Hadron and parton masses
from Lattice QCD
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Discretized quantum field theory

Continuum L attice
oM (0,0 +m*)p =0 D (ple+i,) + e —Ay)) + (mPa® — Dp(x) = 0
U
° or § : S :
ropagator — —
2 4+ m? - N2 a2 + m?
p 4% Sin‘(5)a? +m
oo nla
d* dp
Loop P
Integral — 00 —rla
Require additional regulation The divergence has been regularized
to be finite into the 1/an and log(a) terms




Discretized QCD
Wilson link

The QCD Lagrangian is the following:

_ . | .
l//(yﬂ(&ﬂ — ngﬂ) — my — ZF,WF/W’ F;w = aﬂA,/ — ayAﬂ + zg[Aﬂ,Ay]

with basic variable yand A,

The lattice gauge theory replaces the basic variable AM into the gauge link (or Wilson link) UM:

1 U,(x) = Uy(x) g
A (x+—h)=a*-~ — + 0(a’g?), U (x) = ek " DA,
S5t i) i (a%¢?), U (%)

U, (x) = oigo i dyA, (), U;f(x) — o780 [erai DAY — 5180 qp DAL
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X X+ ap




Discretized QCD

e |t can a\so be used to defme the gauge field tensor
S, = " Z Re[l — TP, (V]| = —Tr[ d4xFWFW] + 0(a?)

X,V

e Such an action has the 6@? discretization error.

e |t can combine with the 1x2 loop
PRt x) = U,(0)U,(x + a)U,(x + 2a@)U;j(x + aji + ad) U} (x + ad) U, (x)
to construct the Symanzik or lwasaki action, to

suppress the discretization error to 6(a*),

S 1
_Slxl__S1x2
3¢ 12 ¢

S = (1 4+8x0.331)S,*! — 0.3315,*

SSymanzik

gauge action

P, x) = U,0)U,(x + a@) U} (x + ad)U, (x) = 1 + igya’F,,(x + (,M + D)) — %a“g F,(x+ (ﬂ + D))F,,(x + (//t + D)) +i0O(a*)

F,, and also gauge action:

xX+ap+av
x+ai)mx 2ai + ab
X X+ 2au

X+ aj




Discretized QCD
Nalve and Staggered actions

O [he naive discretization suffers from the doubling problem::

. 1 .
Csvicyazve(m) — Z W (X) Dy i o110 X, VW(Y), Dy (M X,y) = 5 Z yﬂ(UM(x)éy,x tap ~ U; (x — a,u)éy,x_aﬂ) +mo,
X,y H

e The propagator has 1/m IR poles at pa = (0/7,0/7,0/7,0/), which is different from the continuum theory.
o Staggered fermion:
o Y (X) = 1,7, w0, {r v v3H vy ) = {(= DM, (= D), (= 1)t T )

e 10 IR poles — 4 IR poles.

e Mixing between IR poles can be suppressed with kinds of the improvement, likes the so-call highly-improved staggered quark (HISQ).

Staggered/HISQ| _Cestx0 |Wilson/Clover|_cstx® |Domain wall| == | |Overlap

> >




Discretized QCD
Wilson and clover actions

o Wilson fermion action:

e D+m—o>D+aD*+m
e |t removes the unphysical IR pole at p, = &/a, while introduce the additional chiral symmetry breaking at O(a,/a).

O Clover fermion action:

e D+m— D+aD?*+m+ ac..oc. F*

SW™ UL

e Suppress the additional chiral symmetry breaking at @(asz/ a).

© The cost of either Wilson or Clover action is O(10) of the Staggered fermion.

Staggered/HISQ| _Cestx10 |Wilson/Clover|_cstx® | Domain wall| == , |Overlap

> >




Discretized QCD
Ginsparg-Wilson action

o Ginsparg-Wilson relation: y.Dsw + Dowys = —Dew?sDaw o
p

o Qverlap fermion as a possible solution:

Sy (m) = %l/_f(x)(éxym + ; D, (p;x,2) 5 DOPVEZ;Z, 2 Jw(y), D, (p) =1+ \/Dw?—vv;)_l:;(—p)
e Inp — Qregion, D,, — ay,p,;
e Inp — z/aregion, D,, = O(1).

But approximate the sign function rsDu(2P) = rsPu(=p) need O(100) cost of the Wilson/Clover
: \/ D,(=p)Di(—p) | ¥sDy(—p) |

action.

» Domain wall fermion action is an approximation of overlap fermion with ©(10) cost of the Wilson/Clover action.

Staggered/HISQ| _Cestx10 |Wilson/Clover|_cstx® |Domain wall| =™ | |Overlap

>




Lattice regularization

* The Feynman rule under the lattice
regularization can be extracted in the weak
coupling limit.

Feynman rules

: . PAECD k’ y Py —
. It approaches to the continuum form in the a = 0 o I 1,5) 1 1 4
||m|t —gg [; fABEfCDE{éuAd,,p[cos §a(q — §)p COS Ea(k — 7))y, — %I;V 7708 ,]
. . - 5#/36”)\{(:08 }a(q o T)p Cos "l"a(k - 3)1/ — a_4ii'7vq~pfu§v]
* But the Feynman rule of the multi-gluon vertex is . 2 - z 12
' : ' - a,2 S—7r k —
very complicated, especially for the improved 1 Fh e g s + ?5,&5,,,, ( B )k COS(%G%J
discretized actions. (Sg)as = - 4 Jpy Cm)E (21)% (2m)% (271)2 — 55“)‘5""0'2(8 — )4y, cos(-2-ak,,)
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Lattice regularization
Additional vertex

Taking the simplest Wilson fermion as example;:

1 4
SWm) = Y FXD, (m; x, (), D, (m; x,y) = o Y (L + 7 U008, 10z + (1 = p)Ui(x — ), _yp) — (m+ R
X,y U

where vUw) = /™ dA0) .

