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Outline

- Positivity bounds on EFT coefficients

- EInstein EFT

- Scalar-tensor EFTs



Positivity bounds

Snowmass White Paper: UV Constraints on IR Physics, de Rham, Kundu, Reece, Tolley & SYZ, 2203.06805

. o T - 7—7
| mgk enerqy oV Eheorv 1‘

|
- ma be unknown, buk assume cousality, unitarity,

P —— — e = p— e —

Positivity bounds

. Apply to generic LI EFTs (Causality bounds)

» For gravity, more subtle

S-matrix bootstrap

low energy EFT
constraints on Wilson coefficients

these are not unitarity bounds!



Carving out EFT space

Naive EFT space
(Wilson coefficient space)

violate QFT axioms

Simple example Adams, Arkani-Hamed, Dubovsky, Nicolis, Rattazzi, 2006
L = — ld ot +i(6 POt ) + - & 1 + (0h)?
) M¢ A4 H DBIN_\/ + (0¢)
252

A(s,t=0) =+ 4 -
A* Zomi~\/1 - 0p) x

“First” positivity bound: A4 > ()



Dispersion relation (causality implies analyticity)

Analyticity in complex s plane (fixed 1)

A(s,t) = L7£cis’ Als, 1)

271 s’ — s

Froissart bound |A(s’ — o0,1)| < §°7¢ [
Su crossing symmetry A(s, 1) = A(u, 1)

Twice subtracted dispersion relation

o0 D 2 2
A(s,t) ~ / d’u2 > 4= Im A(u,t) UV unitarity
At LET S BT Ima,(u) > 0

EFT amplitude IR/UV connection UV full amplitude



Two-sided bounds using full crossing symmetry

A(s,t) ~ 02,082 T cz,lszt =+ cz,zsztz + ..

Tolley, Wang & SYZ, 2011.02400
Caron-Huot & Duong, 2011.02957

All Wilson coefficients are parametrically < O(1)!

Example of single scalar t

neory

(m,n) Lower bounds Upper bounds
(1,1) ey > —QW e < SW
(2,1) 1> - \/7 < \/7
(2,2) 2> —5e3p 2 < Bleyy
(3,1) 1> - \/— L< ! \/—
(3,2) 9> —Tey 9 < —7 a0
(3,3) s+ >——7¢m —ﬁf—o <—A\/c—
—8 1 > —154,/C10630,
both upﬁpefauﬂd Iower bound
" —3369
(4,2) 2> —Yeso 2 < ¥y
(4,3) > ——3\/%, ca3— B8cy ) < —M¢—
— s > —55"/650%.0,
- e > — 15 V080,
— 5o > — Mg /e 0060
— TPes > — R /e 0e60
(4,4) + By > —1Weg), — 15¢59 < —cq0,
135, 5 TUTS 368085 ., o 2363845

assuming EFT is weakly coupled

enclosed region

naturalness/dimensional analysis is a rigorous QFT theorem



Positivity bounds for SMEFT

Consider VBS V,+V, = V,+V,, V.€{Z W' W,y

Oy and Oy, Space of 18 Wilson coeff’s for aQGCs

35.9 fb' (13 TeV)

ﬁ’_\ T | T T T T [ T T T T | T T ] 20/0 Of tOtaI

I ——ExpectedegxncL | Zhang & SYZ,1808.00010

% oo | I 1 _________________________________________ ::Eigggggggfgt ....... _| . 7

t B — ObservedE 95% CL 7

<+ i : — / — T — ]

S

18D sphere

Only <2% of the total aQGC parameter

space admits an analytic UV completion!

See also: Rodd & Remmen, 2004.02885; Gu, Wang & Zhang, 2011.03055; Li & Zhou, 2202.12907; ...



Positivity cone and the inverse problem

Best s bounds form a positivity cone A
| Y
Extremal Ray <= UV Particle

Zhang & SYZ, 2005.03047; Li, Xu, Yang, Zhang & SYZ, 2101.01191

Example: Higgs positivity cone in SMEFT ¢ o 0

. . . ®E
Wilson coeffs fall in blue region g X ® E s
* Eia

E; must exit @5
* O E3S
® E;zx

new UV state (SU(2); singlet, Y = 1) O

Positivity bounds (or dim-8 operators) are important

to reverse-engineer UV physics!
/Zhang, 2112.11665



Positivity bounds for Chiral PT

For example, bounds on O(p*) coefficients

y

GL
© . ABT .
XN 4
NS \? GKMS ~
< 4} NN\ . S
— Improved, 468 MeV \ S 3
— Improved, 430 MeV \
2
2t! | — Improved, 388 MeV .
— Improved, 341 MeV ] "
— Y Bounds 1 NLO T==lIln- .
Of Manohar&Mateu ] NNLO
0L— | ,
—_ 10 -5 0 5 10
-0 -8 -6 -4 -2 O 2 4 _
l1
Wang, Feng, Zhang & SYZ, 2004.03992 Alvarez, Bijnens, Sjo, 2112.04253

See also: Manohar & Mateu, 0801.3222; Du, Guo, Meibner & Yao, 1610.02963
Guerrieri, Penedones & Vieira, 2011.02802
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General relativity is an EF1

Around Minkowski space 77,,:  Guv = Tluv | J\ip hy

h/w: massless spin-2 field = graviton weak-field limit: |7, | << 1

' ' ' Ml% 272 1 9 3 1 9.4
Einstein gravity Lea = ——+ —gR~0%h + 35 °h M},ah Foee

Gravity alone: EFT cutoff A = Mp

Symmetries:  hl, = A A Ry Ry = B + 20,6,

cosmic acceleration dark matter strong gravity
universe galaxy solar system BH. NS, ... lab tests

107 33eV 1027V 10~ 18eV 10" Hev 10~ 3eV

¢ 4
) C




Higher order corrections to GR

r r Z 1 9ip diff. invariance
o A= M5 field redef.
combine into curvature tensors use leading Einstein equation R,,, = 0
M2
S = dizy/— [R - o (a3R< ) + as R ))
~ 2 ~
( R®) gy (R(z)) + 2&4R(2)R(2)) b ]
Vpo PHHYPI » — Q
R(2) — R,Lu/paR'UJ P y — R,prJR y R,ul/pa — %G,UJ/ BRaBpa

(3)

RG) — R, Rpaaﬂ R.s", R = R,." Rpaaﬂ R, i

Integrating out DokFs

EFT cutoff A ~ mass scale of lightest particle



A tale of 3 EFT theorists

Two scales in Einstein EFT: Mp, A

How do we do power counting”?

L 2h 4 O(1) 9673 Caron-Huot, Li, Parra-Martinez & Simmons-Duffin, 2201.06602
A5
O(1) M} ; O(1) s o M2 O1) @)
L~ MER + e R®) L~ MR+ A2 R L~M:R+ A\ R
- suggested
toO0 restrictive L
oo relaxed positivity bounds!
basically ignores Mp string theory violates it correction < GR

Einstein EFT Wilson coefficients: Qs 563 ~ A_ Ayy Ay, Ay ~ ——



Deviation from GR in strong gravity regime”?

