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Searching for Evidence of Dark Energy 
in

Milky Way



• why locally probe dark energy


• theory for dark energy local effects


• searching for dark energy in Milky Way

Outline
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Huang et al. (2016)
Sofue (2013)
Huang et al. (2016)
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Dark Energy (DE)
Rμ

ν −
1
2

gμ
νR = 8πGTμ

ν + gμ
νΛ = 8πG(Tμ

ν + Tμ
ν,w)

originate from cosmological constant

w ≡
Ti

i,w

T0
0,w

=
−Λ
Λ

= − 1

equation-of-state parameter
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indirect probe from SN Ia measurements  
on scale factor , since 1998a(t)
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at cosmological scales > 100 Mpc
ρ ∝ a−(3w+3)

··a
a

= −
4π
3

(ρ + 3p)



Phenomenological Models
Quintessence (Wetterich 1988)
Phantom (Caldwell 2002)
Quintom (Feng, Wang, Zhang 2005)

higher spin (2004-2011)

Chaplygin Gas (Kamenshchik, Moschella, Pasquier 2001)

Holographic (Li 2004)

oscillating (Turner 1983)
coupled quintessence (Amendola 2000)
K-essense (Chiba, Okabe, Yamaguchi 2000)
cuscuton (Afshordi, Chung, Geshnizjani 2007)
kinetic gravity braiding (Deffayet 2010)

ghost condensation (Arkani-Hamed, Cheng, Luty, Mukohyama 2004)
viscous Fluid (Brevik 2002)

Lorentz-violating (DeDeo 2006)
minimum length (Bohmer Harko 2008)
time-varying neutrino (Takahashi, Tanimoto 2006)
conformal Galilei algebra (Stichel Zakrzewski, 2009)
asymptotically AdS (Das 2009)
creation CDM (Lima, Jesus, Oliveira 2010)

⋯

fermion

vector
p-form

(Cai, Wang 2008)(Yajnik 2011) (Tsyba 2011)
(Ribas, Devecchi, Kremer 2005)

(Zhao, Zhang 2006)(Armendariz-Picon 2004)
(Das Gupta 2009)(Koivisto, Nunes 2009)

anisotropic (Singh, Sharma 2013)

DE models offer , especially ρ, p w
4

entropic (Verlinde 2017)

Agegraphic (Wei, Cai 2008)



Basic Problems of Dark Energy

• state parameter 


• if , what is the value of ? 


• a long story if  ...

w ≡ pw/ρw

w = − 1 Λ

w ≠ − 1
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• if , maybe Quintessence; if , maybe Phantom

• how to distinguish models if 

• need to fix other parameters, like 

w > − 1 w < − 1
w = w(z)

ρ(z)
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Current Experimental Results
Gong-Bo Zhao et al. Nature Astron. 1 (2017) 9, 627-632 

dynamical dark energy model is 3.5 sigma preferred

Planck 2018

wCDM model

w(z) CDM model

w = w0

w = w0 + (1 − a)wa

w0 = − 1.028 ± 0.031

w0 = − 0.957 ± 0.080, wa = − 0.29+0.32
−0.26
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• direct search for DE, point by point


• independent with cosmological assumptions


• higher precision


• distinguish DE models (model independent method)

Locally Probe Dark Energy

We propose to directly probe DE on astrophysical scales,  
such as galaxies or galaxy clusters,  
around kpc-Mpc scales. 
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Difficulties on Astrophysical Scales

• Locally define isotropic dark fluid: How to coordinate-independently 
define isotropic energy-momentum tensor? 


• Relate to dark energy model: How to coordinate-independently define 
energy and pressure? 


• Determine the dark force: How to deal with realistic astrophysical system? 

8



Coordinate-Independent 
Energy-Momentum Tensor 

T̃ = Tμν dxμ ⊗ dxν

9



Coordinate-Independent 
Energy-Momentum Tensor

component  is coordinate-dependentTμν
Tμν

x → 2x rotate

Energy momentum tensor  should be coordinate-independentT̃ = Tμν dxμ ⊗ dxν

10

isotropic? anisotropic?