There is a g-g-g-qg vertex at O(a):

o
—5 Cpliy,sinap,

Such a vertex is O(a) at tree level, but it can introduce O(a,)
correction at quantum level!



Lattice regularization
Loop correction

Taking the quark selt energy as an example:
Quark Self ﬁ é:z:a
energy

| )

The result can be quite different finite O(a,) corrections with different

discretization: g°Cy - 5 5 4
Z, (p7) =14 P [(1 = &log(ap?) + By +4.79¢] + O(a“p?) + O(g™)
Bo .
Wilson Iwasaki Iwasaki” " " Gauge actions
- . Wilson | 11.85 332  -4.22
ermion actions U lap |-2150 -13.58  -7.56




Basic unit of Lattice QCD
(}’4(01 — I8AY + 2 (0, —1gA))y; — m)l// = ()

The discretized Dirac equation with the coupling with the non-abelian SU(3)
gauge field:

* Y1234 are 4 X 4 complex matrices, A, , ;4 are space-time dependent 3x3
complex matrices;

e Can be converted to a problem of sparse matrix inversion.

® ® © o o0 0| [0 o0 0
...... ® o o o O ® o * ¢ ®
...... ® o o o @ ® —T— @
..... $. e o (3 @) o o
v ® ® ® ® ® ® ® ® ceeee L3 X T — 43 X 4 lattice:
e - - - ol Gomputer cores

oo N C Internal sites e Red point: 12 X 12 diagonal matrix
..... ® o o o @ ® o o o O
----- ©crof oo ©  Boundary sites e Black point: 12 X 12 sparse matrix
® ® ® ® ® ® ® ® ® ® ® ® ® ® ® requiring information

from the other cores;




BaSiC fIOW Of Lattice QCD hotspot: sparse linear operation,

¢ = Dn
Linear system.solver
E=D7'"p=) ¢Din+ 610712

l

- Linear algebra operation,

E=cypy + () 1)y

Generate

configurations Square root of sparse matrix,
L= ;

using |mp_ortant E=(D+my =Y 4 61071
sampling = D +my+ e

Derivative of sparse matrix,

cf—aD = D,D,D
_()Uﬂ_ 131

 The major hotspot is linear system solver;

« But after the acceleration of this hotspot,
Analysis the linear algebra operation, square root and
configurations derivative of sparse matrix will be the
bottlenecks of the performance.
to get the

physical results < Configurations are the foundation of all the
physical analysis!




Configuration:

—
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* Specify the lattice size L° x T

Typ = Notyp

 Specify the bare gauge coupling

— Determine the lattice spacing through A,

e Specify the discretized quark and gluon actions

 Specify the flavors of quarks and their bare masses

750 1000 1250 1500 1750 2000

Markov chain Monte Carlo

“Case 1: Clover fermion, 243x72, a=0.108 fm, m_=300
MeV, 8 V100 GPUs:

-One week for warn-up;
 Another week for 200 configurations (5 traj. per conf.)

“Case 2: Mobius DW (chiral fermion), 963x192, a

=0.071 fm, m_=140 MeV, 512 V100 GPUs:

One year for warn-up;
 Another year for 200 configurations (5 traj. per conf.)



Configurations:

15

>

® ®
. . . m7Z'
 Three different m_ with the lightest m_ smaller than 200 MeV, or one m_ ~ 135 MeV and another A s
m_ < 200 MeV; 3
JLQCD collaboration
. Three lattice spacings a, with two of a < 0.1 fm, and (a,, /a, . )* > 2; tsomey @ @ @
mﬂ'
v e (my i /M phys)zexp{4 —m, ..L} <2, or atleast three volumes. O
1T 150 MeV
+300v® @ @ ® ® o e |
® HISQ action ® O PACS collaboration
® TMC action
® ® ® ® .
® ® Clover action , .
4 150 MeV ® DomainWall action 0 0.05 fm 0.10 fm
o © ® ® ®
JP
MILC collaboration
| | i =U
0 0.05 fm 0.10 fm 0.15 fm ®
my O o0 O niﬂ nzﬂ
U O t oo0® o000 o ©
4 o o e ¢ o000 00 ee0 o o
O ® + 300 MeV o op + 300 MeV oo o + 300 MeV.
—+ 300 MeV : ® O o 0 0 o
o ® %o,
T 150 MeV T150Mev @ @ T 150 MeV o
+ 150 MeV ® O vV v ¥ VvV ¥ ® 0 O ®
e © ® ®
a a a
| | > | > |
a 0 0.05 fm 0.10fm  0.15fm O 0.05 fm 0.10fm 0 0.05 fm 0.10 fm
| | | >
0 0.05 fm 0.10 fm 0.15 fm 0.20 fm

RBC/UKQCD collaboration

BMW collaboration

CLS collaboration

ETM collaboration



Configurations in China:
Towards the FLAG criteria

® (Generate the configurations using the
domestic computers is the foundation
of any high-precision lattice QCD
stuay.

e FLAG criteria is the current status-of-
the-arts in the lattice community.

® Major contributors: P. Sun, L. Liu,

YBY, W. Sun,...
mﬁ'
A
- 300 MeV o @ @
® @
T 150 MeV
I —> d
0 0.05 fm 0.10 fm

TABLE 1. Lattice size L®> x T, gauge coupling 10/g?, bare quark masses m

b

l,s,c»

tadpole improvement factors uo/vo and scale

parameter wo of the ensembles used in this work. The bare light and starnge quark masses m;’,s with the bold font on each

ensemble are the unitary quark masses, and the other values of m}fs,c are those used for the valence quark propagators. The

values uf and v} are the tadpole improvement factors used in the gauge and fermion actions, respectively; and wuo, vo, woa are
those measured from the realistic configurations generated using the Paramters here.

