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For a review focusing on hadronic molecules, see:
FKG, C.Hanhart, U.-G.MeiBner, Q.Wang, Q.Zhao, B.-S.Zou, Rev. Mod. Phys. 90 (2018) 015004
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Ordinary and exotic hadrons

Ordinary hadrons Exotic hadrons

tetraquark pentaquark  hadronic molecule

Not that exotic:
analogue of nuclei
More than nuclei:

diversity

glueball

Components with the same quantum numbers always mix, what is the dominant one?
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Hadronic molecules

e Hadronic molecule:
dominant component is a composite state of 2 or more hadrons

e Concept at large distances, so that can be approximated by system of
multi-hadrons at low energies
Consider a 2-body bound state with a mass M = m; + mo — Ep

size: ~ ———— 2> Thadron

\/ 2/,LEB

e scale separation = (nonrelativistic) EFT applicable!

e Only narrow hadrons can be considered as components of hadronic molecules,
[';, < 1/r, r: range of forces
Filin et al., PRL105(2010)019101; FKG, MeiBner, PRD84(2011)014013



I ———

Relation with confinement mechanism?

® Different flux tube configurations: compact multiquarks and hadronic molecules

Ordinary hadrons

baryon

V.G. Bornyakov et al., PRD70(2004)054506

Multiquarks vs hadronic molecules

4= [ o1 |arge distance between Q and Q

For small|distance between Q and Q

compact tetraquark
? 3

V4Q1.5 -

. ¥

05 Y -
For lattice studies of flux tube picture of multiquarks, seep . W : —
e.g., F. Okiharu, H. Suganuma, T. T. Takahashi, 2 4 6 8 10§12 14 16 18 20

PRD72(2005)014505; PRL94(2005)192001 c ok o pR|?72(2005)014505
An overview: H. Suganuma et al., arXiv:1103.4015 - Ckiharu et al,

hadronic molecule




Compositeness

A H, H
Model-independent result for S-wave loosely B
bound composite states:
Consider a system with Hamiltonian
1q) la(+))

H=Ho+V a1 £y

Ho: free Hamiltonian, V': interaction potential Bo) WL
bare state physical state

e Compositeness:
the probability of finding the physical state | B) in the 2-body continuum |q)

1-2= [ G5B

» Z=|(BolB)|", 0<(1-2)<1
=/ = (0: pure bound (composite) state

= Z = 1: pure elementary state



Compositeness

e Schrédinger equation
(o +V)|B) = —Ep|B)

) q) |9(+))
' _ _ q mi + mo /\\
multiplying by (g| and using Hg|q) = =—|q): N Eg
) . 2 | By) @‘ﬁ
= momentum-space wave function: A |B)

(q|V|B)
IB) =~ 2 ) _'<

o S-wave, small binding energy so that R = 1/,/2uEg > r, r: range of forces
(q|V|B) = gxg 1+ O(r/R)]
o Compositeness:

2,2

2= [ a1 ()] = vt (10 (7))




Compositeness

e Coupling constant measures the compositeness for an S-wave shallow bound

27 27
state [gﬁm ~ (1-— Z)F\/2MEB = FV2UEBJ

bounded from the above

> gﬁR is the residue of the T-matrix element at the pole E = —Eg(E =+/s —m; —

m,) :
gkr = _lim (E + Ep)(k|Tyg k)
E—>—EB
. L T T
here nonrelativistic normalization isused: Tyg = ———= =~ —
4#\/§ 4mim,

1
E—j‘[o'i'ié'

3
> use the LSE TNR =V+V TNR and |B) <B |+f (;ln.()l?,

‘I(+)> (@l =1 to
derive the Low equation (noticing Tyr|q) = V|q(+))):

(K\VIBXBIVIK) [ d°q (k' | Txrlq){(q|TiR | K)

