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Introduction Strong CP problem and QCD axion

Introduction
Strong CP problem and QCD axion

QCD Lagrangian could contain a P- and CP- odd term due to instantons effect
[Belavin et al., 1975, Callan et al., 1976, Jackiw and Rebbi, 1976]

Lθ = θ
g2
s

32π2

8∑
c=1

GcµνG̃
µν
c , G̃µνc ≡

1

2
εµνρσGcρσ ,

which is called QCD θ-term. θ is an angular parameter of QCD θ-vacuum with θ ∈ [0, 2π).
The measurable CP violation parameter is not θ but the combination of it and the phase angle of quark
mass matrix

θ̄ = θ + ArgDetYUYD .

θ̄ can be determined from the measurement of neutron electric dipole moment (nEDM)

H = −dn ~E · Ŝ .

Experimental upper limit on dn [Abel et al., 2020]

|dn|exp < 1.8× 10−26 e cm .

nEDM contributed from θ̄ [Pospelov and Ritz, 2000]

dn = 2.4(1.0)× 10−16θ̄ e cm .

Thus |θ̄| . 10−10.
The strong CP problem is to understand why θ̄ is so small.
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Introduction Strong CP problem and QCD axion

Introduction
Strong CP problem and QCD axion

PQ solution of the strong CP problem

A global U(1)PQ symmetry was introduced by Peccie and Quinn in order to preserve P and CP invariance
of strong interactions despite the effects of instantions.
[Peccei and Quinn, 1977a, Peccei and Quinn, 1977b]
The spontaneous breakdown of the U(1)PQ symmetry leads to a pseudoscalar pseudo-Goldstone boson, the
“axion”. [Weinberg, 1978, Wilczek, 1978]

Modern perspective of PQ mechanism:
- Introduce pseudoscalar axion field

La =
1

2
∂µa∂

µa+L(∂µa, ψ)+
a

fa

g2
s

32π2
GcµνG̃

µν
c ,

with quasi shift symmetry: a→ a+ κ.
- By taking κ

fa
+ θ̄ = 0, θ̄ is effectively replaced

with dynamical field a
fa

.
- QCD vacuum energy density takes its minimum

value when 〈a〉 = 0,
[Vafa and Witten, 1984]
thus solve the strong CP problem.

The aGG̃ operator is commonly
regarded as the model independent
axion coupling in the construction of
various axion models.
There are UV model dependent axion
coupling, like aF F̃ , ∂µaf̄c0fγ

µγ5f .
For rev, see [Di Luzio et al., 2020]

Following we will stick to the model
independent axion coupling, i.e., axion
couples to SM particles entirely through
the aGG̃ operator.
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Introduction Thermal axion and its HDM bound

Introduction
Thermal axion and its HDM bound

Weak coupling of axion to SM particles (fa & 107 GeV) Ü Dark matter candidate
Axion could keep in thermal equilibrium with SM thermal bath in the early stage of thermal history, as
long as the axion coupling is not too faint.
(There is thermal axion production when fa . 1012 GeV [Masso et al., 2002])

Thermal axion Ü Hot dark matter (HDM) component Ü Extra dark radiation

Contribute to the effective number of extra relativistic degrees of freedom

∆Neff '
4

7

(
43

4g?s(TD)

)4/3

, with TD the decoupling temperature of axion.

The value of ∆Neff is constrained by cosmic microwave background (CMB) experiments

∆Neff . 0.28 , given by Planck’18 [Aghanim et al., 2020].

The interaction rate between axions and SM particles is depicted by axion thermalization rate

Γa(T ) =
1

neq
a

∫
dΓ̃
∑
|M|2 nB(E1)nB(E2)[1 + nB(E3)][1 + nB(E4)] .

The decoupling condition under instantaneous decoupling approximation

Γa(TD) ' H(TD) .
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Introduction Thermal axion and its HDM bound

Introduction
Thermal axion and its HDM bound

Temperature regions and main thermal channels
+ TD & 1 GeV: ag ↔ gg.