C11P29Ss C11P29S C11P29M C11P22M C11P22L C11P14L|C08P30S C08P30M C08P22S C08P22M |C06P30S
L° xT|[24° x 64 24° x 72 32° x 64 32° x64 48° x96 48° x 96 [32° x 96 48° x 96 32° x 64 48° x 96 |(48° x 144
10/g° 6.20 6.41 6.72
-0.2825
-0.2820
-0.2815
-0.2790 -0.2790 -0.2320 -0.2320
my -0.2780  -0.2780  -0.2780 -0.2307  -0.2307 -0.2307
-0.2770 -0.2770 -0.2770 -0.2770 -0.2770 -0.2295 -0.2295 -0.2295 -0.2295 |-0.1850
-0.2760  -0.2760 -0.2760 -0.2288 -0.2288 -0.1845
-0.2750  -0.2750 -0.2275 -0.1840
-0.2400 -0.2400 -0.2400 -0.2400 -0.2400 -0.2400 [-0.2050 -0.2050 -0.2050 -0.2050 [-0.1700
mP -0.2355  -0.2355 -0.2355 -0.2355 -0.2355 -0.2355 [-0.2030 -0.2030 -0.2030 -0.2030 |-0.1694
-0.2310 -0.2310 -0.2310 -0.2310 -0.2310 -0.2310 |-0.2010 -0.2010 -0.2010 -0.2010 |-0.1687
0.4780 0.4780 0.4780  0.4780 0.4780  0.4780 | 0.2326  0.2326 0.2326  0.2326 0.0770
mp 0.4800 0.4800 0.4800  0.4800 0.4800  0.4800 | 0.2340 0.2340 0.2340  0.2340 0.0780
0.4820 0.4820 0.4820  0.4820 0.4820 0.4820 | 0.2354 0.2354  0.2354 0.2354 0.0790
- 1.0 0.7 0.7 0.7 0.7 1.0 0.5 0.5 0.5 0.5 1.0
Nomin 4050 11000 4100 1000 1600 1000 2690 13500 1600 1000
Nmax 48000 35050 26600 5050 2200 26200 6700 36400 6060 4070
up 0.855453 0.855453 0.855453 0.855520 0.855520 0.855548 |0.863437 0.863473 0.863488 0.863499 | 0.873378
Vg 0.951479 0.951479 0.951479 0.951545 0.951545 0.951570 |0.956942 0.956984 0.957017 0.957006 | 0.963137
o 0.855440 0.855422 0.855539 [0.863463 0.873373
Vo 0.951463 0.951444 0.951561 |0.956971 0.963135
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Hadron mass from Lattice QCD

o From the time order proguct (0 =¢, (u'Cd”)u’ )

(6M10) 7
(6(H)01(0)) = 2n‘,<@<r>\n> 3 (n| 6"(0))— o

o From the path integral (S(x;y) = (D(x;y) + m)™1): )
(ODO' ) = Y (eape(UTCAWE) F, DT 0T Ca? ) 0,0))

-

X

= Y €apcar TSI, 7,0,0)CSL R, 73 0,0 CTITIESE (, 73 0,0)] + T[S, 7 0,0)CSL (R, 73 0.00I S, 73 0,0)C)

o All the ground state hadron masses can be obtained with different @O and m.

B 1.4+ . 6 @Jf 0 fit —C —myt 1 C —omt _

Sl (OMO7(0)™ = Coe™™'(1 + Ce™™) | 1 (0G-a)0T0)
= 10 T IHI_\_L : my = —log n

€ ,al I | - a (O(1)07(0))

t [fm] C. Alexandrou, et,al. ETMC, PRD104(2021)074515



The light quark masses
From lattice QCD

PZyla et,al, PTEP(2020)083C01 (PDG2020):

. M, = = 038.27 MeV =m ,ocD T 1.00(16) MeV + .

Sz. Borsanyi, et,al. SC|ence347(2O15)1452

P i (m,ocp+m)/2 =938.4(1) MeV

> - mc?are)/ 2 and a (lattice spacing) ‘

| m0 = 134.98 MeV; |

- m;; = 139.57 MeV = m? + 4.53(6) MeV +.
X Feng et,al. PRL128(2022)O62003

Jmd =497.61(1) MeV = mp o, + 0.17(02) MeV

bare bare bare

- om)™, m)* and m

+ 2. 07(15) MeV +.

D. Giusti, et.al. PRD95(2017)114504

i my; = 493.68(2) MeV = myocy



The light quark masses

0.2

0.15

0.1}

0.05 +

80 |

60

40 +

20

0

S ———-+—-—--——+—————+——— -
- )
aS al”@(a)
ubs(a) +
[
7
m,""(a) (MeV)
m° (MeV) + l
L —
e
! / b
arc
i (CZ) (MeV)
m® (MeV) +

0

0.05 0.1 0.15

a (fm)

A. Bazavoy, et,al., MILC, PRD87(2013)054505

0.2

Lattice spacing dependence

o [he lattice spacing
a IS very sensitive to
the bare coupling;

o [he light quark

mass to satisty the
condition Is very
small;

o Renormalization iIs

needed to convert
the result to MS-bar.

bare bare
U

- m}i’are)/2 and a (lattice spacing)

and mPe

9md K



Ni=2+1+1

2+1

N¢

pheno.

Quark masses

FLAG2021

FLAG average for Ne=2+1+1

ETM 21A

FNAL/MILC/TUMQCD 18

ETM 14

o

R

+ [

FLAG average for Ng=2+1

ALPHA 19
RBC/UKQCD 14B
RBC/UKQCD 12
PACS-CS 12
Laiho 11

BMW 10A, 10B
PACS-CS 10
MILC 10A
HPQCD 10
RBC/UKQCD 10A
Blum 10
PACS-CS 09
HPQCD 09A
MILC 09A

MILC 09
PACS-CS 08
RBC/UKQCD 08
CP-PACS/JLQCD 07
HPQCD 05

MILC 04, HPQCD/MILC/UKQCD 04

Dominguez 09
Narison 06
Maltman 01

3.0

3.5

MeV

Ne=2+1+1

Ne=2+1

pheno.