Static Isotropic Metric

• quasi-Minkowskian coordinates 



• static isotropic invariants                                         



• general metric tensor

x1 = r sin θ cos ϕ , x2 = r sin θ sin ϕ , x3 = r cos θ

x ⋅ x, x ⋅ dx, dx ⋅ dx

ds2 = (1+2Φ(r))dt2 − (1 + 2Φ(r))−1dr2 − r2(dθ2 + sin2 θdφ2)

(Steven Weinberg)  
Gravitation and cosmology: 

principles and applications of 
the general theory of relativity
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Apply to Dark Energy

Tt
t = A(r), Tt

i = 0, Ti
j = B(r)δi

j + C(r)xixj .

Ti
jdxidxj = − B(r)dxidxi − C(r)(xidxi)2

dx ⋅ dx (x ⋅ dx)2

general expression for DE in Weinberg's form
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Coordinate-Independent 

from Energy-Momentum Tensor 
w = p/ρ
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Pressure from Tμ
ν

Tμ
ν = (ρ, − p, − p, − p) Ti

j = − pδi
j+0rirj⇒

How to relate it to local system?
1. define pressure from  termC(r)rirj
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component  is coordinate-dependentTμν

2. must be coordinate-independent

3. compatible with cosmological-scale description

isotropic in Minkowski space



T0
0 = ρ , ∑ Ti

i = − 3p

Coordinate-Independent Pressure from Tμ
ν

The coordinate-independent observables can be only defined by: 

ρw ≡ Tt
t , pw ≡ −

Tr[ Ti
j ]

3

Any energy-momentum tensor with Tt
t , Tt

i = 0 , Ti
j .Definition:

15



Friedmann Equation

(
·a
a )

2

=
8π
3

T0
0 −

K(x, y, z)
a2

··a
a

= −
4π
3

(T0
0 − Ti

i) ⇒
··a
a

= −
4π
3

(ρ + 3p)

Relation to Cosmological Description
(ds)2 = (dt)2 − a2(t)R2(x, y, z)[(dr)2 + r2(dθ)2 + r2 sin2 θ(dϕ)2]
Extended Robertson-Walker Metric
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general metric describe inhomogeneous universe
inhomogeneity from primordial quantum fluctuations or catastrophic astrophysical events

Conservation Equation

0 =
dT0

0

dt
+

3 ·a
a

(T0
0 −

1
3

Ti
i) ⇒ ρ ∝ a−(3w+3)

 always in sumTi
i

: local Gaussian curvatureK(x, y, z)



Φ(r) =
a
r

+
b

r3w+1
≡ −

M
r

− (rO

r )
3w+1

Solution of Dark Energy

dS2
w = [1 − 2

M
r

− 2 ( rO

r )
3w+1

]dt2 −
1

[1 − 2 M
r − 2 ( rO

r )
3w+1]

dr2 − r2 (dθ2 + sin2 θdφ2)SdS  metric: w

•  at 22  on cosmological scales (planck2018)


•  cause strong force at 


•  strong phase transition

3w + 1 < 0 σ
3w + 1 > 0 r → 0
3w + 1 > 0 ⟷ 3w + 1 < 0
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require w < − 1/3



Application to
Realistic Astrophysical Systems
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∇2Φm = 4π (ρm + 3pm)

∇2Φ = 4π(ρw + 3pw + ρm + 3pm)

∇2Φw = 4π (ρw + 3pw)

Φw = − (
rO

r
)3w+1 Φm = −

M
r

− ∫
ρm( ⃗r′�)

∣ ⃗r − ⃗r′� ∣
d ⃗r′�

 as traditional gravitational potentialΦ = − ∫
ρm( ⃗r′�)

∣ ⃗r − ⃗r′� ∣
d ⃗r′� − (rO

r )
3w+1

Realistic Astrophysical Systems
DE astrophysical matters

by
post-Newtonian
approximation
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Repulsive Local Force

⃗F = − ⃗∇ Φ = − ⃗∇ Φm − (3w + 1)
1
r ( rO

r )
3w+1

̂er

weak field condition guaranteed by ∣Φw ∣ ≲ ∣Φm ∣ ∼
M
r

∼ v2 ≪ 1

!!!