[Masso et al., 2002, Graf and Steffen, 2011]

+ TD . 1 GeV: Hadrons need to be included.
+ TD . 200 MeV: aπ ↔ ππ.

[Chang and Choi, 1993, Hannestad et al., 2005,
Giusarma et al., 2014, D’Eramo et al., 2022]

Γa(T)

H(T)
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The constrain of ∆Neff gives a lower limit of fa, or equivalently, upper limit ofma by

ma ' 5.7× (106 GeV/fa) eV .

The highest attainable axion mass from the constrain of ∆Neff is called HDM bound.
Reliable axion-pion interactions are needed to determine Γa for TD < Tc.

+ The calculation of Γa up to NLO in ChPT show that the boundary of validity of chiral expansion for Γa is
Tχ ' 70 MeV. [Di Luzio et al., 2021]

+ Unitarization procedure is implemented to the chiral perturbative amplitudes in order to extend the applicable
range of energy and temperature. [Di Luzio et al., 2023]

+ Other important works which are not listed...

To our knowledge, the thermal correction in aπ scattering amplitudes was ignored in all previous works.
In this talk, we consider all thermal correction in scattering amplitudes up to one loop level, and investigate
its effect on axion thermalization rate.
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Axion-pionSU(2) chiral perturbation theory

Axion-pion SU(2) chiral perturbation theory

QCD-axion effective Lagrangian
We stick to the model independent axion coupling

LaQCD = LQCD +
1

2
∂µa∂

µa+
a

fa

g2
s

32π2
GcµνG̃

µν
c .

Eliminate aGG̃ operator by a chiral transformation of quark field

q → exp

(
i
a

2fa
Qaγ5

)
q , Q†a = Qa , TrQa = 1 .

Arrive an other basis

L′aQCD =
1

2
∂µa∂

µa+ L0
QCD −

∂µa

2fa
q̄γµγ5Qaq − q̄RMaqL − q̄LM

†
aqR ,

Ma ≡ exp

(
−i

a

2fa
Qa

)
M exp

(
−i

a

2fa
Qa

)
, M = diag(mu, md) ,

where L0
QCD denotes QCD Lagrangian under χ-limit (mq → 0).

- There is arbitrariness for the choice ofQa.

To get axion-pion interactions, we match L′aQCD to SU(2) ChPT.
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Axion-pionSU(2) chiral perturbation theory

Axion-pion SU(2) chiral perturbation theory

Chiral effective Lagrangian can be constructed order by order
[Gasser and Leutwyler, 1984, Gasser and Leutwyler, 1985]

LaχPT =
1

2
∂µa∂

µa+ L2 + L4 + · · · .

Power counting rule
Expansion by soft external momenta, light quarks masses are counted asmq = O(p2).
The LO effective Lagrangian

L2 =
F 2

4
〈∂µU∂µU† + χaU

† + Uχ†a〉+
∂µa

2fa
JµA
∣∣
LO

,

JµA
∣∣
LO

= −i
F 2

2
〈Qa{∂µU, U†}〉 .

U = exp

(
iφ

F

)
, φ =

3∑
i=1

τ iφi =

(
π0

√
2π+

√
2π− −π0

)
.

χa = 2B0Ma .

Two parameters: F the decay constant of pion in χ-limit, B0 is related to 〈q̄q〉|χ-limit.
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Axion-pionSU(2) chiral perturbation theory

Axion-pion SU(2) chiral perturbation theory

We take a specificQa in practical calculation

Qa =
M−1

〈M−1〉
.