80

FLAG2021

-+
-+

FLAG average for N,=2+1+1

ETM 21A

HPQCD 18
FNAL/MILC/TUMQCD 18
HPQCD 14A

ETM 14

L 1T

4

]

FLAG average for N,=2+1

ALPHA 19
Maezawa 16
RBC/UKQCD 14B
RBC/UKQCD 12
PACS-CS 12
BMW 10A, 10B
PACS-CS 10
HPQCD 10
RBC/UKQCD 10A
Blum 10
PACS-CS 09
HPQCD 09A
MILC 09A

Dominguez 09
Chetyrkin 06
Jamin 06
Narison 06
Vainshtein 78

MeV

From lattice QCD

Ne=24+1+1

Ne=2+1

FLAG2021

mc(Me)

FLAG average for Ne=2+1+1

F—_F—€FM 21A

HPQCD 20A

HPQCD 18
FNAL/MILC/TUMQCD 18
HPQCD 14A

ETM 14A

ETM 14

FLAG average for Ngy=2+1

ALPHA 21
Petreczky 19
Maezawa 16
JLQCD 16
yQCD 14
HPQCD 10
HPQCD 08B

——

PDG

1.25 1.30

1.35

1.40

GeV

FLAG, EPJC80(2020)113




The quark masses are small...
but the nucleon mass is much heavier

« Lattice QCD determines
the u/d averaged quark

0.3 ] - ' mass to be 3.4(1) MeV at
global fit
005 |24 —t— _ MS-bar 2 GeV. 1.25
<2 132l
48| —A— ) & : 1.20 - ¢
0.2 | T 1 <« But the proton mass is | A
038 MeV... _
015 | ] 1.15 H@@
S A
0.1 | {1 « andit not very sensitive & 1% 20 %
to the quark mass: =105 ®
0.05 0.046(7)(23) GeV ] o oo, ¢ © v 24l
0 1 ! l 1. Constant + ~15 mg/[S(ZGeV) 00 & 0 A 32
0 0.05 0.1 0.15 0.2 around the chiral limit; 0.951 ¢ ¢ 48
mT[2 (GGVZ) B - E ® 321D
2. ~3 W™ \ith the quark 70.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16
1 m2 (GeV?)

mass Iis very heavy.

YBY, J. Liang, et. al., yQCD Collaboration, PRL121(2018)212001
ViewPoint and Editor’s suggestion

YBY, et.al. yQCD Collaboration, PRD94(2016)054503




Ji's sum rule
for the hadron energy

1
M = _<T44> - <IIE> + + <H,q> + 4 <11a>’
Xiangdong Ji, PRL 74(1995)1071

M =
With
| The QCD anomaly | I S \
| a Gauge Invariant and | The total energy _3
H a — H+ H ;,Yn, The glue u scale independent |
g anomaly | combinations. \ | Z a — H
_ He = Y [ 9(B- 9,
Hg — /d3$ 6(9) (E2 Bz)) A/ ! w,d,s...
| g » | The quark energy
| _ | | 1 |
! H) = Z / &z Ymm Py | - Hy = /d3-’13 5(32 - E?), ‘
| . i
w ‘

The glue field energy |

1
|
\ | -



Ji's sum rule

» Direct calculation of the quark/glue momentum fraction with non- fOI‘ the nUCIGOn
perturbative renormalization and normalization.

* [race anomaly contribution deduced by the direct calculation of the
guark scalar condensate in nucleon, based on the sum rule.

1 A 1 1
ZM = —(T44) = 4 [,) + 4 (Ha> ;0,40-
Q
£0.35-
1.25- i
lotal proton mass £ 0.30-
1.20 e
0.960(13) GeV c
Q 0.25-
1.15 =
— o -
3 1.10 - 0-20
o © 0.15-
s 105 s Glue energy W H,
1.00 v 24 G 0.10- Quark energy He
A 32 go 05 - Irace Anomaly W H,/4
0.951 ¢ 4si | Quark condensate wm Hp,
| ® 32D 0.00-
0.90%0 0.02 004 0.06 008 0.0 012 014 016 0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175
m?2 (GeV?) m} (GeV)?

YBY, J. Liang, et. al., yQCD Collaboration,

PRL121(2018)212001,
ViewPoint and Editor’s suggestion




Ji's sum rule

for the charmonium

5.0-
{ Il 32° x 64,a = 0.0828 fm
] s 48° x 96, = 0.0711 fm

4971 mmm ppG
o - - The charm quark mass contribution in all
:( —l()- " "
S — the different charmonia are around 2.2 GeV.
= 3.51 e = — ——

30] — T - Most of the mass difference between different

| charmonia comes from the dynamics.

) 5 T T r T T T

N e T e e D e

3.5 4.5

{ EE 32° x 64,a = 0.0828 fm | mm (H,), 32° x 64,a = 0.0828 fn I

2 ()_- Bl 18° x 96,a = 0.0711 fm | (H,), 48° x 96,a = 0.0711 fm —

. 40“ Bl \/. 32° x64.a = 0.0828 fin
- Bl \/, 48° x 96,a = 0.0711 fm -
2 2.5 3.5 —_—
= | — I -
\mj_).()f 7 3.0 o

1-) 23 - i — N - m

1.0- 2.0

W. Sun, et.al, yQCD Collaboration, PRD103(2021)094503

o-+ 1 0Tt 1Tt 1t 9tt  o—+

Chinese Academy of Sciences, Grant No. XDC01040100



ITrace anomaly
Defintion

- The trace of QCD energy momentum tensor (EMT),

I < 1 ,
Ly = WD W+ 38t = by,

IS Just the quark mass term mypy at the classical level.

Sut with the quantum corrections, the quantum correction changes the trace term into:
]\9 J.Collins et,al. PRD16(1977) 438

2 11
T" = |1 + —a. + O(a®)|mpw + | a. + O(a?)| F?,
p [ —a ()| mpry + |( ™ 12ﬂ) ,+ O(a))]

where the terms proportional to «, are the QCD quantum corrections.

