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Hadronic Molecules

强子质量的非微扰起源
2023 年4 月 17-28 日

For a review focusing on hadronic molecules, see: 
FKG, C.Hanhart, U.-G.Meißner, Q.Wang, Q.Zhao, B.-S.Zou, Rev. Mod. Phys. 90 (2018) 015004 



2

Ordinary and exotic hadrons

hadronic molecule

𝑞
"𝑞

𝑞
"𝑞

"𝑞
𝑞

tetraquark

𝑞
"𝑞

𝑞

hybrid

"𝑞

glueball

Exotic hadrons

𝑞
"𝑞

𝑞

𝑞
𝑞

Ordinary hadrons

𝑞
𝑞

𝑞

pentaquark

𝑞
"𝑞

• Not that exotic:
analogue of nuclei

• More than nuclei: 
diversity

Components with the same quantum numbers always mix, what is the dominant one?
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Hadronic molecules
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Relation with confinement mechanism?
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Multiquarks vs hadronic molecules
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For lattice studies of flux tube picture of multiquarks, see, 
e.g., F. Okiharu, H. Suganuma, T. T. Takahashi, 
PRD72(2005)014505; PRL94(2005)192001
An overview: H. Suganuma et al., arXiv:1103.4015

For large distance between 𝑄 and "𝑄

For small distance between 𝑄 and "𝑄

F. Okiharu et al., PRD72(2005)014505

𝑑 =
𝑟!!
2

ℎ = 𝑟! "!

V.G. Bornyakov et al., PRD70(2004)054506

l Different flux tube configurations: compact multiquarks and hadronic molecules
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Compositeness
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Compositeness
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Compositeness

Ø 𝑔!"# is the residue of the 𝑇-matrix element at the pole 𝐸 = −𝐸$(
)

𝐸 ≡ 𝑠 − 𝑚% −
𝑚# :

here nonrelativistic normalization is used: 𝑇!" = − &
'( )

≃ − &
'*!*"

Ø use the LSE𝑇!" = 𝑉 + 𝑉 %
+,ℋ#./0

𝑇!" and |𝐵⟩ 𝐵 +∫ 1$2
(#4)$

𝒒(.) 𝒒(.) = 1 to

derive the Low equation (noticing 𝑇!"|𝒒⟩ = 𝑉 𝒒(.) ):

𝑔!"# = lim
+→,+%

𝐸 + 𝐸$ 𝒌 𝑇!" 𝒌

𝒌7 𝑇!" 𝒌 = 𝒌7|𝑉|𝒌 +
𝒌7|𝑉|𝐵 ⟨𝐵|𝑉|𝒌⟩
𝐸 + 𝐸$ + 𝑖𝜖

+ ;
𝑑8𝑞
(2𝜋)8

𝒌7 𝑇!" 𝒒 𝒒 𝑇!"
9 𝒌

𝐸 − 𝒒#/(2𝜇) + 𝑖𝜖
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Compositeness

Note: 
• Only for S-wave loosely bound state
• Problematic for 𝑟!" > 0 ⇒ 𝑍 < 0 1 − 𝑍 =

𝑎"
𝑎" + 2𝑟!"

𝑎: = −
2𝑅 1 − 𝑍
2 − 𝑍 1 + 𝒪

𝑟
𝑅 , 𝑟;: = −

𝑅𝑍
1 − 𝑍 1 + 𝒪

𝑟
𝑅

𝑓"#$ 𝑘 = ⁄1 𝑎" + 𝑟!" ⁄𝑘% 2 − 𝑖𝑘 + 𝒪 𝑘&

deuteron as 𝑝𝑛 bound state. Exp.: 𝐸𝐵 = 2.2 MeV, 𝑎((𝑆$) = −5.4 fm
𝑎𝑍=1 = 0 fm, 𝑎𝑍=0 = − 4.3 ± 1.4 fm

