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• Outline

‣ 绪⾔

‣ 散射理论；有效场论

‣ 粲介⼦质量的⼿征外推和s-波开粲散射的⼿征修正

‣ 利⽤⼿征外推确定低能常数 (LEC)；基于Bethe-Salpeter 
重求和的⺓正化⽅案

‣ 推⼴到底介⼦散射

‣ ⼴义势⽅法及散射振幅的⼿征外推

‣ ⼀次减除的⾊散关系；左⼿割线

‣ ⼴义势；  ⽅法

‣ 格点散射相移的⼿征外推

N/D
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• 基本粒⼦散射过程  基本物理理论→
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kinematics

dynamics

 mechanics 狭义相对论：因果性

相互作用：⼴域/规范对称性

量⼦⼒学：

⼏率守恒 ⼳正性→

‣ 场论：直接、系统化的实现⽅式
‣ 满⾜⼀定对称性的相互作⽤哈密顿量

‣ 微扰论  费曼规则：

‣ 散射振幅的因果性，逐阶⺓正性
→



• 场论⽅法微扰地解释强相互作⽤？


‣
‣ 微扰论的失效

‣ 50  60 年代转向：S-矩阵理论

• 1943-1946年：Heisenberg 替代场论提出 “ -矩阵”

‣ 散射过程中的唯⼀可观测量

‣ 最⼀般的限制原则：⼳正性、因果性和对称性

‣ 避免指涉具体哈密顿量和运动⽅程

g2
πNN /4π ∼ 1000 e2/4π

∼

S
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• ⺓正性：

‣ ：散射粒⼦跃迁到所有中间态的⼏率和

‣ 跃迁矩阵 ( -矩阵,  ) 在中间粒⼦的产⽣阈以上存在
割线：

‣ 复能量空间的不解析性

S†S = 1 = 1

T S = 1 + iT

2 ImTfi = ∑
n

∫ (
n

∏
l=1

d3pl

2El (2π)3
(2π)4δ(Pi − ∑

l

pl))T*fnTni
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‣ Heisenberg 放弃S矩阵理
论：需要哈密顿量提供复能
量空间S矩阵的解析⾏为

‣ 1940s Kroenig: 利⽤因果性
对S矩阵解析性做出限制

1
2
3
…
n

| i⟩



• 因果性：
‣ Goldberger, Gell-Mann, Chew:

‣ 相对论性散射振幅物理黎曼叶的不
解析点全部位于实轴
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s

-channel 
unitarity

s-channel 
unitarity

u /t

‣ ⾊散关系

‣ (⼀次减除的⾊散关系)

T(s) = T(μ2
M) + ∫

left

ds̄
π

s − μ2
M

s̄ − μ2
M

ImT(s̄)
s̄ − s − iϵ

+ ∫
right

ds̄
π

s − μ2
M

s̄ − μ2
M

ImT(s̄)
s̄ − s − iϵ

可以应用⼳正性条件
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• 1960s: 基于⾊散关系，S矩阵理论取得瞩⽬的成就 

‣ e.g. Regge 理论，Veneziano 模型  弦论

• 但⼀直未能完全理解强相互作⽤的实质

‣ Pauli：S矩阵理论是 “空洞” 的

‣ 1960年代末：Bjorken 标度律

 强相互作⽤效应很弱的 “部分⼦”

• 1972-1973: Gross et.al：⾮阿⻉尔规范场论的渐近⾃由特征

‣ QCD：场论⼏乎⼀夜间 “从闹剧⾛向胜利 (from farce to 
triumph) ”——David Gross

→

→



• QCD的渐近⾃由： 

‣ ⾼能下直接应⽤微扰场论解决

‣ 低能下微扰场论不适⽤  如何解释丰富的强⼦间动⼒学现象？→
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• Wilson: 

‣ 离散化时空，数值求解 QCD 
作⽤量⽣成的路径积分

‣ 格点QCD

‣ ⼤多数计算基于⾮物理夸克质
量：利⽤有效场论进⾏外推



• Weinberg：

‣ ⼿征对称性⾃发破缺的Goldstone玻⾊⼦：  介⼦为⾃由度构造有
效哈密顿量进⾏微扰场论计算，得到复杂的流代数结果

‣ ⼿征微扰论 ( PT)

‣ 有效场论: 

π

χ
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‣ 我们需要了解每个分⼦的运动状态才
需要了解⼀个桌⼦的运动状态吗？

‣ 积掉⼩尺度上的相关⾃由度，留下⼤尺
度上的有效⾃由度描述⼤尺度上的物理

‣ Wilson 的重整化思想

r+  E-



• e.g. 重夸克有效理论 (HQET)：

‣ 适⽤于重味强⼦体系：
‣ 重夸克味道对称性；重夸克⾃旋对称性

‣ 重夸克QCD拉⽒量 

‣ 重夸克⾃由度分解为⼤尺度和⼩尺度相关⾃由度
   ⼤分量和⼩分量

‣

‣ 积掉⼩分量得到有效作⽤量

‣

‣ ⾮局域作⽤量  按 作局域展开

    

‣实现有效场论的 Top-down ⽅法

ℒQ
QCD = Q̄(i /𝒟 − mQ)Q

Q = e−imQv⋅x(hv + Hv) + (anti-quark) →
ℒQ

QCD = h̄viv ⋅ 𝒟hv − H̄v(iv ⋅ 𝒟 + 2mQ)Hv + h̄vi /𝒟⊥Hv + H̄vi /𝒟⊥hv + ( anti-quark)

exp(iSeff) = ∫ DH̄vDHv exp(i∫ ℒQ(quark)
QCD )

→ O( 𝒟
mQ

)
→ Seff(1/mQ expanded) = (∫ ℒHQET) × const .
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• 可在不需要知道底层理论的前提下构造有效场论：

‣ 利⽤低能下的有效⾃由度构造出全部同底层理论对称性⼀致的有效哈密顿
量，⽣成有效场论  低能下与底层理论等价

‣ 场论的实质是利⽤哈密顿量实现振幅的对称性、因果性和⺓正性
‣ 我们构造的所有场论本质上都是某个基本理论在低能下的有效场论

‣实现有效场论的 Bottom-up ⽅法

‣ ⼿征微扰论；标准模型

→
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E↵ective field theory

do we need to describe the motion of a table by figuring out the
motion of each molecule it contains?

I integrate out high-energy modes ! e↵ective degrees of freedom

”When you use quantum field theory to study low-energy phenomena,...you’re not really making any assumption that

could be wrong, ...provided you don’t say specifically what the Lagrangian is. As long as you let it be the most general

possible Lagrangian consistent with the symmetries of the theory, you’re simply writing down the most general theory

you could possibly write down”- S. Weinberg.

I a Lagrangian with the same symmetry as
the underlying theory

I non-renormalizable ! infinitely many free
parameters

I information of physics of higher energies
are embodied in the free parameters

I power-counting: to organize the
non-renormalizable interactions

Xiao-Yu Guo (GSI) Tianjin Uni December 30, 2019 4 / 42
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‣ 重味强⼦系统：含有轻重夸克的强⼦系统
‣ 因同时涉及⼿征对称性和重夸克对称性，⽽在理解QCD低能⾏为中
占有特殊的理论地位

‣ 开粲介⼦：本报告的讨论对象

‣ 任何构成有效场论的有效哈密顿量包括⽆穷多项
‣ 不可重整的：依赖于能标
‣ 能隙：有效场论成⽴能标 vs 破缺能标

‣ power counting:  有效能标/破缺能标 对⽣成的振幅贡献重要性排序

‣ PT ( )：   微扰的轻夸克⼿征动⼒学效应

‣ HQET:       微扰的重夸克动⼒学效应

‣ 解析的⽅法成为可能

χ SU(3) Q ∼
mπ,K,η ∼ mu,d,s

(Λ ∼ mρ)
→

ΛQCD

mQ
→



• 有效理论的适⽤能区 vs 实际物理能区？

‣ ⼿征微扰论：
‣ 2  2 散射：

适⽤能区  Mandelstam三⻆形

‣ 实际过程发⽣在Mandelstam三⻆形外

• 微扰地扩展适⽤能区：
‣ ⾼阶相互作⽤强度
‣ 未知低能常数 (LEC)

‣ 利⽤格点QCD的模拟结果：

‣ 物理量在不同⾮物理夸克质量下的数值结果  

‣ ⼿征微扰论的解析解：
‣ ⼿征外推

→

↔

X(mu,d,s)

X(mu,d,s) = X0 + X1Q + X2Q2 + …
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⼿征对数… + 低能常数

t

su

s = 0
u = 0

t = 0

t = 4M 2

s = HM + mL2

u = HM + mL2

 弹性散射的Mandelstam图Dπ → Dπ

• higher order chiral interaction involved in the D-
meson mass chiral extrapolations


• S-wave scattering (JP=0+)


• the s-channel unitarity of the T-matrix is 
implemented according to

Coupled-channel scattering between D and Goldstone bosons

‣   

‣      bubble-loop: involves a subtraction scale  

‣      matching scale: is set such that at the unitarized T-matrix matches the 
ChPT result at the scale such that the crossing symmetry is satisfied 

‣       is chosen between s- and u-channel cuts 

‣

The chiral Lagrangian for charmed mesons

Chiral Lagrangian at next-to-leading order

Previous estimates for NLO low-energy constants:
– from large Nc and ⇡D invariant mass distribution from Belle

[NPA813(2008)14]

– based on elastic scattering lengths from lattice [PRD87(2013)014508]

Fit to D-meson masses and scattering
observables from lattice

Xiao-Yu Guo Lattice 18, East Lansing July 27, 2018 4 / 15

[Lutz,Kolomeitsev: NPA700(2002)193]

TJP=0+
s−wave = ∫ d cos θ

2 T(s, t) P0(cos θ)

T = (1 − V J)−1V

= +T TVV J

J μ

μ

E.E. Kolomeitsev, M.F.M. Lutz / Physics Letters B 582 (2004) 39–48 41

Table 1
The definition of coupled-channel states with (I, S)
( 1
2 ,+2) (0,+1) (1,+1) ( 1

2 ,0
)

(DsK)

(

( 1√
2
Dt iσ2K

)

(Dsη)

) (

(Dsπ)
( 1√

2
Dt iσ2σK

)

)







( 1√
3
π · σD

)

(ηD)

(Dsiσ2K̄
t )







( 3
2 ,0

)

(0,−1) (1,−1)
(π · T D)

( 1√
2
K̄D

) ( 1√
2
K̄σD

)

ness (S) quantum numbers,

(I, S) =
((

1
2
,+2

)

, (0,+1), (1,+1),
(

1
2
,0
)

,

(3)
(

3
2
,0
)

, (0,−1), (1,−1)
)

.

In Table 1 the channels that contribute in a given sec-
tor (I, S) are listed. Heavy–light meson resonances
with quantum numbers JP = 0+ and JP = 1+ man-
ifest themselves as poles in the s-wave scattering am-
plitudes,M(I,S)

J P (
√

s ), which in the χ -BS(3) approach
[1,19] take the simple form

M
(I,S)

J P (
√

s )

(4)= [

1− V (I,S)(
√

s )J
(I,S)

J P (
√

s )
]−1

V (I,S)(
√

s ).