- Then the hadron mass can be decomposed Into three pieces:

2 1 N,
my = mpy)y + [;as + @(asz)]m(l/'/l//)N + [( o | 12;)055 + @(asz)] (F%)y.

M.A. SHIFMAN et,al. PLB78(1978)

YBY, et. al., yQCD Collaboration, PRD94(2016)054503




ITrace anomaly

AR (t:)(GeV)

0 —<F%>y =6.52(60)GeV o <Hy>y =0.953(1)GeV
O —<F?>pg=2.52(28)GeV  * <Hu>ps=1.047(1)GeV

;miii

e & & & s—o—4 & & & 9%

F. He, P. Sun, YBY, yQCD Collaboration, PRD104 (2021) 074507

Hadron matrix elements

> Valence quark mass ~ 500 MeV.

> Considering pseudo-scalar (PS) and vector (V)

Mmesons

- Thelr quark matrix elements are similar within
~10% difference;

o But the gluon

matrix elements differ by a factor

of 2 in those two hadrons |

® ...... and the uncertainty Is much larger even with

5 steps of HY

2 smearing on the gluon operator.

Supported by Strategic Priority Research Program of Chinese Academy of Sciences, Grant No. XDC01040100



ITrace anomaly

- The gluon contribution £<F2>H

28
to the hadron mass m,.

P (r?y. is around 800 MeV in

28
the chiral limit m,, — 0.

. L7 _will be less than 100

28
MeV In the chiral limit m, — 0.

- They are exact what QCD
oredict.

Gluon contribution

1.2

0.8
0.6

Hy (GeV)

0.4
0.2

m, (GeV)

F. He, P. Sun, YBY, yQCD Collaboration, PRD104 (2021) 074507

Supported by Strategic Priority Research Program of Chinese Academy of Sciences, Grant No. XDC01040100



Trace anomaly

Density inside hadron

pu(|r|) = 0.005
Qo H(ts, ) HI(L, Y+ 7)) 5 HT(0, T)
<Z;7H Ly, Y) Zg; HT(0, 7)) |{ Ly —t—o0s 0.004
« Similar strategy as that -:>‘ 0.003
proposed for the pion O
TR (v 0.002
charge radius; =
I
X. Feng. et.al, PRD101(2020)051502, arXiv:1911.04064 Q 0001
0.000
* The density is an order of 0 001
magnitude smaller than 700 02 04 06 08 10 1.2

the usual estimate of r (fm)
2
<F > ~ O'Ol o 0'06 F. He, P. Sun, YBY, yQCD Collaboration, arXiv:2101.04942

M. Shifman. et.al, NPB147(1979)448
G. Bali. et.al, PRL113(2014)092001, arXiv:1403.6477

Supported by Strategic Priority Research Program of Chinese Academy of Sciences, Grant No. XDC01040100



Outline

O Brief introduction on Lattice QCD;

9(2)(1)%

O Parton masses and their low energy limits.

® (H»
@ (Hw

® (Hy
® (Hp
® (Ha/4
@ Hm

I E5==S
(

R

Configuration No. 1

Statistical averages

- T » 5

No. 2

1
No. O(1000)

Hadron mass and its components;

m(a, my) (GeV)

0.5 T T
0.084 fm, 0.004 GeV —x—
b 0.111 fm, 0.071 GeV —+—
i 0.111 fm, 0.040 GeV -+
¥, + 4 0.111 fm, 0.025 GeV ——
0.3 - % + 0.114 fm, 0.004 GeV —+— -
x I +
0.2 g
+
0.1 * +i e 54 + &+ +
s
0 .. 3 } 1
0 1 2 3 4 5



The light quark masses

Renormalization
- ZMOM,Lat(Q 1/61) o
MS m ? MS,Dim Lat m N
m — , 7 eym - (1/a)+ O a", a
. (1) ZMOMDin(()_ 1. ¢) " (e)m;“(1/a) ( s
Non-
perturbative IR Perturbative
region can only region
be calculate by " accessible by
Lattice QCD kinds of the
. The RI/MOM renormalization targets to : regularizations
cancel the alog(a) divergences using the
off-shell quark matrix element;
© Up to the O(a’p?) correction which can be - R UV region
eliminated by the a’p? — 0 extrapolation. o
regularizat
ion effects

G. Martinelli, et.al, NPB445(1995)81, arXiv: hep-lat/9411010



The regularization-independent
momentum subtraction scheme

First of all, we introduce a perturbative calculable scale Q2 = — pz,
o Then we can calculate the quark propagator S(p) = Z e\ ‘x)(l//(x)l/'/(())),

X

© And also vertex function
P Ap.p D) =571(p) ) e POy Oy (0)F())S ™ (p) under the
Xoy

Landau gauge.

o Eventually we can define the RI/MOM renormalization condition as the

12Z,(0) C
following: ! = — + ZMOM(Q) + O6(m, ).
Tr[I""A(p, p, F)]pzz_ 0 M

o |t can be applied to any regularization scheme.



RI/MOM scheme
Perturbative calculation

* The RI/MOM renormalization constant of the quark mass under the lattice regularization is:

aSCF[ 3log(a*Q®) = & + bl + O(ay, a*Q?);

ZyOMQ,1/a, &) = (ZYOMNQ,1/a,8)7 = (q| O g)"" = 14 e

* The RI/MOM and MS renormalization constants under the dimensional regularization are:

. . aCr 3 0’
Zy NP0, p,€,8) = (g O1q)™™ = 1 + ——[= 3log(~ ) =~ £+ 51+ 0(a)

— aCr 3
Zy>PmQ, p) = 1+ ——

~/

dr €

- O(a;)

e Thus the renormalized quark mass under the M S scheme can be defined by:

ZMOM,Lat , 1/ a. .
_ _m . (Q 5) an\;[S,Dlm(G)mLat(l/a) 4 @(azszm’ a;@)
ZMOMDIm(Q) 4y ¢, &) !

m)S(u)



RI/MOM scheme
Discretization errors

Z)OMLN(Q, a,0) = (ZY'OM(Q, a.0))!