20



Scale of Dark Force

|3w + 1 |
1

rcri ( rO

rcri )
3w+1

≈ ∣ ⃗∇ Φm ∣ ≈
V2

0

rcri

rcri

rO
= ( V2

0

|3w + 1 | )
1

|3w + 1 |

≈
500 kpc

7.71 × 106 kpc

power law behavior and precise rotation velocity reduce the scale

21



Gravitational-Bound System

galaxy's center

r = rcri

r ≪ rcri

r ≫ rcri

r ≈ rcri

weak-field/post-Newtonian
approximation r′� = R(r)r

ds2 = R2(dt′�2 − dr′�2 − r′�2dΩ)

ds2 = (1 + 2Φ)dt2 − (1 + 2Φ)−1dr2 − r2dΩ

conformally flat

r > rO

unknown

22

He and Zhang

JCAP 08 (2017) 036

arxiv: 1701.03418



Anomalous Drop
Huang et al. (2016)
Sofue (2013)
Huang et al. (2016)
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∣ ΔwV2(r) ∣
V2

0
= ( r

rcri
)

−3w−1

⃗F w =
V2

0

r ( rcri

r )
3w+1

̂er



Results

w(z = 0) = − 1.07+0.21
−0.20 Gong-Bo Zhao et al. (2017)

wΛ = − 1
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Huang et al. (2016)
Sofue (2013)
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tension with cosmological constant model



 Dependencero
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= ( V2

0

|3w + 1 | )
1
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Let
V0 = 200 km/s
−1 < w < − 0.8
260 kpc < rcri < 1 Mpc

rO ∼ (0.1 − 10) 6/Λ

tension with cosmological observations 
under cosmological constant model



Expect Higher-Precision Data

Δvth(r) = α × Δvexp(r)

for 100-200 kpc data

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
-0.95

-0.90

-0.85

-0.80

-0.75

α

�
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Expect More Data

V2
0 = |3w + 1 | (

rO

rcri
)3w+1

∣ ΔwV2(r) ∣
V2

0
= ( r

rcri
)

−3w−1
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Sextans B
NGC3109

NGC3198

NGC3741

NGC4244

r=rcri , fix w
r=0.4 rcri , fix w
r=0.2 rcri , fix w

��� ��� ���
���

���

���

� (���)

�
(�
�
/�
)



28

Expect More Data

V2
0 = |3w + 1 | (

rO

rcri
)3w+1

∣ ΔwV2(r) ∣
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Rotation Velocity of  Sextans A
KAT-7 (2018)
best fit
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data from
B. Namumba et cl. 

MNRAS 478 (2018) 1, 487-500
arxiv: 1804.07730

ρh,0 = 0.005 M⊙ pc−3

w = − 0.74

rh = 9.9 kpc



Expect More Data

V2
0 = |3w + 1 | (

rO

rcri
)3w+1

1 < rcri/r < 20

30

0.0 0.5
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flat rotation curve
data from E. Teodoro et cl. 

MNRAS 507 (2021) 4, 5820-5831
arxiv: 2109.03828



• We offer the basic theory for dark energy local effects: dark force


• Dark force can be probed on the scale of a galaxy


• Results consistent with dynamical dark energy model, not cosmological 
constant model

Conclusion

31



Backup
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Scale of Dark Energy

Φ =
a
r

+
b

r3w+1
≡ −

M
r

− (rO

r )
3w+1

Φw
Λ

= −
1
6

Λr2 ≡ − ( rO

r )
−2

, rO = 7.71 × 106 kpc

fix  ! rO = 7.71 × 106 kpc
Benchmark

(ds)2 = (1 + 2Φ(r))(dt)2 − (1 + 2Φ(r))−1(dr)2 − r2(dθ)2 − r2 sin2 θ(dϕ)2

33



Static Isotropic Metric

ds2 = (1+2Φ(r))dt2 − (1 + 2Φ(r))−1dr2 − r2(dθ2 + sin2 θdφ2)

ds2 = F(r)dt2−2rE(r)dtx ⋅ dx−r2D(r)(x ⋅ dx)2−C(r)dx ⋅ dx

x ⋅ dx = rdr dx ⋅ dx = dr2 + r2dθ2 + r2 sin2 θdφ2

step 1: t → t + Φ(r),
dΦ
dr

= −
rE(r)
F(r)

ds2 = F(r)dt2 − r2(D(r) +
E2(r)
F(r )dr2 − C(r)(dr2 + r2dθ2 + r2 sin2 θdφ2)

step 2: r2 → C(r)r2

ds2 = β(r)dt2 − α(r)dr2 − r2(dθ2 + sin2 θdφ2)

step 3: Newtonian gauge α(r) ⋅ β(r) = 1

(Steven Weinberg)  
Gravitation and cosmology: 

principles and applications of 
the general theory of relativity
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Proof for Tt
i = 0

gii = − a2(t)α2(x, y, z) , gii = − a−2α−2 , g00 = β2(x, y, z) , g00 = β−2 , gij = gij = 0(i ≠ j) .