The mass mixing of axion and π0 field will be absent at LO, by such choice ofQa.
The the a-π0 kinetic mixing still appears at LO, contributed by axial current coupling

∂µa

2fa
JµA
∣∣
LO
⊃ δaπ∂µa∂µπ0 , δaπ =

1

2
δI
F

fa
, δI =

md −mu
md +mu

,

and this can be eliminated by the field redefination up toO(1/f2
a )

a→ a− δaππ0 +O(1/f3
a ) , π0 →

(
1 +

1

2
δ2
aπ

)
π0 +O(1/f3

a ) .
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Axion-pionSU(2) chiral perturbation theory

Axion-pion SU(2) chiral perturbation theory

The effective Lagrangian atO(p4)

L4 ⊃
l3 + l4

16

〈
χaU

† + Uχ†a

〉〈
χaU

† + Uχ†a

〉
+
l4

8

〈
∂µU∂

µU†
〉〈

χaU
† + Uχ†a

〉
−
l7

16

〈
χaU

† − Uχ†a
〉〈

χaU
† − Uχ†a

〉
+
h1 − h3 − l4

16

[(〈
χaU

† + Uχ†a

〉)2

+
(〈
χaU

† − Uχ†a
〉)2
− 2

〈
χaU

†χaU
† + Uχ†aUχ

†
a

〉]
+
∂µa

2fa
JµA
∣∣
NLO

,

JµA
∣∣
NLO

⊃− il1
〈
Qa
{
∂µU,U†

}〉〈
∂νU∂

νU†
〉

− i
l2

2

〈
Qa
{
∂νU,U

†
}〉〈

∂µU∂νU† + ∂νU∂µU†
〉

− i
l4

4

〈
Qa
{
∂µU,U†

}〉〈
χaU

† + Uχ†a

〉
.

Only the operators relevant to this work are shown.

JB. Wang Axion-pion scattering at finite temperature April 13, 2024 12 / 32



aπ → ππ scattering at finite temperature

Contents

1 Introduction
Strong CP problem and QCD axion
Thermal axion and its HDM bound

2 Axion-pion SU(2) chiral perturbation theory

3 aπ → ππ scattering at finite temperature

4 Effect of thermal correction in the scattering amplitudes on HDM bound
By perturbative amplitudes up to NLO
By IAM amplitudes

5 Summary and conclusions

JB. Wang Axion-pion scattering at finite temperature April 13, 2024 13 / 32



aπ → ππ scattering at finite temperature

aπ → ππ scattering at finite temperature

Finite-temperature effects are included by imaginary time formalism (ITF), where
[Kapusta and Gale, 2011, Bellac, 2011, Laine and Vuorinen, 2016]

p0 → iωn, with ωn = 2πnT , n ∈ Z ,

−i
∫

ddq

(2π)d
→ −i

∫
β

ddq

(2π)d
≡ T

∑
n

∫
dd−1q

(2π)d−1
.

The zeroth components of external momenta can be extrapolated to real and continuous energies

iωn → E + i0+ .

after completing the Matsubara sums.
Compute the thermal Green functions in ITF

GT
aπa;πbπc

(p1, p2; p3, p4) =
∑
i,j,k,l

Gai(p
2
1)Gπaj(p

2
2)Gkπb (p2

3)Glπc (p2
4)Aij;kl(p1, p2; p3, p4) .

a πa

πb πc

i

l

j

k

2 4 2

2

2

2 2 2 2 2

Feynman diagrams for amputated functions up to NLO.
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aπ → ππ scattering at finite temperature

aπ → ππ scattering at finite temperature

Thermal scattering amplitudes are extracted from thermal Green functions by LSZ reduction formula

iMT
aπa;πbπc

(p1, p2; p3, p4) =
1

Z
3/2
π

lim
p0
i→Epi

[
p2

1

4∏
i=2

(
p2
i −m2

π

)]
GT
aπa;πbπc

(p1, p2; p3, p4) .

In the calculation of the aπ → ππ scattering amplitudes, we keep the terms up toO(1/fa), and ignore
the isospin breaking inmπ .

+ MT
aπa;πbπc

have well-defined zero temperature limitationMT=0+

aπa;πbπc
;

+ T -dependence ofMT
aπa;πbπc

entirely introduced by loop diagrams;

å We can make pure predictions at finite temperature, once the values of LECs are fixed at zero
temperature.