The effective interaction kernel V (I,S)(
√

s ) in (4)
is determined by the leading order chiral SU(3)
Lagrangian (1),

V (I,S)(
√

s ) = C(I,S)

8f 2

(

3s − M2 − M̄2 − m2 − m̄2

(5)

− M2 − m2

s

(

M̄2 − m̄2)
)

,

where (m,M) and (m̄, M̄) are the masses of initial
and final mesons. We use capital M for the masses of
heavy–light mesons and small m for the masses of the
Goldstone bosons. The matrix of coefficients C(I,S)

that characterize the interaction strength in a given
channel is given in Table 2. The s-wave interaction
kernels are identical for the two scattering problems
considered here.
In contrast the loop functions, diagonal in the

coupled-channel space, depend on whether to scatter

Goldstone bosons off pseudo-scalar or vector heavy–
light mesons,

J0+(
√

s ) = I (
√

s ) − I
(

µ
(I,S)
0+

)

,

J1+(
√

s ) =
(

1+ p2cm
3M2

)

(

I (
√

s ) − I
(

µ
(I,S)
1+

))

,

(6)

I (
√

s ) = 1
16π2

(

pcm√
s

(

ln
(

1− s − 2pcm
√

s

m2 + M2

)

− ln
(

1− s + 2pcm
√

s

m2 + M2

))

+
(

1
2

m2 + M2

m2 − M2 − m2 − M2

2s

)

× ln
(

m2

M2

)

+ 1
)

+ I (0),

where
√

s =
√

M2 + p2cm +
√

m2 + p2cm. Note how-
ever that the two loop functions in (6) differ by a term
suppressed with 1/M2 only. A crucial ingredient of
the χ -BS(3) scheme is its approximate crossing sym-
metry guaranteed by a proper choice of the subtrac-
tion scale µ

(I,S)

J P . Referring to the detailed discussions
in [1,19–21] we obtain

µ
(I,0)
0+ = MD(1867), µ

(I,±1)
0+ = MDs(1969),

µ
(I,2)
0+ = MD(1867),

µ
(I,0)
1+ = MD(2008), µ

(I,±1)
1+ = MDs(2110),

(7)µ
(I,2)
1+ = MD(2008).

With (4)–(7) the brief exposition of the χ -BS(3)
approach as applied to heavy–light meson resonances
is completed.
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μ

[Kolomeitsev,Lutz: PLB582(2004)39]

ℑ[TJP=0+
s−wave]−1

ii
= − pcm

8π s

!21

p p̄

q q̄
s = (p + q)2

u = (p − q̄)2

t = (q − q̄)2



D-meson mass correction up to N3LO

Masses of pseudoscalars D, Ds and vectors D⇤,D⇤
s up to Q4 (N3LO)

Chiral corrections:

+ + +

Power counting Q2 Q3 + Q4 + . . . Q4 + . . . Q4

But...

: Q0 + Q + Q2 + Q3 + Q4 + . . . (MS scheme)Q0 + Q + Q2

Power counting breaking terms

O(Q5) renormalization-scale dependent terms out of control
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M2
H(mu,d,s) =

 π, K, η  π, K, η

D(s) /D*(s)

• 开粲介⼦基态质量的⼿征外推 [XYG, Lutz, Heo 2018]  

‣ 次领头阶 (相对论性) ⼿征拉⽒量 (   介⼦ )

‣ ⽣成  介⼦质量的⼿征修正：

0− D/Ds

D(s)/D*(s)

14

145 Lð2Þ ¼ −ð4c0 − 2c1ÞDD̄trχþ − 2c1DχþD̄þ 4ð2c2 þ c3ÞDD̄trðUμUμ†Þ − 4c3DUμUμ†D̄

þ 1

M2
ð4c4 þ 2c5Þð∂̂μDÞð∂̂νD̄Þtr½Uμ; Uν†&þ −

1

M2
2c5ð∂̂μDÞ½Uμ; Uν†&þð∂̂νD̄Þ

þ ic6ϵμνρσðD½Uμ; U
†
ν&−D̄ρσ −Dρσ½U†

ν; Uμ&−D̄Þ þ ð2c̃0 − c̃1ÞDμνD̄μνtrχþ þ c̃1DμνχþD̄μν

− ð4c̃2 þ 2c̃3ÞDαβD̄αβtrðUμUμ†Þ þ 2c̃3DαβUμUμ†D̄αβ

−
1

ðM þ ΔÞ2
ð2c̃4 þ c̃5Þð∂̂μDαβÞð∂̂νD̄αβÞtr½Uμ; Uν†&þ

þ 1

ðM þ ΔÞ2
c̃5ð∂̂μDαβÞ½Uμ; Uν†&þð∂̂νD̄αβÞ − 4c̃6Dμα½Uμ; Uν†&−D̄να; ð5Þ

146 where the parameters M and M þ Δ are the D and D'

147 meson masses as evaluated at mu ¼ md ¼ ms ¼ 0. In the
148 limit of a very large charm-quark mass, it follows that
149 M → ∞ but Δ → 0. All parameters ci and c̃i are
150 expected to scale linearly in the parameter M0. As
151 illustrated in Ref. [6], it holds c̃i ¼ ci in the heavy
152 quark–mass limit.
153 A first estimate of some parameters can be found in
154 Ref. [6] based on large-Nc arguments. Since at leading
155 order in a 1=Nc expansion single-flavor trace interactions
156 are dominant, the corresponding couplings should go to
157 zero in the Nc → ∞ limit, suggesting

c0 ≃
c1
2
; c2 ≃ −

c3
2
; c4 ≃ −

c5
2
;

c̃0 ≃
c̃1
2
; c̃2 ≃ −

c̃3
2
; c̃4 ≃ −

c̃5
2
: ð6Þ

158159 In the combined heavy-quark and large-Nc limit, we are left
160 with four free parameters only, c1, c3, c5, and c6. For two of
161 them, approximate ranges

c1 ≃ 0.44 − 0.47; c3 þ c5 ≃ 1.0 − 1.4 ð7Þ
162163

164were obtained previously in Ref. [6]. While the parameter c1
165can be estimated from theDmeson masses, the parameter c3
166is constrained by the empirical πD-invariant mass spectrum
167[6,9]. A complementary estimate was explored in Ref. [10],
168in which the parameter c3 þ c5 was adjusted to first QCD
169lattice computations for s-wave scattering lengths of the
170Goldstone bosons with the D mesons. It is remarkable that
171their range for c3 þ c5 ≃ 1 is quite consistent with the earlier
172estimates [6,9] based on the empirical πD-invariant mass
173spectrum. The c3 parameter is of crucial importance for the
174physics of two exotic sextets of JP ¼ 0þ and JP ¼ 1þ

175resonances. Such multiplets are predicted by the leading-
176order chiral Lagrangian (1), which entails in particular the
177Tomozawa-Weinberg coupled-channel interactions of the
178Goldstone bosons with the D mesons [8]. The latter predicts
179weak attraction in the flavor sextet channel. If used as the
180driving term in a coupled-channel unitarization, exotic
181signals appear. A reliable estimate of the correction terms
182proportional to c3 and c̃3 is important in order to arrive at a
183detailed picture of this exotic sector of QCD [6,9].
184We close this section with a first construction of the
185symmetry-breaking counterterms proportional to the prod-
186uct of two quark masses:

187188

Lð4Þ ¼ −d1Dχ2þD̄ − d2DχþD̄trðχþÞ − d3DD̄trðχ2þÞ − d4DD̄ðtrχþÞ2

þ 1

2
d̃1Dμνχ2þD̄μν þ

1

2
d̃2DμνχþD̄μνtrðχþÞ þ

1

2
d̃3DμνD̄μνtrðχ2þÞ þ

1

2
d̃4DμνD̄μνðtrχþÞ2: ð8Þ

189190 Such terms are relevant in the chiral extrapolation of the D-meson masses. For the pseudoscalar mesons, we provide the
191 tree-level contributions to the polarization Πð2Þ

H and Πð4−χÞ
H of the D and Ds mesons. We use a convention with

M2
H∈½0−& ¼ M2 þ Πð2Þ

H þ Πð4−χÞ
H þ ( ( ( ; M2

H∈½1−& ¼ ðM þ ΔÞ2 þ Πð2Þ
H þ Πð4−χÞ

H þ ( ( ( ;

Πð2Þ
D ¼ 2B0ð4c0 − 2c1Þðms þ 2mÞ þ 4B0c1m;

Πð4−χÞ
D ¼ 4B2

0ðd1 þ 2d2 þ 2d3 þ 4d4Þm2 þ 4B2
0ðd3 þ d4Þm2

s þ 4B2
0ðd2 þ 4d4Þmms;

Πð2Þ
Ds

¼ 2B0ð4c0 − 2c1Þðms þ 2mÞ þ 4B0c1ms;

Πð4−χÞ
Ds

¼ 4B2
0ð2d3 þ 4d4Þm2 þ 4B2

0ðd1 þ d2 þ d3 þ d4Þm2
s þ 4B2

0ð2d2 þ 4d4Þmms; ð9Þ
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‣ ⾃洽求解  介⼦质量

‣ 有限体积修正效应
‣ 64个来⾃5个不同格点组 (ETMC, 

PACS, HPQCD, LHPC, HSC) 不同⾮物
理夸克质量下的  介⼦质量

‣ 拟合次领头阶低能常数 

D(s)/D*(s)

D(s)/D*(s)



• 丰富的共振态位于 Mandelstam 三⻆形外很远的区域 

‣ 如何将⼿征动⼒学效应推⼴到强⼦散射 (耦合道) 的共振态能区？

• ⾮微扰：利⽤S-矩阵理论 

‣ 实现散射振幅的 (⾮微扰) ⺓正性和因果性

‣ ⼿征相互作⽤哈密顿量  实现振幅的对称性

‣ 场论和散射理论的⼀次结合：⼿征微扰论的⺓正化推⼴
• ⼀个基于Bethe- Salpeter⽅程的⺓正化⽅案

• 振幅的⺓正性：

‣ Bethe- Salpeter⽅程：

→

T(s, t) = V(s, t) + ∫
d4k

(2π)4
V(p, q, k)G(k)T(k, p̄, q̄)

15

• higher order chiral interaction involved in the D-
meson mass chiral extrapolations


• S-wave scattering (JP=0+)


• the s-channel unitarity of the T-matrix is 
implemented according to

Coupled-channel scattering between D and Goldstone bosons

‣   

‣      bubble-loop: involves a subtraction scale  

‣      matching scale: is set such that at the unitarized T-matrix matches the 
ChPT result at the scale such that the crossing symmetry is satisfied 

‣       is chosen between s- and u-channel cuts 

‣

The chiral Lagrangian for charmed mesons

Chiral Lagrangian at next-to-leading order

Previous estimates for NLO low-energy constants:
– from large Nc and ⇡D invariant mass distribution from Belle

[NPA813(2008)14]

– based on elastic scattering lengths from lattice [PRD87(2013)014508]

Fit to D-meson masses and scattering
observables from lattice

Xiao-Yu Guo Lattice 18, East Lansing July 27, 2018 4 / 15

[Lutz,Kolomeitsev: NPA700(2002)193]

TJP=0+
s−wave = ∫ d cos θ

2 T(s, t) P0(cos θ)

T = (1 − V J)−1V

= +T TVV J

J μ

μ

E.E. Kolomeitsev, M.F.M. Lutz / Physics Letters B 582 (2004) 39–48 41

Table 1
The definition of coupled-channel states with (I, S)
( 1
2 ,+2) (0,+1) (1,+1) ( 1

2 ,0
)

(DsK)

(

( 1√
2
Dt iσ2K

)

(Dsη)

) (

(Dsπ)
( 1√

2
Dt iσ2σK

)

)







( 1√
3
π · σD

)

(ηD)

(Dsiσ2K̄
t )







( 3
2 ,0

)

(0,−1) (1,−1)
(π · T D)

( 1√
2
K̄D

) ( 1√
2
K̄σD

)

ness (S) quantum numbers,

(I, S) =
((

1
2
,+2

)

, (0,+1), (1,+1),
(

1
2
,0
)

,

(3)
(

3
2
,0
)

, (0,−1), (1,−1)
)

.