! T — Y
U Tarlley = KNV TR) + =5 Eg + i€ (2m)° E —q*/(2u) + i€




Compositeness

e Z can be related to scattering length a and effective range r. Weinberg (1965)
ZR(].—Z) [1+0(T)l RZ l1+0(r)l
Ay = — — )|, 10 = ——— —
0 2—7 R/177€0 1-Z R
Effective range expansion (S-wave): fo (k) = 1/aq + 10 k*/2 — ik + O0(k*)
Derivation:
27 =
Twn(B) = (HTwwlb) = =" fo(k) = Im Tl (E) = %«2;@79(1@)
Twice-subtracted dispersion relation for ¢t~ (E)
_ E+Epg (E+Ep)? /+°° Im Ta (w)
Tr(E) = d Y
wB) =Tt )y Mw-E-igw+Es)y
E+Es uR /(1 =%
= = o AT —
s i (R VHE )

o Example: deuteron as pn bound state. Exp.: Ez = 2.2 MeV,a(3S;) = —5.4 fm
ay;—1 =0fm, a;_g = —(4.3 £ 1.4)fm
Note:
* Only for S-wave loosely bound state

a
* Problematicforr,, >0=>2<0 1-7= 4

Ay + 2749

|. Matuschek, V. Baru, FKG, C. Hanhart, EPJA 57 (2021) 101; X=1—exp ljoo g 8o (E)
Y. Li, FKG, J.-Y. Pang, J.-J. Wu, PRD 105 (2022) L071502 T J, E —Ep 8



'NREFT at LO

We consider a system of two particles of masses m, mso

e in the near-threshold region, a momentum expansion for the interactions with the
LO being a constant

2
c=2¢1(z‘ao—mz- v )qsz Coplphrdpa + ...

i=1,2
7

p? —m; — p?/(2m;) + ie

e to have a near-threshold bound state (hadronic molecule)

e e O XX

Tnr(E) = Co+ Co Gnr(E) Co + Co Grr(E) Co Grr(E) Co + ...
1
C()_l — GNR(E)

nonrelativistic propagator:




NREFT at LO

e The loop integral is linearly divergent (E defined relative to m, + m»),
regularized with, e.g., a sharp cut

BkdkO[ ([, k2 , k2 -
Gua(B) =i [y (3= g + ) (B0 gy +5)|

Imk

///// \\\\\ = —22/1*(271'7/)/ d3k 2/,LE 1k2+26
/ E kx Hie, _ _ B ( \/ 2ukE — i€ arctan 4 , )
! 3 _Rell.:'-"' 71'2 \/—2/,LE — 1€
I _7%1\ 5 %\/—ME —ie+ O (A

forreal E, /—2uF —ie=+/—2uE0(—E)—i\/2uE0(E)

10



NREFT at LO

e Renormalization: Tng is A-independent,

Tnr(E) =

2m [
2m [(n CF) — vV —2pE — e

e Other regularization can be used as well, equiavalent to the sharp cutoff up to
1/A suppressed terms, e.g.

= with a Gaussian regulator exp (—k?/A%), Ac = 1/2/mA

= with the power divergence subtraction (PDS) scheme in dimensional
regularization by letting, Apps = 2A/7T Kaplan, Savage, Wise (1998)

11



NREFT at LO

27/ p 27/
27/ (uCE) — /—2uE — i€ 27r/(,u,C'6)+ik

e from matching to effective range expansion,

Tnr(E) =

N 2T 1 1 9 . 4
fO l(k)__ITNR:_%—l_ireOk —’Lk‘—l—(’)(k,‘)

27 /(uC§) = 1/ap; higher terms are necessary to match both a and 7.

e pole below threshold at £ = —E'g with Eg > 0 Im k
= |WV2ul
" | . Bl bound state pole
=" pbound state pole, in the 1st Riemann sheet k=ik
= 2m/(uCq) = K 0 unitary cut  Re k
= virtual state pole, in the 2nd Riemann sheet thr.
x virtual state pole
= 27/ (uCy) = —k k=—ix

= unable to get a resonance pole at LO with a single channel

12



Bound state and virtual state

¢ If the same binding energy, bound and
virtual states cannot be distinguished

virtual state

0

(=

T T
i

above threshold (£ > 0): 3 60 { bound state
2 % 40t
1 1 g
Tar(E)|? x - B ol
(B o | il = o |
» Bound state and virtual state are different e A A
below threshold (E < 0): o,
= bound state: peaked below threshold
Tivr (E)|? o« ———
NR S
(v~ V2B

= virtual state: a sharp cusp at threshold

]_ : 1 1 1 Il 1 5
2 %o -40 -20 0 20 40 60
= (K, -|— \/ —2IUE)2 E [MeV]