1.3 p————————— * 13— ———————— o~ [he discretization is
1_25. ‘ 1_25. : sizable at a ~ 01 fm,
e 11} —_— = 14}
o | R - | R _ - Becomes much smaller
2 40l i c§3 10F . @ 2.2
% T — OV/HISQ (0.1213fm) s — OV/HISQ (0.1213fm) : after the O(a“p~)
N 0.9 — OV/HISQ (0.0882fm) - N 0.9 — OV/HISQ (0.0882fm) - correction is removed:
0.8 — OV/HISQ (0.0574fm) ] 0 e — OV/HISQ (0.0574fm) |
| —— OV/HISQ (0.0425fm) | —— OV/HISQ (0.0425fm) © The higher order a2np2n
0.70 2 2 2 M 5l0 2 2 2 2 160 2 2 2 2 1éo 2 2 2 M 200 0.70 M M M 2 510 2 2 2 2 160 2 2 2 2 150 2 M M M 200 Correction Can alSO be
p? (GeV?) p? (GeV?) removed In the practical
Original lattice results O(a*p?) term subtracted calculation.

F. He, et.al, yQCD, arXiv: 2204.09246




The light quark masses

80

60

40 |

20 |

1200 +
1000 +
800
600

400

200 r

0

| mP**(a) MeV) -
m’ (MeV) + 1 1
m;’are(a) (MeV)
m° (MeV) + |
. e .
e
///)+4//+//k
. m>(a) (MeV)
mbC (MeV) + 1 | I
0 0.05 0.1 0.15 0.2

a (fm)

A. Bazavoy, et,al., MILC, PRD87(2013)054505

mMS(u) = ZMSLa (1 /aymE(1/a)

ZMOM,Lat

Renormalization
+ O0(a”"Q"", ay)

(Qal/aa é:) ZM_S,DiIIl

ZMS(u) = (ZMS(u))! = ==

ZMOMDIim(() 'y ¢ E) ™

T — _
. = MOM(HISQ) ;
P o MoMOWR) ﬁi
3 = sMoM(HISQ) '5
12} o SMOM(DWF) ¥ %
1.0f i&* %* .f
0.9} i
%600 005 010 015 020
a (fm)

F. He, et.al, yQCD, arXiv: 2204.09246

()] g + O

-~ The scalar renormalization
constant Zg/ls(,u) shares the

similar lattice spacing
dependence as the bare quark

mass m;at(ll a);

- The renormalizecﬂ guark mass
- m,*(1/a)
q
my>(u) =

- ZVSLaly 1/q)
be free of 1/a.

should




Ni=2+1+1

2+1

N¢

pheno.

Quark masses

FLAG2021

FLAG average for Ne=2+1+1

ETM 21A

FNAL/MILC/TUMQCD 18

ETM 14

o

R

+ [

FLAG average for Ng=2+1

ALPHA 19
RBC/UKQCD 14B
RBC/UKQCD 12
PACS-CS 12
Laiho 11

BMW 10A, 10B
PACS-CS 10
MILC 10A
HPQCD 10
RBC/UKQCD 10A
Blum 10
PACS-CS 09
HPQCD 09A
MILC 09A

MILC 09
PACS-CS 08
RBC/UKQCD 08
CP-PACS/JLQCD 07
HPQCD 05

MILC 04, HPQCD/MILC/UKQCD 04

Dominguez 09
Narison 06
Maltman 01

3.0

3.5

MeV

Ne=2+1+1

Ne=2+1

pheno.

80

FLAG2021

-+
-+

FLAG average for N,=2+1+1

ETM 21A

HPQCD 18
FNAL/MILC/TUMQCD 18
HPQCD 14A

ETM 14

L 1T

4

]

FLAG average for N,=2+1

ALPHA 19
Maezawa 16
RBC/UKQCD 14B
RBC/UKQCD 12
PACS-CS 12
BMW 10A, 10B
PACS-CS 10
HPQCD 10
RBC/UKQCD 10A
Blum 10
PACS-CS 09
HPQCD 09A
MILC 09A

Dominguez 09
Chetyrkin 06
Jamin 06
Narison 06
Vainshtein 78

MeV

From lattice QCD

Ne=24+1+1

Ne=2+1

FLAG2021

mc(Me)

FLAG average for Ne=2+1+1

F—_F—€FM 21A

HPQCD 20A

HPQCD 18
FNAL/MILC/TUMQCD 18
HPQCD 14A

ETM 14A

ETM 14

FLAG average for Ngy=2+1

ALPHA 21
Petreczky 19
Maezawa 16
JLQCD 16
yQCD 14
HPQCD 10
HPQCD 08B

——

PDG

1.25 1.30

1.35

1.40

GeV

FLAG, EPJC80(2020)113




Chiral symmetry breaking
dynamical quark mass under the Landau gauge

m-i(a, m,) (GeV)

0.084 fm, 0.004 GeV —x—
14 0.111 fm, 0.071 GeV —+—
g 58 0.111 fm, 0.040 GeV
oK . 0.111 fm, 0.025 GeV ——
B 0.114 fm, 0.004 GeV —+— -
K
+
¥ ++ -1- + . .
*®x o F +
K K i i)
0 1 2 3 4
Q (GeV)

YBY, yQCD, Lattice2019 001, 2003.12914

L. Chang et.al., PRD104(2021)094509, 2105.06596

e |f we define the mass renormalization

Tr[{S(p))~"] |

Z(Q) oV
then we have z,0)z,(0) = 1 for arbitrary
quark mass and scale, and then a non-
zero “dynamical mass” will appear in the
renormalized quark mass

constant through »* Q) =

R CO) — b
m, (a,m;; Q) = Z,m;"*(a,m,).

It is an important feature in the DSE

approach to understand the IR physics of
QCD.

e But where does the feature come from?