In Table 1 the channels that contribute in a given sec-
tor (I, S) are listed. Heavy–light meson resonances
with quantum numbers JP = 0+ and JP = 1+ man-
ifest themselves as poles in the s-wave scattering am-
plitudes,M(I,S)

J P (
√

s ), which in the χ -BS(3) approach
[1,19] take the simple form

M
(I,S)

J P (
√

s )

(4)= [

1− V (I,S)(
√

s )J
(I,S)

J P (
√

s )
]−1

V (I,S)(
√

s ).

The effective interaction kernel V (I,S)(
√

s ) in (4)
is determined by the leading order chiral SU(3)
Lagrangian (1),

V (I,S)(
√

s ) = C(I,S)

8f 2

(

3s − M2 − M̄2 − m2 − m̄2

(5)

− M2 − m2

s

(

M̄2 − m̄2)
)

,

where (m,M) and (m̄, M̄) are the masses of initial
and final mesons. We use capital M for the masses of
heavy–light mesons and small m for the masses of the
Goldstone bosons. The matrix of coefficients C(I,S)

that characterize the interaction strength in a given
channel is given in Table 2. The s-wave interaction
kernels are identical for the two scattering problems
considered here.
In contrast the loop functions, diagonal in the

coupled-channel space, depend on whether to scatter

Goldstone bosons off pseudo-scalar or vector heavy–
light mesons,

J0+(
√

s ) = I (
√

s ) − I
(

µ
(I,S)
0+

)

,

J1+(
√

s ) =
(

1+ p2cm
3M2

)

(

I (
√

s ) − I
(

µ
(I,S)
1+

))

,

(6)

I (
√

s ) = 1
16π2

(

pcm√
s

(

ln
(

1− s − 2pcm
√

s

m2 + M2

)

− ln
(

1− s + 2pcm
√

s

m2 + M2

))

+
(

1
2

m2 + M2

m2 − M2 − m2 − M2

2s

)

× ln
(

m2

M2

)

+ 1
)

+ I (0),

where
√

s =
√

M2 + p2cm +
√

m2 + p2cm. Note how-
ever that the two loop functions in (6) differ by a term
suppressed with 1/M2 only. A crucial ingredient of
the χ -BS(3) scheme is its approximate crossing sym-
metry guaranteed by a proper choice of the subtrac-
tion scale µ

(I,S)

J P . Referring to the detailed discussions
in [1,19–21] we obtain

µ
(I,0)
0+ = MD(1867), µ

(I,±1)
0+ = MDs(1969),

µ
(I,2)
0+ = MD(1867),

µ
(I,0)
1+ = MD(2008), µ

(I,±1)
1+ = MDs(2110),

(7)µ
(I,2)
1+ = MD(2008).

With (4)–(7) the brief exposition of the χ -BS(3)
approach as applied to heavy–light meson resonances
is completed.
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μ

[Kolomeitsev,Lutz: PLB582(2004)39]

ℑ[TJP=0+
s−wave]−1

ii
= − pcm

8π s

!21

p p̄

q q̄

p p̄

q q̄

p p̄

q q̄

  G

k



• 对积分核做在壳近似:  

‣ Bethe-Salpeter 积分⽅程化为代数⽅程

‣  (0⾃旋粒⼦散射) 分波振幅: 

‣  

‣ 单圈积分  有虚部 ，

‣ s-波振幅的⺓正性得到满⾜  

‣ 可以直接计及耦合道效应
• 振幅的⼿征对称性：通过ChPT⽣成的散射振幅作为散射核

V(p, q, k) → V(s, t)

00 → 00 TJ(s) = ( s
p̄cm pcm )

J

∫
1

−1

dx
2

T(s, t)PJ(x)

TJ(s) = (1 − VJ I)−1 VJ

I(s) = ∫
d4k

(2π)4
G(k) Im I(s > sthr) =

pcm

8π s

Im[TJ(s > sthr)]−1 = −
1

8π ( pcm

s1/2 )
2J+1

, J = 0

V
16

= + + +T V V VI I IV V V …



• 开粲介⼦耦合道散射 (D和Goldstone玻⾊⼦)： 

‣ 以领头阶⼿征拉⽒量 (Weinberg-Tomozawa)⽣成的Bethe-Salpeter重求和振幅 
[Lutz et al 2003; Guo et al 2006]：

‣ 仅依赖于⼀个低能常数:   介⼦衰变常数 (⼿征极限)  

‣  耦合道 ( )  s波散射出现束缚态 

‣  散射重夸克对称伴⼦ 

‣ 对   耦合道散射 (s波) 过程的研究 

‣ 共振态  ？领头、次领头阶的研究：⾮物理黎曼叶存在两个极点? 
[Hofmann et al 2006; Geng et al 2010; Du et al 2017]

‣ 味道反三重态和味道六重态成员

π f ≃ 92 MeV

(I, S) = (0,1) DK, Dsη → D*s0(2317)

D*K, D*s η → Ds1(2460)

πD (I = 1/2, S = 0)

D*0 (2400)

17

=WT V

18 M.F.M. Lutz, M. Soyeur / Nuclear Physics A 813 (2008) 14–95

correction terms to chiral order Q2
χ to take into account s- and u-channel D-meson exchange

processes and local two-body counter terms. Section 3 deals with the coupling of the electro-
magnetic field to the hadrons. In a first step we gauge the hadronic interactions introduced in
Section 2. We add gauge-invariant interaction terms of chiral order Q2

χ . We consider also inter-
action vertices probed when including the light vector mesons as explicit degrees of freedom.
We comment on the values of the parameters associated with these terms in relation to QCD
symmetries and discuss the renormalization of the ultraviolet singularities. The explicit expres-
sions of the electromagnetic decays are derived in Section 4 for the scalar state D∗

s0(2317) and in
Section 5 for the axial-vector state D∗

s1(2460). Our numerical results are presented in Section 6
and compared to the available data. We discuss the role of the different contributions and the con-
straints expected on the range of values for the coupling constants of specific interaction terms.
We conclude in Section 7. We relegate lengthy derivations to Appendices A–G.

2. Generation and strong isospin-violating decays of molecules

This section deals with the generation of the scalar D∗
s0(2317) and isovector D∗

s1(2460)

mesons in the coupled-channel framework of [12,13]. This description is based on the scatter-
ing of Goldstone bosons off heavy-light 0− and 1− mesons respectively. Isospin-breaking effects
arise from the difference between the up and down quark masses which leads to isospin-violating
strong decay amplitudes, D∗

s0(2317) → π0Ds and D∗
s1(2460) → π0D∗

s . These isospin-breaking
effects were not included in earlier work based on the assumption of perfect isospin sym-
metry [12,13]. We consider scalar and axial-vector states successively. In the latter case, we
reformulate the derivation of [12,13] in terms of massive 1− fields represented by antisymmetric
tensors. This particular development is needed later to arrive at expressions which are gauge-
invariant in a transparent manner. For both states, we consider first the hadronic interactions
resulting from the leading order chiral Lagrangian and treat afterwards chiral corrections to chi-
ral order Q2

χ .
We emphasize the importance of studying scalar and axial-vector mesons in the open-charm

sector on equal footing. The properties of spin 0 and spin 1 heavy-light mesons are indeed closely
related by the heavy-quark symmetry of QCD [26–30]. Even though the charm quark mass is
much larger that the light (u, d, s) quark masses, the limit in which the mass of the charm quark
goes to infinity is an approximation which may require significant corrections [31,32]. Rather
than applying a formalism where scalar and vector fields are fully degenerate and grouped to-
gether in one field as implied by exact heavy-quark symmetry, we use separate scalar and vector
D-meson fields to allow for the observed mass difference between spin multiplets.

2.1. The scalar state D∗
s0(2317)

The open-charm D∗
s0(2317) state has been shown to be dynamically generated as a direct

consequence of the leading order chiral Lagrangian density [12,13],

L= 1
4

tr(∂µΦ)
(
∂µΦ

)
− 1

4
trχ0Φ

2 + (∂µD)
(
∂µD̄

)
− DM2

0−D̄

+ 1
8f 2

{(
∂µD

)[
Φ, (∂µΦ)

]
−D̄ − D

[
Φ, (∂µΦ)

]
−
(
∂µD̄

)}
, (6)

where Φ and D are the pseudoscalar octet and triplet fields. We use the notation D̄ = D†. In the
particle representation the Goldstone and ground state open-charm meson fields are



• 次领头阶⼿征相互作⽤的影响 [XYG, Lutz, Heo 2018]：

‣ 哈密顿形式的普遍性：次领头阶⼿征拉⽒量同时贡献D介⼦质量和散射振幅
的⼿征修正

18

ℒ(2) = −(4 c0 − 2 c1) D D̄ trχ+ − 2 c1 D χ+ D̄

+ 4 (2 c2 + c3) DD̄ tr(Uμ Uμ†) − 4 c3 D Uμ Uμ† D̄

+
1

M2 (4 c4 + 2 c5) (∂μD)(∂νD̄) tr[Uμ, Uν†]+

−
1

M2
2 c5 (∂μD)[Uμ, Uν†]+

(∂νD̄)

‣ 同时拟合  介⼦的质量和散射振幅的
格点数据，确定次领头阶低能常数

‣ 64个基态  介⼦质量格点数据点

‣ 基于LHPC的  等散射道的散射
⻓度 [Liu et al 2013]

‣ HSC格点组在  的 
( ) 耦合道散射相移 [HSC 2016]

D

D

DK̄

mπ ∼ 390MeV
πD, ηD



•   耦合道散射相移⾏为强烈依赖
于夸克质量

‣ 在 ，反三重态在阈下   
束缚态

‣ 在物理质量 ，反三重态成
为宽共振态

‣ 双极点结构

πD (I = 1/2)

mπ ∼ 390MeV →

mπ ≃ 140MeV

19

lattice 2021

XYG et al 2018

‣ 预⾔在⾮物理质量下
的 散射相移

‣ 对应于HSC的⼀个格点组态

‣ 与2021年的HSC格点计算结果惊
⼈⼀致 [HSC 2021]

mπ ∼ 230MeV πD



• 利⽤重夸克对称性扩展到底介⼦系统 [XYG, Lutz 2021]： 

‣ 与重夸克有效理论匹配确定⼿征拉⽒量 LEC 随重夸克质量的标度变化关系

‣ 重介⼦次领头阶⼿征破缺拉⽒量

‣ 重夸克对称领头阶破缺效应:

‣ ⽣成重味介⼦质量的⼿征修正

‣ 与重夸克有效理论下重味介⼦质量修正项“匹配”

ℒχ = −(4 c0−2 c1) H H̄ trχ+ − 2 c1 H χ+ H̄ + (2 c̃0 − c̃1) Hμν H̄μν trχ++c̃1 Hμν χ+ H̄μν

20

M2
H = {

(M̄ −
3
4

Δ)
2

+ (4 c0−2 c1) Π(2),0
H + 2 c1Π(2),1

H + loops, H ∈ [JP = 0−]

(M̄ +
1
4

Δ)
2

+ (4 c̃0−2 c̃1) Π(2),0
H + 2 c̃1Π(2),1

H + loops, H ∈ [JP = 1−]

MH(mQ) = {
mQ + Λ̄(H) +

μ2
π(H)

2 mQ
−

μ2
G(H)

2 mQ
H ∈ [0−]

mQ + Λ̄(H) +
μ2

π(H)

2 mQ
+

μ2
G(H)

6 mQ
H ∈ [1−]

⼿征极限下重介

⼦质量劈裂 Δ
c0,1(mQ) = M̄(Q)(C0,1 +

ζ0,1

M̄(Q)
−

3
4

η(Q)
0,1

M̄(Q) )
c̃0,1(mQ) = M̄(Q)(C0,1 +

ζ0,1

M̄(Q)
+

1
4

η(Q)
0,1

M̄(Q) )
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匹配⾊磁矩  的
圈修正

μ2
G

pQCD
HQET

Wilson系数

Ccm(mQ, mQ)

重整化群⽅程

RG不变的 Wilson 系数

Ĉcm(mQ)K(μ) = Ccm(mQ, μ)

!" μ ∼ mQ

#" μ ≪ mQ

匹配

ChPT
LEC 的
标度依赖 

mQ

  

‣ (1~2)-圈修正 [Falk et al 1990, 
Neubert et al 1997, Grozin et al 
1997]

‣ 3圈修正 [Grozin et al 2008]

‣ ⾊磁项因⼦化
 

‣ RG演化

μ2
G(mQ, mq) = Ĉcm(mQ) ̂μG(mq)

R =
Ĉcm(mb)
Ĉcm(mc)

≃ 0.80(4)

• HQET D介⼦质量

• ChPT D介⼦质量

MH(mQ) =

{
mQ + Λ̄(H) +

μ2
π(H)

2 mQ
−

μ2
G(H)

2 mQ
, 0−

mQ + Λ̄(H) +
μ2

π(H)

2 mQ
+

μ2
G(H)

6 mQ
, 1−

M2
H =

(M̄ −
3
4

Δ)
2

+ (4 c0 − 2 c1) Π(2),0
H

+2 c1Π(2),1
H + loops, 0−

(M̄ +
1
4

Δ)
2

+ (4 c̃0 − 2 c̃1) Π(2),0
H

+2 c̃1Π(2),1
H + loops, 1−

302 M. Neubert/Physics Reports 245 (1994) 259—395

A
m0u-i-k mQv+k-p

Fig. 3.3. Diagrams for the calculation of the heavy-quark—gluon vertex function in QCD. The background field is denoted
by A.

°mag = Z~~gO~= Z,~Zh(g/4rnQ)hvoa$G~hv. (3.71)

The aim is to calculate the short-distance coefficient which multiplies the renormalized operator in

= Lho(iD)2hv+Cmag(/L)hvoapG~hv, (3.72)
2rn0 4m0

which replaces the tree level expression in (2.27). C~5(~) can be obtained from a calculation of the
Green function of two heavy quarks and a background gluon field, to one-loop order in the full and
in the effective theory. The diagrams in QCD are shown in Fig. 3.3. The momentum assignments are
such that p is the outgoing momentum of the background field, and k and (k — p) are the residual
momenta of the heavy quarks. To order 1/rn0, it is sufficient to keep terms linear in k or p. The
external quarks can be taken on-shell, in which case v k = v p = 0. A subtlety which has to be taken
into account is that, according to (2.19), the QCD spinor UQ (PQ, s) is related to the spinor Uh (v, s)
of the effective theory by

uQ(PQ,s)=(l+~/2rnQ+...)uh(v,s), PQ=rnQv+k. (3.73)

In the matching calculation one has to use the same spinors in both theories. We thus define a vertex
function r’~by writing the amplitude as i/.~gA~,.a(p) UhI’~TaUh,so that at tree level in QCD

r~0=(i+ ~ )7~(1+—~--)+...=v~+ (2k—p)~+ ~ +~•~ (3.74)2m0 2m0 4rn0

Here the ellipses represent terms of higher order in k or p. and we have used that between the
heavy-quark spinors y’~can be replaced by v’

t’.
The, contributions to the vertex function arising at one-loop order are shown in Fig. 3.3. The

last diagram involves the nonabelian three—gluon vertex. Its infrared divergence cannot be regulated
by the introduction of a gluon mass. Following Eichten and Hill, we present the calculation using
dimensonal regularization for both the ultraviolet and the infrared singularities [32]. One finds that
in the MS scheme the one-loop contribution to the QCD vertex function is

[ p~]3a
= — ~‘ -~—~[ln(rn

0/~)— ~] + (3.75)

[Neubert 1994]
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• 重夸克展开项的⼿征修正 —— 轻夸克味道破缺效应

• 领头阶和次领头阶⼿征 LEC 的  跑动标度律

‣   ； ： -⽆关 

‣ 根据拟合粲介⼦格点数据得到的LEC经跑动得到底介⼦⼿征LECs 

• Bethe-Salpeter 重求和⺓正化的⼀些结论

‣ ,  的底夸克伴⼦：质量范围与前⼈⼯作在误差范围内
⼀致 [Lutz et al 2003, Guo et al 2003, Geng et al 2014, Lang et al 2015, 
Du et al 2018]

‣ ? 未⻅对应信号

Λ̄(H) = Λ̄
χ-limit

+ (2 C0 − C1) Π(2),0
H + C1 Π(2),1

H + …

μ2
π(H) = μ2

π
χ-limit

+ (4 ζ0 − 2 ζ1) Π(2),0
H + 2 ζ1 Π(2),1

H + …

̂μ2
G(H) = ̂μ2

G χ-limit
+

6η(Q)
0 − 3η(Q)

1

2 Ĉcm
Π(2),0

H +
3η(Q)

1

2 Ĉcm
Π(2),1

H + …

mQ

M̄(b)Δ(b)

M̄(c)Δ(c)
=

η(b)
0,1

η(c)
0,1

=
Ĉcm(mb)
Ĉcm(mc)

≃ 0.80(4) C0,1, ζ0,1 mQ

D*s0(2317) Ds1(2460)

X(5568)

3

⇧(2),0
H

⇧(2),1
H

Hu/d 2B0(2m+ms) 2B0m

Hs 2B0(2m+ms) 2B0ms

TABLE I: The chiral structure of the NLO chira-correction
to the B-meson masses (5).

nations of light quark masses. Their explicit expressions
are listed in Tab.I. The LECs ci and c̃i depend on the
heavy-quark mass mQ.

We perform heavy-quark expansion to connect the pa-
rameters ci and c̃i in the bottom sector with the charm
sector. It is well known that those parameters scale as
proportional to the heavy-quark mass mQ ⇠ M̄ in the
heavy quark limit. We factor out the heavy-quark inde-
pendent part of them, called Ci. Higher order corrections
account for the heavy-quark symmetry breaking e↵ects.
At order 1/M̄ , the heavy-quark symmetry breaking ef-
fects enter. They consist of an overall shift to Ci and
a hyperfine splitting between the ci and c̃i [30, 31]. We
introduce free parameters i and �i responsible for these
two kinds of e↵ects, and arrive at a heavy-quark decom-
posed form of c0,1 and c̃0,1

ci(mQ) = M̄(mQ)

 
Ci +

i

M̄(mQ)
� 3

4

�i(mQ)

M̄(mQ)

!
,

c̃i(mQ) = M̄(mQ)

 
Ci +

i

M̄(mQ)
+

1

4

�i(mQ)

M̄(mQ)

!
,

with i = 0, 1 . (6)

The LECs �i depend on mQ, and there scaling behavior
can be determined by matching to HQET. We will dis-
cuss about the matching in the next section. The rest
4 expansion parameters Ci, i should in principle also
depend on mQ, but they indeed do not, as we will see
by matching to HQET. The LECs in the charm sector

c(c)
i

and c̃(c)
i

are fitted in four sets in Ref.[11]. By citing
those values, Ci can be determined up to an unknown
i-dependence

Ci =
1

4M̄ (c)

⇣
c(c)
i

+ 3 c̃(c)
i

� 4i

⌘
. (7)

Here we used an abbreviation for parameter X as a func-
tion ofmQ: X(Q) ⌘ X(mQ). The value of �i atmQ = mc

can be easily derived as

�(c)
i

=
�
c̃(c)
i

� c(c)
i

�
(8)

At one loop level, the higher order chiral corrections
are composed of bubble and tadpole contributions and
their corresponding counter-terms

⇧HO
H

= ⇧bubble
H

+⇧tadpole
H

+⇧CT
H

(9)

They involve more LECs as referred to our previous
works [11, 12]. Those parameters also depend on heavy-
quark masses. In this work, we only keep the leading
order dependence, which implies the following relations,

g(b)
P

= g̃(b)
P

= g(c)
P

c(b)
i

=
M̄ (b)

M̄ (c)
c(c)
i

, c̃i =
M̄ (b)

M̄ (c)
c(c)
i

, i = 2, . . . 5 ,

g(b)
i

= g̃(b)
i

=
M̄ (b)

M̄ (c)
g(c)
i

, i = 1, 2, 3 . (10)

Among them, the 8 parameters from NLO chiral-
symmetry preserving interactions, c2�5 and c̃2�5, con-
tribute to tadpole corrections to B and B⇤ masses. The
gP and g̃P are from three-point interactions, which con-
tribute to the bubble-loop corrections to the B and B⇤

meson masses. The gi’s and g̃i’s are from the O(Q3)
interactions exclusively contributing to B and B⇤ scat-
terings o↵ Goldstone bosons. We should notice that the
definitions of gi, g̃i are slightly di↵erent between the two
previous works [11, 12]. The above scaling behavior fol-
lows the definition in Ref. [12]. The values of these pa-
rameters in the charm sector have been well determined
from the four fits in Ref.[11] by fitting to the lattice data.

III. MATCHING THE CHIRAL LAGRANGIAN
WITH HQET AT O(1/mQ)

Now we try to determine the LECs involved in the
heavy-quark expansion of c0,1 and c̃0,1 (6) by matching
to HQET. According to HQET, the heavy-meson mass
can be written as [32]

MH(mQ) =

8
>>><

>>>:

mQ + ⇤̄(H) +
µ2
⇡(H)

2mQ

�
µ2
G(H)

2mQ

, H 2 {B,Bs}.

mQ + ⇤̄(H) +
µ2
⇡(H)

2mQ

+
µ2
G(H)

6mQ

, H 2 {B⇤, B⇤
s
}.