Lower Fig.: bound state and virtual state with X = 5 MeV and a small width to the inelastic channel

[ TNR(E)

Cleven et al., EPJA47(2011)120

13




Bound state and virtual state

_ 2m [
21/ (1 Cf) — vV —2uE — ic

At LO, effective coupling strength for bound state

Tnr(E)

-1

g¥r = _lim (E+ Ep)Tyr(E) = _2m (diE\/—QuE — ie)

E——Fpg u E—=—Eg
2T

Recall the compositeness formula:
9 2m
gnr = (1 — Z)?\/Z,UEB

This means that the pole obtained at LO NREFT with only a constant contact term
corresponds to a purely composite state (Z = 0)
® Range corrections: other components at shorter distances

» coupling to additional states/channels
» energy/momentum-dependent interactions: higher order

14



Heavy quark spin symmetry

e For heavy quarks (charm, bottom) in a hadron, typical momentum transfer Aqcp

= heavy quark spin symmetry (HQSS): 6 Q

o o-B 5Q
chromomag. interaction o« —— %6 B A
mQ g " AQCD

spin of the heavy quark decouples
Let total angular momentum J = sg + sy,
8- heavy quark spin,
sy: spin of the light degrees of freedom (including orbital angular momentum)

v HQSS:
sy and sg are conserved separately in the heavy quark limit!

V" spin multiplets:

DN | =

for singly heavy mesons, e.g. {D, D*}, { B, B*} with s} =
for heavy quarkonia, e.g. S-wave: {n., J/¥}, {mp, T};
P-wave: {hc, Xco,c1,c2}> {Pb, Xb0,61,62}

15



I ———

XYZ states and more

Charmonium spectrum
Xc0(4700) X(4685)

¥(4660) 2016 .l —+
3007 2021 X (4630) [17%]
2021
3D
4500 - X %‘%” 7,(4430)*
45 =25 ; 2F 2008
o) B V415)
2017 Fgg7 4360 ] p 3p G )éi_gfg)
(4260) e 011 * 2014 2021
%8}5 2003§ X«|(4274g D 2D 2008 R0(4240)  Z,,(4220)
2D X(4160) 7.(4200)* | )
U(4160) Xeu(d140) — 79014
- 2009 IF 20184 i TR
—2— 4040 2008 + . o
O 2 OMJMS‘))“%_X_“?_SEL .(3985)-
- o =y & > 2007 XGoa0 #B2014  5eEREGy
R . Xa(G872) 420030 o ZGN0OT 2020
= 1D xeo3860) 2003 — =5, 2005 2013
2 LGTI0) 2017 ¥,0823) GOTE
2 LD e 2013 T T .
v(S)
1 2S)
xc2(1P) I¢ Jre
he(1P) Yei(1P) X(3915) 0F 0T or2tt
3500 X(3940,4160)  7° 277
X (4350) 0t 77+
Yco(1P) Zi 1t 1t
Reo 1+ 0
X(4020,4055)* 1+ ?77-
X (4050,4250)* 1~ 77+
/2 Godfrey-Isgur quark model
discovered before 2003
3000 - _zc(S) discovered after 2003
T07(07*) 07(17T) 0°(17)  0%(0**) 0*(1™*) 0%(2*) 0°(27) 0°(37) 2% 1=1 1=1/2
* Milestones:
v X(3872) Belle (2003)
v 7,(10610,10650)* Belle (2011)
v Z.(3900)* BESII, Belle (2013)
v B, LHCb (2015, 2019) .
v TE LHCb(2021)

-
[
o
(=]

——data
—total fit i
— background

N
o
o
(=]

Weighted candidates/(2 MeV)
o]
o
(o]

LHCb

4200 4250 4300 4350 4400 4450 4500 4550 4600

M yp [MeV]

LHCb, Nature Phys. 18 (2021) 751

— 70— —— .
) o 44 1 E
= Ff i 35k 1 ]
% 600 LHCb 2k i 7
v - —-1 =) i .
ER: 9tb Sog } ]
¥ o = 20p i .
;< 50 F S1sE 1 3
= o 10F :
S 40 S Jf ]
r 4 data = Y ]
30 [ — v s L Mpopot [Gev/e?] T
L —=—=— background ]
» m— fotal ; ]
- ———— D**DO threshold .
20 - DD+ Zhrcshold + * =
10F I} Jq}%