I. Matuschek, V. Baru, FKG, C. Hanhart, EPJA 57 (2021) 101; 
Y. Li, FKG, J.-Y. Pang, J.-J. Wu, PRD 105 (2022) L071502

𝑋 = 1 − exp
1
𝜋
/
#

$
𝑑𝐸

𝛿# 𝐸
𝐸 − 𝐸%
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NREFT at LO
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NREFT at LO
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NREFT at LO
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NREFT at LO
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Bound state and virtual state
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Bound state and virtual state

l Range corrections: other components at shorter distances
Ø coupling to additional states/channels
Ø energy/momentum-dependent interactions: higher order 



Heavy quark spin symmetry
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XYZ states and more

• Milestones: 
ü 𝑋(3872) Belle (2003)
ü 𝑍& 10610,10650 ± Belle (2011)
ü 𝑍( 3900 ± BESIII, Belle (2013)
ü 𝑃( LHCb (2015, 2019)
ü 𝑇(() LHCb (2021)

• Prominence of near-threshold structures 

LHCb, PRL122(2019)222001

LHCb, Nature Phys. 18 (2021) 751



Near-threshold structures
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l Consider a production process, must go through final-state interaction (unitarity)

l All nontrivial energy dependence are contained in 𝑇%%(𝐸) and 𝑇#%(𝐸)
l Case-1: dominated by 𝑇#%(𝐸),  

Ø Maximal at threshold for positive Re(𝑎##,=>>) (attraction), 
FWHM ∝ 1/𝜇

Ø Peaking at pole for negative Re(𝑎##,=>>)

X.-K. Dong, FKG, B.-S. Zou, PRL126,152001(2021)



Near-threshold structures
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l Case-2: dominated by 𝑇%%(𝐸)

Ø One pole and one zero
Ø For strongly interacting channel-2 (large 𝑎##), 

there must be a dip around threshold (zero 
close to threshold)

l S-wave attraction => Nontrivial structure
l Pole produced by LO interaction: a hadronic molecular state
l More complicated line shape if both channels are important for the production

Poles in complex  
momentum plane:

−0.08 − 𝑖0.37 GeV

−0.08 − 𝑖0.04 GeV

−0.08 − 𝑖0.09 GeV



19

Spectrum of hadronic molecules
l Predictions based on a vector-meson exchange model (HQSS respected): 

>200 hidden-charm + >100 double-charm states

X.-K. Dong, FKG, B.-S. Zou, 物理学进展 41 (2021) 65; CTP73(2021)125201

𝐼, 𝑆 = (0,0)

ℎ
?#

Exotic  𝐽 @A

𝑋(3960)
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Spectrum of hadronic molecules

Suggestions for lattice: 

Ø operators with exotic quantum 
numbers
n 𝐷N𝐷% 1,.

n 𝐷∗N𝐷% 0,,

n 𝐷∗N𝐷#∗ [3,.]
n 𝐷%N𝐷%[2.,]

n with a pion mass larger than 
the physical value (∼ 400 MeV ), 
so that 𝐷∗, 𝐷%, 𝐷#∗ are all stable

X.-K. Dong, FKG, B.-S. Zou, 物理学进展 41 (2021) 65; CTP73(2021)125201
𝐼, 𝑆 = (0,0)

Exotic  
𝐽@A

Exotic  𝐽 @A



0!! T. Ji, X.-K. Dong, FKG, B.-S. Zou, PRL 129 (2022) 102002
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l Exotic 0,, spin partner 𝜓:(4360) [𝐷∗N𝐷%] of 𝜓 4230 , 𝜓 4360 , 𝜓(4415) as 

