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normalization calculable

field theoretic definition

field theoretic definition

multi-particle correlation

multi-particle correlation

evolution calculable

normalization + evolution

field theoretic definition

multi-particle correlation
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Outline of this talk

• Introduction to Energy correlators: theory foundation


• EECs in e+e- colliders: the computational frontier


• EECs in hadron colliders: “phase transition”, tracks and multi-hadron 
fragmentation


• EECs in ep: a new probe of nucleon structure
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The world of correlation functions
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Energy flow operator
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E(~n) = lim
r!1

r2
Z 1

0
dt ~niT

0i(t, r~n)
<latexit sha1_base64="TKR00qqAYvrTrfp9A9/C2aVzqF4="></latexit>

<latexit sha1_base64="txFr+zQ5WE4jNv5nnorPqVq+ZWA="></latexit>

r + t = tan(u+ v)

r � t = tan(u� v)

https://tikz.net/relativity_penrose_diagram/

Tkachov, 1995

Morris, Thorne, Yurtsever, 1988



Energy correlators (EECs)

• Two point energy correlator


• three point


• four point


• …


• Conjecture: EECs consist of a complete basis of all IRC safe observables
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<latexit sha1_base64="ZhyKB834x9uHDnPt3RhPHtb3hjA="></latexit>

hE(n1)E(n2)i 

Ψ: excitation of color sources from vacuum or medium

<latexit sha1_base64="8EN7NF7Q9FM3en9gAlxh76AgUew="></latexit>

hE(n1)E(n2)E(n3)i 

<latexit sha1_base64="zqj08+qgQ2mIHkJnxZt1H1qK5o4="></latexit>

hE(n1)E(n2)E(n3)E(n4)i 

Chen, Moult, Zhang, HXZ, 2004.11381

moment of EEC related to average of C parameter

moment of EEEC related to average of D parameter



A spacelike-timelike puzzle
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<latexit sha1_base64="oXf6/FV3AX6aRUu3G88287z40EI="></latexit>

lim
n2!n1

hE(n1)E(n2)i What happen if

<latexit sha1_base64="Jsn5y2WCJgSUVloW7AOxqYifqy4=">AAACGXicbVBNS8NAEN3Urxq/qh69BIvgqSSi6LHoxWMF+wFpKJvtpl262Q27k0IN+RmeBP0t3sSrJ3+KN7dtDrb1wcDjvRlm5oUJZxpc99sqra1vbG6Vt+2d3b39g8rhUUvLVBHaJJJL1QmxppwJ2gQGnHYSRXEcctoOR3dTvz2mSjMpHmGS0CDGA8EiRjAYye+OKclE3vNsu1epujV3BmeVeAWpogKNXuWn25ckjakAwrHWvucmEGRYASOc5nY31TTBZIQH1DdU4JjqIJudnDtnRuk7kVSmBDgz9e9EhmOtJ3FoOmMMQ73sTcX/PD+F6CbImEhSoILMF0Upd0A60/+dPlOUAJ8Ygoli5laHDLHCBExKC1uAjZ4WvsiSQZRwCTo3WXnLyayS1kXNu6q5D5fV+m2RWhmdoFN0jjx0jeroHjVQExEk0TN6RW/Wi/VufVif89aSVcwcowVYX78ZsKGP</latexit>

~n1
<latexit sha1_base64="6fipYAm88FJEbGJXwho5gAVA4Y4=">AAACGXicbVBNS8NAEN34WeNX1aOXYBE8laQoeix68VjBfkAayma7aZdudsPupFBDfoYnQX+LN/HqyZ/izW2bg219MPB4b4aZeWHCmQbX/bbW1jc2t7ZLO/bu3v7BYfnouKVlqghtEsml6oRYU84EbQIDTjuJojgOOW2Ho7up3x5TpZkUjzBJaBDjgWARIxiM5HfHlGQi79Vsu1euuFV3BmeVeAWpoAKNXvmn25ckjakAwrHWvucmEGRYASOc5nY31TTBZIQH1DdU4JjqIJudnDvnRuk7kVSmBDgz9e9EhmOtJ3FoOmMMQ73sTcX/PD+F6CbImEhSoILMF0Upd0A60/+dPlOUAJ8Ygoli5laHDLHCBExKC1uAjZ4WvsiSQZRwCTo3WXnLyaySVq3qXVXdh8tK/bZIrYRO0Rm6QB66RnV0jxqoiQiS6Bm9ojfrxXq3PqzPeeuaVcycoAVYX78bXaGQ</latexit>