C | 4-
0 E I | T ‘;

3.87 3.88 3.89 39
Mpopor+ [Ge\// 02]

Prominence of near-threshold structures

16



Near-threshold structures

X.-K. Dong, FKG, B.-S. Zou, PRL126,152001(2021)

® Consider a production process, must go through final-state interaction (unitarity)

PM1+ G T (B)] + PGS (E)Ta (E)
= PNV T (E) + [PMVY) TV + P G T (E)
= PlTll(E) + P2T21(E)

® All nontrivial energy dependence are contained in T;1 (E) and T, (E)
® Case-1: dominated by T, (E),

—8m: 1 _ -
To(E) = = { — i\/2usF + (’)(E)} .
(1,12(1/(1,11 — 2]{11) a9 off e T
16 '(a) S T e @99 =0.5 fm
i i as =3 fm
1.4¢ " _
|T21(E)|2 o |T22(E)|2 x 1 2:_ () 3 fm

a :(l,jz =0.8 fm

i 2 271
(Re 1 ) + (Im (1‘2217& — \/2/1,E) ] for E >0

a22 eff
—1

-(Im 1 )2+<Re 1 +\/m)2] for £ <0

1.0} ' y 1:J/pm
: 2: D'D*"

T2 (E)|?/| T2 (0)
=
(e0)

a22 eff a22 eff
» Maximal at threshold for positive Re(a,; of¢) (attraction), %4
FWHM o 1/u &t
> Peaking at pole for negative Re(a, eff) 0505 000 005

E [GeV] 17



Near-threshold structures

® Case-2: dominated by 75 (E) . Q T
P]‘\ Pf\

) —8mio (ﬁ — 71\/2/1,2E> 1.65—(1)) ———-|a22=0.5 fm
T, (F) = — : ap=3fm ] Poles in complex
1 5 L 1 N L lLar .
(a_n B "kl) [(122‘01"{ —iv2uk+ O(E)] = az=-3Im 1 momentum plane:
8 1.2 ' a; =a;=0.8fm -
S o] (—0.08 — i0.37)GeV
» One pole and one zero = 0.8}
» For strongly interacting channel-2 (large a,,), % (—0.08 —i0.04)GeV
there must be a dip around threshold (zero & (—0.08 — i0.09)GeV
close to threshold)

1 1 ail . Ak

—1 .
22, eff az2 a%z(l + a%ﬂ“%) a§2(1 + a%ﬂ“%)

® S-wave attraction => Nontrivial structure
® Pole produced by LO interaction: a hadronic molecular state

® More complicated line shape if both channels are important for the production
18



Spectrum of hadronic molecules

X-K. Dong, FKG, B.-S. Zou, ¥)¥EZ # & 41 (2021) 65; CTP73(2021)125201
® Predictions based on a vector-meson exchange model (HQSS respected):

>200 hidden-charm + >100 double-charm states st bound virtual
’ Dy
) = | —  —
bound virtual (I’ S) — (0,0) DD, 4.50F
. Dz,
DDy 445 £
i < | s P, (4457)
> Dy Dy % 4.45 = P, (4440)
9
g a.40f DY
sty
5.0}
435}
= DY
D.D, 4,50 B p (4312)
49} DDy A ’ 172 3/2- 5/2°
D1D1
~ 4.8t bound virtual
3 L y DyD
S ] L —
E Dy D 49t D\D.
4.2 ~ ]  — || | —
9} D, D,
N _ | I—
4.1Ff
;n I 4.8/; )
4.0f 9|- 7 o 1 DD+ ]
o D,D 840 —
X(@3960) ) _ =
3.9 X(3872) X(3872) ~— DD* g
= g
)
3.8F ] 3.9 DD
DD —
3.7
0'+ 1++ 1t 2++ 2+7 3—0'+ 3+7 4++ 3.8 L 1+ 2+ 3+
19
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Spectrum of hadronic molecules