(11)

The quantities ⇤̄ and µ2
⇡
, µ2

G
originate from low-energy

e↵ects of QCD and therefore depend on light-quark
masses. We hence explicitly indicated the flavor index

重夸克质
量⽆关}
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• 2020-2021：HSC格点组在⾮物理夸克质量下  对 ，

，  等多个耦合道的 -， -波开粲介⼦散射计算了⼤量相移结果 [HSC 
2020; HSC 2021]

• 利⽤分波振幅的⼀次减除⾊散关系：

， 

‣ 符合散射振幅的紫外渐近⾏为
‣ 与⼿征振幅直接匹配

mπ ≃ 220 / 390 MeV DK̄
DK Dπ s p

TJ
ab(s) = TJ

ab(μ
2
M)+ ∫left

ds̄
π

ϱab(s, s̄)
s̄ − s

+ ∫
∞

sthr

ds̄
π

s − μ2
M

s̄ − μ2
M

TJ
acρJ

cTJ*
cb

s̄ − s − iϵ
ρJ =

1
8π ( pcm

s1/2 )
2J+1

pseudothreshold. In this case, the nonlinear integral
equation (1) has to be adapted properly.
The work is organized as follows. In Secs. II and III the

framework for a dispersion-integral representation of
partial-wave amplitudes is set up, and general results are
derived. Detailed illustrations are offered with specific
t-channel and u-channel diagrams in Sec. IV. We conclude
with a short summary in Sec. V.

II. PARTIAL-WAVE PROJECTIONOF INVARIANT
SCATTERING AMPLITUDES

A general scattering amplitude Tðk̄; k;wÞ will have a
decomposition into a set of invariant amplitudes Fnðs; t; uÞ
and associated tensors Lnðk̄; k;wÞ that carry possible Dirac
and Lorentz structure of the scattering amplitude. The latter
is required for reactions of particles with nonvanishing
spin. We write

Tðk̄; k; wÞ ¼
X

n

Fnðs; t; uÞLnðk̄; k;wÞ;

s ¼ ðpþ qÞ2; t ¼ ðp − qÞ2; u ¼ ðp − q̄Þ2; ð2Þ

where we insist on invariant amplitudes, Fnðs; t; uÞ, that are
free of kinematical constraints [34–36]. Owing to energy
and momentum conservation the scattering amplitude
Tðk̄; k;wÞ depends on three 4-vectors k̄μ; kμ and wμ only
with

k ¼ 1

2
ðp − qÞ; k̄ ¼ 1

2
ðp̄ − q̄Þ; w ¼ pþ q ¼ p̄þ q̄;

ð3Þ

where p; q and p̄; q̄ are the 4-momenta of the in and
outgoing particles, respectively. A complete set of Dirac
and Lorentz tensors Lnðk̄; k;wÞ depends on the reaction
considered. In the literature, such a decomposition
has been worked out explicitly for various reactions
[35,37–41].
The partial-wave scattering amplitudes are given by

appropriate projection integrals,

TðJPÞðsÞ ¼
X

n

Z
þ1

−1
dxλðJPÞn ðs; xÞFnðs; t½s; x&; u½s; x&Þ;

ð4Þ

where λðJPÞn ðs; xÞ are functions of kinematic origin. They
are derived in the literature for any given angular momen-
tum J and parity P (see e.g. [37–43]). In (4) we consider
Fnðs; t; uÞ as functions of s and the cosine of the scattering
angle x ¼ cos θ. The main target of this work is the
derivation of a spectral representation for such partial-wave
amplitudes.
According to the hypothesis of Mandelstam [16], the

amplitudes Fnðs; t; uÞ satisfy dispersion integral repre-
sentations characterized by a set of spectral weight
functions,

Fnðs; t; uÞ

¼
Z

∞

0

ds̄
π
ρðnÞs ðs̄Þ
s − s̄

þ
Z

∞

0

dt̄
π
ρðnÞt ðt̄Þ
t − t̄

þ
Z

∞

0

dū
π
ρðnÞu ðūÞ
u − ū

þ
Z

∞

0

ds̄
π

Z
∞

0

dt̄
π

ρðnÞst ðs̄; t̄Þ
ðs − s̄Þðt − t̄Þ

þ
Z

∞

0

dt̄
π

Z
∞

0

dū
π

ρðnÞtu ðt̄; ūÞ
ðt − t̄Þðu − ūÞ

þ
Z

∞

0

ds̄
π

Z
∞

0

dū
π

ρðnÞsu ðs̄; ūÞ
ðs − s̄Þðu − ūÞ

; ð5Þ

as can be confirmed in perturbation theory. In effective
field theory applications, suitable subtractions may be
required. In this work we focus on the contributions
defined by the t- and u-channel spectral weights ρðnÞt ðt̄Þ
and ρðnÞu ðūÞ. They give rise to so-called left-hand cuts in
the partial-wave scattering amplitudes. The s-channel
contribution ρðnÞs ðs̄Þ gives rise to s-channel unitarity cuts
which are referred to as right-hand cuts.
In a first step we will establish a spectral representation

for a generic t-channel and u-channel term as shown in
Fig. 1,

FIG. 1. Generic t- and u-channel exchange processes.
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• 更⾼分波 ( 波) 振幅的⺓正化？

‣ ⻓程⼒：交叉道单粒⼦交换贡献  左⼿割线

‣ 阈附近渐近⾏为 

‣ Bethe-Salpeter ⽅程在壳近似下难以处理

p

→

Im(TJ)−1 = −
1

8π ( pcm

s1/2 )
2J+1

pseudothreshold. In this case, the nonlinear integral
equation (1) has to be adapted properly.
The work is organized as follows. In Secs. II and III the

framework for a dispersion-integral representation of
partial-wave amplitudes is set up, and general results are
derived. Detailed illustrations are offered with specific
t-channel and u-channel diagrams in Sec. IV. We conclude
with a short summary in Sec. V.

II. PARTIAL-WAVE PROJECTIONOF INVARIANT
SCATTERING AMPLITUDES

A general scattering amplitude Tðk̄; k;wÞ will have a
decomposition into a set of invariant amplitudes Fnðs; t; uÞ
and associated tensors Lnðk̄; k;wÞ that carry possible Dirac
and Lorentz structure of the scattering amplitude. The latter
is required for reactions of particles with nonvanishing
spin. We write

Tðk̄; k; wÞ ¼
X

n

Fnðs; t; uÞLnðk̄; k;wÞ;

s ¼ ðpþ qÞ2; t ¼ ðp − qÞ2; u ¼ ðp − q̄Þ2; ð2Þ

where we insist on invariant amplitudes, Fnðs; t; uÞ, that are
free of kinematical constraints [34–36]. Owing to energy
and momentum conservation the scattering amplitude
Tðk̄; k;wÞ depends on three 4-vectors k̄μ; kμ and wμ only
with

k ¼ 1

2
ðp − qÞ; k̄ ¼ 1

2
ðp̄ − q̄Þ; w ¼ pþ q ¼ p̄þ q̄;

ð3Þ

where p; q and p̄; q̄ are the 4-momenta of the in and
outgoing particles, respectively. A complete set of Dirac
and Lorentz tensors Lnðk̄; k;wÞ depends on the reaction
considered. In the literature, such a decomposition
has been worked out explicitly for various reactions
[35,37–41].
The partial-wave scattering amplitudes are given by

appropriate projection integrals,

TðJPÞðsÞ ¼
X

n

Z
þ1

−1
dxλðJPÞn ðs; xÞFnðs; t½s; x&; u½s; x&Þ;

ð4Þ

where λðJPÞn ðs; xÞ are functions of kinematic origin. They
are derived in the literature for any given angular momen-
tum J and parity P (see e.g. [37–43]). In (4) we consider
Fnðs; t; uÞ as functions of s and the cosine of the scattering
angle x ¼ cos θ. The main target of this work is the
derivation of a spectral representation for such partial-wave
amplitudes.
According to the hypothesis of Mandelstam [16], the

amplitudes Fnðs; t; uÞ satisfy dispersion integral repre-
sentations characterized by a set of spectral weight
functions,

Fnðs; t; uÞ

¼
Z

∞

0

ds̄
π
ρðnÞs ðs̄Þ
s − s̄

þ
Z

∞

0

dt̄
π
ρðnÞt ðt̄Þ
t − t̄

þ
Z

∞

0

dū
π
ρðnÞu ðūÞ
u − ū

þ
Z

∞

0

ds̄
π

Z
∞

0

dt̄
π

ρðnÞst ðs̄; t̄Þ
ðs − s̄Þðt − t̄Þ

þ
Z

∞

0

dt̄
π

Z
∞

0

dū
π

ρðnÞtu ðt̄; ūÞ
ðt − t̄Þðu − ūÞ

þ
Z

∞

0

ds̄
π

Z
∞

0

dū
π

ρðnÞsu ðs̄; ūÞ
ðs − s̄Þðu − ūÞ

; ð5Þ

as can be confirmed in perturbation theory. In effective
field theory applications, suitable subtractions may be
required. In this work we focus on the contributions
defined by the t- and u-channel spectral weights ρðnÞt ðt̄Þ
and ρðnÞu ðūÞ. They give rise to so-called left-hand cuts in
the partial-wave scattering amplitudes. The s-channel
contribution ρðnÞs ðs̄Þ gives rise to s-channel unitarity cuts
which are referred to as right-hand cuts.
In a first step we will establish a spectral representation

for a generic t-channel and u-channel term as shown in
Fig. 1,

FIG. 1. Generic t- and u-channel exchange processes.
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左⼿割线 右⼿割线: s-道⺓正割线

TJ
acρJ

cTJ*
cb

s-道⼳正性条件
Im[TJ(s > sthr)]−1 = −

1
8π ( pcm

s1/2 )
2J+1
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• 左⼿割线
‣ 完全散射振幅的左⼿割线
‣ 在复 平⾯处于  的实轴上

‣ 固定  或  下

‣ 由 -道或 -道⺓正阈产⽣

‣ 分波散射振幅的左⼿割线
‣ 可能位于整个复  平⾯上

‣ 对完全振幅的分波积分

‣ 相当于对交叉Mandelstam变量在整个交
叉道⺓正阈上积分

‣ 分波积分的 Froissart-Gribov 表示

s s ∈ R

u t

t u

s

TJ(s) = ( s
p̄cm pcm )

J

∫
1

−1

dx
2

T(s, t)PJ(x)

u = 0

t = 0

s = 0

s =
s th

r

u
=

u
thr

t = tthr

s =
0 s =

M
2

u
=

0u
=

M
2

t = t0

ImT ≠ 0

两体全同粒⼦弹性散射Mandelstam图

单
粒
⼦

中
间
态

单
粒
⼦

中
间
态

 道物理区s道物理区u

道物理区t

s

s >
s th

r

s <
4m 2

−
u

thr −
t0

s =
M

2

s =
4m 2

−
M

2
−

t0

⇔
u <

u
thr

固定 下的
左⼿割线

t = t0

可
能
的
单
粒

⼦
中
间
态

(  过程)00 → 00
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• 分波积分 

‣ 第⼆类勒让德多项式 , 满⾜ 

TJ(s) ∝ ∫
1

−1

dx
2

T(s, t) Pl (x)