-Gravitational waves from aLIGO > Observe strong gravity

-Black hole shadows from EHT regime for first time
Endlich, Gorbenko, Huang & Senatore, 1704.01590

Generalize Goldberger-Rothstein EFT to include h.d. corrections
2 CC ) C Raﬁq/cSRaﬂfyd

cc C
eff—/daf,'\/ —g2M <_R+F+F+A_ﬁ+

=~ a3v0
Consider A, A, A_ ~km™! -Easily pass weak gravity tests
Match to: -Likely for table-top tests
1 1 ijo 1 1i0
Sext.obj. = [ dt§ |m1+ma + 2M(t) el — V(r(t)| + 5 Quy(t)R™ — 2 Jij(t)em B + ...
potential quadrupole  current quadrupole
moment moment
Parity Even | Parity Odd Parity Even | Parity Odd  ©9 Feynr:zan diagram
Operator | C? C? cC Operator | C? C? cC : 1
AV/V vl v a v9a AP/P v 6 04 ;lq
Aw/w [ vt | va voa Ah/h | v* v” v IV' '\w
AQij/Qij | v* = v° ) |
AJij/Ji | — | vt v? often at observable 2PN e ”l -~ 5




Speed of gravity

de Rham and Tolley, 1909.00881

INn classical GR due to equivalence principle
In Minkowski vacuum ¢,,, = 1~ On nontrivial background gy, < 1
In Einstein EFT (with h.d. corrections) allowed by positivity bounds

L (LB) seen in loop UV example
On nontrivial background gy, > 1 or string theory example

even If background preserves null energy condition

eg, Integrate out matter loops & on FRW background
—1 0

1 i
~—15 1 1~0.2

scalars [ ]

» W

] subluminal

B superluminal

~—18

~1.2
Vectors - . -" (N)

Similar to photon’s velocity in curved space Drummond & Hathrell, 1980



Graviton f-channel pole

Spin-2 pole s/t survives twice subtraction

Loy~ [
vz O [ Shm o)

- Ly Alberte, de Rham, Jaitly & Tolley, 2007.12667
Bounds are not strictly positive Tokuda, Aoki & Hirano, 2007.15009

AZ
azo > Ve X 0(1)
Pl o
Numerical bounds o
— D=8
— D=9

functional optimization _
mpact parameter b = £/ O\ % IIIIIIIIIIIIIII b

~15 ~10 > — 5 10 1587¢
Caron-Huot, Mazac, Rastelli, Simmons-Duffin,2102.08951 -3

/



Positivity bounds on

Massless graviton

193> M® / log(M /mig)

—instein EFT

Caron-hot, Li, Parra-Martinez & Simmons-Duffin, 2201.06602
Chiang, Huang, Li, Rodina & Weng, 2201.07177

IR divergence = introduce cutoff nyp

Regys M/ (87G log(M/mir))

g1M° /(87G log(M /mig))

g1 M®/(87G log(M /migr))

project bounds to log(A/myg) ~ O(10)

Spin two
Rarita-Schwinger
Vector

Fermion

Scalar



Low spin dominance

Assume spectral density

<pi_>k > a<p}r>_4>k
<P8L+>k = O‘<PJJF;FO k

choose by-hand a = 107

tree level string &
1-loop spin < 2

-

L ]

-9-8-7-6-5-4-3-2-10 1 2 3 4 5 6 7
a9 1

9.0

Bern, Kosmopoulosa & Zhiboedov, 2103.12728

Superstring

Heterotic string

Bosonic string

Spin two

Rarita-Schwinger

Vector

Fermion

Scalar

low spin dominance
Allowed



9M* /94

Low spin dominance

Bern, Kosmopoulosa & Zhiboedov, 2103.12728

Assume spectral density

<pjl__>k > a<p}r>—4>k
<p6H_>k = a<pjj0 k

choose by-hand o = 10°

3.0

25

2.0

1.5

10

0.5
‘

0.0

..............

ge M ! / G4

tree level string &
1-loop spin < 2

= = =
1
1
1
1
1
L ]

Superstring
Heterotic string
Bosonic string

Spin two

Vector

Fermion

o
@
Q
@ Rarita-Schwinger
O
[
O

Scalar

9 876543210123 456 7 ----- low spin dominance

Bosonic string
Heterotic string
Superstring

Spin two

Rarita-Schwinger

Vector

Fermion

Scalar

2,1

2,0

Allowed

positivity bounds by Caron-Hot et al

NO NEeEC

{0 assume

low spin dominance!

Bern et al used weak positivity bounds

Caron-hot, Li, Parra-Martinez & Simmons-Duffin, 2201.06602



—instein-Maxwell EFT

At lowest energies known massless particles: graviton & photon

2

M 1 ~uv 2
£=x _g<TPR_ 4 #VFW‘FQI(FWFW)2 T Q2 (FMVFu ) + BW 0 poe FHFP° + )

m
Weak gravit niecture q = or 4o+ 18>0 >0
eak gravity conjectu NGIT2 on £ 376> 0, o
WGC implied by positivity bounds if #-channel pole is ignorable
]\2/—’4f2 Cheung & Remmen, 1407.7865; Noumi & Shiu, 1810.03637

Bellazzini, Lewandowski & Serra, 1902.03250

However, f-channel pole is not ignorable
Alberte, de Rham, Jaitly & Tolley, 2007.12667, 2012.05798

1 2 Mg Explicitly compute with #-channel pole
Positivity bounds do not imply weak
gravity conjecture

M (£> Henriksson, McPeak, Russo & Vichi, 2203.08164

miRr




Causality bounds within EFT

Shapiro time delay (around a BH)

EFT corrections

S 2 + + +
déd - [w - VGR(T5 £) —cip V=(r; £, w)] v,
At infinity 7% — —00 W, o e20eetwrs _ (—1)fe=wwr
00y (w) often T, ' <0
: _ _ mGR EFT
Time delay T, =2 O I, + 1, ie, time advance

- Asymptotic causality —1; < w €9, Cama”go’zﬁi%i'zge(‘)@ '1\/'43(';;3;;3’;‘
- Infrared causality — EFT < w ! de Rham, Tolley & Zhang, 2112.05054

Example  s4) = / day/—g il [R+F(RabcdR“de)2]

Infrared causality for 3M;BH = A 2 7x 107!eV

but current GW experiments can only reach A ~ 10~ 3¢V



Quantum COrreCtlonS Feynman, 1963; De Witt, 1967; Donoghue, gr-qc/9405057

Wrong statements often seen in popular science:

“We can’t quantize general relativity!”
“General relativity is incompatible with quantum mechanics.”
“General relativity is non-renormalizable, so we can’t quantize it.”

We can quantize general relativity.

Example: guantum correction to Newton’s law

41 ]
V(T) _ Gmimeo |+ 3G(m1 -+ mz) | Gh
r r 10m 72

Bjerrum-Bohr, Donoghue and Holstein, hep-th/0211072 quantum correction



Compute potential from Feynman diagrams

S > 7 B e kY Ak
ml\’«\&‘{mz) (lfrcril) L4 (nlf;) (1) )"‘:ﬁ (m2)  (ma) @ (m2)
/ by ks \\ / \k?’ kl/l \\kg g / \\ ks
Newtonian
,‘k‘2 ks k, k4 \
/ \ 7 k2‘ 4k4 ko 4 k4
(my1) }(mz) (ml)@ (m2)  (my) V (mg) (my) | (m2)
A /k . ks K ki g \k3
/ kl \ / 1 k,?, \ / \ / \
kA ‘,ﬁ kQ‘* 4k4 Ak4 ks k\ Ak4
mq mo my ma (ma1 ms) m1 “'\‘—0 0"\‘—‘ ma2
() M@ﬂ(@) i o m@w ‘ ‘< )

I \

Bjerrum-Bohr, Donoghue and Holstein, hep-th/0211072



Scalar-tensor EFTs



Scalar-tensor theory

Theory with light DoFs: g, + (real scalar ¢

. . . not Higgs
Cosmologists like scalar fields! 99

- INnflaton
- dark energy
- dilaton, axion

- easy to be consistent with cosmo. principle
- form classical configurations, unlike fermions
- many of them from string/M theory

Earliest example: Brans-Dicke theory = variable Gy,

1 A ) current bound @ > 10°
5= 167 d'zy/—g | PR - gaaqba (b) by solar system tests of GR
More generally, a scalar-tensor EFT being constraints by observations

§ = /d%r( PR——Vﬂqsv“cp——as - 21 2(V,09H0) + TLo + P2 gg

4
—V#QSV”QZ)R(Z) _ ﬂvﬂqsqubv V,RMPO +>

(3) (3)
'R + ¢R +2 3

3!