~n2

E(~n) = lim
r!1

r2
Z 1

0
dt ~niT

0i(t, r~n)
<latexit sha1_base64="TKR00qqAYvrTrfp9A9/C2aVzqF4="></latexit>

<latexit sha1_base64="cS+Pbnv4HmV9hAwV08iV9WaosSg="></latexit>

lim
~n2!~n1

E(~n1)E(~n2) =
X

i

✓�i
12Oi(~n1)

spacelike OPE timelike fragmentation



A spacelike-timelike duality

8

All order resummation

Konishi, Ukawa, Veneziano, 1978

Dixon, Moult, HXZ, 1905.01310

<latexit sha1_base64="vcixWSAr26HA8NpHwnwMycmDmf8="></latexit>

d

d lnµ2
~J
�
ln ✓2, µ

�
=

Z 1

0
dy y2 ~J

�
ln(y✓2), µ)

�
· PT (y, µ)

<latexit sha1_base64="eeP3Kbzm9oXB26U3vu9ENS9Mpd4="></latexit>

�S(N) ( �T (N + �S(N))
spacelike DGLAP at integer spin = timelike DGLAP at non-integer spin

Gribov-Lipatov-Basso-Korchemsky reciprocity
Chen, Yang, HXZ, Zhu, 2006.10534



e+e- collider
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NLO analytic: Dixon, Luo, 
Shtabovenko, Yang, HXZ, 

1801.03219



EEC and TMD fragmentation
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<latexit sha1_base64="IVg/14PDVwkNxLAai2LAJi+KI5c="></latexit>

lim
✓!⇡

EEC(✓) = H(Q)J(✓)⌦ J(✓)⌦ S(✓)

<latexit sha1_base64="UG1pC1j/AD9HemQntjzvYWRx+zI="></latexit>

J(b?) =
X

N

Z 1

0
dz zDN/q(z, b?)

Jet function

TMD soft function

Collins, Soper, 1982

Moult, HXZ, 1801.02627<latexit sha1_base64="eS4KDJb4m3cgJY+BapweURUDCxY="></latexit>

↵s ln
2(⇡ � ✓) + ↵2

s ln
4(⇡ � ✓) + ↵3

s ln
6(⇡ � ✓)

first moment of TMD 
fragmentation function

All logarithmic order resummation formula



How to transit from resummation to fixed order?
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???

Power corrections are important

Requires Sudakov resummation of 
power corrections, a hard problem.



Spacetime picture of Sudakov divergences
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<latexit sha1_base64="0t2+WrxVim2r9peKUmUYQcljWqg="></latexit>

hJµ(x1)T
⇢�(x2)T

�(x4)J
µ(x3)i

<latexit sha1_base64="nLWPiO1CEdRTgBzJE3t4O67gUS0=">AAACDXicbVC7TsMwFHV4lvIKMLJYFCSmKoEKGCuxdCwSfUhNGjmO01p1nGA7iCrKD7DwKywMIMTKzsbf4LYZoOVIVzo6517de4+fMCqVZX0bS8srq2vrpY3y5tb2zq65t9+WcSowaeGYxaLrI0kY5aSlqGKkmwiCIp+Rjj+6nvideyIkjfmtGifEjdCA05BipLTkmccO5QoG/Rp88DL7PIekn1F4Bx0cxKrQcs+sWFVrCrhI7IJUQIGmZ345QYzTiHCFGZKyZ1uJcjMkFMWM5GUnlSRBeIQGpKcpRxGRbjb9JocnWglgGAtd+rap+nsiQ5GU48jXnRFSQznvTcT/vF6qwis3ozxJFeF4tihMGVQxnEQDAyoIVmysCcKC6lshHiKBsNIBlnUI9vzLi6R9VrUvqrWbWqXeKOIogUNwBE6BDS5BHTRAE7QABo/gGbyCN+PJeDHejY9Z65JRzByAPzA+fwBTkpqA</latexit>Z
d4x13e