For comparison with [Di Luzio et al., 2023], we take the same set of values for the parameters.
For perturbative calculation

mπ = 137 MeV , Fπ = 92.1 MeV , mu/md = 0.5 ,

l̄1 = −0.36(59) , l̄2 = 4.31(11) , l̄3 = 3.53(26) , l̄4 = 4.73(10) , l7 = 0.007(4) .

JB. Wang Axion-pion scattering at finite temperature April 13, 2024 15 / 32



aπ → ππ scattering at finite temperature

aπ → ππ scattering at finite temperature

Partial waves (PWs) and s-channel thermal unitarity relations

Maπ;IJ (Ecm) =
1

2

∫ +1

−1
d cos θMaπ;I(Ecm, cos θ)PJ (cos θ) .

ImMaπ;IJ (Ecm)
s
=

1

2
ρTππ(Ecm)MIJ∗

ππ;ππMaπ;IJ , (Ecm > 2mπ) ,

ρTππ(Ecm) =
σπ(E2

cm)

16π

[
1 + 2nB(

Ecm

2
)

]
,

σπ(s) =

√
1−

4m2
π

s
, nB(E) =

1

eE/T − 1
.

I denotes the total isospin of final ππ state, Ecm the center of mass (CM) energy and θ the scattering
angle in CM collision.
Perturbative PW amplitudes satisfy the thermal unitarity relations perturbatively

ImM(4)
aπ;IJ (Ecm)

s
=

1

2
ρTππ(Ecm)MIJ,(2)

ππ;ππM
(2)
aπ;IJ , (Ecm > 2mπ) .

There are additional pure thermal contributions from Landau cuts of cross channels above ππ threshold
on right hand.
A similiar case is thermalKπ → Kπ scattering, where the thermal Landau cut generated in the u
channel show up in the physical energy region above the πK threshold. [Gómez Nicola et al., 2023].
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aπ → ππ scattering at finite temperature

aπ → ππ scattering at finite temperature

The unitarized PW aπ → ππ amplitudes in inverse amplitude method (IAM) take the form
[Salas-Bernárdez et al., 2021]

MIAM
aπ;IJ =

(
M(2)

aπ;IJ

)2

M(2)
aπ;IJ −M

(4)
aπ;IJ

.

We use two values of LECs in the calculation by IAM amplitudes

l̄1 − l̄2 = −5.95(2) , l̄1 + l̄2 = 4.9(6) .

which were determined from ππ scattering to fit the pole position and width of the ρ resonance
precisely [Dobado and Pelaez, 1997]. Such values are also same with that used in [Di Luzio et al., 2023].
Resonances poles on the second Riemann sheet

f0(500)/σ ρ(770)

Mσ ± iΓσ
2 |fagσaπ| Mρ ± i

Γρ
2 |fagρaπ|

T = 0 MeV 422± i240 MeV 0.032 GeV2 739± i72 MeV 0.035 GeV2

T = 100 MeV∗ 368± i310 MeV 0.037 GeV2 744± i77 MeV 0.036 GeV2

∗Only include s-channel unitary thermal correction.
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aπ → ππ scattering at finite temperature

aπ → ππ scattering at finite temperature

LO
NLO, T=0 MeV

NLO, T=100 MeV

NLO, T=155 MeV

IAM, T=0 MeV

IAM, T=100 MeV

IAM, T=155 MeV
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aπ → ππ scattering at finite temperature

aπ → ππ scattering at finite temperature

|M(2) +M(4)|2 =
(
M(2)

)2
+ 2M(2)Re

(
M(4)

)
+ |M(4)|2 .
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o The chiral perturbative
amplitudes up to NLO
begin to be unreliable
around E ' 500 MeV.