𝐷N𝐷%, 𝐷∗N𝐷%, 𝐷∗N𝐷# hadronic molecules

l Robust against  the inclusion of coupled channels and three-body effects 

Molecule Components 𝐽!" Threshold 𝐸#

𝜓(4230)
1
2
𝐷 ‾𝐷$ − ‾𝐷𝐷$ 1%% 4287 67 ± 15

𝜓(4360)
1
2
𝐷∗ ‾𝐷$ − ‾𝐷∗𝐷$ 1%% 4429 62 ± 14

𝜓(4415)
1
2
𝐷∗ ‾𝐷'∗ − ‾𝐷∗𝐷'∗ 1%% 4472 49 ± 4

𝜓(
1
2
𝐷∗ ‾𝐷$ + ‾𝐷∗𝐷$ 0%% 4429 𝟔𝟑 ± 𝟏𝟖

𝑀 = 4366 ± 18 MeV,

Γ < 10 MeV

𝑀C '8D: −𝑀C '#8: ≈ 𝑀E∗ −𝑀E , 𝑀C ''%F −𝑀C '8D: ≈ 𝑀E"∗ −𝑀E!

l May be searched for using 𝑒.𝑒, → 𝜓:𝜂,

𝜓: → 𝐽/𝜓𝜂, 𝐷N𝐷∗, 𝐷∗N𝐷∗𝜋,…



HQSS: 𝑃# pentaquarks
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HQSS: 𝑃# pentaquarks
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HQSS: 𝑃# pentaquarks
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Solution B is favored after fitting to the LHCb data with an EFT with coupled channels, 
including both contact terms + one-pion exchanges 

M.-L. Du, V. Baru, F.-K. Guo, C. Hanhart, U.-G. Meißner, J. A. Oller, Q. Wang, PRL124(2020)072001; JHEP08(2021)157 



𝑇dde
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M.-L. Du et al., PRD105(2022)014024; arXiv:2303.09441

l Channels: 𝐷∗.𝐷:, 𝐷∗:𝐷.
l Contact term + one-pion exchange; three-body effects

−356,8G.8H − 𝑖 28 ± 1 keVPole w.r.t. the 𝐷∗.𝐷: th:

Compositeness 

𝑿 [𝑫∗.𝑫𝟎] 𝑿 [𝑫∗𝟎𝑫.]

0.73 ± 0.11 0.29 ± 0.02
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M.-L. Du et al., PRD105(2022)014024; arXiv:2303.09441

l Left-hand cut (lhc) due to the OPE could affect the precise extraction of the 𝑇?? pole from 
lattice calculations
n Virtual state pole from lattice results with unphysical pion masses:

𝑀- = 280 MeV,M. Padmanath and S. Prelovsek, PRL 129 (2022) 032002;
𝑀- = 350 MeV, S. Chen, C. Shi, Y. Chen, M. Gong, Z. Liu, W. Sun, and R. Zhang, PLB 833 (2022) 137391;

𝑀- = 146 MeV, Y. Lyu, S. Aoki, T. Doi, T. Hatsuda, Y. Ikeda, and J. Meng, arXiv:2302.04505 [hep-lat]

n Left-hand cut due to the 𝑢-channel pion being on-shell

𝐺4,% 𝐸, 𝒌7, 𝒌 = Δ𝑀 +
𝑝#

2𝜇
−
𝑘# + 𝑘7"

2𝑀E
− 𝜔4 𝑞#

𝑘 𝑘′
𝑞

For on-shell momenta 𝑘 = 𝑘7 = 𝑝, 𝑞# = 2𝑝#(1 − cos𝜃), we have 

𝐺4,% 𝐸, 𝒌7, 𝒌 ≈ Δ𝑀 − 𝜔4 𝑞#

Left-hand cut: Δ𝑀 − 𝜔4 𝑞# = 0 ⇒ branch point at (w.r.t. threshold.=): ≈ JK ",K>"

G(
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M.-L. Du et al., arXiv:2303.09441

l Fits to the lattice results by Padmanath & Prelovsek right to the lhc

l Could also influence other calculations with nearby lhc
l Luescher formalism with lhc [EFT formalism with 3-body cut put into a finite box] needs 

to be employed to extract scattering observables 

𝑖𝑝
𝐸**∗

𝑖𝑝
𝐸**∗
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