iq·x13 + detector time integral

Chen, Zhou, HXZ, 2301.03616

<latexit sha1_base64="pmMhcOKZgwSYoHtsEvAigef1WBo="></latexit>

x1 = 0, x2 = (t2, r~n2), x4 = (t4, r~n4)q: virtual photon momentum

Sudakov limit ⇔ Double lightcone limit
<latexit sha1_base64="V7EPIDrqCoSrJhOs7mrn46I77JY=">AAACDHicbVDLSsNAFL3xWeur6tLNYBFcSEliUcFNwU2XFewDmlgm00k7dPJgZiKW0A9w46+4caGIWz/AnX/jpM1CWw8MnHPuvdy5x4s5k8o0v42l5ZXVtfXCRnFza3tnt7S335JRIghtkohHouNhSTkLaVMxxWknFhQHHqdtb3Sd1dv3VEgWhbdqHFM3wIOQ+Yxgpa1eqfzQSy17cmejU+RcIa3ss0w5nGfCyoTuMivmFGiRWDkpQ45Gr/Tl9COSBDRUhGMpu5YZKzfFQjHC6aToJJLGmIzwgHY1DXFApZtOj5mgY+30kR8J/UKFpu7viRQHUo4DT3cGWA3lfC0z/6t1E+VfuikL40TRkMwW+QlHKkJZMqjPBCWKjzXBRDD9V0SGWGCidH5FHYI1f/IiadkV67xSvamWa/U8jgIcwhGcgAUXUIM6NKAJBB7hGV7hzXgyXox342PWumTkMwfwB8bnD83pmPg=</latexit>

x2
12, x

2
23 ⌧ x2
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Origin of double logarithms:

1. Ordinary lightcone OPE

2. Summing over infinite number of operator 

exchange

<latexit sha1_base64="NI099vFTBVfq50Yt0tftqxkuiXA="></latexit>

x2
12 ! 0

<latexit sha1_base64="Ia09DP5J1c95ZsF/SuP6+4hQl2I="></latexit>

 ̄�+(D+)J�1 



Resummation through infinite operator summation
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Chen, Zhou, HXZ, 2301.03616

<latexit sha1_base64="0t2+WrxVim2r9peKUmUYQcljWqg="></latexit>

hJµ(x1)T
⇢�(x2)T

�(x4)J
µ(x3)i

S-channel OPEx1

x2 x3

x4

<latexit sha1_base64="uomxLfW+TA8wt8P2OOU+QBA0fY8=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinoseOnNCtYW0lI22027dJMNuxOhhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8ePRqVasZbTEmlOwE1XIqYt1Cg5J1EcxoFkreD8e3Mbz9xbYSKH3CS8F5Eh7EIBaNoJf+un3WRphdETvvlilt15yCrxMtJBXI0++Wv7kCxNOIxMkmN8T03wV5GNQom+bTUTQ1PKBvTIfctjWnETS+bnzwlZ1YZkFBpWzGSufp7IqORMZMosJ0RxZFZ9mbif56fYnjTy0ScpMhjtlgUppKgIrP/yUBozlBOLKFMC3srYSOqKUObUsmG4C2/vEoeL6veVbV2X6vUG3kcRTiBUzgHD66hDg1oQgsYKHiGV3hz0Hlx3p2PRWvByWeO4Q+czx/ROpD7</latexit>

O⌧,l

<latexit sha1_base64="M8WbwEdRA/A+VcN7XYXoRDFYj4U="></latexit>X

⌧,l
truncated in τ, 
but infinite in l

<latexit sha1_base64="D+cWAD47F7fxRcD/5Gou13Qx7Dw="></latexit>

=
X

⌧,l

a⌧,lG�,l(x1, x2, x3, x4)

partial wave decomposition of 4-pt function

4-pt conformal block

Two ways to sum over infinite spin:

1. Geometric approach: approximate the spin sum as continuous integral. Use integral representation of G and saddle approximation

