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Kinematics

e(l , λl) + hA(PA, λh) → e(l ′) + Q(p1) + X (undetected hadrons)

DIS variables:

Spl = (pA + l)2, xB =
Q2

2pA · q
, yl =

pA · q
pA · l

=
Q2

xBSpl

Q2 = −q2 = −(l − l ′)2,Heavy quark Mass : m

l, λl

l′, λl

q, γ∗

p1

X

Photon is virtual:

Q2 > 0,

Q ∼ m ≫ ΛQCD(∼ 300MeV)
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Ranges of DIS variables: Diehl&Sapeta, EPJC41(2005)515

0 ≤ yl ≤ 2

√
1 + γ2 − 1

γ2
, γ =

2xBMp

Q
.

I High energy limit: Q ≫ Mp ⇒ 0 ≤ yl ≤ 1.

I Threshold condition: (pA + q)2 ≥ 4m2 ⇒ xB ≤ Q2

Q2+4m2 .

I DIS range:

Spl ≥ Q2 + 4m2,
Q2

Spl
≤ xB ≤ Q2

Q2 + 4m2
, yl =

Q2

xBSpl
.
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Hadron variables : z = pA·p1
pA·q > 0, y = q·p1

pA·q , x = xB

Azimuthal angle : ϕ

γ∗N frame
~l

~l′

~pA

Z ~p1 φ

Hadron plane

Lepton plane

φ
~l⊥

~p1⊥

Light-cone coordinates: a± = 1√
2
(a0 ± a3), aµ = (a+, a−, aµ⊥),

a2 = 2a+a− + a2⊥, a
2
⊥ = −a⃗2⊥ < 0. qµ, pµA are longitudinal.

(y , z) is equivalent to (p21⊥,Y ):

z = e−Y E1⊥
Q

√
x

1− x
, y = −xz +

x

z

E 2
1⊥
Q2

,

Y =
1

2
ln

p01 + pz1
p01 − pz1

, E1⊥ =
√

m2 + p⃗21⊥
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Threshold: p2X = (pA + q − p1)
2 ≥ m2 ⇒ 0 < x + y + z ≤ 1 ⇒

E1⊥ ≤ Q

2

√
1− x

x
, ρ⊥ ≡

√
1− 4x

1− x

E 2
1⊥
Q2

1− ρ⊥
2

≤ z ≤ 1− ρ⊥
2

, or
1

2
ln

1− ρ⊥
1 + ρ⊥

≤ Y ≤ 1

2
ln

1 + ρ⊥
1− ρ⊥

Range of z is symmetric about z = 1/2.

DIS range:

Spl ≥ Q2 + 4m2,
Q2

Spl
≤ xB(= x) ≤ Q2

Q2 + 4m2
, yl =

Q2

xBSpl
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Differential cross section(5 dimension):

dσ

dxBdQ2dYd2p1⊥
=

α2
em

32π3x2BS
2
plQ

2
LµνW

µν .

Lµν =
∑
λ′

ū(l ′, λ′)γµu(l , λl)ū(l , λl)γ
νu(l ′, λ′)

=2[l ′µlν + l ′ν lµ − l ′ · lgµν + iλlϵ
l ′µlν ],

W µν =

∫
d4ξe iq·ξ

∑
X

⟨PAλh|jν(ξ)|p1X ⟩⟨Xp1|jµ(0)|PAλh⟩

jµ =
∑

q eqψ̄γ
µψ, q = u, d , s, c, b

Similar process: Laenen,Riemersma&Smith, NPB392(1993)162, 4-dim, ϕ integrated,

unpolarized; Hekhorn&Stratmann,2105.13944, Anderle et al,2110.04489, ϕ integrated,

double polarized;
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Twist-2 factorization of hadronic tensor W µν .

ka

PA

q, µ

p1
q, ν

Collinear region: kµa = (k+a , k
−
a , ka⊥) ∼ Q(1, λ2, λ), λ≪ 1.

Twist-2: kµa → k̂µa = (k+a , 0, 0) = (xap
+
A , 0, 0) in hard part.