Γ0
ii = −

1
2

g00∂0gii , Γi
i0 = Γi

0i =
1
2

gii∂0gii , Γi
ii =

1
2

gii∂igii , Γi
jj = −

1
2

gii∂igjj , Γi
ij = Γi

ji =
1
2

gii∂jgii .

R0i = Γν
0i,ν − Γν

νi,0 + Γλ
0iΓ

ν
λν − Γλ

νiΓ
ν

λ0

= Γ0
0i,0 + Γi

0i,i − Γ0
0i,0 − Γj

ji,0 + Γ0
0iΓ

j
0j + Γi

0iΓ
0
i0 + Γi

0iΓ
j
ij − Γj

jiΓ
j
j0 − Γ0

iiΓ
i
00 − Γi

0iΓ
0
i0

= Γi
0i,i − Γj

ji,0 + Γ0
0iΓ

j
0j + Γi

0iΓ
j

ij − Γj
jiΓ

j
j0 − Γ0

iiΓ
i
00

= ∂i[
1
2

gii∂0gii] − ∂0[
1
2

gjj∂igjj] +
1
2

g00∂ig00
1
2

gjj∂0gjj +
1
2

gii∂0gii
1
2

gjj∂igjj −
1
2

gjj∂igjj
1
2

gjj∂0gjj −
1
2

g00∂0gii
1
2

gii∂ig00

=
1
2

∂i[gii∂0gii] −
3
2

∂0[gii∂igii] +
3
4

g00∂ig00gii∂0gii +
3
4

gii∂0giigii∂igii −
3
4

gii∂igiigii∂0gii −
1
4

gii∂0giig00∂ig00

=
1
2

gii∂0∂igii −
1
2

(gii∂igii)(gii∂0gii) −
3
2

gii∂0∂igii +
3
2

(gii∂0gii)(gii∂igii) +
3
4

(g00∂ig00)(gii∂0gii) −
1
4

(gii∂0gii)(g00∂ig00)

= − gii∂0∂igii + (gii∂igii)(gii∂0gii) +
1
2

(g00∂ig00)(gii∂0gii)

= − 4
·a
a

1
α

dα
dxi

+ 4
·a
a

1
α

dα
dxi

+ 2
·a
a

1
β

dβ
dxi

= 2
·a
a

1
β

dβ
dxi 35



Apply to Dark Energy

T̃ = gtt(r) A(r) dt ⊗ dt

−[(grr(r) − 1)B(r) + grr(r) C(r) r2]dr ⊗ dr

− B(r)(dr ⊗ dr + r2dθ ⊗ dθ + r2 sin2 θ dφ ⊗ dφ)

(ds)2 = gtt(dt)2 − grr(dr)2 − r2 [(dθ)2 + sin2 θ(dϕ)2] (ds)2 = gtt(dt)2 − [(grr − 1) xi xj

r2
+ δij]dxidxj⇔

a little difference when considering grr
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Solution of Dark Energy

T̃ = gtt(r) A(r) dt ⊗ dt

Tt
t = ρ, Tt

i = 0, Ti
j = 3p[Bδi

j − (1 + 3B)
rirj

r2 ], B = −
1 + 3w

6w
.

−[(grr(r) − 1)B(r) + grr(r) C(r) r2]dr ⊗ dr

− B(r)(dr ⊗ dr + r2dθ ⊗ dθ + r2 sin2 θ dφ ⊗ dφ)

(ds)2 = gtt(dt)2 − grr(dr)2 − r2 [(dθ)2 + sin2 θ(dϕ)2]
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Friedmann Equation

(
·a
a )

2

=
8π
3

T0
0 −

K(x, y, z)
a2

··a
a

= −
4π
3

(T0
0 − Ti

i) ⇒
··a
a

= −
4π
3

(ρ + 3p)

Relation to Cosmological Description
(ds)2 = (dt)2 − a2(t)R2(x, y, z)[(dr)2 + r2(dθ)2 + r2 sin2 θ(dϕ)2]
Extended Robertson-Walker Metric

K(x, y, z) =
1
3 [ −

2
R2

∂2
i R
R

+
1

R2 ( ∂iR
R )

