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(∂μ∂μ + m2)ϕ = 0 ∑
μ

(ϕ(x + ̂nμ) + ϕ(x − ̂nμ)) + (m2a2 − 2)ϕ(x) = 0
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Require additional regulation 
to be finite 

The divergence has been regularized 
into the 1/an and log(a) terms

Discretized quantum field theory



ψ̄(γμ(∂μ − igAμ) − m)ψ −
1
4

Fa
μνFa

μν, Fμν = ∂μAν − ∂νAμ + ig[Aμ, Aν]

The QCD Lagrangian is the following：

with basic variable  and ψ Aμ

The lattice gauge theory replaces the basic variable  into the gauge link (or Wilson link) :Aμ Uμ

Aμ(x +
1
2

̂nμ) = a4
Uμ(x) − U†

μ(x)
2ig0a

+ 𝒪(a2g2), Uμ(x) ≡ eig0 ∫x+a ̂μ
x dyAμ(y);

x x + a ̂μ

Uμ(x) ≡ eig0 ∫x+a ̂μ
x dyAμ(y), U†

μ(x) ≡ e−ig0 ∫x
x+a ̂μ dyAμ(y) = eig0 ∫x

x+a ̂μ dyAμ(y)

Discretized QCD 
Wilson link



•  

• it can also be used to define the gauge field tensor , and also gauge action：

𝒫μν(x) = Uμ(x)Uν(x + a ̂μ)U†
μ(x + a ̂ν)U†

ν (x) = 1 + ig0a2Fμν(x +
a
2

( ̂μ + ̂ν)) −
1
2

a4g2
0Fμν(x +

a
2

( ̂μ + ̂ν))Fμν(x +
a
2

( ̂μ + ̂ν)) + i𝒪(a4)

Fμν

𝒮g =
1

2g2
0

∑
x,μν

Re[1 − Tr[𝒫μν(x)]] =
1
2

Tr[∫ d4xFμνFμν] + 𝒪(a2)

• Such an action has the  discretization error. 

• It can combine with the 1x2 loop

to construct the Symanzik or Iwasaki action, to 
suppress the discretization error to 。

𝒪(a2)

𝒫Rect
μν (x) = Uμ(x)Uμ(x + a ̂μ)Uν(x + 2a ̂μ)U†

μ(x + a ̂μ + a ̂ν)U†
μ(x + a ̂ν)U†

ν (x)

𝒪(a4)
x

x + a ̂μ

x + a ̂ν
x + a ̂μ + a ̂ν

x + 2a ̂μ + a ̂ν

x + 2a ̂μ
SSymanzik

g =
5
3

S1x1
g −

1
12

S1x2
g

SIwasaki
g = (1 + 8 × 0.331)S1x1

g − 0.331S1x2
g

Discretized QCD 
gauge action



The naive discretization suffers from the doubling problem： 

•  

• The propagator has  IR poles at , which is different from the continuum theory. 

Staggered fermion: 

• , ; 

• 16 IR poles  4 IR poles.  

• Mixing between IR poles can be suppressed with kinds of the improvement, likes the so-call highly-improved staggered quark (HISQ).

𝒮Naive
q (m) = ∑

x,y

ψ̄(x)DNaive(m; x, y)ψ(y), DNaive(m; x, y) =
1

2a ∑
μ

γμ(Uμ(x)δy,x+a ̂μ − U†
μ(x − a ̂μ)δy,x−a ̂μ) + mδy,x

1/m pa = (0/π,0/π,0/π,0/π)

ψst(x) = γx4
4 γx1

1 γx2
2 γx3

3 ψ(x) {γst
1 , γst

2 , γst
3 , γst

4 } = {(−1)x4, (−1)x1+x4, (−1)x1+x2+x4,1}

→

Discretized QCD 
Naive and Staggered actions

Wilson/CloverStaggered/HISQ Domain wall OverlapCost x10 Cost x10 Cost x10



Wilson fermion action： 

•  

• It removes the unphysical IR pole at , while introduce the additional chiral symmetry breaking at . 

Clover fermion action: 

•  

• Suppress the additional chiral symmetry breaking at . 

The cost of either Wilson or Clover action is  of the Staggered fermion.

D + m → D + aD2 + m

pi = π/a 𝒪(αs/a)

D + m → D + aD2 + m + acswσμνFμν

𝒪(α2
s /a)

𝒪(10)

Discretized QCD 
Wilson and clover actions

Wilson/CloverStaggered/HISQ Domain wall OverlapCost x10 Cost x10 Cost x10



Ginsparg-Wilson relation: 。


Overlap fermion as a possible solution: 



• In  region, ;


• In  region, .


•
But approximate the sign function  need  cost of the Wilson/Clover 

action.


• Domain wall fermion action is an approximation of overlap fermion with  cost of the Wilson/Clover action.

