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Symanzik Action
In this work, we generate the 2+1 flavor full QCD ensembles using the tadpole improved tree level 
Symanzik gauge action

rectangular term, higher order in a
and suppress discretization errors

link variables representing gluon fields can acquire large fluctuations. Tadpole 
improvement is a technique used to mitigate these errors by rescaling the lattice coupling 
constant and the link variables.

𝑢! is a measure of the average size of the plaquette stout smeared link 𝑉



Clover Action

Reduces discretization errors to order

Stout Link Smearing in Lattice QCD

• Goal: Suppress short-distance noise and enhance signal-to-noise ratio for observables
• Process:

1. Construct "staple" links, capturing local gauge field structure
2. Combine original link variable and staple links using a weighted average, with 

smearing parameter ρ (e.g., ρ=0.125)
• Benefits: Improved accuracy in hadron masses, form factors, and other observables 

sensitive to short-distance noise

providing more accurate results



Lattice QCD in China
name Volume Lattice 

spacing 𝛽 𝜋 mass 𝜂! mass L n_conf

C11P29Ss 24"×62 0.105fm 6.20 290MeV 640MeV 2.3fm 200

C11P29S 24"×72 0.105fm 6.20 290MeV 640MeV 2.6fm 900

C11P29M 32"×64 0.105fm 6.20 290MeV 640MeV 3.5fm 900

C11P22M 32"×64 0.105fm 6.20 220MeV 640MeV 3.5fm 450

C11P22L 48"×96 0.105fm 6.20 220MeV 640MeV 5.4fm 400

C11P14L 48"×96 0.105fm 6.20 135MeV 700MeV 5.4fm 100

C08P30S 32"×96 0.080fm 6.41 300MeV 650MeV 2.6fm 500

C08P30M 48"×96 0.080fm 6.41 300MeV 650MeV 3.8fm 400

C08P21S 32"×64 0.080fm 6.41 210MeV 650MeV 2.6fm 460

C08P21M 48"×96 0.080fm 6.41 210MeV 650MeV 3.8fm 450

C06P30S 48"×144 0.054fm 6.72 300MeV 650MeV 2.6fm 400

Parameters in this table are
approximate, and should be
determined later by fitting
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Parameters of the configurations



• one can define a scale by keeping a suitable gluonic observable 
defined at constant flow time t, e.g., 

Gradient flow scale

Y. Aoki et al. FLAG Review 2021 2111.09849

problem [44–46]. Finally, one can also make use of the noise reduction proposed in Refs. [47,
48]. It changes the definition of the discretized loops by a smearing of the temporal parallel
transporter [49] and thus yields a di↵erent discretization of the continuum force.

11.5.2 Gradient flow scales

The gradient flow Bµ(t, x) of gauge fields is defined in the continuum by the flow equation

Ḃµ = D⌫G⌫µ, Bµ|t=0
= Aµ , (498)

Gµ⌫ = @µB⌫ � @⌫Bµ + [Bµ, B⌫ ], Dµ = @µ + [Bµ, · ] , (499)

where Aµ is the fundamental gauge field, Gµ⌫ the field strength tensor, and Dµ the covariant
derivative [42]. At finite lattice spacing, a possible form of Eqs. (498) and (499) is

a
2
d

dt
Vt(x, µ) = �g

2

0 · @x,µSG(Vt) · Vt(x, µ) , (500)

where Vt(x, µ) is the flow of the original gauge field U(x, µ) at flow time t, SG is an arbitrary
lattice discretization of the gauge action, and @x,µ denotes the su(3)-valued di↵erential op-
erator with respect to Vt(x, µ). An important point to note is that the flow time t has the
dimension of a length squared, i.e., t ⇠ a

2, and hence provides a means for setting the scale.
One crucial property of the gradient flow is that any function of the gauge fields evaluated

at flow times t > 0 is renormalized [50] by just renormalizing the gauge coupling. Therefore,
one can define a scale by keeping a suitable gluonic observable defined at constant flow time t,
e.g., the action density E = �

1

2
TrGµ⌫Gµ⌫ [42], fixed in physical units. This can, for example,

be achieved through the condition

t
2

chE(tc, x)i = c , E(t, x) = �
1

2
TrGµ⌫(t, x)Gµ⌫(t, x) (501)

where Gµ⌫(t, x) is the field strength tensor evaluated on the flown gauge field Vt. Then, the
lattice scale a can be determined from the dimensionless flow time in lattice units, t̂c = a

2
tc.

The original proposal in [42] was to use c = 0.3 yielding the scale t0,

t
2

0hE(t0)i = 0.3 . (502)

For convenience one sometimes also defines s0 =
p
t0.

An alternative scale w0 has been introduced in Ref. [39]. It is defined by fixing a suitable
derivative of the action density,

W (tc) = tc · @t
�
t
2
hE(t)i

�
t=tc

= c . (503)

Setting c = 0.3 yields the scale w0 through

W (w2

0) = 0.3 . (504)

In addition to the lattice scales from t0 and w0, one can also consider the scale from
the dimensionful combination t0/w0. This combination has been found to have a very weak
dependence on the quark mass [51–53].

A useful property of the gradient flow scales is the fact that their quark-mass dependence
is known from �PT [54].
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An alternative scale

advantage: scale can be obtained in each configuration, not fit needed

[arXiv:2111.09849]



Wilson flow iwasaki flowSymanzik flow

Gradient flow scale 



Wilson flow iwasaki flowSymanzik flow

Gradient flow scale 



Wilson flow Intepolated to −1/(12𝑢!")



Joint jit
Based on PCAC relation, wp-pp ratio and form of pion 2pt, we do the joint fit

and obtain the renormalized quark mass 𝑚!
" and pion decay constant 𝑓#



No-correlated correlated

Two way to make correlated fit reliable:
1. Reduce the number of correlated point.
2. Increase the statistics.

2pt 𝑚! f"

a=0.105fm, mPS=0.229GeV





Inverse solve the equation:

With Continuous limit and infinite volume,    𝑎 → 0, 𝐿 → +∞

Physical point:



Future Plans

• Addressing Lattice Spacing and Renormalization Errors:
• In our calculation, the actual error of quark mass is expected to be 

larger due to:
• Errors in the lattice spacing estimation
• Errors in renormalization constants
• Plan to refine these estimates and account for their impact on quark 

mass errors



Future Plans

• Mass Difference of u and d Quarks:
• Study the kaon meson to calculate the mass difference between up (u) and 

down (d) quarks
• Investigate the role of this mass difference in the properties of the kaon and 

its interactions
• Compare the results with other methods and experimental data to validate 

our findings



Future Plans

• Tidy Python Codes for Data:
• Improve the organization and readability of the Python codes used 

for data analysis
• Ensure the code is modular, reusable, and well-documented
• Implement error handling and validation to increase the robustness 

of the analysis pipeline

Thank you 
hubolun@itp.ac.cn