∫
1

−1

Pl(x′￼)
x − x′￼

dx′￼

2
= Ql(x) ImQl(x) = −

π
2

Pl(x), (−1 ≤ x ≤ 1)

x

−1 1
Γ

x

−1 1

Γ′￼ImQl ≠ 0ImT ≠ 0

‣ 积分表示为复 平⾯中的回路积分 (固定 )

‣ 拉伸围道  直⾄  在复 平⾯遇到不解
析点

‣ 即交叉道⺓正阈 

‣ 分波积分等价于沿交叉道⺓正割线积分

    

‣ 如存在交叉道单粒⼦交换，积分下限为中间态质量

x s

TJ(s) ∝ ∫Γ

dx
2πi

T(s, t) Ql (x)

Γ → Γ′￼ T(s, t)Ql x

Im T(u > uthr | | t > tthr) ≠ 0

∫
1

−1

dx
2

T(s, t) Pl (x) =
1

2πp̄cm pcm
×

( ∫
tthr

Im T(s, t̄ ) Ql(xt)dt̄ − ∫
uthr

Im T(s, ū) Ql(−xu)dū)
x

−1 1

Γ′￼ImQl ≠ 0ImT ≠ 0
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• 分波振幅左⼿割线的确定
‣ ⾊散关系的Mandelstam表示 (不考虑单粒⼦交换)

 

‣ 分波振幅左⼿割线来⾃于交叉道积分中被积函数的奇点

，

‣ 积分表示下函数的割线 [e.g. Eden et al The analytic S-matrix]：

T(s, t) = ∫
∞

sthr

ds̄
π

ϱs(s̄)
s − s̄

+ ∫
∞

uthr

dū
π

ϱu(ū)
u − ū

+ ∫
∞

tthr

dt̄
π

ϱt(t̄ )
t − t̄

+∫
ds̄
π ∫

dū
π

ϱsu(s̄, ū)
(s − s̄)(u − ū)

+ ∫
dū
π ∫

dt̄
π

ϱut(s̄, t̄ )
(u − ū)(t − t̄ )

+ ∫
ds̄
π ∫

dt̄
π

ϱst(s̄, r̄t)
(t − t̄ )(s − s̄)

∫
1

−1

dx
2 ∫

dt̄
π

ϱt(t̄ )
t − t̄

Pl(x) ∫
1

−1

dx
2 ∫

dū
π

ϱu(ū)
u − ū

Pl(x)

忽略交叉道双割线结
构，远离感兴趣能区

‣ 不能通过改变积分路径绕过被积函数的奇点
时，积分函数出现割线⽀点

‣ 被积函数奇点位于积分端点: $%&'( 
(end-point singularity) 

‣ 被积函数奇点夹住积分路径: )%&'( 
(pinch singularity) 

e.g. 

∫
1

0

1
(x′￼− z)(x′￼− a)

dx′￼ =
1

z − a
log

a(1 − z)
(1 − a)z

e.g. 


∫
b

a

1
x′￼− z

dx′￼= log
b − z
a − z



‣ 由此条件即反解出复 -平⾯中左⼿割线⽀点所
满⾜的参数曲线：

，

,  

‣ e.g.  弹性散射的左⼿割线：

‣ u道⺓正阈 

‣ u道单粒⼦交换 

‣ t道(延伸)⺓正阈 

s

0 = (t(x) − t̄)x=±1
⇒ s = ct

±(t̄ ) t̄ ≥ tthr

0 = (u(x) − ū)x=±1
⇒ s = cu

±(ū) ū ≥ uthr

Dπ → Dπ

ū ≥ (M + μ)2

u = M2
D* ≃ M2

t̄ ≥ 4μ2
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‣ 交换积分顺序 ，

‣ 分波积分中的割线只来⾃于对  积分的端点奇异性

‣ ,  ,  ( )

∫
dt̄
π ∫

1

−1

dx
2

ϱt(t̄ )
t − t̄

Pl(x) ∫
dū
π ∫

1

−1

dx
2

ϱu(ū)
u − ū

Pl(x)

x

0 = (t(x) − t̄)x=±1
0 = (u(x) − ū)x=±1

t̄ ≥ tthr, ū ≥ uthr

t = m2 + m̄2 −
(s − M2 − m2)(s − M̄2 − m̄2)

2s
+ 2pcm(s) p̄cm(s)x

u = M2 + M̄2 − s +
(s − M2 − m2)(s − M̄2 − m̄2)

2s
− 2pcm(s) p̄cm(s)x

如存在单粒⼦交换作⽤ , 
，曲线 ，  的

参数下限: ，

t̄ = m2
t

ū = m2
u ct

±(t̄ ) cu
±(ū)

t̄ ≥ m2
t u ≥ m2

u

M 2 - m2

HM - mL2

HM 2 - m2L2
M 2

M 2 + 2 m2

HM + mL2

s- p lan e

道⺓正割线u
道单粒⼦交换割线u
道⺓正割线t

s

道单粒⼦交换割线u
道⺓正割线s

道延伸⺓正割线t

{ μ ≡ mπ

M ≡ MD



28

• ⼴义势⽅法 ( Generalized potential approach (GPA) ) [Gasparyan, Lutz 2010]

‣ 根据分波振幅的⼀次减除⾊散关系：

‣ 定义*+,包含所有左⼿割线部分及减除项——且不包含任何右⼿奇异性

‣

‣ GPA的基本⽅程  

‣ 可以⾃然地将⾊散关系与⼿征振幅  匹配

‣ 减除能标  选为⼿征微扰论成⽴区域：

‣  选在 Mandelstam三⻆形内, e.g.：

TJ
ab(s) = TJ

ab(μ
2
M) + ∫left

ds̄
π

ϱab(s, s̄)
s̄ − s

+ ∫
∞

sthr

ds̄
π

s − μ2
M

s̄ − μ2
M

TJ
acρJ

cTJ*
cb

s̄ − s − iϵ

Uab(s) ≡ TJ
ab(μ

2
M) + ∫left

ds̄
π

ϱab(s, s̄)
s̄ − s

TJ
ab(s) = Uab(s) + ∫

∞

sthr

ds̄
π

s − μ2
M

s̄ − μ2
M

TJ
acρJ

cTJ*
cb

s̄ − s − iϵ

TJ
χPT

μ2
M TJ(μ2

M) = TJ
χPT(μ2

M)

μ2
M μ2

M ≡
1
2

(m2
1 + M1

1 + (m1 + M1)2)
，耦合道

散射中最⼩两体阈
< (m1 + M1)2



• ⼴义势 

‣ 不需要了解  在全空间的⾏为

‣ 关注的物理区域： -道耦合道反应⺓正
能区

‣ 右⼿截⽌到更⾼能粒⼦s道产⽣阈

‣ 左⼿截⽌到交叉道⺓正阈
‣ 延展到复平⾯内⼀定深度——共振态
存在区域

‣ ⼴义势在匹配区域附近等价为⼿征振幅
‣ ，

U(s)

U(s)

s

U(s) = TJ
χPT(s) s ≃ μ2

M
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e.g:  弹性散射中关注的能区Dπ

Re s

Im s

0 Ls
2mthr

2

C

Re s

Im s

0 Ls
2mthr

2

C

匹配区域：

Mandelstam三⻆形附近

左⼿⺓正割线

s
⽬标区域：


s-道耦合道反应区

排除在耦合道动⼒学之外的
更⾼能粒⼦⺓正割线

右⼿⺓正割线, 
由⾊散⽅程提供

‣ 这个关系不能扩展到感兴趣的整个能区中
‣ ⼿征振幅错误的渐近⾏为 TχPT(s → ∞) ∝ sn



• 将⼴义势从匹配区域解析延拓到耦合道反应区域
‣
‣ 保留⽬标区域内⼿征振幅产⽣的左⼿奇异性
‣ 单粒⼦交换作⽤产⽣的左⼿割线部分 

‣ 剩余部分  在⽬标区域是解析的  通过解析延拓得到

‣ 常规的解析延拓：泰勒展开

 

U(s) = Uclose−by(s) + Ufar−distant(s)

Uclose−by(s)

Ufar−distant(s) →

Ufar−distant(s) = ∑
k

1
k!

dkU
dsk

s=μ2
E

sk
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Re s

Im s

0 Ls
2mthr

2

C

Re s

Im s

0 Ls
2mthr

2

C左⼿⺓正割线

s
⽬标区域：

匹配区域

展开点 , 在匹配
区域内 

μE
μE ∼ μM

泰勒展开获得的
最⼤延拓区域

‣ 收敛半径受限于左⼿⺓正阈
‣ 不能涵盖整个⽬标区域

‣ 利⽤共形变换延伸泰勒展开的收
敛区域



• 共形变换
‣ 对变量作共形变换，可实现从已知很⼩区域内的解析函数向很⼤区域上的延拓

31

‣ ⽂献[Gasparyan, Lutz 2010] 建议共形变换

‣ ,  

‣
‣经共形变换后的泰勒展开形式

‣满⾜所需的延拓⽬标区域
‣  和 ：由左⼿⺓正阈和⾼能粒
⼦右⼿⺓正阈限制

‣合理的紫外渐近⾏为
‣延拓区域边缘，平滑地 

ξ(s) =
α(Λ2

s − s)2 − 1
(α − 2β)(Λ2

s − s)2 + 1

α = (Λ2
s − μ2

E)−2, β = (Λ2
s − Λ2

0)
−2

Ufar−distant(s) = ∑
k

1
k!

dkU
dξk

s=μ2
E

ξ(s)k

Λ0 Λs

U → const .