W µν
q =

∫
d4kaH

µν
q,ji (ka, q)

∫
d4ξ

(2π)4
e ika·ξ⟨PAλh|ψ̄j(0)ψi (ξ)|PAλh⟩
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ka

PA

q, µ

p1
q, ν

W µν
q =

∫
d4kaH

µν
q,ji (ka, q)

∫
d4ξ

(2π)4
e ika·ξ⟨PAλh|ψ̄j(0)ψi (ξ)|PAλh⟩

≃
∫

dk+a Hµν
q,ji (k̂a, q)

∫
dk−a d2ka⊥

∫
d4ξ

(2π)4
e ika·ξ⟨PAλh|ψ̄j(0)ψi (ξ)|PAλh⟩

+ (higher twist)

=

∫
dk+a Hµν

q,ji (k̂a, q)

∫
dξ−

2π
e ik

+
a ξ−⟨PAλh|ψ̄j(0)ψi (ξ)|PAλh⟩

+ (higher twist)

Only k+a is preserved in twist-2(Leading twist).
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Gluon contribution is similar:

W µν
g =

∫
dk+a Hµν

g ,βα(k̂a, q)

∫
dξ−

2π
e ik

+
a ξ−⟨PAλh|Gβ

⊥(0)G
α
⊥(ξ)|PAλh⟩

+ (higher twist)

At leading twist, α, β are transverse.

PDFs: ∫
dξ−

2π
e ik

+
a ξ−⟨PAλh|ψ̄j(0)ψi (ξ)|PAλh⟩

=
(1c)ij
2Nc

[
γ−f q1 (xa) + γ5γ

−λhg
q
1 (xa)

]
ij
;∫

dξ−

2π
e ik

+
a ξ−⟨PAλh|Gβ

b⊥(0)G
α
a⊥(ξ

−)|PAλh⟩

=
δab

2(N2
c − 1)xaP

+
A

[ 2

2− d
gαβ
⊥ f g1 (xa) + λh(−i)ϵβα⊥ gg

1 (xa)
]
.

k+a = xaP
+
A , d = 4− ϵ.
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Factorized form of hadronic tensor:

W µν
g =

∫
dxa
xa

H̄µν
g ,αβ

[
gβα
⊥

2

2− d
f g1 (xa)− iλhϵ

βα
⊥ gg

1 (xa)
]

W µν
q =

∫
dxa
xa

[
H̄µν,αβ
q

1

d − 2
gαβ
⊥ f q1 (xa) + ∆H̄µν,αβ

q
−i

4
ϵ⊥,αβλhg

q
1 (xa)

]
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Angular distributions: ϕ dependence

H̄µν,αβ satisfies:

I α, β are transverse;

I No γ5 or ϵ−tensor;

I QED gauge invariance: qµW
µν = qνW

µν = 0 or

qµH̄
µν,αβ = qνH̄

µν,αβ = 0;

I Depends on only one transverse vector pµ1⊥!
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Angular distributions: ϕ dependence

Tensor structure:

H̄µν
αβ = HXij

Xµναβ
ij + HYi

Y µναβ
i + HZi

Zµναβ
i + HVi

V µναβ
i

HXij
etc depend on p21⊥ only, in addition to ka · q, ka · p1, q · p1.

Thus, they are ϕ independent!
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Angular distributions: ϕ dependence

10 Xij :

Xµν,αβ
ij =ãµνi b̃αβj ,

where

ã1 =gµν
⊥ , ã2 =

1

p21⊥

[
pµ1⊥p

ν
1⊥ − 1

d − 2
gµν
⊥ p21⊥

]
,

ã3 =pµ1⊥p̃
ν + pν1⊥p̃

µ, ã4 = p̃µp̃ν ,

ã5 =pµ1⊥p̃
ν − pν1⊥p̃

µ,

b̃1 =gαβ
⊥ , b̃2 =

1

p21⊥

[
pα1⊥p

β
1⊥ − 1

d − 2
gαβ
⊥ p21⊥

]
,

where p̃µ = pµA − pA·q
q2

qµ, satisfying q · p̃ = 0.
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Angular distributions: ϕ dependence