Hairy black holes

BH unigueness theorems in GR Kerr BH is unigue solution

No-halr theorems Ruffini & wheeler, 1971

unigueness of BHs in presence of matter fields

: _ Hawking, 1972; Bekenstein, 1995
Case of scalar field: a few no-go theorems Sotiriou & Faraoni. 1109.6324

Hui & Nicolis, 1202.1296
But there are hairy BHS  sotirou & svz, 1312.3622

M2

S = Tp ‘r\/—g (R — %@Lgb@“‘gb + aqﬁg) G : Gauss-Bonnet invariant

from EFT viewpoint, easy to have hairy BHs: ¢G is leading coupling

Used as a fiducial model to

test deviations from GR in strong gravity regime (GWs, ...)



Spontaneous scalarization

+ GR solution with ¢p = const in weak gravity
- Deviates from GR only in strong gravity regime

Neutron stars Damour & Esposito-Farese, 1995
1
S = g | LIVIR 2V, + S [T A2 )|

non-minimal coupling

Black holes Doneva & Yazadijiev, 1711.01187
Silva, Sakstein, Gualtieri, Sotiriou & Berti, 1711.02080
1

1
— T /d4w\/—_g [R — EV,LLSOV'USO + f(SO)%]

f(o) = ap? + bp* + ... no linear term, so not always hairy

S

Both of them rely on tachyonic instability in scalar sector

m? >0 stay in GR solution

5o +m*(E,T)ép+...=0

m? < (0 roll down to hairy solution



Positivity bounds on scalar-tensor EFT

Scalar-tensor EFT Hong, Wang, SYZ, 2304.01259
4 P A3 3 Mg, @ 2 ) b1 B2 9
S = /d TN/ — ( R——VM¢V“¢— ¢ ——¢ +—(VM¢V“¢) ¢g+ d) G
3' R(3) -l 3 ¢R(3) _|_ V ¢VM¢R(2) _ Tvﬂqbqubvl/ 0¢RNVPU +... >
4 4 ST mememsre RIS  TeEne
N | & =100 +  Kink2 G70=1.0,G0,=05 Agnostic about g}'y and gZ',
3 3.760 3
= 2 '\ 3:7so: rz\lf‘) 2
1 3:740: 1 -
0 3.7351 0 h \
0 1 2 3 4 5 6 7 3737606.7626.7646.7666.7686.770 0 1 2 3 4 5 6
2 ~
B1 B%

$#G and ¢°G generate hair BHs and spontaneous scalarization

EDMP\/—g(

O(1)Mp
A3

29) scalarization is natural!



Power counting via dispersion relations

Use normalized dispersion relations Hong, Wang, SYZ, 2304.01259
Out| 4|2 Out| 4|2 E,ut E,ut
© du | dog’ Cm‘ dyy Cw‘ A? . /oo ‘ Co ‘ |Cfﬂ|
16 2z+1/ 2 a +
M2 Z i ) A? W[ p (b +1t)° Mp zz); C o (u+t)3
c; v c; UV partial amplitude d," - Wigner d-matrices
Find correspondences "
A e att st ATt A A 210 A0 04 50— L= C
Mp Cous>CopsCops Cop Mp 7 Cow Cops Copo Ctp A ABO
- op — 38)dsh el fo,diMe e fo,dih e ey M
eg, _1;4-’);1 _ / d'u, ( M= )AA(Z1 L™, B A(;, = _f, i L 4 A3,0A l, i L $ ")/1 ~ f
P Ix 1 t i ar(p—t) ar(p+t) A

For lowest few orders
_ VIVT RV ¢ 1TV M1
Ogr ~ MEA? [K] [F] [FP] [T] Ng = |[Ny/2

for higher orders, use the above correspondence rules



Horndeski theory

Most general scalar-tensor theory with at most 2nd derivatives in EOMs
S = /d%\/_g(z}; + L3+ L5 + Ly + L)

Horndeski, 1974
L5 = A*Ga (¢, X),

G;i(¢, X) : generic functions
L3 = AGs(¢, X)Og,

i x = —0,00"¢/ (2A4)

A2

L = M2G4(4, X)R + —2= ((0¢)% — (VuV.9)?)

M?2 . Gsx

L = 5 Gs(9, X)Guw V'V — 5 (O9)° —306(VuVud) +2(VuV.d)?)
re-discovered as generalized galileon Deffayet, Deser & Esposito-Farese, 0906.1967
Built upon galileon theory Nicolis, Rattazzi & Trincherini, 0811.2197

Goldstone mode

D
7 ;gnqﬁamamlwma“ﬁ' OO s gt et b

galileon arise in decoupling limit DGP braneworld, dRGT massive gravity



GW speed constraints on Horndeski theory

First binary neutron star merger

GW170817: both GWs and EMs = ‘ng — 1] ~ 1015

multi-messenger astronomy!

Leftover of Horndeski theory after GW speed constraint

If taken as dark energy model

LY = AGa (¢, X), Creminelli & Vernizzi, 1710.05877

- Ezquiaga & Zumalacarregui, 1710.05901

L3 = AG3(¢, X)Oo, Sakstein & Jain, 1710.05893

G Copeland, Kopp, Padilla, Saffin

LH = M2G4(¢, )() R4 ;’QX {8y MY & Skordis, 1810.08239
MP

“#%é—&@@—»%%%ﬁ—
6A°



Caveat for the GW constraints

de Rham & Melville, 1806.09417

GWs from LIGO: 10 — 100 Hz

Cutoff for Horndeksi for dark energy: Az = (MPH(%)% ~ 100 Hz
LIGO GW frequencies ~ EFT cutoff

The GW speed constraints should be taken with a pinch of salt!

Toy model 1 ‘ 10!

1 1 1

Ly, = —5(06) — 5(0x)* — 5 M + {-(09)° 100

cs® 2/3

Integrating out = S

1 M?
— (Hd)?

; A4( ¢) Ve

107"

1 2 2
L= _5(8@ * ] (0¢) 18, Hec | PTA LSA  LIGO 1072

10-20 10~ 10-1© 10-5  10° 105
9 9 40 w? M? k | Hz

1+ 202 M2 — w? + k2 LISA will settle it!




Beyond Horndeski theory/DHOST

not 2nd order, yet no Ostragradski ghost

Degenerate Lag rangians can’t fully Legendre transform form ¢; to p;

Horndeski theory:  degenerate within scalar
beyond Horndeski: degenerate between scalar & metric

Degenerate Higher Order Scalar Tensor (DHOST)

£ = 5 41(6, X)V, 9,699
£ = = 4a(6, X)(09)° |
1 subject to:

Ly = 15 As(@ X)E)VuVIV'eVie  yeqenerate conditions

1
d __ - LT P v
‘C4 o AS A4(¢’ X)Vﬂ¢v \4 ¢VPVV¢V ¢ Gleyzes, Langlois, Piazza & Vernizzi, 1404.6495
Deffayet, Deser & Esposito-Farese, 0906.1967

1
LS = FA5(¢’ X)(VF¢V V¢V’ ¢)? Gao, 1406.0822

+ Horndeski terms



Positivity bounds on Horndeski and beyond

Even positivity bounds on scalar sector already rule out a lot of models!