2.  Algebraic approach: Expand G around large spin + recursion relation in spin expansion

<latexit sha1_base64="q45QmUUo0hC2uEdgOg3moa6vzHw=">AAACJnicbZDLSgMxFIYz9VbrbdSlm2ARWih1phQVpFAUxGUFe4FOHTJp2oZmLiQZaRn6NG58FTcuKiLufBTT6Sxs6w+BL/85h+T8TsCokIbxraXW1jc2t9LbmZ3dvf0D/fCoIfyQY1LHPvN5y0GCMOqRuqSSkVbACXIdRprO8HZWbz4TLqjvPcpxQDou6nu0RzGSyrL1ytC2HCIRzI3ysAJHT1F8PS9NoFWwS3e2mUuMAlyEazjK23rWKBqx4CqYCWRBopqtT62uj0OXeBIzJETbNALZiRCXFDMyyVihIAHCQ9QnbYUeconoRPGaE3imnC7s+VwdT8LY/TsRIVeIseuoThfJgViuzcz/au1Q9q46EfWCUBIPzx/qhQxKH84yg13KCZZsrABhTtVfIR4gjrBUyWZUCObyyqvQKBXNi2L5oZyt3iRxpMEJOAU5YIJLUAX3oAbqAIMX8Aam4EN71d61T+1r3prSkpljsCDt5xcY8qHa</latexit>

k�(x) = x�/2
2F1(�/2,�/2,�;x)

<latexit sha1_base64="RKEebyaur8dB3w2r1vbArscFmCg="></latexit>

G�,`(u, v) =
zz̄

z̄ � z
[k��`�2(z)k�+`(z̄)� (z $ z̄)]

<latexit sha1_base64="w2ZQa8ZMF9ZPuxJo9S0bENPpU5M="></latexit>

C⌧G�,l(z, z̄) = J2
⌧,lG�,l(z, z̄)

<latexit sha1_base64="vZ/hVAPz1gtDy20B5e367fhM4SQ=">AAACLXicbZDLSsNAFIYnXmu9VV26GSxCi1qSUtSNUNSFuKpgL9DEMJlO2qGTSZiZCCXkhdz4KiK4qIhbX8PpZaFtDwx8/P85nDm/FzEqlWkOjaXlldW19cxGdnNre2c3t7ffkGEsMKnjkIWi5SFJGOWkrqhipBUJggKPkabXvxn5zWciJA35oxpExAlQl1OfYqS05OZu793EVig+tQlj6VMZXsHCCOEJtH2B8NhMk3JaXCzDM2gV3VzeLJnjgvNgTSEPplVzc+92J8RxQLjCDEnZtsxIOQkSimJG0qwdSxIh3Edd0tbIUUCkk4yvTeGxVjrQD4V+XMGx+nciQYGUg8DTnQFSPTnrjcRFXjtW/qWTUB7FinA8WeTHDKoQjqKDHSoIVmygAWFB9V8h7iGdhtIBZ3UI1uzJ89Aol6zzUuWhkq9eT+PIgENwBArAAhegCu5ADdQBBi/gDQzBp/FqfBhfxvekdcmYzhyAf2X8/AInfqY9</latexit>

J2
⌧,` = (`+

⌧

2
)(`+

⌧

2
� 1)



First TMD-like Sudakov resummation beyond 
leading power and leading log (in a toy model)
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<latexit sha1_base64="+lojhuZFqhunV8hjnXeOYU8fVbI="></latexit>

EEC(y) = �aLye�
aL2

y
2

4y
� 1

4

r
⇡

2

p
a erf

✓r
a

2
Ly

◆
+aLye

�
aL2

y
2

�
+

a

48
(7aL2

y � 4)e�
aL2

y
2 +

a

12
+ · · ·

Leading power

Next-to-leading power

<latexit sha1_base64="0M8XCFNb8dg2B1I8T0oF5bbYpoA="></latexit>

y =
1 + cos ✓

2

<latexit sha1_base64="z0yAsKxmGorR+pRRbI7G3eretXI="></latexit>

erf(z) =
2p
⇡

Z z

0
e�t2dt

Currently only N=4 SYM, but promising 
for QCD

Many interesting things to explored, stay 
tune!

