLos T=155 MeV = 04
00.3 04 05 06 07 08 09 10 0'00.3 04 05 06 07 08 09 1.0
Eem [GeV] Eem [GeV]

[ The chiral perturbative = 35
amplitudes up to NLO £ 30
begin to be unreliable % 25
around F ~ 500 MeV. k20
515

ol

1.0

X 05

S o0

03 04 05 06 07 08 09 1.0
Ecm [GeV]
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Effect of thermal correction in the scattering amplitudes on HDM bound

Contents
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Effect of thermal correction in t}

Effect of thermal correction in the scattering amplitudes on HDM bound

o We calculate the axion rate by the temperature dependent am — 7 scattering amplitudes
[Chang and Choi, 1993, Hannestad et al., 2005]

Lu(T) = g [ AF 3 IMarinl n (B (E2)[1 4+ n (Ea)|1 + s (E)],

where the phase space integral

d’p; 1 454
[ar- /< 32E>(27T)5(p1+p2—173—p4).

@ Decoupling temperature of axion T'p is extracted from the decoupling condition under instantaneous
decoupling approximation

I'a(Tp) = H(Tp) .
And T is constrained by the limitation of A Ng from CMB experiments.

== We follow the procedure of cosmological discussion as in [Di Luzio et al., 2023].
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Effect of thermal correction in the scattering amplitudes on HDM bound

By perturbative amplitudes up to NLO

Effect of thermal correction in the scattering amplitudes on HDM bound

By perturbative amplitudes up to NLO

_ 1000 —— L0 1.4 an?, ZT
= b e b an®, FT
£ 100} —Tz? [ S

T - Hubble rate 25 1.0 art, FT

S < 0.8 3 channels, ZT

z 1 - S 3 channels, FT ...

g 5 0.6

£ 0.100 0.4

£50.010 02

’ 0.0
O'OOEO 40 60 80 100 120 140 160 40 60 80 100 120 140 160
T [MeV]

T [MeV]

[J We confirm that the breakdown temperature of NLO chiral perturbative description for I’ (T"), when
using zero temperature am — 77 scattering amplitudes, is around 70 MeV.

[ The convergence of the chiral expansion for ', (T") gets worse after taking the thermal corrections into

the a7 scattering amplitudes.

= ]t is still unlikely to extract reliable bounds from the axion thermalization rate by using the chiral
perturbative amplitudes, after including the thermal corrections to the a7 amplitudes.
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attering amplitudes on HDM bound

Effect of thermal correction in the sc

Effect of thermal correction in the scattering amplitudes on HDM bound

By IAM amplitudes

- 10 T
&
=2
NE 10} Hubble rate =
S
S 1
g ——— By ZT My, £a=2.5%107 GeV
; o.100y / - By FT Mian, /u=2.5x107 GeV
z —— By ZT Miau, /u=6x10° GeV
E LY 7 By FT My, fy=6x10° GeV 40 —— By ZT Mian
----- By FT Miam
0.00
EO 40 60 80 100 120 140 160 20 1x101° 2x10" 3x10'°
T [MeV] fa [MeV]
] F{lfcl\ft is obtained by cutting off the

contributions at ES3Y = 1 GeV.
O The significant contributions of TLAM
are from the region of E.p, < 1 GeV.

092} —— By ZT Miam
----- By FT Miamt
099
20 40 60 80 100 120 140
T [MeV]
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Effect of thermal correction in the scattering amplitudes on HDM bound

By IAM amplitudes

0.40
035 Planck'l8, 20 exclusion 0.35]
N 0.30 030 Planck'l8, 20~ exclusion
Z 3
< 0.25 E mEO, ZT Miau
’ By ZT M 025 i MO, FT Myt
Y 1AM mNO ZT Miay
0.20F  ----- By FT Miam 0.20 m(w’ T
""" la > Miam
015 T>155 MeV 0 1[ T>155 MeV/
1x10'° 2x10'° 3x10'° 02 0.4 0.6 0.8 1.0
fa [MeV] mg [eV]
1 The QCD axion mass up to LO & NLO
2
milLO = Yud mi—Q s where  yyq = % ,
fa (M +ma)

2 _ 2
My |NLO = Yud My

F? 1112 m2
Y (T S
72 (@rF)? 82

= +2[h () — ha] TF -
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By IAM amplitudes

Effect of thermal correction in the scattering amplitudes on HDM bound

Effect of thermal correction in the scattering amplitudes on HDM bound

By IAM amplitudes

0.40 0.40
035 Planck'l8, 20" exclusion 0.35]
Planck'l8, 20 exclusion
= 0.30 ~ 0.30
Z 5
< 0.25 El 0.25 mflz, ZT Mian
—ByZTMjay S~ 0N 1 v 4 mEO, FT Miay
0.20f e By FT Miaw 2T i
: A ozop g L YO, FT Miayg
0.15 o — - 015 o155 Mey
1x10 2x10 3x10 0.2 0.4 0.6 0.8 1.0
fa [MeV] my [eV]

[ The constrians

lower limit of f,  upper limit of m by mg‘o upper limit of mq by maNLO
ZT 2.3 x 107 GeV 0.24 eV 0.25 eV
FT 2.1 x 107 GeV 0.27eV 0.28 eV

The shift of the bounds introduced by the thermal corrections in the am amplitudes is around 10%.
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Summary

Summary and conclusions

o The thermal am — 77 scattering amplitudes, up to one loop level, are calculated in SU(2) ChPT.

o To include the effects of the relevant resonances (p and o), unitarized amplitudes are constructed by
IAM.

o Taking the thermal IAM amplitudes as reliable input below /s < 1 GeV, we calculate the axion
thermalization rate at the temperatures below 155 MeV.

o We find that the thermal correction in the axion-pion scattering amplitudes can cause around 10% shift
to the bounds of axion decay constant and mass constrained by Planck’18 data.

Thank you for listening
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[Di Luzio et al., 2023]
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