2

]

38

general metric describe inhomogeneous universe
inhomogeneity from primordial quantum fluctuations or catastrophic astrophysical events

Conservation Equation

0 =
dT0

0

dt
+

3 ·a
a

(T0
0 −

1
3

Ti
i) ⇒ ρ ∝ a−(3w+3)

 always in sumTi
i



Gaussian curvature

Sectional Curvature I
dσ2 = γijdxidxj ≡ R2(x, y, z)[dx2 + dy2 + dz2]
Metric and curvature tensor

Ki
p = Kp[ j, k, j, k] = −

1
R2 [(

∂jR

R )
2

−
∂2

j R

R
+( ∂kR

R )
2

−
∂2

kR
R

− ( ∂iR
R )

2

]

39

(3)Rijkm = γis
(3)Rs

jkm = γis [(3)Γs
jm,k − (3)Γs

jk,m + (3)Γp
jm

(3)Γs
pk − (3)Γp

jk
(3)Γs

pm]

Kp = Kp[i, j, k, m] = −
(3)Rijkl

γikγjm − γimγjk

K (x, y, z) ≡
∑ Ki

p

3
=

1
3 [ −

2
R2

∂2
i R
R

+
1

R2 ( ∂iR
R )

2

]



Sectional Curvature II

dσ2 = −
dx2 + dy2 + dz2

[1 + 1
4 κ (x2 + y2 + z2)]2

40

K (x, y, z) =
1
3 [ −

2
R2

∂2
i R
R

+
1

R2 ( ∂iR
R )

2

] = κ

R(x, y, z) =
1

1 + 1
4 κ (x2 + y2 + z2)



Energy-Momentum Tensor for DE
ds2 = β(r)dt2 − α(r)dr2 − r2(dθ2 + sin2 θdφ2)

Tt
t − Tr

r = −
1
rα ( α′�

α
+

β′�

β )Tt
t = Tr

r protected by

Tt
t = ρ, Tt

i = 0, Ti
j = 3wρ[Bδi

j − (1 + 3B)
rirj

r2 ], B = −
1 + 3w

6w
.

We need to solve the big problem for  !w ≠ − 1
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Solution to Einstein Equation
ds2 = (1 + 2Φ(r))dt2 − (1 + 2Φ(r))−1dr2 − r2(dθ2 + sin2 θdφ2)

8πTt
t = 8πTr

r = −
2Φ + 2r∂rΦ

r2
= ρ

8πTθ
θ = 8πTφ

φ = − ∂r∂rΦ −
2
r

∂rΦ = −
3w + 1

2
ρ

Φ =
a
r

+
b

r3w+1
≡ −

M
r

− (rO

r )
3w+1
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Proof for b>0

8πTt
t = 8πTr

r = −
2Φ + 2r∂rΦ

r2
= 8πρ

Φ =
a
r

+
b

r3w+1

8πρ =
6wb
r3w+3

> 0

Φ = −
M
r

± (rO

r )
3w+1

+ for w > 0, − for w < 0

43



Proof for Weak Field Condition

Δwv2(r) ≡ − |3w + 1 | (
r0

r
)3w+1

rL = 200 kpc, rS = 100 kpc, v(rS) = 200 km/s

M(rL)
rL

> |Δwv2(rL) |

v2(rS) =
M(rS)

rS
− |Δwv2(rS) | >

M(rS)
rS

−
M(rL)

rL
(
rL

rS
)3w+1 ≈

M(rS)
rS [1 − (

rL

rS
)3w+1]

∣ Φw(rL) ∣ = (
rO

rL
)3w+1 ≲

v2(rS)

1 − (
rL

rS
)3w+1

< 10−6 for w < − 0.6
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Cosmic Expansion vs Dark Force I

(ds)2 = (dt)2 − a2(t)[ (dr)2

1 − kr2
+ r2(dθ)2 + r2 sin2 θ(dϕ)2]

cosmic scale factor a(t)

∇2Φ = 4π(ρm + 3pm + ρw + 3pw)

local dark force: − ⃗∇ Φ

(ds)2 = (1 + 2Φ)(dt)2 − (1 + 2Φ)−1(dr)2 − r2(dθ)2 − r2 sin2 θ(dϕ)2

Cosmological scales

Astrophysical scales

Φ = − ∫
ρm( ⃗r′�)

∣ ⃗r − ⃗r′� ∣
d ⃗r′� − (ro

r )
3w+1
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Cosmic Expansion vs Dark Force II

∇2Φw = − 3
··a
a

∇2Φw = 4π(ρw + 3pw)

Cosmic Expansion

Dark Force

Φw = − (ro

r )
3w+1

46

Φw = −
··a
a

r2

Cosmological constant model

∇2Φw = − Λ Φw = −
1
6

Λr2

z ≳ 0.1 r ≳ 400 Mpc

Balaguera-Antolinez et al. 