ξ

1

s

ξ(μ2
E) = 0 μ2

E

Λ2
0

Λ2
s

 弹性散射的共形变换Dπ

Re s

Im s

0 Ls
2mthr

2

C

Λ2
0

Re s

Im s

0 Ls
2mthr

2

C

s
共形变换后的延拓区域
满⾜⽬标区域要求

Λ2
s

左⼿⺓正割线
右⼿⺓正割线

⾼能粒⼦⺓正阈



• ⼴义势的左⼿割线部分 

‣ 单粒⼦交换相互作⽤产⽣的左⼿奇异性被部分包含
在耦合道反应区内  此部分奇异性被独⽴计⼊

Uclose−by(s)

→

32

‣ 利⽤谱表示：
    ,   

‣  包含分波积分的勒让德多项式,  对⾃旋粒⼦的不变振幅求和

‣ 谱积分的路径沿左⼿割线进⾏：
;    

‣ 得到 的积分表示

     ;    

‣ 单粒⼦交换的谱函数  可求 [Lutz et al 2015] 

‣ 注：振幅的奇异性须均来⾃动⼒学  ⾃旋粒⼦的螺旋度振幅有运动学奇点 [Kibble 1960]

‣ 需要⽆运动学奇异性的分波振幅 [Vidana, Lutz 2012]

U t−ch.
close−by(s) = ∑

n
∫ dx

λn(s, x)
t − m2

t
= ∑

n
∫

ds̄
π

ϱt
n(s̄)

s − s̄
Uu−ch.

close−by(s) = ∑
n

∫ dx
λn(s, x)
u − m2

u
= ∑

n
∫

ds̄
π

ϱu
n(s̄)

s − s̄

λ

s̄ = ct
±(t̄ ), t̄ > m2

t s̄ = cu
±(ū), ū > m2

u

Uclose−by(s)

∫ dx
λn(s, x)
t − m2

t
= ∑

±
∫

∞

m2
t

dt̄
π

dct
±

dt̄
ϱt

n,±(t̄, m2
t )

s − ct±(t̄ ) ∫ dx
λn(s, x)
u − m2

u
= ∑

±
∫

∞

m2
u

dū
π

dcu
±

dū
ϱu

n,±(ū, m2
u)

s − cu±(ū)

ϱn,±

←

Re s

Im s

0 Ls
2mthr

2

C

Re s

Im s

0 Ls
2mthr

2

C s
 弹性散射Dπ

u道单粒⼦交换左⼿割线

0 = (t(x) − t̄)x=±1
⇒ s = ct

±(t̄ )

0 = (u(x) − ū)x=±1
⇒ s = cu

±(ū)



• 得到⼴义势 ， 

‣ 可求解⾊散⽅程 

•   技术，对散射振幅因⼦化

‣ ⾮线性⾊散积分⽅程约化为线性积分⽅程组

       

实现对⾊散积分的求解

‣  函数包含所有右⼿⺓正性

U = Uclose−by + ∑
k

ckξk ck =
1
k!

dkU
dξk

s=μ2
E

TJ
ab(s) = Uab(s) + ∫

∞

sthr

ds̄
π

s − μ2
M

s̄ − μ2
M

TJ
acρJ

cTJ*
cb

s̄ − s − iϵ

N/D

TJ
ab(s) = D−1

ac (s)Ncb(s) ⇒

Nab(s) = Uab(s) + ∫
∞

sthr

ds̄
π

s − μ2
M

s̄ − μ2
M

Nac(s̄)ρcd(s̄)[Udb(s̄) − Udb(s)]
s̄ − s

Dab(s) = δab − ∫
∞

sthr

ds̄
π

s − μ2
M

s̄ − μ2
M

Nac(s̄)ρcb(s̄)
s̄ − s − i ϵ

D
33



• 依此得到的  ⽅程只构成⾊散⽅程的⼀组解，并⾮唯⼀解

‣  ⽅程可包含任意多极点——CDD极点 

‣ 利⽤具CDD极点形式的  形式计⼊s-道单粒⼦交换作⽤

其中    减除s-道-./(quasi-particle)交换贡献

  

‣恰当的CDD极点项 ,  使  不依赖于CDD极点的选取

N, D

D s = M2
CDD

N/D

Dab(s) = δab −
s − μ2

M

s − M2
CDD

R(D)
ab − ∫

∞

sthr

ds̄
π

s − μ2
M

s̄ − μ2
M

Nac(s̄)ρcb(s̄)
s̄ − s − i ϵ

Nab(s) = Ueff
ab (s) −

s − μ2
M

s − M2
CDD [R(B)

ab + R(D)
ac Ueff

cb (s)]
+∫

∞

sthr

ds̄
π

s − μ2
M

s̄ − μ2
M

Nac(s̄)ρcd(s̄)[Ueff
db (s̄) − Ueff

db (s)]
s̄ − s

Ueff = Uab(s) +
gaM2

D*gb

s − M2
D*

s − μ2
M

M2
D* − μ2

M

R(D)
ab =

M2
D* − M2

CDD

M2
D* − μ2

M (δab − ℜ∫
∞

sthr

ds̄
π

M2
D* − μ2

M

s̄ − μ2
M

Nac(s̄)ρcb(s̄)
s̄ − M2

D* − iϵ )
R(B) R(D) T = D−1N

34

MD*



• ⼿征振幅  [Lutz, XYG, Heo, Korpa 2022]：

‣ 考察直到  阶的⼿征修正效应

‣ 短程⼒：点相互作⽤  阶；tadpole单圈修正

‣ ⻓程⼒：单粒⼦交换；bubble单圈修正

‣  ⼿征单圈修正 (bubble + tadpole) 

TχPT

Q4

(Q1,2,3,4)

Q3

35

where identical results hold for the c̃n and d̃n coupling
constants. Our results were derived by insisting on the
renormalization scale invariance of the D meson masses.
Here the Q2 counterterms cn and c̃n contribute via tadpole-
type integrals that depend on μ. Such a dependence is
cancelled identically with (22). As already emphasized the
scale-dependent dn and d̃n contribute also to the two-body
scattering amplitudes at tree level. Thus, there must be a set
of one-loop contributions that balance their μ dependence

also here. Indeed, with the set of diagrams collected in
Fig. 3 this is accomplished. We verify this in the Appendix,
where explicit and concise results are collected for all one-
loop contributions proportional to cn.
How about the scale dependence of the remaining d5−26

and d̃5−26? In our current work we derived those for the first
time. For the reader’s convenience we detail the contribu-
tion of the LEC as introduced in (8) to the scattering
amplitudes at tree level

f2Tð4Þ
ab ðs; t; uÞ ¼

ðs − uÞ4

64M4
ðd25C3 þ d26C2Þ þ ðq̄ · qÞ ðs − uÞ2

4M2
ðd23C3 þ d24C2Þ þ 4ðq̄ · qÞ2ðd21C3 þ d22C2Þ

þ
X6

n¼1

C χ
n

!
d8þnðq̄ · qÞ þ d14þn

ðs − uÞ2

16M2

"
þ
X8

n¼1

dnC
χ χ
n þ ð½ðq̄ · qÞ −m2

a&½ðq̄ · qÞ −m2
b&

−
1

4
ðM2

a −M2
bÞ2Þðc4C2 þ c5C3Þ=M2 þ g1ðM2

a −M2
bÞC

χ
0=M;

C χ
n ¼ 2mB0Cπ

n þ ðmþmsÞB0CK
n ;

C χ χ
n ¼ ð2mÞ2B2

0C
ππ
n þ ðmþmsÞ2B2

0C
KK
n þ 2mðmþmsÞB2

0C
πK
n ; ð23Þ

where we apply the previously introduced Clebsch C2 and C3 properly supplemented by additional Clebsch C χ
n

and C χ χ
n that reflect the explicit symmetry breaking impact of their associated LEC. Details on their specific form can

be found in the Appendix. Analogous results can be easily derived for the 0−1− → 0−1− processes. We note that it is
convenient to consider part of the third-line terms in (23) as a renormalization of the dn → d0n in its first two lines. This
goes with

d0n ¼ dn þ
c4
M2

γð4Þn þ c5
M2

γð5Þn with γð4Þn ¼ γð5Þn ¼ 0 but

γð4Þ3 ¼ 2γð5Þ3 ¼ 1

2
; γð5Þ5 ¼ −

1

4
; γð5Þ6 ¼ 1

6
; γð5Þ8 ¼ 2

3
γð4Þ8 ¼ −

1

9
;

γð5Þ11 ¼ 2γð5Þ9 ¼ −4γð5Þ10 ¼ 1

6
; γð5Þ12 ¼ − 1

4
γð5Þ13 ¼ −γð5Þ14 ¼ 1

3
γð5Þ21 ¼ 1

12
; γð4Þ22 ¼ − 1

4
γð4Þ13 ¼ 1

4
; ð24Þ

where we will omit the prime in d0n for notational clarity
further below. The remaining terms proportional to
M2

a −M2
b ∼ ðm −msÞc1, if approximated to order Q2,

cannot be considered as an additional renormalization of
the d1−8. It is important to realize that this is also not the

case for the term in the fourth line of (23). The scale
dependence in g1 is crucial to balance the scale dependence
in our set of loop contributions.
Our results for the scale dependence of the dn and d̃n

follow from the detailed analysis of the one-loop diagrams

FIG. 3. One-loop diagrams at chiral order four. Solid vertices stand for order-one and open vertices for order-two structures.
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‣  ⼿征单圈修正 
(bubble + tadpole)
Q4

‣ 未包括三⻆图和箱图
‣ 圈图的重整化能标依赖严格抵消
‣ 26 个含粲⼿征拉⽒量的未知低能常数 ( ⼤  近似下)  拟合格点NC →



• 拟合⾮物理质量下的格点结果：
‣ HSC格点组：粲介⼦耦合道  波散射相移

‣  散射 [HSC 2016; HSC 2021]

‣    在  时 -波耦合道散射

‣  在  时 -， -波弹性散射能区

‣  在  时 -波弹性散射

‣  散射 [HSC 2020]

‣   耦合道在  及  时 -， -波弹性散射
能区

‣  散射 [HSC 2020]

‣   在  及  时 -， -波弹性散射

‣   在  及  时 -， -波弹性散射

s/p

Dπ

Dπ, Dη, DsK̄ (I = 1/2) mπ ∼ 390MeV s

I = 1/2 mπ ∼ 220MeV s p

I = 3/2 mπ ∼ 390MeV s

DK

I = 0 mπ ∼ 220MeV 390MeV s p

DK̄

I = 0 mπ ∼ 220MeV 390MeV s p

I = 1 mπ ∼ 220MeV 390MeV s p
36



‣ 拟合⽆限体积外推后的格点结果
‣ 取样点选在有限体积分⽴能级附近
‣ 拟合格点单位下的结果，⾃⾏定标 

‣ 尽可能选⽤  形式

‣ 取样数据点上限
‣  波下  散射与  散射耦合

‣  散射截⽌到  阈;   散射截⽌到  阈

‣ 共 个数据点

‣ 同时拟合格点组 ETMC, HPQCD, HSC 在不同⾮物理夸克质量下的基态粲
介⼦    质量 (55个数据点)

‣  的拟合质量

a

(ak)2l+1cot δ

p D D*

DK/DK̄ D*K/D*K̄ Dπ Dππ

123

D(s), D*(s)

χ2/178 = 1.24
37

e.g.   相移的格点结果

[HSC 2020]

mπ ∼ 390MeV DK̄(I = 0)



• 开粲介⼦散射相移的⼿征外推 [Lutz, XYG, Heo, Korpa 2022]

• 利⽤ GPA 实现耦合道散射的⺓正化：

‣ -波：  介⼦和Goldstone玻⾊⼦  的两体耦合道散射

‣ -波：  ,  介⼦和Goldstone玻⾊⼦  的两体耦合道散射

•    耦合道散射相移的物理质量外推

s D, Ds π, K, η

p D, Ds D*, D*s π, K, η

D K̄ (I = 0, 1)

38

difficult to reach a convincing chisquare value in these
channels. In our global fit we consider only such levels that
are below the nominal D!K̄ threshold, despite the fact that
additional levels were generated and analyzed in these
channels by HSC. The latter are shown in yellow symbols

on the left-hand panels with their asymmetric errors as
derived from their corresponding cot δ representation.
On the right-hand panel we show data points only that
were included in our global fit. Though the analysis of the
p-wave phases are based on levels which are not affected by

FIG. 4. S-wave and p-wave DK phase shifts with I ¼ 0 and S ¼ 1 quantum numbers. The red and blue data points are from the
ensemble with pion masses of about 233 and 383 MeV respectively. While the solid lines are our predictions at the physical point the
open symbols show our global fit results on the two ensembles.