3 Yi :

Y µν,αβ
1 =gµα

⊥ gνβ
⊥ − gµβ

⊥ gνα
⊥ ,

Y µν,αβ
2 =

1

p21⊥

[(
gµα
⊥ pν1⊥p

β
1⊥ − gνα

⊥ pµ1⊥p
β
1⊥

)
− (α↔ β)

]
,

Y µν,αβ
3 =

1

p21⊥

[(
gµα
⊥ pν1⊥p

β
1⊥ − gνα

⊥ pµ1⊥p
β
1⊥

)
+ (α↔ β)

]
.
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Angular distributions: ϕ dependence

3 Zi :

Zµν,αβ
1 =gµα

⊥ gνβ
⊥ + gµβ

⊥ gνα
⊥ − gµν

⊥ gαβ
⊥

2

d − 2
,

Zµν,αβ
2 =

1

p21⊥

[(
gµα
⊥ pν1⊥p

β
1⊥ + gνα

⊥ pµ1⊥p
β
1⊥ + (α↔ β)

)
− pµ1⊥p

ν
1⊥g

αβ
⊥

4

d − 2

]
,

Zµν,αβ
3 =

1

p21⊥

[(
gµα
⊥ pν1⊥p

β
1⊥ + gνα

⊥ pµ1⊥p
β
1⊥ − (α↔ β)

)]
.
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Angular distributions: ϕ dependence

4 Vi :

V µν,αβ
1 =gµα

⊥ p̃νpβ1⊥ + gνα
⊥ p̃µpβ1⊥ + (α↔ β),

V µν,αβ
2 =gµα

⊥ p̃νpβ1⊥ − gνα
⊥ p̃µpβ1⊥ − (α↔ β),

V µν,αβ
3 =gµα

⊥ p̃νpβ1⊥ − gνα
⊥ p̃µpβ1⊥ + (α↔ β),

V µν,αβ
4 =gµα

⊥ p̃νpβ1⊥ + gνα
⊥ p̃µpβ1⊥ − (α↔ β).
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Angular distributions: ϕ dependence

W µν
g =

∫
dxa
xa

H̄µν
g ,αβ

[
gβα
⊥

2

2− d
f g1 (xa)− iλhϵ

βα
⊥ gg

1 (xa)
]

W µν
q =

∫
dxa
xa

[
H̄µν,αβ
q

1

d − 2
gαβ
⊥ f q1 (xa) + ∆H̄µν,αβ

q
−i

4
ϵ⊥,αβλhg

q
1

]

LµνWµν ∼ HXij
Xµν,αβ
ij Lµν{g⊥αβ , ϵ⊥αβ}+ · · ·

After contracted with leptonic tensor Lµν , which contains lµ⊥, Xij

etc give all possible ϕ distributions.

9 of these tensors give nonzero distributions, for unpolarized or

longitudinally polarized proton. They are:

X11,X21,X31,X41,X51,Y2,Z3,V2,V4.
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Angular distributions: ϕ dependence

LµνW
µν
∣∣∣
UU

= Q2

∫
dxa
xa

{
a⃗U · b⃗X11

−4(y2l − 2yl + 2)

y2l
+ a⃗U · b⃗X41

2(1− yl)Q
2

(p̃2)2x2Byl

+ a⃗U · b⃗X21

4(yl − 1)

yl
cos 2ϕ

+ a⃗U · b⃗X31

4(yl − 2)Q

|⃗p1⊥|p̃2

√
1− yl
xBy

2
l

cosϕ
}
,

where a⃗ · b⃗X11 is the combination of gluon PDF and quark PDF.