Chiral symmetry breaking
in the vertex correction under the Landau gauge

' '  Under the Landau gauge, we can
1 mo®» B B . B : : :
@ . define the vertex correction at given
0.8 i . off-shell scale as:
®
06 a 1 o= Z,(0) ‘
8 ST TH(S(p)) ! (S(p) . T S(p)y . (S(p))~1] 9=V
O.4E£ .
Zpllg, 0.084 fm +—a— o
0.2 4 zP/z 0.084 fm r—e— _ Then we have
@A@ z/z ,0.114 fm +—p—
pmEn 4 & @ 22, 014 Z.# 7, Z, # 7, if 0 is small.
0 1 2 3 4 5
Sl  And we can see z, = z:! approaches

zero when ¢ - o.



Chiral symmetry breaking

10

2 |
5 107

2l)
2107 |

10

10

8§ 10 12 14 16 (

M. Denissenya, et al., PRD91(2015)034505, 1410.8751

in the hadron masses

 Based on the 2pt correlator

Cy(t,T) = ) Tr[{I'S(0,0; X, TS, £;0,0))]

in the Euclidean space, the ground state

mass with given interpolation field g1 ¢, can
be defined by:

1 . C2(t9 F)
mp = — lim log :
Cz(t + a, F)

ad 1—oo

* The spontaneous chiral symmetry breaking
makes

m, =mp#m, =m,m, =m,, Fm, =m,

e But the correlators seem to be closer at
smaller t...



Chiral symmetry breaking
in the correlators

 Based on the 2pt correlator

P 8 T I . .
e e Co(|x], ) = Tr[{I'S(0; x)I'S(x; 0))] in
= the Euclidean space, the renormalized
§ 6 ® 1 quark mass can be defined by:

5

. Cy(| x|, 1lys)

< 4L ] m 1/|x]|) = = moae,

.@.\4 ® . dS/P( [ x]) = CMS(IxI 1/7) m,q

> °

| e Then we have

% _ _ .
\%’ 1 mIS(1 | x]) = mMS(1/]x]), Cy(|x], D) = Cy(Ix],75), i

%0 02 04 06 08 1 12 14 Vixl>1GeV,

1/Ixl [GeV]
2. mM(1/|x|) # m¥S,(1/|x]), Cy(|x|. 1) = Cy(|x],75), If

) 1/]x] <1 GeV.
M. Tomii, et al., PRD99(2019)014515, 1811.11238



Chiral

symmetry breaking
dynamical quark mass and trace anomaly

m"q V-S. <qgimgiiy+cFla> (GeV) o If we compare mfa,m; Q) = Z,m>*(a,m,)
0.5, . . . . Vi
0.071 GeV —a— 7 2
g o GZV with (g |mypy ng | q), they are
e | 0.025 GeV —>¢—
ey somehow close to each other at
03 | - large o.
0.2 - A ) : :
B * But it would not be a well-defined
0.1 | TXx i a N comparison and requires further
i e S s investigation.
0 1 2 3 4 S
Q (GeV) » | et us consider the problem in

another way, through the Dirac
spectrum...

YBY, yQCD, Lattice2019 001, 2003.12914




Dirac spectrum
and chiral symmetry breaking

 The non-zero and finite .
eigenvalues of the overlap
fermion are all paired, SR
Dyv =14y, Dysv = — 14 ysv 0.5
» Thusif |4.|bhas a lower band E 00
Ao > m,, then 05
Y : : Vs X ﬂ X a1 —1 % | . . |
Do+m,  D.+m,” 2 Jdg D.+m, : ' ovenapformion
05 0 05 1 15 2 25 3 3

* and then the chiral symmetry Re())
restores In such a case.

Ut



Dirac spectrum

with hard cutoff at small eigenvalues

o(1) (GeV®), T=0 MeV

0.02 | .
0.114 fm —a—
0.084 fm — o
0.015 ¢
001— ﬂo AA@GSGG
eooeeooeeeeesae
0.005
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14
A (GeV)

YBY, yQCD, Lattice2019 001, 2003.12914

05 x40 = (FEw() = ), Vi) o Vi(y)

—Ap<A<A4,

3! 8 12 16 ¢ 20

24 28

24 28

2 4 6 8 10 12 14 16

t

2 4 6 8 10 12 14 16 t

M. Denissenya, et al., PRD91(2015)034505, 1410.8751

If we put a hard cutoff 4, at small 4, then one would expect that the chiral
condensate “vanishes”, and chiral symmetry “restores” with a “spin symmetry”.



Dirac spectrum
with hard cutoff at small eigenvalues

» \We define the subtracted

Zo/Z¢ (8, mg; Q ~ 0.15 GeV) propagator as 1

12 — , ' , ' SiP.x 40 = )L eP TV = 2, V)=V [());

1t R T A I Kﬂc SOOOVOOOON —
08| @ IO _ Y fo<hi<o
| £ 000000 * And then the subtracted vertex

4 y % h . . .
02| § x| 00 0.0841m, 0,004 GeV k- correction is defined by

0 HEERFA0000 8111 4m, 0071 GV =t _ Z, o) = Tr((Sp) ™ - (Sp-75-Sp) - (Sp) "] o)
0.2 - % 0.111 fm, 0.025 GeV —x— - ~1 ~1 '
04| | | 0.114 fm, 0.004 GeV Zs Tr{{Sp)=" - (Sh- S - (S~

0 0.05 0.1 0.15 0.2 0.25

* One can see that the chiral
symmetry restores after the low
mode with 4 < 10m, are subtracteaq.

1 1 i m, Vs

+ X — X
y5D6+mq Dc+mq,y5 3 A D +m,

YBY, yQCD, Lattice2019 001, 2003.12914




Dirac spectrum
with hard cutoff at small eigenvalues

mf(a, m_; Q ~ 0.15 GeV) (GeV) . §imilar f_eature appears ,i,n the
0.5 — , , — - dynamical quark mass”, when we
. : V —¥— :
04 | X 0111 fm, 0.071 GV define the subtracted quark mass as
4 o 0.111 fm, 0.040 GeV RIO: 1) Tr{(S,(p; A)) ']
@ 0.111 fm, 0.025 GeV ~—»— | m s Ag) = .