Positivity bounds + cosmo. data N-| class DHOST
(satisfies GW speed data)
9x=0.08 60 N
(0p)* deformed _ .. 9.-0.00
. > 9x=0.04 ﬁ =0.424
galileon 40}
gk=0.01 ﬁ=0.353
% 20f " 20,306
I;\_E: [ | ﬁ=0.267
0
o 5/1]1=0.204
! miA=0.353 — m_g
. -20¢ 7
massive ol "’jjjjzz Rt )
: mess 60 -50 -40 -30 -20 -10 O
galileon miA-0.267 A’
-0 miN=0.204
Xu&S8YZ, 2306.06639 1 . . ~™*  Unhealthy hierarchy between m and A

0.0 0.5 1.0



—F T of inflation

Weinberg approach AL = /—g(f1(#)(8¢)" + fo(#)Cpupe + F10(#)CC)

M > v/2eMp Weinberg, 0804.4291
: 2 Cheung, Creminelli, Fitzpatrick,
EFT IN brOken phase M > 6I{‘Z\JP Kaplan & Senatore, 0709.0293

Inflaton background ¢,(f)  choose ¢ as clock ' — b+ fi(t, T)

M0 (g + 1)+

vV — 1
/d4$ [ MPIR—I_ MPIHgOO _ ]\4’1:)1 (3H2 + H) 4 §M2(t)4(goo N 1)2 N !

- My (t)° M,(t)? SEH 2 M;(t)?

2 2 2
unitarity gauge 8¢ = 0, inflaton eaten by graviton generic non-Gaussianities
modified sound speed

(900 + 1)5Kﬁu -

5K“,,5K”M+...].

Goldstone mode (equivalence theorem)

: 1
S, = [d*z\/—g [MIEIH((‘?MW)Q +2M; (7’?2 + 70 — 7’r—(3z-7r)2) — — M — 0-27r)2 + ...

> 3 A

easy to compute high energy corrections



—FIs of dark energy and black holes

EFT of dark energy (similar to EFT of inflation) ~ Gubitosi, Piazza & Vernizzi, 1210.0201
1

S = 5 [ dov=g [M2FR — po -+ o~ M2GHS + ) = (po + po -+ ME(HS - )) ¢

+ My (6¢°)? — m3 6g"6 K — M3 6K* — M: 5K, YSK", + mgh“"a“go“a,,go“

+ MOR? 4+ X0 R 6 RM + 113090 R + v1C* P Cpo + 72677 C, " Cogren
M4

+ 5H(09")* —mi (0g) 0K + ... .| |
useful for perturbation theory
dark energy and modified gravity in a given FRW background
: Franciolini, Hui, Penco, Santoni & Trincherini, 1810.07706
EFT Of halry blaCk hO|eS Hui, Podo, Santoni & Trincherini, 2111.02072

Hairy background: spherically symmetric & slowly rotating

parametrize perturbations in scalar-tensor theory



Summary

- EFTs are widely in gravitational and cosmological models
Einstein EFT

- Scalar-tensor EFT

In the theoretical side, a lot of effects have been trying to
understand and derive positivity/causality bounds on the Wilson
coefficients.

- Positivity bounds are constraints on the IR physics from the UV
iInformation. They are robust because they only reply on
fundamental principles of S-matrix.

Positivity bounds on gravitational EFTs are more subtle.



Thank you






Positivity bounds on

—FTs



“Anything goes” for EFT coefficients?

EFTs are widely used in modern physics!

o

boson fermion o
A T A2 A

A: EFT cutoff  ¢;: Wilson coefficients
or low energy constants

C

Amplitude (s, ) = ) Az:fznsmt”

m,n

Question: Are Wilson coefficients ¢, , allowed to take any values?

Answer: No!



|

1‘

Positivity/Causality bounds

hngh ev\ergj U\f Ehec)rv
ma:be unknown, but assume cousaliby

Positivity bounds/
Causality bounds

S-matrix / EFT bootstrap

low energy EFT
constraints on Wilson coefficients




S|mp|e examp|e Adams, Arkani-Hamed, Dubovsky, Nicolis, Rattazzi, 2006

1 A
L ==70,009+ F(aﬂqﬁa”qb)z + - Pop1 ~ = \/ L + (3¢’ /
2)8°

A(s,t =0) = --- 4 + ...
A* Zowi~ /1 - 07 X

“First” positivity bound: A4 > 0

Significant advances since 2017:

Adams, Alberte, Aoki, Arkani-Hamed, Baumann, Bellazzini, Bern, Caron-Huot,
Chandrasekaran, Cheung, Chiang, Creminelli, de Rham, Dubovsky, Elias Miro,
Fuks, Grall, Green, Guerrieri, Hanada, Henriksson, Herrero-Valea, Hirano, Huang,
Jaitly, Janssena, Jenkins, Kim, Kundu, Lee, Lewandowski, Li, Liu, McPeak, Melville,
Momeni, Noller, Noumi, Nicolis, O’Connell, Penedones, Porto, Rattazzi, Remmen,
Riembau, Riva, Rodd, Rodina, Russo, Rumbutis, Santos-Garcia, Senatore, Serra,
Sgarlata, Shahbazi-Moghaddam, Shiu, Sinha, Timiryasov, Tokareva, Tokuda, Tolley,
Trincherini, Trott, Van Duong, Vichi, Wang, Weng, Xu, Yamashita, Yang, Yao, Zahed,
/hang, Zhiboedov, Zhou, ...

Snowmass White Paper: UV Constraints on IR Physics, de Rham, Kundu, Reece, Tolley & SYZ, 2203.06805



Similar to swampland idea
But positivity bounds take more conservative approach

' ' \ —- - i 5 W R " ?."-‘
“. IR TERES ! -. :
L -
|

9, '.'j : oﬂ' ATy | <
: ' I .4( .'\a,“ ' § |

"- . .

satisfied by
nositivity bounds




Causality implies analyticity

Kramers-Kronig dispersion relation |
Titchmarsh's theorem

t<0)=0
f(w)fs(quare—)integrable — = f (w) analytic in upper @ plane
AImw
_ 1 +00 dw’ _
— = / ) el f(w):EP — f(w')
= ‘o »e W —00 W W
W

eg, complex refractive index n

Relativistic version: response restricted with light-cone

m =00 S0 e Ftoreg = g [ T Wk

e W — W



Analyticity of scattering amplitude

S-matrix program in 60’

A(s, t) as analyhc function Mandelstam. Martin, .

—(p1 + P’2 2m

_ 4?2 Im(s
/ —(p1 +pY}) 2 _° 24m (1 — cos @) (5)
—(p1 + ps) —4m2—8—t
@ N —t| m? 4m?
o °o —
3m? —t RC(S)
Crossing symmetry

A(s,t) = A(u, t) = A(L, 5)

Locality: A(S, 1) is polynomially bounded at high energies

FrOiSSB.rt(-Martiﬂ) bound: Froissart, 1961; Martin, 1962

lim |A(s,t)| < Cs'™), t<4am?, 0<e(t) <1

S— 00



Unitarity

Unitarity: conservation of probabilities S'™S=1=T—-T" =iT'T

Generalized optical theorem

AT F) - A (F 1) =i¥) / AT (27)*6% (pr — px) A(T — X)A*(F — X)

optical theorem (@ = 0): Im[A(I — I)] Za I X)

Partial wave expansion: A(s,t) ~ Y (2¢+ 1)Py(cos 6)a(s)
=0

, , (2-2 scattering, for scalar)
Partial wave unitary bounds:

0 < |as(s)]” < Imay(s) <1



Fixed t dispersion relation

Analyticity in complex s plane (fixed 1)

A(s,t) = Léds' Als, 1)

271 s’ — s

Froissart bound |A(s’ — o0,1)| < §°7¢ [
su crossing symmetry A(s, 1) = A(u, 1)