FIG. 5. S-wave and p-waveDK̄ phase shifts with I ¼ 0 and S ¼ −1 quantum numbers. While the solid lines are our predictions at the
physical point the open symbols show our global fit results. QCD lattice values are presented by colored symbols, where yellow is used
to mark points that should not be considered.
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the s-wave phase shifts; the presence of the open D!K̄
brings in possibly an uncontrolled uncertainty in their
determination. A two-channel analysis would be required.
Concerning the s-wave the following observation may be
useful. With a few exceptions such levels beyond the D!K̄
threshold couple the s-wave and p-wave channels and
should therefore be trusted only if the dataset is sufficiently
rich such that a simultaneous extraction of s- and p-wave
phase shifts is possible. Moreover we identify some outlier
candidates in the p-wave data points. In Fig. 5 the two blue
p-wave points provide a chisquare contribution of about 30
units. Most striking is the single red p-wave point in Fig. 6
that defines a chisquare contribution of about six units. We
note that there is no evident resonance signal from a flavor
sextet in the s-wave isospin-zero phase shift, which stays
well below 90 degrees. Most striking we find our result of
an attractive p-wave isospin-one phase shift, with a rather
broad resonance state around 2.656 GeV with width of
354 MeV. For simplicity we again focus on the phase shift
where it passes through 90 degrees, with its rough
implications on such resonance properties. In the flavor
limit such a state would be a member of a 15-plet, that
cannot be explained in a conventional quark-model picture.
We turn to Dπ scattering in the two possible isospin

channels. In Fig. 7 the s-wave I ¼ 3=2 phase shift is shown
on the heavy pion mass ensemble of HSC. Neither p-wave
data nor data on the light pion-mass ensemble is available
so far. A fair reproduction of the available dataset is seen. In
Fig. 8 our s- and p-wave results are confronted with data
points on the two HSC ensembles in the I ¼ 1=2 channel.
A striking quark-mass dependence of the s-wave phase
shifts is predicted. This confirms the findings of our

previous phenomenological approach [12,20], in which a
stunning extrapolation from the blue data points to the red
data points was achieved. Like in our previous works, also
our current result predicts still a sizable step from the red
data points to the physical phase shift as shown by the black
solid line. However, with our global fit we predict that the
physical phase shift does not cross 90 degrees and no
prominent signal of a flavor sextet state is seen in the
s-waveDπ phase shift. The behavior of the p-wave phase is
dominated by the fact that at the physical point the D!

meson may decay into its Dπ channel, which implies the

FIG. 7. S-wave Dπ phase shift with isospin I ¼ 3=2. The blue
data points are from the ensemble with pion masses of about
389 MeV. While the solid line is our prediction at the physical
point the open symbols show our global fit results. QCD lattice
values are presented by blue symbols.

FIG. 6. S-wave and p-wave DK̄ phase shifts with I ¼ 1 and S ¼ −1 quantum numbers. Symbols and lines as in Fig. 5.
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‣  时 波上的吸引相互作⽤  共振态？

‣ 波，  的  与  的  与格点数据
的明显偏离    耦合的影响？

I = 1 p →

p I = 0 mπ ∼ 380MeV I = 1 mπ ∼ 230MeV
→ D*K̄



•  散射相移的物理质量外推D K (I = 0)

39

‣ 物理质量下，p波 ( ) 
共振态相移信号 

‣ 味道反三重态

‣ Particle Data Group：共
振态  ？

JP = 1−

∼ 2.6 GeV

D*s1(2700)

difficult to reach a convincing chisquare value in these
channels. In our global fit we consider only such levels that
are below the nominal D!K̄ threshold, despite the fact that
additional levels were generated and analyzed in these
channels by HSC. The latter are shown in yellow symbols

on the left-hand panels with their asymmetric errors as
derived from their corresponding cot δ representation.
On the right-hand panel we show data points only that
were included in our global fit. Though the analysis of the
p-wave phases are based on levels which are not affected by

FIG. 4. S-wave and p-wave DK phase shifts with I ¼ 0 and S ¼ 1 quantum numbers. The red and blue data points are from the
ensemble with pion masses of about 233 and 383 MeV respectively. While the solid lines are our predictions at the physical point the
open symbols show our global fit results on the two ensembles.

FIG. 5. S-wave and p-waveDK̄ phase shifts with I ¼ 0 and S ¼ −1 quantum numbers. While the solid lines are our predictions at the
physical point the open symbols show our global fit results. QCD lattice values are presented by colored symbols, where yellow is used
to mark points that should not be considered.
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•  散射相移

‣ 物理质量下 -波共振态信号出现在耦合的  散射道上

‣ 味道六重态

‣ 没有格点数据约束，应持保留态度

D K (I = 1)

s Dsπ



•   的  耦合道散射相移的物理质量外推I = 1/2 πD

40

‣ s-波相移随  剧烈变化 

‣ 与[XYG, Lutz, Heo 2018]的预测⼀
致

‣ 物理质量下没有明显的共振态信号
‣ 虽然⾮物理黎曼叶有两个极点 

‣ 味道三重态和六重态

mπ

2.24 − 0.09i GeV
2.38 − 0.03i GeV

steep rise of the solid black line. On the two HSC
ensembles the decay channel is closed due to the unphysi-
cally large pion masses. In this case the s-channel JP ¼ 1−

meson exchange process manifests itself as a pole on the
real axis in the partial-wave scattering amplitude below the
Dπ threshold. We conclude that an accurate direct evalu-
ation of the s- and p-wave Dπ phase shifts would require
lattice QCD ensembles with pion masses smaller than the
233 MeV so far used by HSC.
We emphasize that our solid line for the p-wave phase

shift has to be taken with reservation as it shows a partial
computation so far only. In the p-wave channel the Dπ and
D"π channels mix leading to a six-channel system all
together. This mixing is taken into account in our global fit
systematically. At the physical point the p-wave D"π
amplitude picks up an anomalous threshold with its
associated anomalous left- and right-hand cut lines. In
our current computation such cut lines are dropped for
simplicity. It is important to note that our global fit is not
affected by anomalous threshold effects due to the suffi-
ciently large chosen pion masses on the two HSC ensem-
bles. While recently in [52] two of the authors developed a
novel framework how to deal with such contributions, the
details of such a computation will be documented in a
forthcoming work. At this stage we may draw a qualitative
conclusion nevertheless. The p-wave resonance state seen
in the phase shift at about 2.54 GeV would be the flavor
antitriplet partner of the D"

s1ð2700Þ state discussed above.
So far the PDG [75] does not claim such a p-wave state.
Further studies would be useful to unravel the intricate
dynamics of this channel.

VIII. SUMMARY AND CONCLUSIONS

In this work we presented a comprehensive study of
open-charm meson systems using lattice QCD datasets
from ETMC, HPQCD, and HSC. A large class of LEC
from the chiral Lagrangian with three light flavors were
determined by a global fit to about 180 data points that
include not only charm meson masses but also s- and
p-wave scattering data on two ensembles generated by
HSC. Despite the larger number of LEC considered, the
statistical uncertainties in the LEC of such a global
approach lead to scattering phase shifts at the physical
point with a statistical uncertainty of less than one degree.
The charm meson masses were computed at N3LO in

finite boxes as set up by corresponding lattice ensembles.
Our scattering amplitudes were constructed using the
generalized potential approach (GPA), in which the poten-
tial was constructed at the one-loop level and then properly
extrapolated to higher energies by means of conformal
variables. In this manner reliable results can be derived that
go beyond the applicability domain of conventional chiral
perturbation theory (χPT). The scattering amplitudes are
derived in terms of numerical solutions of coupled-channel
nonlinear integral equations by means of N=D technology.
The largest coupled-channel space with six channels was in
the isospin one-half p-wave Dπ system, where we consid-
ered the coupling not only to the Dη; DsK̄ but also to the
D"π; D"η; D"

sK̄ channels.
Significant left-hand cut contributions to the generalized

potential from t- andu-channel contributionswere established
atN3LO. Such termswere derived from the chiral Lagrangian

FIG. 8. S-wave and p-wave Dπ phase shifts with I ¼ 1=2 quantum numbers. The right panel shows the s-wave Dη phase shift and
inelasticity parameter. While the solid lines are our predictions at the physical point the open symbols show our global fit results. QCD
lattice values are presented by colored symbols, where yellow is used to mark points that should not be considered.
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‣ p-波，在物理质量下，有明显的共振态相移信号 

‣ 可能属于味道反三重态表示
‣ 与之耦合的  散射在物理质量下有反常阈存在，显著影响相移结果，
参⻅ [Korpa, Lutz, XYG, Heo 2022]

‣ 格点质量下不存在反常阈

∼ 2.6 GeV

D*π → D*η



• 总结
‣ 我们利⽤不同格点组⾮物理夸克质量下的格点数据确定D介⼦⼿征拉⽒量中的未知低能常数

‣ 基态  质量

‣ 对散射振幅，通过施加⺓正性条件实现对⼿征振幅的推⼴
‣ 对 s-波，可利⽤在壳近似的 Bethe-Salpeter ⽅程⽅法进⾏⺓正化

‣ 通过标度变化扩展到开底介⼦散射——未⻅关于 的信号

‣ 包含 p-波时，需要超越在壳近似下 Bethe-Salpeter ⽅程⽅法

‣ 采⽤ “⼴义势⽅法 GPA”，利⽤⾊散关系实现  与Goldstone 玻⾊⼦的耦合道散射振幅的⺓
正性和因果性

‣ 与⼿征微扰论直到 的 (泡泡图 + 蝌蚪图) 单圈结果匹配

‣ 同时拟合  介⼦基态质量和 s-波/p-波散射相移的格点结果

‣ 将 HSC 在⾮物理夸克质量上开粲介⼦散射相移外推到物理夸克质量

‣   的 s波  散射未⻅明显的共振态相移信号

‣ 多个道上显示可能有 p波共振态存在

‣ 不确定性：三⻆图&箱⼦图；离散格⼦效应；⽆限体积外推

D, Ds, D*, D*s

X(5568)

D

N3LO

D

I = 1/2 πD
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‣ D介⼦-Goldstone 玻⾊⼦散射观测量



Thank you
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• 反常阈

43

‣ 随外腿质量的降低左⼿割线绕过右⼿⺓正阈 

‣ 需要拉伸右⼿割线并保证割线上下岸的⺓正性 [Lutz, Korpa 2018]

‣   中u道单粒⼦交换过程出现反常阈 [Korpa, 
Lutz, XYG, Heo 2022]

‣ 取决于  介⼦质量：  不存在反常阈； 物
理质量反常阈出现

‣ p波下随 散射道耦合对 散射相移造成显著影响

D*π → D*η (I = 1/2)

π mπ ≳ 150MeV mπ →

D − D* Dπ

[Mandelstam 1960]

[Lutz, Korpa 2018]

不同 介⼦质量下， ,  的p波散射相移
和⾮弹性系数。 时没有反常
阈， 时出现反常阈

π Dπ D*π
mπ = 150MeV

mπ = 145MeV

物理质量下计⼊和排除反常割线贡献时 , 
 的p波散射相移和⾮弹性系数。

Dπ
D*π

 [Korpa, Lutz, XYG, Heo 2022]