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

Ecm [GeV]

(
f a
/F

)2
σ
aπ

+
;π

+
π
0
[m
b]

JB. Wang Axion-pion scattering at finite temperature April 13, 2024 19 / 32



Effect of thermal correction in the scattering amplitudes on HDM bound

Contents

1 Introduction
Strong CP problem and QCD axion
Thermal axion and its HDM bound

2 Axion-pion SU(2) chiral perturbation theory

3 aπ → ππ scattering at finite temperature

4 Effect of thermal correction in the scattering amplitudes on HDM bound
By perturbative amplitudes up to NLO
By IAM amplitudes

5 Summary and conclusions

JB. Wang Axion-pion scattering at finite temperature April 13, 2024 20 / 32



Effect of thermal correction in the scattering amplitudes on HDM bound

Effect of thermal correction in the scattering amplitudes on HDM bound

We calculate the axion rate by the temperature dependent aπ → ππ scattering amplitudes
[Chang and Choi, 1993, Hannestad et al., 2005]

Γa(T ) =
1

neq
a

∫
dΓ̃
∑
|Maπ;ππ |2 nB(E1)nB(E2)[1 + nB(E3)][1 + nB(E4)] ,

where the phase space integral∫
dΓ̃ =

∫ ( 4∏
i=1

d3pi

(2π)3

1

2Ei

)
(2π)4δ4(p1 + p2 − p3 − p4) .

Decoupling temperature of axion TD is extracted from the decoupling condition under instantaneous
decoupling approximation

Γa(TD) ' H(TD) .

And TD is constrained by the limitation of ∆Neff from CMB experiments.
+ We follow the procedure of cosmological discussion as in [Di Luzio et al., 2023].
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Effect of thermal correction in the scattering amplitudes on HDM bound By perturbative amplitudes up to NLO

Effect of thermal correction in the scattering amplitudes on HDM bound
By perturbative amplitudes up to NLO
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o We confirm that the breakdown temperature of NLO chiral perturbative description for Γa(T ), when
using zero temperature aπ → ππ scattering amplitudes, is around 70 MeV.

o The convergence of the chiral expansion for Γa(T ) gets worse after taking the thermal corrections into
the aπ scattering amplitudes.

å It is still unlikely to extract reliable bounds from the axion thermalization rate by using the chiral
perturbative amplitudes, after including the thermal corrections to the aπ amplitudes.
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Effect of thermal correction in the scattering amplitudes on HDM bound By IAM amplitudes

Effect of thermal correction in the scattering amplitudes on HDM bound
By IAM amplitudes

By ZT MIAM, fa=2.5107 GeV

By FT MIAM, fa=2.5107 GeV

By ZT MIAM, fa=6106 GeV

By FT MIAM, fa=6106 GeV
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Effect of thermal correction in the scattering amplitudes on HDM bound By IAM amplitudes

Effect of thermal correction in the scattering amplitudes on HDM bound
By IAM amplitudes

By ZT MIAM
By FT MIAM
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o The QCD axion mass up to LO & NLO

m
2
a|LO = γudm

2
π

F 2

f2
a

, where γud =
mumd

(mu +md)2
,

m
2
a|NLO = γudm

2
π

F 2

f2
a

{
1− 2

m2
π

(4πF )2
log

m2
π

µ2
+ 2

[
h
r
1(µ

2
)− h3

] m2
π

F 2
− 8l7γud

m2
π

F 2

}
.

JB. Wang Axion-pion scattering at finite temperature April 13, 2024 24 / 32
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Effect of thermal correction in the scattering amplitudes on HDM bound
By IAM amplitudes

By ZT MIAM
By FT MIAM
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FT 2.1× 107 GeV 0.27 eV 0.28 eV

The shift of the bounds introduced by the thermal corrections in the aπ amplitudes is around 10%.
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Summary and conclusions

The thermal aπ → ππ scattering amplitudes, up to one loop level, are calculated in SU(2) ChPT.

To include the effects of the relevant resonances (ρ and σ), unitarized amplitudes are constructed by
IAM.

Taking the thermal IAM amplitudes as reliable input below
√
s . 1 GeV, we calculate the axion

thermalization rate at the temperatures below 155 MeV.

We find that the thermal correction in the axion-pion scattering amplitudes can cause around 10% shift
to the bounds of axion decay constant and mass constrained by Planck′18 data.

Thank you for listening
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