Twice subtracted dispersion relation

o0 d r 2 2 7
A(s, £) ~ / A5 L Y% A, t)
A Tpt lp—8  p—u

EFT amplitude IR/UV connection UV full amplitude



Forward positivity bounds

Forward Iimit ¢t = 0

© ( ) 2 2 7
A(s,0) ~ / £ % | m A(g,0)
A TpS L pts.
C2,08” 4 c408" 4+ = (/ 2 dl; Im A(p, 0)) s* + (/ 2 dl; Im A(p, 0)) st -
(uyv 1y’
matching 2du
i Sum rules: C2n,0 = / rultn Im A(p, 0)
“First” bounds u: scale of UV particles
Optical theorem
m(A(s,0) xo(s) >0 =P 20> 0

Adams, Arkani-Hamed, Dubovsky, Nicolis, Rattazzi, 2006 + earlier works



Recent developments of positivity bounds



Generalization away from ¢ = 0

© 4 2 2 . o
A(s,t) ~ / H [ 5 4 u ] Im A(u, t) partial wave unitarity
A H

2 —Ss KU positivity of Legendre polynomial
%Im[A(s,t)] >0, s>4m* 0<t<4m?’
Recurrent Y bounds: de Rham, Melville, Tolley & SYZ,1702.06134

M/2
Y(2N,M) _ Z CT-B(2N+2T’M_2T)

r=0
(M—-1)/2
Z (2(N—|— k) 4+ 1)ﬁky(2(N+k)’M_2k_l) >0

k even

Helicity Transversity
Valid for massive particles with spin

If use transversity formalism o N
W N\, TN

de Rham, Melville, Tolley & SYZ,1706.02712




Y bounds on SU(2) ChPT

Wang, Feng, Zhang & SYZ, 2004.03992
best bounds are away from ¢t =0

|
4

t =4
17.67
15.39 6

GL
. . ABT
[ = 3.5 13.11 \

N “GRMS
10.83 =t Ay \Q?

° ° ° < — Improved, 468 MeV
8.55 — Improved, 430 MeV
2t | — Improved, 388 MeV ]

- N W s OO - NDWwWbLb OO - NDW b OO - N Wb OO

6.27
H - ~ — Improved, 341 MeV
3.99 — Y Bounds
[ = 04 Of Manohar&Mateu
pd 1.71
I 10 -8 -6 -4 -2 0 2 4
M I
(2N.M) ’ o
Y (2) bounds on O(p*) coefficients



—FT-Hedron for t = 0

Arkani-Hamed, Huang & Huang, talks in 2017, 2012.15849
Bellazzini, Miro, Rattazzi, Riembau & Riva, 2011.00037

Con,0 = /A o I A(1,0)  — y = / z"dp(x)
0

This i1s a Hausdorff moment problem!

Co0 C40 C6.0

Solution: C40 C6,0 €80

Define Hankel matrix H(can0) = Ceo C30 Cl00

nonlinear positivity bounds

H(C2n70) t 0 & HShift (02"”0) = H(C2n’0) C2n,0—7C2n+2,0 t 0

& H(C2n,0) _ HShift (CZn,O) >~ 0




Why su bounds typically one-sided”

00 2

. du s U
c; st = A(s,t N/ { + }ImA 1, t

® TH ol

Expand dispersion relation and match s't/ on both sides

partial wave expansion: A(s,t) ~ XyPy(1 + 2t/s)as(s)
unitarity: 0 < |ag(s)]* < Imay(s) < 1

Sum rules o Z /d'i], Dz,](n) dﬂ = d,l/t Ima,g(S)
fort #0: -+ n=¢(C+1)

D- .is polynomial of # that is bounded below

Lower bounds Cz"NZ / zﬂ D“““Z / df—mg = Dig cas

Tolley, W. & SYZ, 2011.02400
D = min, [, )




Magic of crossing symmetry / »
We have not used st symmetry : p3\ /;
© - O © ()
A(u,t) = A(s, t) = A(t, s) VA
. p,
®
© du [ & u? © du [ # 22
o mala=s ] mame~ [ S 5 e i e

- Tolley, Wang & SYZ, 2011.02400
Null constraints Caron-Huot & Duong, 2011.02957

Ima((:u’) (n)
> [ an ST =

st crossing imposes constraints on Ima,




Powerful two-sided bounds

: (n)
Add null constraints to sum rules: 3 / P AU
14

Dy () + X, al ()
Cij ™ Z / af it -

can choose a,, to make D; ; + Znanl“f’;) bounded from blow and above

a, can be positive or negative before D only has min

NOW: D + > a.IT'™ can have min and max

nons g

=P Wilson coeff’s ¢; ; have two-sided bounds

Tolley, Wang & SYZ, 2011.02400

Can further add different order I/ ()

optimize via linear programing
Caron-Huot & Duong, 2011.02957



Two-sided bounds

A(s,t) ~ ca08°

C2.1 82t

C2.25

2t2

All Wilson coefficients are parametrically < O(1)!

(m,n)

Lower bounds

Upper bounds

(1,1)

3
C1,1 > —54/€1,0€2,0

c11 < 8,/C10C20

(2,1

5
C2,1 > —54/C2,0€3,0

465
C2,1 < 354/€2,0€3,0

(2,2

9
€22 > —5C30

2961
C2,2 < “5g7C30

7
€3,1 > —754/€3,0C4,0

1097
€31 < T5g4/€3,0€4,0

(3,2

C32 > —764’0

10027
€32 < Tgg €40

)
)
3,1
)
)

(3,3

c33 + fean > — 11\ /Caots,

33 — 8(34’1 > —154\/%_65@,
33— Blegy > —%ﬂ\/m,
C33 — 10464,1 > —3369\/m

650 2310
€33 — 27 C4,1 < — 747 /€4,0C5,0

180 8705
€43 — 1 C5,1 > — gy +/€5,0C6,0;

325 16825
€43 — 5 €51 > — 94 1/C5,0C6,0;

169 11187

€43 — S C51 > — 48 1/€5,0C6,0
74: 2

€43 — 4365,1 > —63879\/05,006,0

17 3023
(4,2) C42 > —5C50 c2 < 53°C50
3 253 73153 708543
(4,3) ca3+4¢51 > —5°\/C50C60, | €43 — a8 C51 < — 3406 1/C5,0C6,0

(4,4)

25 147
Ca4+ 54C52 > — 75 C6,0

125 71175
C44 = 37C52 > — 5 €60,

785 83490
C44 — 55 C52 > —773 C6,0,

2485 1144125
C44 — 69 €52 > T 45 C6,0

195
cs4 — 15¢52 < —=32¢60,

2. 4.
caa+ Giipcs 2 < — B co0

tree-level in EFT

used to be a folklore, called “naturalness/dimensional analysis”
but now a rigorous QFT theorem

Tolley, Wang & SYZ, 2011.02400

Caron-Huot & Duong, 2011.02957



Ruling out Galileon

T —m+c+b,x", ¢, b, = const

linked to dRGT massive gravity, DGP braneworld
applications in cosmology

. : : Ad , Arkani-H d, Dubovsky,
original Galileon marginally ruled out by " A o o 200k

9
m- 9

Weakly broken Galileon theories £ ~ Lgatileon 5T

‘ sty symmetric bounds

A ~m notavalid EFT

Tolley, Wang & SYZ, 2011.02400

also inconsistent with observational constraints  Xu & SYZ, 2306.XXXXX



Alternative methods

Fully crossing symmetric dispersion relation

* ds’
M0(81,32) _a0+— s

™ J28
3 81

A(sl, 82+) (3'1, a)) X H(s'l; 1, 89, 33)