CQG 24 (2007) 2677-2688


arxiv: 0704.1871

r ≈ 1 − 20 Mpc

He and Zhang

JCAP 08 (2017) 036

arxiv: 1701.03418

r ≈ 100 − 200 kpc

This work

arxiv: 2303.14047

Ho and Hsu

Astropart.Phys. 74 (2016) 47-50


arxiv: 1501.05952

r ∼ 500 kpc



Data Sample I
Yang Huang et al. 


MNRAS 463 (2016) 2623

arxiv: 1604.01216

LAMOST 4.5-100 kpc

r200 = 255.69 ± 7.67 kpc
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Data Sample II
Yoshiaki Sofue


Publ.Astron.Soc.Jap. 65 (2013) 118

arxiv: 1307.8241

3 points 100-200 kpc
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⃗F = − ⃗∇ Φ = −
1
r2 [M + (3w + 1)

r3w+1
0

r3w ] ̂er

rcri = rO( ∣ 3w + 1 ∣
rO

Mcri
)

1
3w

Mcri = ∣ 3w + 1 ∣
r3w+1
0

r3w
cri

For MW and cosmological constant model, rcri
Λ

= (3GMcri(rcri)
Λ )

1
3

= 500 kpc

Scale of Dark Force I
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|3w + 1 |( rO

r′�cri )
3w+1

≈
M(r′�cri)

r′�cri
≈ V2

0

critical radius

w = − 1

w = − 0.8

r′�cri = 3.6 × 103 kpc

r′�cri = 176 kpc
r′�cri > 200 kpc ⇒ w < − 0.808

Scale of Dark Force II
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• scale of dark energy 


• critical radius 


•

rO = 7.71 × 106 kpc

rcri ≈ 500 kpc

r200 = 255.69 ± 7.67 kpc

Dark Force Scale: Summary
Φ = − ∫

ρm( ⃗r′�)

∣ ⃗r − ⃗r′� ∣
d ⃗r′� − (r0

r )
3w+1
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⃗F = − ⃗∇ Φ = −
1
r2 [M + (3w + 1)

r3w+1
0

r3w ] ̂er

∣ ΔwV2(r) ∣
V2

N
≡ |3w + 1 |

r3w+1
0

r3w

M
= |3w + 1 |( r

rcri
)

−3w
= 12.8 %

∣ ΔwV2(r) ∣
V2

N
= |3w + 1 |

r3w+1
0

r3w

M(rcri)
r

rcri

= |3w + 1 |( r
rcri

)
−3w−1

= 32 %

r = 0.4rcri

w = − 1

Rotation Curve Sensitivity I
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Rotation Curve Sensitivity II
⃗F = − ⃗∇ Φ = −

1
r2 [M + (3w + 1)

r3w+1
0

r3w ] ̂er

r = 0.4rcrir = 0.2rcri

w = − 1

w = − 0.8

16 %4 %

19 %7 %

Δv/v

current experimental precision is 3 − 8% at 4-100 kpc
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Galactic Mass Model

• bulge


• disk


• dark matter halo


• dark energy

v2 = v2
b + v2

d + v2
h + Δwv2

54

vb(r) = 196 km/s (
r

kpc
)−1/2

Σd(r) = Σd,0 exp(−r/rd) Σd(r⊙) = 54.4 M⊙ pc−2

NFW ρh(r) = ρh,0(r/rh)−1(1 + r/rh)−2 ∼ r−3



Galactic Mass Model: bulge

ρ(R, Z) =
ρ0

mγ(1 + m)β−γ
exp [−(mr0/rt)2], m(R, Z) = (R/r0)2 + (Z/qr0)2

γ = 0, β = 1.8, r0 = 0.075 kpc, rt = 2.1 kpc, q = 0.5, ρ0 = 9.93 × 1010 M⊙kpc−3
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Galactic Mass Model: bulge
v = 196 km/s (

r
kpc

)−1/2

Holonomic bulge component
Point-like approximation

� �� ����

��

���

��(���)