For example,

a⃗ · b⃗X11 =
1

(2− ϵ)2

[2Xµναβ
11

ϵ− 2
Hg
µναβf

g
1 (xa) +

Xµναβ
11

2− ϵ
Hq
µναβf

q
1 (xa)

]
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Angular distributions: ϕ dependence

LµνW
µν
∣∣∣
LL

=− 4Q2λlλh

∫
dxa
xa

{
a⃗L · b⃗Y2

yl − 2

yl

+ a⃗L · b⃗V2

Q

|⃗p1⊥|p̃2

√
1− yl
xByl

cosϕ
}
,

LµνW
µν
∣∣∣
UL

=iλhQ
2

∫
dxa
xa

{
a⃗L · b⃗Z3

8(1− yl)

yl
sin 2ϕ

+ a⃗L · b⃗V4

Q |⃗p1⊥|
p21⊥p̃

2

4(yl − 2)
√
1− yl

xBy
2
l

sinϕ
}
,

LµνW
µν
∣∣∣
LU

=4iλl
Q3

|⃗p1⊥|p̃2

√
1− yl
xByl

∫
dxa
xa

{
a⃗U · b⃗X51 sinϕ

}
,
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Angular distributions: ϕ dependence

Known semi-inclusive DIS results: Diehl&Sapeta, EPJC41(2005)515

dσ

dxBdQ2dϕdψ
∼
σ++
++ + σ−−

++

2
+ εσ++

00 − ε cos(2ϕ)Reσ++
+−

−
√
ε(1 + ε) cosϕRe(σ++

+0 + σ−−
+0 )

− Pl

√
ε(1− ε) sinϕIm(σ++

+0 + σ−−
+0 )

− SL

[
ε sin(2ϕ)Imσ++

+− +
√
ε(1 + ε) sinϕIm(σ++

+0 − σ−−
+0 )

]
+ SLPl

[√
1− ε2

σ++
++ − σ−−

++

2
−

√
ε(1− ε) cosϕRe(σ++

+0 − σ−−
+0 )

]
.
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Angular distributions: ϕ dependence

Comparison with Diehl&Sapeta, EPJC41(2005)515

1. UU case:

a⃗U · b⃗X11 ∼
1

2
(σ++

++ + σ−−
++), a⃗U · b⃗X41 ∼ σ++

00 ,

a⃗U · b⃗X21 ∼ Reσ++
+−, a⃗U · b⃗X31 ∼ Re(σ++

+0 + σ−−
+0 ).

2. UL case: a⃗L · b⃗Z3 ∼ Imσ++
+−, a⃗L · b⃗V4 ∼ Im(σ++

+0 − σ−−
+0 )

3. LU case: a⃗U · b⃗X51 ∼ Im(σ++
+0 + σ−−

+0 )

4. LL case:

a⃗L · b⃗Y12 ∼ 1
2(σ

++
++ − σ−−

++), a⃗L · b⃗V2 ∼ Re(σ++
+0 − σ−−

+0 )
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Tree Diagrams

µ

α
β

ν

p1

(a) (b) (c) (d)
Tree level diagrams in DIS, contributing to heavy quark production.
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Virtual corrections

(a) (b) (c) (d)(No reverse)

(e) (f) (g) (h)

(i) (j)(No reverse) (k) (l)
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Real corrections

µ

α

ν

β

(a)(No cc) (b) (c) (d)

(e)(No cc) (f) (g) (h)(No cc)

(i) (j)(No cc)
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Real corrections

µ

α

ν

β

(a)(No cc) (b) (c) (d)

(e)(No cc) (f) (g) (h)(No cc)

(i) (j)(No cc)
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Real corrections
µ

α

β

ν

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

(m) (n) (o) (p)
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Real corrections

(a)(No cc) (b)(No cc) (c) (d)

(e) (f) (g) (h)

(i)(No cc) (j)(No cc)
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Loop integral reduction

FIRE: A.Smirnov&V.Smirnov,1302.5885, by IBP(Integration by part)

0 =

∫
dnl

∂

∂lµ
f (l , pi ).

Virtual loops: Tensor integrals are reduced to linear combination of

standard A,B,C,D functions;∫
dnkg

N i1
1 N

i2
2 N

i3
3 N

i4
4

→
∫

dnkg
N1N2N3N4

,

∫
dnkg

N1N2N3
,

∫
dnkg
N1N2

,

∫
dnkg
N1

.