Chen, Zhou, HXZ, 2301.03616



From ee to pp collider
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Jet at the LEP ~ 50 GeV

short window of QCD evolution


small number of particles

Jet at the LHC ~ TeV

large window of evolution

large number of particles


perturbation works very well



Probing the time evolution of jet through CMS 
open data
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<latexit sha1_base64="ndBDoGRGd8RMRe3nnKSDY7f6h1U="></latexit>

hE(n1)E(n2)i , ~n1 · ~n2 = cosRL

Komiske, Moult, Thaler, HXZ, 2201.07800

NOT REAL 
EXPERIMENTAL 
MEASUREMET

Correlation energy scale:
<latexit sha1_base64="IuFr3wsR5HJsrnRsxa3jGasuAm8=">AAACK3icbVDLTgIxFO3gC1ERdOmmkZi4MGTGEJUd0Y0LF2h4JUBIp9yBhs4jbUclk/kIt/oNfo0rjVv/wzLMQsCTtDk9997c02MHnEllmp9GZm19Y3Mru53b2d3L7xeKBy3ph4JCk/rcFx2bSODMg6ZiikMnEEBcm0PbntzM6u1HEJL5XkNNA+i7ZOQxh1GitNSuDxr4YXA3KJTMspkArxIrJSWUoj4oGvne0KehC56inEjZtcxA9SMiFKMc4lwvlBAQOiEj6GrqERdkP0r8xvhEK0Ps+EIfT+FE/TsREVfKqWvrTpeosVyuzcT/at1QOVf9iHlBqMCj80VOyLHy8ezzeMgEUMWnmhAqmPaK6ZgIQpWOaGHL89xqrjcER0ebvCJ3+jRmCuJIjOw4ss7McrWaXHFOJ2gt57VKWudl66Jcua+Uatdplll0hI7RKbLQJaqhW1RHTUTRBL2gV/RmvBsfxpfxPW/NGOnMIVqA8fMLxjGlqQ==</latexit>

PTRL

unphysical from jet 
clustering algorithm



Precision measurement for αₛ
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�GN

GN
' 10�5�GF

GF
' 10�8�↵

↵
' 10�10

<latexit sha1_base64="J1AZPHBJS0uVsgZr/BMdPeVDsS8=">AAACPHicbVA9SwNBEN3z+9uopc1iECwk3ImopWBjqWhUyIUwt5lLluzdrbtzQjzyJ/w1VoL+C3s7sRXs3MQgRn2w7OO9GWbmRVpJS77/7I2NT0xOTc/Mzs0vLC4tl1ZWL2yWG4FVkanMXEVgUckUqyRJ4ZU2CEmk8DLqHPX9yxs0VmbpOXU11hNopTKWAshJjdJ2GBsQRdhERcBDULoNjbNe8c14aGWC19yv+EGjVHbfAPwvCYakzIY4aZQ+wmYm8gRTEgqsrQW+pnoBhqRQ2JsLc4saRAdaWHM0hQRtvRhc1eObTmnyODPupcQH6s+OAhJru0nkKhOgtv3t9cX/vFpO8UG9kKnOCVPxNSjOFaeM9yPiTWlQkOo6AsJItysXbXAxkQtyZArJzu3IFYVuxVplZHsuq+B3Mn/JxU4l2Kvsnu6WD4+Hqc2wdbbBtljA9tkhO2YnrMoEu2P37JE9eQ/ei/fqvX2VjnnDnjU2Au/9E3wfr4E=</latexit>

�↵S

↵S
' 0.01

Largest uncertainty!

Can we precisely measure αₛ from jet substructure?



Projected energy correlators

18

• Slope related to anomalous dimension of 
twist 2 operator γ(αₛ)


• Many non-perturbation effects cancel out:


• PDFs


• hadronization corrections


• hard scattering scale dependence


• Experiment can achieve sub-percent 
accuracy. The only bottleneck: theory 
prediction!

Chen, Moult, Zhang, HXZ, 2004.11381

E3C/EEC =



NNLLapprox now available!

19

jet function need to know beyond NLO!