� �
(�
�
/�
)

0.1% overestimation on velocity
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Galactic Mass Model: disc
Σd(r) = Σd,0 exp(−r/rd) Σd(r⊙) = 54.4 M⊙ pc−2

v2
c (r) = 4πGΣd,0rdy2[I0(y)K0(y) − I1(y)K1(y)]

• total local stellar surface density  [J. Bovy, H. Rix, ApJ 779 (2013) 115]


• subtract stellar halo surface density  [C. Flynn et al. MNRAS 372 (2006)1149-1160]


•  gas  and warm gas  [ibid. ]


•  gas  [P. Kalberla, L. Dedes, A&A 487 (2008) 951]

38.0 M⊙ pc−2

0.6 M⊙ pc−2

H2 2.0 M⊙ pc−2 3.0 M⊙ pc−2

HI 12.0 M⊙ pc−2
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Galactic Mass Model: NFW halo

ρh(r) = ρh,0(r/rh)−1(1 + r/rh)−2 ∼ r−3

v2
h =

4πρh,0r3
h

r (ln
rh + r

rh
−

r
r + rh

)
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Planck 2018

ΛCDM model

w(z) CDM model
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Conservation Equation

(ds)2 = Z2(x, y, z)(dt)2 − a2(t)R2(x, y, z)[(dr)2 + r2(dθ)2 + r2 sin2 θ(dϕ)2]

0 = DνTμν = ∂νTμν + Γμ
νρTρν + Γν

νρTμρ

0 =
dT0

0

dt
+

3 ·a
a

(T0
0 −

1
3

Ti
i)

0 = ∂jTi
j +

1
R

∂R
∂xi

(Ti
i − Tj

j) +
2
R

∂R
∂xj

Ti
j

⇒ ρ ∝ a−(3w+3)

⇒ ∂ip = 0

Relation to RW Universe
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0 = DνTμν = ∂νTμν + Γμ
νρTρν + Γν

νρTμρ

Conservation Equation 
for Newtonian gauge
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Tt
t = Tr

r = −
2Φ + 2r∂rΦ

r2
Tθ

θ = Tφ
φ = − ∂r∂rΦ −

2
r

∂rΦ spherical polar coordinates

0 = DνTμν = ∂μTμμ + Γμ
ννTνν + Γν

νμTμμ

∂μTμμ Γμ
ννTνν Γν

νμTμμ ∂μTμμ + Γμ
ννTνν + Γν

νμTμμ

μ = t

μ = r

μ = θ

μ = φ

0

0

0

∂r(grrTt
t)

0

0

2Tt
t∂rΦ − 2Tθ

θ
grr

r
2
r

grrTt
t

0

0

Γφ
φθgθθTθ

θΓθ
φφgφφTφ

φ

0

0

0

grr(∂r(Tt
t) +

2
r

(Tt
t − Tθ

θ)) = 0

protected by Bianchi identity
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Prospect

|3w + 1 | (
rO

rcri
)3w+1 = V2

0

∣ Δwv2(r) ∣ = ∣ Δwv2(rcri) ∣ × (rcri

r )
3w+1

MW
M31

M33

Tucana

Sextans A

Sextans B
NGC3109

NGC3198

NGC3741

NGC4244

r=rC , fix w
r=0.4 rC , fix w
r=0.2 rC , fix w

100 101 102
100

101

102

� (���)

� �
(�
�
/�
)
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Prospect

MW
M31
M33

Tucana
Sextans A
Sextans B

NGC 3109

-���� -���� -���� -���� -�������

���

���

�

�/
� �

|3w + 1 | (
rO

rcri
)3w+1 = V2

0
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rotation velocity of  Sextans A
B. Namumba et cl. 

MNRAS 478 (2018) 1, 487-500
arxiv: 1804.07730

65



rotation velocity of  NGC 3109
C. Carignanet cl. 

ApJ 146 (2013) 48
arxiv: 1306.3227
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rotation velocity of  M31
Y. Sofue

Publ.Astron.Soc.Jap. 67 (2015) 4, 75
arxiv: 1504.05368
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Prospect

68

P. Bhattacharjee et cl. 

ApJ 785 (2014) 63

arxiv: 1310.2659