All A,B,C,D functions are recalculated and then continued to DIS

region, in order to extract the imaginary parts of them. Results are

consistent with Eills& Zanderighi, JHEP02(2008)002
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Only Abelian diagrams have imaginary parts:

Im ̸= 0.

=

Im = 0 : the cut is unphysical
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Loop integral reduction

Real loops:∫
dnkgδ(N3)δ(N4)

1

N i1
1 N

i2
2

, i1, i2 ̸= 0, N3 = k2g ,N4 = (W − kg )
2 −m2.

Formal Replacement

δ(N3) →
i

2π

[ 1

k2g + iϵ
− 1

k2g − iϵ

]
,

δ(N4) →
i

2π

[ 1

(W − kg )2 −m2 + iϵ
− 1

(W − kg )2 −m2 − iϵ

]
Then, the integral becomes∫

dnkg
1

N i1
1 N

i2
2 N3N4

: reduction like virtual integrals.
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Loop integral reduction

Real loops:∫
dnkgδ(N3)δ(N4)

1

N i1
1 N

i2
2

→
∫

dnkg

N i1
1 N

i2
2 N3N4

→
∫

dnkg
N1N2N3N4

,

∫
dnkg

N1N3N4
,

∫
dnkg

N2N3N4
,

∫
dnkg
N3N4

→
∫

dnkg
δ(N3)δ(N4)

N1N2
,

∫
dnkg

δ(N3)δ(N4)

N1
,

∫
dnkg

δ(N3)δ(N4)

N2
,∫

dnkgδ(N3)δ(N4).

If 1/N3 or 1/N4 is absent, the reduced integral is identified as zero.
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Calculation of these master integrals are done in the frame W⃗ = 0,

with W µ = ka + q − p1. Beenakker et al, PRD40(1989)1;Zhang, EPJC80(2020)345;

∫
dnkg

(2π)n−2

δ(k2
g )δ((W − kg )

2 −m2)

[(kg + p1)2 −m2](kg − ka)2
∼

∫
(k0

g )
−1−ϵdΩn−1

[∆3 − p̂1 · k̂g ][1− k̂a · k̂g ]
,

|p̂1| = |k̂a| = |k̂g | = 1, ∆3 = p01/|⃗p1| > 1. k0
g = (W 2 −m2)/(2

√
W 2).

Soft divergence: k0g → 0;

(k0g )
−1−ϵ =

( ka · q√
W 2

)−1−ϵ
(τx)

−1−ϵ, 0 ≤ τx < 1,

(τx)
−1−ϵ =

−1

ϵ
δ(τx) +

( 1

τx

)
+
− ϵ

( ln τx
τx

)
+
.

Collinear divergence: 1− k̂a · k̂g = 0, or k̂a||k̂g → 1
ϵ .

So, this integral contains a double pole 1
ϵ2
.
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Further ingredients:

I UV counter terms in lagrangian:MS+ pole mass scheme,

Σ(/p) + ct = 0 if /p = m;

I Self-energy corrections;

I Renormalization of PDF,

Ui ,tree(xa)f
g (xa)

→ Ui ,tree

[
f g (xa) + (

2

ϵUV
− γE + ln(4π))

αs

2π

∫ 1

xa

dξ

ξ
Pgg (

xa
ξ
)f g (ξ)

]
.

DGLAP evolution:

∂f g1 (x)

∂ lnµ2
=
αs

2π
[Pgg ⊗ f g1 + Pgq ⊗ f q1 ],

∂gg
1 (x)

∂ lnµ2
=
αs

2π
[∆Pgg ⊗ gg

1 +∆Pgq ⊗ gq
1 ].
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Final hard coefficients(finite)

LµνWµν =
∑
i

Ci (yl , x , p
2
1⊥, ϕ)

∫ 1

xmin

dxa
xa

[
Ug
i f

g
1 (xa) + Uq

i f
q
1 (xa)

]
,

xmin =
x + y

1− z
= x

[
1 +

E 2
1⊥

z(1− z)Q2

]
.