Sinha & Zahed, PRL, 2012.04877 + locality constraints; connection to geometric function theory

Locality constraints analytically solved Song, 2305.03669
1 do (203 -+ 818283).A (a, S+ (0, —313233/03))
(5) (g) — [ _
MT(s) = a0 + 7T/ o ( (0 —s1)(0 — s2)(0 — s3) 2A(2,0)
stu EFTHedron \ .
reduce to bi-variate moment problem |} 4 |

(GL rotations + triple-crossing slices) @, ol \

40 o\ /” I

’I
”
’/
-
”
-
\\\\
————————

mostly analytical method

Chiang, Huang, Li, Rodina & Weng, 2105.02862 B



Sounds on gravitational EFT

Bern, Kosmopoulosa & Zhiboedov, 2103.12728

Known theories < positivity 7

simple positivity

low spin dominance

|

|

|

|

1

-9

8 -7 -6 -5-4-3-2-10

tree level string amplitude
1-loop hlh — hh amplitude with heavy matter

Superstring

Heterotic string

Bosonic string

Spin two

Rarita-Schwinger

Vector

Fermion

Scalar

Low Spin Dominance|,—¢-2

Allowed



Multi-field generalization

Partial wave unitary (for identical particle)
Im azzzz Z azz—>X 7/1,—>X Z ‘ azz—>X ’ ~ 0

use linear programing to obtain optimal bounds

Generalized optical theorem (for multiple fields)
Im azjkl _ ZJ—>X ( IEHX)* ~ 0
X
use semi-definite programing to obtain optimal bounds

SDP with a continuous decision variable

u: the UV scale;  solvable by SDPB Du, Zhang & SYZ, 2111.01169



Si-scalar theory

Sum rules
Cm,n
Cijit = <CZLI¢?> = [mz ¢ T (=1)"mym, ] e m, ~Imay,

and more null constraints

Du, Zhang & SYZ, 2111.01169

Z, bi-scalar theory

5
4
3 t21(3=1.42
N, —820,5=0.3 G

1 e 62’0(2)=0.6 — &2'1(3)=—1 2
0 —8*%=1.0 —t?13=-24
1 - 62'1(3)=-2.47
15 -10 -05 00 05 1.0

~2,1 ~

Y (2) 02’1 (2)



Graviton f-channel pole

Spin-2 pole s/t survives twice subtraction

Loy~ [Ty
vz O [ Shm o)

Bounds are not strictly positive Alberte, de Rham, Jaitly & Tolley, 2007.12667
Tokuda, Aoki & Hirano, 2007.15009

AZ
azo > Ve X 0(1)
Pl o
Numerical bounds o
— D=8
— D=9

functional optimization _
mpact parameter b = £/ O\ % IIIIIIIIIIIIIII b

~15 ~10 > — 5 10 1587¢
Caron-Huot, Mazac, Rastelli, Simmons-Duffin,2102.08951 -3

/



Sharp bounds on gravitational EFT

— ' ' Caron-hot, Li, Parra-Martinez & Simmons-Duffin, 2201.06602
EFT Of —mSteln graVIty Chiang, Huang, Li, Rodina & Weng, 2201.07177

...................

= Spin two

93> M® / log(M /mig)
RegysM® /(870G log(M /mygr))

Rarita-Schwinger
~— Vector
= Fermion
4 = Scalar
g1 M®/(87G log(M/mig)) g1 M®/(87G log(M /mir))
EFT of Einstein-Maxwell Henriksson, McPeak, Russo & Vichi, 2203.08164

cannot prove weak gravity conjecture with positivity bounds



Sounds on scalar-tensor theory Hong, Wang, SYZ, 2304.01259

Tests of GR in strong gravity with gravitational waves

iy /=g P 3 3 /\4 4, O 2 51 52 2
3 3 2 vpo +...
+ 3 72( ) + ai N4RG) 4] v ¢v#¢72< ) — TV,LQSV,)(/)VV s GRHVP )
>< a=—-15 Agnostic about a ga'0=02,dg'0=0.1 di'0=2.0,dg0=10
4 G=0 % Kinkl 4 d2'0=0.5,d¢'o=0.25 di'0=4.0,dg'0=2.0
\ & =100 + Kink2 §2=1.0,40,=0.5 Agnostic about g’y and gg’,
3 3.760 3
A 3.7551
~NO | NO
>~2 3.750+ > 2
3.745-
1 3.740- 1 T T—
S—
3.7351 j
0 0 —
0 1 2 3 i 4 5 9) 7 37307606.7626.7646.7666.7686.770 0 1 2 3 4 5 6 7
& B3

$#G and ¢°G generate hair BHs and spontaneous scalarization

EDMP\/—g(

O(1)Mp
A3

29) scalarization is natural!



Positivity bounds in SMEFT

2,0

Azgkl(s t) ~ ngk

2 2 2,2
1° +ngk13t+ zgkl‘St T

- |lowest order positivity bounds: dim-8 or (dim—6)2
-+ phenomenologically more relevant



SMEFT: large DoFs

SM Effective Field Theory (SMEFT)

6(6)0-(6) 0(8) 0(8) Standard Model of Elementary Particles
I I

three generations of matter interactions / force carriers

j _ -
L = Lomt 2~ LT e

. mass  =2.2 MeV, =1. eV/c =173.1 GeV/c’ =124.97 GeV/c*
J ! - @ |- @ | @ @ |- H
up charm top gluon higgs
' I —
SM particle contents 0

=4.7 MeV/c* =96 MeV/c? =4.18 GeV/c?
| . @ . . b ] W
S M Sym m e-t rl e S down strange bottom photon

=0.511 MeV/c? =105.66 MeV/c? =1.7768 GeV/c? =91.19 GeV/c?
» -1 -1 0
% - » (M %» Gl 1 ;

electron muon tau Z boson
) _J I

e Parametrize new physics D e\ (o
Pl ® | ®([[® @
e Popular current approach U | meser )| neviomo ) |_novnno ) | W boson

2

if consider up to dim-8, or order § still huge parameter space!

How much can positivity bounds reduce the parameter space?



—lastic (forward) positivity bounds

2,0

Aijui(s,t) ~ €

8"+ ngkzszt T zgkl82t2 T
Elastic scattering: particle i + particle j — particle i + particle j

Ml]l] _ Cl]l] > 0 use optical theorem
2,0

Generalized elastic scattering: a+ b — a+ b

superposed states |a) = Z w;|i), |b) = Z Vi)

massless limit ’ !
u;, v;. arbitrary constants

Mabab — 2 U;V u]fvl*M’Jkl Z U;V ufvl*clfkl > 0

ijkl ijkl



First example: Vector boson scattering

Vl + V2 —> V3 + V4, ‘/l = {Z, W+, W_, }/}

Os.0 = [(D,®)'D,®] x [(D*®)t D" ®] Oro = Tr |W,, W | x Tr Waﬁwaﬁ
OS,I — ( ) DM(I)] X (DV(I))TDV(I) OT,I =TT WQUW“ﬂ x Tr WHBWOW
Ogs = [(D,®)'D,®] x [(D*®)I D' ®] I

52 =|( ;_A) v®] x [(D"2)T D Oy = Tr [Wo, W | x Tr [, Tirve
01\,1,0 = Ir WH,,W“V X [(DB(I))TD[}(I)] | i i

- Ors=Tr |W,,WH| x B,z B’
Ona = Tr (W, W"8| x [(Ds®)t DR @] b e [ el
ST Ore =Tr (W, WH | x B, s B*

On2 = |BuB" | x [(Dg®)! DF @] | ST e
OT7 = 1Ir WQHW“B X Bg,,Bua

Om3 = Buué"ﬁ X (DB‘I’)TD“‘I’] O B, B" x BasBP
T.8 — Dpuv aﬁ

Oma = (D <I>)TW[3,,D“<I> x B Or.9 = BauB*? x Bg,B"?,
Ons = (Ducp)“fwﬁ,,pr x BBk Or10 = Tr[WWW“”]Tr[WagWaB],
Om,7 = (Du¢)TW5uWBHDV¢] Or11 = TY[WWWW]BaBBaB-

They lead to anomalous Quartic Gauge Couplings (aQGCs)



dim-6 ops require dim-8 ops

If dim-6 ops alone, all elastic positivity bounds are violated

O(A™) :

D (=C)

(
(6)
2. D;f;
\ J

)

)

>0, C;>0

Positivity bounds require the existence of higher dim ops!