X.-K. Dong, FKG, B.-S. Zou, ¥J¥2 23 & 41 (2021) 65; CTP73(2021)125201

bound virtual &S) = (O’O) Qrar ) )
1 | - Suggestions for lattice:
5.4l By = = = 0,0 » operators with exotic quantum
- - . numbers
. B B __ DD, [177]
5.2| B BN B . L —
== ] * -
T | 2.8 D 131 [07"]
B B B . ] D*D; [3—+]
o M W WW Hp gy . G m D,D,[2"]
| m "R R o
3 [ . 0 x B with a pion mass larger than
? Ll E}(I?E,'C =3 the physical value (~ 400 MeV),
= ) so that D*, D;, D; are all stable
- SIS == gﬁj
N NN e e [E— [E—
461 A,
— — D.D,
I [ D,Dy
N D*D,
B N (S = B mm 5o
o B BN (TR O .
| .
B N DD,
| N
0 0~ [ 1~ 2=+ 2 SRl 3 20
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0 T. Ji, X-K. Dong, FKG, B.-S. Zou, PRL 129 (2022) 102002
M.y (a360) — My(a230) = Mp* — Mp, Myp(as15) — My (a360) = MD; — Mp,
® Exotic 07~ spin partner 1y (4360) [D*D,] of ¥(4230),y(4360), 1(4415) as
DD,,D*D,, D*D, hadronic molecules

® Robust against the inclusion of coupled channels and three-body effects

_— N § é
¥(4230) [y ACTREZY 17~ a287 6715 , 101 % Cai

i ppm— N : Yo

* * \ . /

¥(4360) [we ACKZ IRV 4429 62114 3 : i

i : £

1 * Ty * N Ty % \\ i //

(4415) TE(D D; = D*D;) 1= 4472 49 £ 4 Py P oo

g = — e T

1 _ _ * : "
B -0 o ws wrs P oo b

® May be searched for usingete™ — 17,
Yo = J/Yyn,DD*,D*D*x, ...
M = (4366 + 18) MeV,
['< 10 MeV

et = =
B =)} oo
————

do/dcosf (arbitrary units)
o
2

=
=
o M

0.0 0.5 10 15 20 25 3.0

21



HQSS: P. pentaquarks

The LHCb P, states might be 5 D*) molecules predicted in
P.(4312) ~ %D, P,(4440, 4457) ~ ¥,D*

Consider S-wave pairs of 25 D™ [Js, = 2T =31

JE = 5 ».D, ¥.D*, ©*D*
JE = g »*D, ¥.D*, ¥*D*
JP = g >*D*

Spin of the light degrees of freedom s;: s,(D™*)) = 1, Sg(Eg*)) = 1. Thus, sy, =

For each isospin, 2 independent terms

1 1 1 1 1 3
<1a§72 17572>7 <1a§72

Wu, Molina, Oset, Zou (2010)

N

1
2

Thus, the 7 pairs are in two spin multiplets: 3 with s;, =  and 4 with s;, = 3

22



mentaquarks

Seven P, generally expected in this hadronic molecular model Xiao, Nieves, Oset (2013); Liu et
al. (2018, 2019); Sakai et al. (2019); ...

Predictions using the masses of P.(4440,4457) as inputs Liu et al., PRL122(2019)242001
Scenario Molecule J* B (MeV) M (MeV)
A Dx. 1 78-9.0 4311.8-4313.0
A Dz 37 83-92 4376.1-4377.0
A D'T. 1 Input 4440.3
A D'z, 3 Input 4457.3
A D*z: 17 25.7-26.5 4500.2 - 4501.0
A Dy %_ 159 - 16.1 4510.6 —4510.8
A Dz: 37 32-3.5 4523.3-4523.6
B Dz, 17 13.1-14.5 4306.3 —4307.7
B Dx: 37 13.6-14.8 4370.5 — 4371.7
B D', 1 Input 4457.3
B D'x. 2 Input 4440.3
B D'z: 17 3.1-35 45232-45236
B D'E; 37 10.1-10.2 4516.5 - 4516.6
B DT 27 25.7-26.5 4500.2 — 4501.0

23



mQSS: P. pentaquarks

Solution B is favored after fitting to the LHCb data with an EFT with coupled channels,

including both contact terms + one-pion exchanges
M.-L. Du, V. Baru, F-K. Guo, C. Hanhart, U.-G. Meil3ner, J. A. Oller, Q. Wang, PRL124(2020)072001; JHEP08(2021)157

Weighted candidates/(2 MeV)