Gluon contribution:

Ug
i =

4π2e2Qαs

2(N2
c − 1)

{
D̃i ,treeδ(τx)

+
αs

4π

[
D̃iδ(τx) +

( 1

τx

)
+
Ẽi +

( ln τx
τx

)
+
F̃i +

1

τx
G̃i +

ln τx
τx

K̃i

]}
.

∫ 1

0
dx

(
f (x)

)
+
g(x) =

∫ 1

0
dxf (x)(g(x)− g(0)).
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Final hard coefficients(finite)

Quark contribution:

Uq
i =

πα2
s

2Nc

[
e2Q

( G̃HH
i

τx
+

ln τx
τx

K̃HH
i

)
+ e2q

( G̃LL
i

τx
+

ln τx
τx

K̃LL
i

)
+ eQeq

( G̃HL
i

τx
+

ln τx
τx

K̃HL
i

)]
Anti-Quark contribution:

U q̄
i =

πα2
s

2Nc

[
e2Q

( G̃HH
i

τx
+

ln τx
τx

K̃HH
i

)
+ e2q

( G̃LL
i

τx
+

ln τx
τx

K̃LL
i

)
−eQeq

( G̃HL
i

τx
+

ln τx
τx

K̃HL
i

)]
.
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Final hard coefficients(finite)

Charge Average: 1
2(dσ

Q + dσQ̄),

∑
q

fq(xa)U
q
i = f g (xa)U

g +
πα2

s

2Nc

{( G̃HH
i

τx
+

ln τx
τx

K̃HH
i

)
e2Q

×
[
(u + ū) + (d + d̄) + (s + s̄)

]
+
( G̃LL

i

τx
+

ln τx
τx

K̃LL
i

)
[
4

9
(u + ū) +

1

9
(d + d̄) +

1

9
(s + s̄)].

Charge Asymmetry: 1
2(dσ

Q − dσQ̄),

∑
q

fq(xa)U
q
i =

πα2
s

2Nc
eQ

{( G̃HL
i

τx
+

ln τx
τx

K̃HL
i

)
×

[2
3
(u − ū)− 1

3
(d − d̄)− 1

3
(s − s̄)

]}
.
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Numerical results:

EIcC: 3.5 + 20GeV,
√

Spl ≃ 16.7GeV.

charm: m = 1.4, µ = 4.0, Q = 2.0, αs(µ) = 0.236, αs(MZ ) = 0.120

x range: [0.014, 0.338]; p1⊥ range: [0, 6.9]GeV.

PDF sets: MSTW08,NLO and NNPDFpol1.1,NLO
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√
Spl = 16.7, Q = 2, µ = 4,x = 0.02,z = 0.4 p1⊥ ∈ [0, 3]

dσ

dxBdQ2dYd2p1⊥

=f g1 ⊗ [C1 + C2 cosϕ+ C3 cos 2ϕ]
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√
Spl = 16.7, Q = 2, µ = 4,x = 0.02,z = 0.4 p1⊥ ∈ [0, 3]

LO

LO+NLO LL, dΣ[1]
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1 ⊗ [C1 + C2 cosϕ]
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√
Spl = 16.7, Q = 2, µ = 4,x = 0.02,z = 0.4 p1⊥ ∈ [0, 3]
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√
Spl = 16.7, Q = 2, µ = 4,x = 0.02,z = 0.4 p1⊥ ∈ [0, 3]
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√
Spl = 16.7, Q = 2, µ = 4,x = 0.02,z = 0.4 p1⊥ ∈ [0, 3]

Single Longitudinal spin asymmetry: imaginary parts of loop

integrals. Higher twist correction is of twist-4, because e(x) and

hL(x) are chiral-odd.
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Summary and outlook

I All possible Azimuthal angle distributions for longitudinally or

unpolarized hadron and lepton beams;

I Give analytic calculations for one-loop QCD correction;

I Some numerical results on EIcC;

I Future work:

1. Positivity check when p1⊥ is large;

2. Threshold resummation;

3. Possible generalization to transverse spin case: twist-3.
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