(dim-8 part) - (dim-6 part) > 0

O(A™) :

l weak but simpler bounds

dim-8 part) >0 = Y E fO >0

Zhang & SYZ,1808.00010



lastic positivity bounds on aQGCs

211
111
101

/O —2¢t, 0 —s3, 0 s
0 —2ct, 0 —styy O
0O -2 0 0 O
0 -2 0 -1 0
\0 -2 0 -1 0

+ a few nonlinear bounds

2 9
WCW
2

SWCW Cyy

0
1
—1

CW\

4

1

Y

Mr =

Mabab —

( 0 0
0 2
2 1
8 12
8%, 8cf,
0 0
0 0
0 16(13‘ ’
0 0
0 16
0 0

0

\ 8

0
8

4(7‘?4 ,
4(:?&/
4(:"5‘,
4(3/‘1,‘/
4
4

A4
8cyy

32(73‘, 32(13‘, 16(:“14,

4
1

"2 2 2 2 \2
_1()(/‘/‘/.5”/ 4 ((“/v - .SM/)

FS,i — (FS,Ov FS,17 FS,Z)T

T

Fyvio = (Fao, Fara, Faroy Farsy Faray Frv s, Favr)
T

Fr,= (Fro,Fr1,Fro,Frs,Fre, Fr7, Frs, Fro)

0 0 0 0 0 \
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
4¢ ‘év ""év 4(7‘6‘, ""év 2(:%‘, ST 2.5”5‘, .s’?v
0 0 2(:3‘, S 0 s?,v
0 0 sb 0 0
0 5%, sd 0 0
0 0 1 0 0
0 4 1 0 0
0 0 (2 —s%)° 0 2sh,

0 0 2
1 1 2

Bi, Zhang & SYZ,1902.08977

2 .2 4 X!
1 - 8«5”/(/‘/‘/ 8-5‘/‘/ 45”/

0
2

2tV u*v*M’Jkl > 0

y



Positivity vs experimental bounds (1D bounds)

Constraining aGQC in VBS

ATias —

July 2019

July 2019 KTlAs — Channel

No UV completion/Inconsistent Zhang & SYZ,1808.00010



Higher dimensional bounds

Oy and Oy Space of 18 Wilson coeffs for aQGCs
g 35.9 fb'1|(1C|3 TeV) 2% of total
; I | I o g—l—lExpl)ecltedg68% cL <——/
IR0 E— b ::Eiggggggggfgt _______ _|
= 0 /? _Ob‘sezedé 95% CL ]
3 -

18D sphere

Only ~2% of the total aQGC parameter

space admits an analytic UV completion!

/Zhang & SYZ,1808.00010



—xample: Flavor constraints from positivity

O1[Y] = —ChinpgOudv [Y]mn 0" [Pl g,
Oa[yp] = —cbi2  0udy (W] M-I W],

Flavor-violating couplings bounded by O3[Y] = —c¥3  8,J,[)%,,, 04" [1]°

Consider 4-fermion scattering

ad mnpq g L7 1pqg?
flavor-conserving couplings 04[Q] = —c% 0 Q)1 04T Q)12

] 2 OJl [%X — _b%)q({;qauju :,‘p]mq@'u']y [X]np7

eg: |e1231|” < crz21€1331 O 2@ L ==b32 0T o[ Q1 1y (L
1— _ 1¥x,3 WAL} [TV a

lepton no, strong isospin, strangeness, CP, etc ©731¥ X = ~bmuipgOudu[$]mg0"T" xlnp.

o O 1 :X) ==} ipq Ko [Vl ma K (X
App||Cat|Oﬂ Rodd & Remmen, PRL, 2004.02885 @, Q,L]= _a?c%ﬁbquW :Q]f:anV“ [L]f;p

1 — _ A¥X,3 WAL v a
eg: Mu3e experiment targets ¢! _ with Oxs|,x] = =m0 K [P K™ Xl nps

1112
Br(u — 3e) ~ 1071 — 10712 requires ¢! ) 2 (300 GeV)™
TR e 2 € € e, e, .
Positivty: || < cinciin  LEP: i i S (500 GeV) ™

| EP preclude certain operators in upcoming 4 — 3e experiment



Stronger positivity bounds?

Mabab — Z wyuFvEMIR = Z uyuFvicii > 0

s it possible such that cy T T £ BT 20
ijkl %\ 9
M7 > 0, and {7, ijki TR T
ijkl

Yes, 1}, is more than u,v;uv=- !

Example: W-boson scatterings in SMEF

- b b
Fry >0, 4Fp;+ Frp >0 old: |a)|b) — |a)|b)

Fro+8Fr190>0, 8Fpg+4Fr1+3Frs >0
12Frog +4F7r1 +9krs +4F71 10 > 0
AFr o+ 4Fp{ + 3Fro + 12F7 19 > 0 scatterings of entangled states

new: |U) — |U)

T ~ Z AULUL,

n*n*™ij

Zhang & SYZ, PRL, 2005.03047



Rs of I cone

Best bounds from

generalized optical theorem

* T T+AS {Pﬁ_{ Ty 1 1 ’d>0}
cET =9™nN
ikl

S = {Tijkl | Tija = Tig = Tigir = 7}”"}

97 IS a spectrahedron Li, Xu, Yang, Zhang & SYZ, PRL, 2101.01191

(spectrahedron) = (convex cone of PSD matrices) N affine-linear space

Yy
To get best bounds, find all ERs of )

7 — (p)
all elements of 7: T;, = 2, “qukz a, > 0

p enumerates all Extreme Rays (ERs)
Best positivity bounds:

Z TP Akl S
ijkl

ijkl




Semi-definite program (SDP)

spectrahedron is parameter space of a semi-definite program

Use SDP to find best positivity bounds

minimize: . TuM"™

ijkl
—

subjectto: Ty €T =97 NS

min(7 - M) > 0, then MY is within positivity bounds

Compared to elastic approach (uvuvM > 0)

stronger bounds
more efficient (polynomial complexity)

Li, Xu, Yang, Zhang & SYZ, PRL, 2101.01191



Convex cone € of amplitudes

G = {Mijkl} — cone ({mi(jm|k|l)}> mij ~ MU—>X

X: intermediate state

€ isdual cone of I T = {T”kl‘T'ME D TyM™ > 0}
ijkl

For mY to be extremal, it can not be split to two amplitudes

->

l:i ~y l:i _>Xirrep ~ r,Q
Mgy ~ M G

CG coefficient

Get € cone by symmetries of EFT

*

% = cone({PIUKDV)|  PI'= 3 ()

a

->

Zhang & SYZ, PRL, 2005.03047 group projector




The inverse problem

Structure of € cone implies Zhang & SYZ, PRL, 2005.03047

Extremal Ray <= UV Particle

piUlklD
r
Example: Higgs € cone in SMEFT ® ®E
Wilson coeffs fall in blue region o ©FEis
) Eja
\ o:
E| must exit p EZS
* ® E;x

new UV state (SU(2); singlet, Y = 1) O

ERs of & (or dim-8 operators) are important

to reverse-engineer UV physics!
/Zhang, 2112.11665



VBS and 4-gluon interactions

o Transversal VBS

10D parameter space: 0.681%

Yamashita, Zhang & SYZ, 2009.04490

o 4-gluon SMEFT operators
/D parameter space: 1.6628%

obtained bounds both in € and I cone

Li, Xu, Yang, Zhang & SYZ, PRL, 2101.01191

Or = 'WWWW]TI'[W mﬂw]
Oro =Tr W(WW“ ]Tr[Wg Wwve]
Ors = Tr WWW Y| B, ,33“5
Ory7 = Tr W(WW“ |Bs, B
Org = B, B" B,z B’