4D 
Minkowskian 
phase space 

integral

2D Eucildean 
feynman integral

Chen, Gao, Li, Xu, Zhang, HXZ, 2306.xxxxx
5% accuracy on αₛ from jet substructure feasible now 

1% possible with further theory improvement



High luminosity LHC
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High luminosity LHC

21

Need for precision theoretic foundation for track observables!
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calorimeter-based observable track-based observable

Superior accuracy from track-based observable



Track function

23

• Involving multi-particle correlation


• Straightforward generalization to 
other quantum number


• Complex evolution equation, 
previously only known at LO

Chang, Procura, Thaler, Waalewijn, 1303.6637



EEC on tracks

24

<latexit sha1_base64="fK/B3fIH9L7mJL1SLJ2IhH65jC4="></latexit>Z 1

0
dx x

<latexit sha1_base64="t/mHjI5RaZs8NoidRsncP78ryVQ="></latexit>Z 1

0
dx1dx2 (x1z1 + x2z2)

Li, Moult, van Velzen, Waalewijn, HXZ, 2108.01674



Generalized DGLAP evolution

25

The full NLO evolution has recently been calculated, using knowledge from moment

Highly nonlinear evolution equation

Chen, Jaarsma, Li, Moult, Waalewijn, HXZ, 2210.10058, 2210.10061

truncated to at most 
1->3 kernel



NLO kernel of di-hadron fragmentation from track 
evolution

26 Chen, Jaarsma, Li, Moult, Waalewijn, HXZ, 2210.10058, 2210.10061

+ single hadron fragmentation evolution

Majumder, Wang, hep-ph/0402245



ep and nucleon structure
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• Structure 
function 
measurement: 
PDFs(x)



ep and nucleon structure
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• Structure 
function 
measurement: 
PDFs(x)


• SIDIS:


• TMD


• spin



ep and nucleon structure
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???

• Structure function 
measurement: 
PDFs(x)


• SIDIS:


• TMD


• spin


• How can we utilize 
the forward 
information and 
what does it 
probes?



The nucleon EEC
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Energy weighted correlation of forward hadron with beam
<latexit sha1_base64="X/s1g4Pwdu5KyR0XlRUeoGjjJXE="></latexit>

fEEC(x, ✓) =

Z 1

�1

dy�

2⇡
eixp

+y� �+

2
hP | ̄(0)E(✓) (y�)|P i

Insertion of energy flow operator between lightcone separated field

Naturally generalize to N energy flow operator insertion

Compare with
<latexit sha1_base64="aEvd98rE26b4PN2LP4aWmQPBwRI="></latexit>

fq(x) =

Z 1

�1

dy�

2⇡
eixp

+y� �+

2
hP | ̄(0) (y�)|P icollinear PDF:

TMD PDF:

<latexit sha1_base64="W3hdoRvReZcZx8OW5LG7+piNtkU="></latexit>

fq(x) =

Z 1

�1

dy�

2⇡
eixp

+y� �+

2
hP | ̄(0) (y?, y�)|P i

Gauge link is suppressed for brevity 

What can we learn from the nucleon EEC?

Liu, HXZ, 2209.02080



Modified DGLAP evolution
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Liu, HXZ, 2209.02080

Cao, Liu, HXZ, 2303.01530

<latexit sha1_base64="sOrzjKWC+XPP49DUG7NDQFZW4pU="></latexit>

d

d lnµ2
fi,EEC(N, ln

Q✓

uµ
) =

X

j

Z
d⇠ ⇠N�1Pij(⇠)fj,EEC(N, ln

Q✓

⇠uµ
)

Bjorken scaling and scaling 
violation, not in Q evolution 
but in angle!



Quark fragmentation v.s. nucleon structure
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EEC in jet fragmentation

imaging the time evolution of quark to hadrons through angle

The nucleon EEC

Imaging the structure of nucleon through angle

Pythia simulation only



Summary and outlook
• Energy correlators provide new perspectives on old 

problems in QCD


• Solid theory foundation with operator definition


• Many different applications from ee to pp then to ep colliders


• Sudakov resummation and TMD;


• Probing the time evolution of quark fragmentation and 
nucleon structure


• Precision measurement of strong coupling constant


• Application to track observables and generalized DGLAP 
evolution


• Gluon spin double slit interference in jet (not covered)


• Probing gluon saturation (not covered)
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Many exciting theory and 
phenomenology waiting for exploration.  

Stay tune! 

Thank you for your attention!