Weighted candidates/(2 MeV)

250t

200+

Scheme Il
Solution A
LHCb: mg,>1.9 GeV

A=0.9 GeV
A=1.1 GeV

Weighted candidates/(2 MeV)

4300 4350 4400
myy p [MeV]

4450

4500

1200+

1000+

800}

600+

400

Scheme II

LHCb: cos8p.-weighted :

—— Solution B X2/dof = 0.97

4250

4300 4350 4400
My p [MeV]

4450

4500

Weighted candidates/(2 MeV)

300+

250+

200+

1501l

100+

Scheme Il

_ - A=0.9 GeV
Solution B
A=1.1GeV
LHCb: mg,>1.9 GeV ———— A=13GeV J
e \=1.5 GeV
A=1.7 GeV

1000}
900
800
700}
600}

500¢

4250 4300 4350 4400 4450 4500

4250 4300 4350 4400 4450 4500

myp p [MeV]

Scheme |II:
LHCb: m,, all

— Solution B: ?/dof = 0.91

myuy p [MCV]
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M.-L. Du et al., PRD105(2022)014024; arXiv:2303.09441

® Channels: D**D° D*OpD+
® Contact term + one-pion exchange; three-body effects

< D° 5(p) D°, 5(p) D D°, p(p) D* D°, 5(p)
- % @% =
7i’+ = 7T+ — 7I'+ — 7T+
D°, p(p) D° p(p) 0 D p(p)
, PP , PP D , P\P

D+ D° p(p)
250
‘!. ------ Scheme I: y* =0.79
i --- Scheme II: xy3=0.74
200+ —— Scheme III: 2 =0.71
-—— D‘*D",D‘“D:*thr
150}
E
L
" 100}
50}
3.874 - 3.8—7IF5 3.876 I 3.877
Moo (G : Pole w.r.t. the D**D? th: —356%32 —i(28 + 1) keV
30 | . z:hzzei”;:tz:um
--- Scheme II: ;:(22:0‘74 .
S st A Compositeness
'; 200 Lis 1 Ll T BW massi
8 ------ Backgroundi 0 *0 +
: ' X [D**D°] X [D*°D*]
e}
£ 10}
0.73+0.11 0.29 + 0.02
0 1 1
3.873 3.874 3875 3876 3877

Mpopor+ [GeV] 25



T+
cc 4
M.-L. Du et al., PRD105(2022)014024; arXiv:2303.09441

® |eft-hand cut (lhc) due to the OPE could affect the precise extraction of the T,. pole from
lattice calculations
B Virtual state pole from lattice results with unphysical pion masses:

M, = 280 MeV, M. Ppadmanath and S. Prelovsek, PRL 129 (2022) 032002;
M, = 350 MeV, s. Chen, C. shi, . Chen, M. Gong, Z. Liu, W. Sun, and R. Zhang, PLB 833 (2022) 137391;
Mn = 146 MeV, Y. Lyu, S. Aoki, T. Doi, T. Hatsuda, Y. Ikeda, and J. Meng, arXiv:2302.04505 [hep-lat]

M [eft-hand cut due to the u-channel pion being on-shell

(a) mrz > AM (b) m, < AM
‘ s plane ‘\
5 ) . (Mp+ Mp.)? \
S shr * (2Mp + mx)* (2Mp + m)? \
| I * . _ - \q
‘ e (Mp + M.)? k \ K
p? K2+ k"
G-Y(E k' k) =AM + — — _ 2
7 ( ) o 2M, wr(q%)
For on-shell momenta k = k' = p, qg* = 2p?(1 — cosB), we have
G (E, k', k) = AM — w,(q*)
2 : (AM)?—-M3
Left-hand cut: AM — w,(q*) = 0 = branch point at (w.r.t. threshold.=): = e

26



T+
cc )
M.-L. Du et al., arXiv:2303.09441

® Fits to the lattice results by Padmanath & Prelovsek right to the |hc

~0.005 ___ 0.000 0.005 0.010 ~0.005 ___ 0.000 0.005 0.010
2
(p/Epp-+)* (p/Epp+)

® Could also influence other calculations with nearby |hc
® Luescher formalism with |hc [EFT formalism with 3-body cut put into a finite box] needs
to be employed to extract scattering observables

27
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