Or,1 = Te[Wo, WH | Tx[W, W]
Or10 = Tr[WWWW]Tr[ a3 WP
Or¢ = Tr[W(WW ]B,L/gB‘W
Or11 = Tr[WWW ]B B
Org9 = BauB"’ Bg, B

Q) (G,G*)(GE,GPr)
Q) (G4,GA»)(GE GPro)
Q) (G#, GBH) (G4, GBPo)
Q4 (G4, GBr)(Ga, GPr)

Q(G’Q dABEdCDE(GﬁVGBNV)(GS’O.GDPG)
Qgg dABEdCDE (GﬁVGB“V)(GgUGDpU)
QG fABCG;:lu Gprg“




Test positivity with Drell-Yan at LHC

Li, Mimasu, Yamashita, Yang, Zhang & SYZ, 2204.13121

moments of leptonic ang. dist. in I
Drell-Yan are sensitive to dim-8 gqll ops =, -

2D individual, A = 2 TeV
|| Positivity excluded at 95% C.L.

- Positivity region

2D individual, A = 2 TeV
|| Positivity excluded at 95% C.L.
. Positivity region

(b)

g 1 —
<
. UV particle H | Apax [TeV 4] \%% [TeV]
. Sy 0.0015 > 5.1
3 Uy 1.2 > 0.95
Q4 1.1 > 0.97
w1 0.092 > 1.8
S Us 0.046 > 2.2
S B 0.00075 > 6.1
- innnng i G 2.5 > 0.80
-4321012 -4-202 4 -5 0 5 10-43-2101 2 0 5 10 -4-20 2 U 0.092 > 1.8
C3.1q03 C8.1904 C8.edn (8, eu2 G Guae




Unambiguous test of positivity at lepton colliders

Leading diphoton channel is from dim-8 Gu, wang & zhang, PRL, 2011.03055

ete (L) =y

95%CL reach from e*e™(u" ") > yy
100 —

05 o best reach  muon collider 36Tev‘5§
50F & AL .
. . + —_— - -
precision reach from e"e »yy 2 AR muon colider 10Te) =~~~ |
T T ] L] T T l L) Ll T I 1 L] T I T T L] I T T -3

T SEEC 240GeV

Vs [TeV]
U4 2 (2) 2 (1)
ajp = — QF (CWClszD — ZSWCWCPWBD -+ SWcl2W2D)
4

v
2 2
aR = — 2A4 (chyce2B2D + SiyCe2w2D)




Positivity cone and neutrino seesaw types

UV State Spin SU(2), ® U(1)y Interaction Seesaw Extremal Ray c
N 1/2 1o gN (H"eL) Type-I 4 —( 1,1,0,0,0,0,0)
)y 1/2 30 92! (Heo' L) Type-I11 X —( —3,-1,0,0,0,0,0)
=1 0 3 g=i [M(H'eo'H*) + z(L°ec’L)] Type-II X ; (0,0, —3z%, —z*,0, 16, (

Li & Zhou, 2202.12907

— (L,iD, L) (D*H' D" H),

| | | . = (EyuoliD, L) (D*H'o! DY H)

2SS N ogza,, (Iv*L) 0" (LyuL)

: | Oy =08, (Ly*o'L) 0" (Lyuo' L)

R Os = (D,H'D,H) (D*H'D"H)
' ' O¢ = (D,H'D,H) (D*H'D"H)

0,= (D,H'D*H) (D,H'D"H)

A only type-| seesaw is an Extremal Ray

||||||||||||||||||||||||

—20 oo L0 =00 0005 type-|| and type I live inside positivity cone




Higgs sector: 1 loop corrections i, 2012.12007

Improved positivity bounds  de Rham. Mebile, Toley & SvZ, 1702.08577

Alm s
M
1 [t DiscM (s
M’ (s) = M (s) / g5 2I5eM (5) c

21 ) _p2 s’ — s

YV i
Positivity cone up to 1-loop L 2212.12227 9< vve
) h Re s
CeA

1 [ Disclog(—¢
log (—s) — log (—s) — —— / s’ ISCS,Og(S ) log (A2 — )
: -

Cy>0, Ci1+C,>0, Ci+CL+C5>0

(®) ®) ®)
B _AXB6CH) + 13C, + 13C; — 18A))
for example ¢ = ¢y - L

(6)2

13CH)° + 260,00y + 8Ciy. — 1002 + 10057 —5C%,, +5C%,,
3672

_|_

cone structure is same as tree level, but with small corrections

see also arc variables Bellazzini, Miro, Rattazzi, Riembau & Riva, 2011.00037



HIggs upper bounds

fuller use of unitarity & crossing = two-sided bounds

Ima, > 0

Imaf>():> Imaf< 1 =
null constraints

N N=10, /,,=30
— : Cs
0.8f — : . — 1,01
| » 1 1st order
0.6 . I
C, : : 05 . 2nd order
@n°  g.a4f : l
0.2-— 111111111 C1
: 0.5 1.0 1.5
0.0. .......................... ] :
1 2 3 4 5 6 05
Chen, Mimasu, Wu, Zhang & SYZ, 2206 XXXXX -




_Reverse bootstrapping

Regge behavior lim Disc A(s,t) = r(t)s*®

S——+00

I-channel pOle subtracted pOS|J[|V|J[y bound Planck mass suppressed
82A4(0,0) > =B, (2(In7,) — (Ine)) + s > u
Consider hy — hy : 982A4(0,0) ~ —q?/m?

1) (In7) > (me/ge) 2 ~ (1073GeV)

2) [Ind/|" ~m?2/q® = higer spin \/meMs/qe < 10*TeV

Known IR physics constrains UV physics

Alberte, de Rham, Jaitly & Tolley, PRL, 2111.09226



Primal S-matrix bootstrap

Im(s) Imp,

A? /}
a b _c R
M(S,t,U) — Z CXa,b,cPsPt Py e(s) _ 5/A2)1/2 \/
a,b,c=0 Ps = 1+ 1—s/A2 1/2

analyticity and crossing symmetry are bulit-in

but need to truncate the amplitude expansion Paulos, Penedones, Toledo,
van Rees, Vieira, 1/08.06765

1) Parametrize amplitude directly

2) Impose full unitarity

2Im A,(s) > |As(s)|°

stronger results
numerically less stable

Primal: rule in space Dispersion relation: rule out space

FFT of Maxwell (photons): Haring, Hebbar, Karateev, Meineri & Penedones, 2211.05795

Compare primal and dual: Miro, Guerrieri & Gumus, 2210.01502



Summary

- Positivity bounds are robust — from axioms of QFT

- Wilson coefficients of EFT are typically bounded to be:

c; ~ O(1)

“naturalness” is a rigorous result!

- Applications in many areas including SMEFT.

_ °
- Significantly constrain SMEFT \ y A

- Venue to test QFT principles

O

- Important to reverse engineer UV theory (thus dim-8)

Thank youl!
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