γ5DGW + DGWγ5 =
1
ρ

DGWγ5DGW

𝒮ov
q (m) = ∑

x,y

ψ̄(x)(δxym + ∑
z

Dov(ρ; x, z)
ρ/a

δzy − Dov(ρ; z, y)/2 )ψ(y), Dov(ρ) = 1 +
Dw(−ρ)

Dw(−ρ)D†
W(−ρ)

p → 0 Dov → aγμpμ

p → π/a Dov → 𝒪(1)
γ5Dw(−ρ)

Dw(−ρ)D†
W(−ρ)

=
γ5Dw(−ρ)

|γ5Dw(−ρ) |
𝒪(100)

𝒪(10)

Discretized QCD 
Ginsparg-Wilson action

Wilson/CloverStaggered/HISQ Domain wall OverlapCost x10 Cost x10 Cost x10



• The Feynman rule under the lattice 
regularization can be extracted in the weak 
coupling limit. 

• It approaches to the continuum form in the  
limit. 

• But the Feynman rule of the multi-gluon vertex is 
very complicated, especially for the improved 
discretized actions. 

• For example, the 4-gluon vertex of the simplest 
Wilson gauge actions 

 

With :

a → 0

SG =
1

2g2
0

∑
x,μν

Re[1 − Tr[𝒫μν(x)]] =
1
2

Tr∫ d4xFμνFμν + 𝒪(a2)

𝒫μν(x) = Uμ(x)Uν(x + a ̂μ)U†
μ(x + a ̂ν)U†

ν (x)

H. Rothe, 《Lattice 
Gauge Theories, An 
Introduction》, Eq.15.53

Lattice regularization
Feynman rules



U(x) ≡ eig0 ∫x+a ̂μ
x dyAμ(y) :

Taking the simplest Wilson fermion as example: 

where

There is a g-g-q-q vertex at :𝒪(a)

Such a vertex is  at tree level, but it can introduce  
correction at quantum level! 
𝒪(a) 𝒪(αs)

𝒮W
q (m) = ∑

x,y

ψ̄(x)Dw(m; x, y)ψ(y), Dw(m; x, y) =
1

2a ∑
μ

((1 + γμ)Uμ(x)δy,x+a ̂μ + (1 − γμ)U†
μ(x − a ̂μ)δy,x−a ̂μ) − (m +

4
a

)δy,x

Lattice regularization
Additional vertex



ZRI
Q (p2) = 1 +

g2CF

16π2
[(1 − ξ)log(a2p2) + BQ + 4.79ξ] + O(a2p2) + O(g4)

Taking the quark self energy as an example：

The result can be quite different finite  corrections with different 
discretization：

𝒪(αs)

Gauge actions
Fermion actions

Lattice regularization
Loop correction



Basic unit of Lattice QCD

Internal sites

Boundary sites 
requiring information 
from the other cores;

Computer cores  lattice： 

• Red point:  diagonal matrix 

• Black point:  sparse matrix

L3 × T = 43 × 4

12 × 12

12 × 12

(γ4(∂τ − igA4)ψ + ∑ (∂i − igAi)γi − m)ψ = 0

The discretized Dirac equation with the coupling with the non-abelian SU(3) 
gauge field:

•  are  complex matrices，  are space-time dependent 3x3 
complex matrices;

• Can be converted to a problem of sparse matrix inversion.

γ1,2,3,4 4 × 4 A1,2,3,4



Generate 
configurations
using important 

sampling

Analysis the 
configurations 

to get the 
physical results

Linear system solver
ξ = D−1η = ∑

i

ciDiη + 𝒪(10−12)

Linear algebra operation，
ξ = c1η1 + (η†

2 . η3)η4

Square root of sparse matrix，
ξ = (D + m0)−1/2η = ∑

i

di

D + m0 + ei
η + 𝒪(10−12)

Derivative of sparse matrix，

ξ =
∂D
∂U

η = D1D2D3η

hotspot：sparse linear operation，
ξ = Dη

• The major hotspot is linear system solver；

• But after the acceleration of this hotspot, 
linear algebra operation, square root and 
derivative of sparse matrix will be the 
bottlenecks of the performance.

• Configurations are the foundation of all the 
physical analysis!

……

……

Basic flow of Lattice QCD



Configuration： 
Markov chain Monte Carlo

• Specify the discretized quark and gluon actions


• Specify the flavors of quarks and their bare masses


• Specify the bare gauge coupling


Determine the lattice spacing through 


• Specify the lattice size 

→ ΛQCD

L3 × T

Case 1: Clover fermion, 243x72,  =0.108 fm,   =300 
MeV, 8 V100 GPUs:


•One week for warn-up;

•Another week for 200 configurations (5 traj. per conf.)

a mπ

Case 2: Mobius DW (chiral fermion), 963x192, 
=0.071 fm,   =140 MeV, 512 V100 GPUs:


•One year for warn-up;

•Another year for 200 configurations (5 traj. per conf.)

a
mπ



Configurations： 

300 MeV

• Three different  with the lightest  smaller than 200 MeV, or one 135 MeV and another 
200 MeV;

• Three lattice spacings , with two of  fm, and ;

• , or at least three volumes.