0 " X xxx)(x 0.114 fm, 0.004 GeV ) Z,(Q; 4) C=vp
0.2 + ;'h X)( xxxxx _

x X
ul ko 0000000000000 _ » Subtracted quark mass

M OO0 m™(m_; Q; 4,) x m, when the low mode
0+ S _-XWW § q> <> q
' ' ' ' - with 1 < 10m, are subtracted.
0 0.05 0.1 0.15 0.2 0.25

Yo (GeV) * |t is consistent with the chiral

symmetry “restoring” picture in the
other examples.
1 1 My My s

+ X — X
y5D6+mq Dc+mq,y5 3 A D +m,

YBY, yQCD, Lattice2019 001, 2003.12914




Dirac spectrum

on a lattice with small volume Lg’ X Ly

m, 0050 ~
0.006 T mﬁg-gig o
mud= . ]
m,=0.002 m—
% ChPT(Nf=%) NLO —— |
= 0004 || - * The p(A) will be suppressed at
Q) | )
3 P N R E small A when Lgand/or L = 1/T
0002 VAVAYA 1LOCD and TWACD. iIs small enough (7 here
PRD83(2010), 074501, corresponds the temperature):
0 1 L
0 001 002 003 004 005 006 1. Ly< < Ly, €-regime,
}\' T
B=4.30, T=260MeV, L=32 (2 4fm) 1 o
0025 | | | I 2. L,<— <L, finite temperature
overlap, m=0.015 i My
overlap, m=0.01 | "
0.02 1 overlapf)m=0.008 S. Aoki, et.al, JLQCD, reglme
e overlap. PRD103(2021), 074506,
g " o » The chiral symmetry breaking are
g OO ettt also suppressed in these two
0.005 cases.
0 50 100 150 200 250 300

MMeV)



Dirac spectrum
on a lattice with small spacial volume

» The result suggests that the
) SN chiral symmetry is restored in
O 1 , the e-regime:
t Gpr=0Cs Gy =Gy
oo T was || MR » The effective mass of “the
vector meson” would be also
2 weos| small in such a case.

JLQCD, PRD77(2008), 074503, 0711.4965



Dirac spectrum

_ B st at high temperature
= ‘g:\Cr;swalem?;_.._;;;;
: 100-§ RHICT G . -
2 1008 Hadrons Similarly, the p(4) is
= \ suppressed at small A, when
0% e the temperature T Is above
Net Baryon Density the critical (cross-over)
B=4.30, T=260MeV, L=32 (2.4fm) temperature ~ 150 MeV.
V0% overlapr, m=0.015 T | llli _
002 | Overlap, me00¢ » The chiral condensates
,,f; 0015 oveflap,m=9.99§ 2 = xlim Iim ,0(/1) Van|SheS;
® A—0 V-0
2
< 001 _
" aoos b » The chiral symmetry should
| also restores In such a case.
00_ 5() | 160 l 1150 200 250 300
MMeV)

S. Aoki, et.al, JLQCD, PRD103(2021), 074506, 2011.01499



Dirac spectrum
at high temperature

o

oo~ b e free PS :
-\ free Vx :
Fox  %80Mev rovond s | e 32°%8, T=380MeV ~22T,N,=2
101:_ \ —— dressed S [ C f
= N — dressed Vx |
B — dressed AX | _ .
102 e | * The chiral symmetry is restored, as
& F \ E Cop=Chs Gy = Cha,
8 10 ? free PS,S%\\‘\:\Z\:\ . 4PS S g
—~ n . — dressed PS, -
S R - e Evenmore, G, +=C, = G, 4.
O 41 free Vx, Ax R _ y 2,T 2,‘/ 2,A
10 5 free Tt, Xt / | :
10°E RN e Chiral-spin symmetry within the
- dressed Vx, Ax \\\ = :
drossed TL Xt~ Sy I'.— 3T, intervals?
105 N lTE
ST I B SR R T T R
0 2 4 6 8 10 12 14 16

L. Ya Glozman, PRD101(2020), 074516, 1912.06505



Distribution

at different temperatures

T=0 T =234 MeV

4.7 fm 6.3 fm 9.4 fm 2.5fm 2.9 fm 3.4 fm 4.2 fm 4.9 fm 6.7 fm 10.1 fm

— 0
.

- A= 0 MeV

» . 1 ( -
Nl Q\

A = 0MeV

A =0.22 MeV

A = 20 MeV

A = 80 MeV

6 o)
aF

X. Meng, et.al, yQCD &CLQCD, in preparation




Measure-based dimension
in the 2+ | flavor case

3.0 Ab“"n o Nf — 2 + 1, I 234 MeV.
340 i
257 Y £ * QOverlap valence fermion and Clover
e : fermion sea
2.0 L ' : f
] 0.0 0.5 1.0 1.5 I _ .
— . | % * dir = 3 for the eigenvector with 4 = 0 and
E1
Y S | +_¥ A > 300 MeV.
Lomgé&;+?+‘ ;%é- % f+g Tt
T&TH ‘ A Y & zero modes :
%& %’ % extrapolated near. » dir — 2 for the non-zero mode cases with
057 ¥ _zero modes y——'
A non-zero modes '
0.0

0 50 100 150 200 250 300 350

Al (MeV) » dip = 1 for the cases with

A € [10,200] MeV.

X. Meng, et.al, yQCD &CLQCD, in preparation




Summary

» |Lattice QCD provides a systematic solution to describe QCD precisely and
accurately;

 Most of the light hadron masses and more than 1/3 charmonium masses
come from the QCD dynamics.

* [he spontaneous chiral symmetry breaking directly relates to the low lying
eigen modes of the Dirac operator spectrum in the Euclidean space.

* Non-perturbative understandings of QCD are essential to understand the
Lattice QCD “observations”.