mπ mπ mπ ∼
mπ <

a a < 0.1 (amax /amin)2 ≥ 2

(mπ,min/Mπ,phys)2exp{4 − mπ,minL} < 2
mπ

a

0.10 fm0.05 fm0

150 MeV

0.15 fm

MILC collaboration

300 MeV

mπ

0.10 fm0.05 fm0

150 MeV

0.20 fm0.15 fm

RBC/UKQCD collaboration
CLS collaboration

300 MeV

mπ

0.10 fm0.05 fm0

150 MeV

ETM collaboration

a

a

US

300 MeV

mπ

0.10 fm0.05 fm0

150 MeV

a

EU

300 MeV

mπ

0.10 fm0.05 fm0

150 MeV

JLQCD collaboration

15

PACS collaboration

JP

• HISQ action

• TMC action

• Clover action

• DomainWall action

300 MeV

mπ

0.10 fm0.05 fm0

150 MeV

a

0.15 fm

BMW collaboration



a
0.10 fm0.05 fm0

300 MeV

150 MeV

mπ

Configurations in China： 
Towards the FLAG criteria

• Generate the configurations using the 
domestic computers is the foundation 
of any high-precision lattice QCD 
study.  

• FLAG criteria is the current status-of-
the-arts in the lattice community.  

• Major contributors：P. Sun, L. Liu, 
YBY, W. Sun,…
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From the time order product ( ):
 

From the path integral ( ):
 

 

All the ground state hadron masses can be obtained with different  and .

𝒪 = ϵabc(ua,TCdb)uc

⟨𝒪(t)𝒪†(0)⟩ = ∑
n

⟨𝒪(t) |n⟩
e−Ent

2En
⟨n |𝒪†(0)⟩t → ∞

|⟨𝒪(t) |0⟩ |2

2E0
e−E0t

S(x; y) = (D(x; y) + m)−1

⟨𝒪(t)𝒪†(0)⟩ = ∑⃗
x

⟨ϵabc((ua,TCdb)uc)( ⃗x, t)Γeϵa′ b′ c′ ((ua′ ,TCdb′ )uc′ )†(0⃗,0)⟩

= ∑
x

ϵabcϵa′ b′ c′ 
⟨Tr[Saa′ ,T

u ( ⃗x, τ; 0⃗,0)CSbb′ 

d ( ⃗x, τ; 0⃗,0)C†]Tr[ΓeScc′ 

u ( ⃗x, τ; 0⃗,0)] + Tr[Saa′ ,T
u ( ⃗x, τ; 0⃗,0)CSbb′ 

d ( ⃗x, τ; 0⃗,0)ΓeScc′ 

u ( ⃗x, τ; 0⃗,0)C†]⟩

𝒪 m

C. Alexandrou, et,al. ETMC, PRD104(2021)074515

meff
N =

1
a

log
⟨𝒪(t − a)𝒪†(0)⟩

⟨𝒪(t)𝒪†(0)⟩

Hadron mass from Lattice QCD

⟨𝒪(t)𝒪†(0)⟩fit = C0e−mNt(1 + C1e−δmt)



The light quark masses
From lattice QCD

P.Zyla et,al, PTEP(2020)083C01 (PDG2020):


• ;


• ;


• ;


• ;


• ;


•

mp = 938.27 MeV = mp,QCD + 1.00(16) MeV + . . .

mn = 939.57 MeV

m0
π = 134.98 MeV

m+
π = 139.57 MeV = m0

π + 4.53(6) MeV + . . .

m0
K = 497.61(1) MeV = m0

K,QCD + 0.17(02) MeV + . . .

m+
K = 493.68(2) MeV = m+

K,QCD + 2.07(15) MeV + . . .

X. Feng, et,al. PRL128(2022)062003

D. Giusti, et,al. PRD95(2017)114504

Sz. Borsanyi, et,al. Science347(2015)1452

 (lattice spacing)(mbare
u + mbare

d )/2 and a

αbare
s

(mp,QCD + mn)/2 = 938.4(1) MeV

mbare
u , mbare

d and mbare
s



The light quark masses
Lattice spacing dependence

αbare
s (a)

mbare
l (a) (MeV)

mbare
s (a) (MeV)

A. Bazavov, et,al., MILC, PRD87(2013)054505

 (lattice spacing)(mbare
u + mbare

d )/2 and a

αbare
s

mbare
u , mbare

d and mbare
s

The lattice spacing 
a is very sensitive to 
the bare coupling; 

The light quark 
mass to satisfy the 
condition is very 
small; 

Renormalization is 
needed to convert 
the result to MS-bar.



Quark masses
From lattice QCD

FLAG, EPJC80(2020)113



The quark masses are small…
but the nucleon mass is much heavier

YBY, J. Liang, et. al., 𝜒QCD Collaboration, PRL121(2018)212001 
ViewPoint and Editor’s suggestion

• Lattice QCD determines 
the u/d averaged quark 
mass to be 3.4(1) MeV at 
MS-bar 2 GeV.


• But the proton mass is 
938 MeV…


• and it not very sensitive 
to the quark mass:


1. Constant + ~15  
around the chiral limit;


2. ~3   with the quark 
mass is very heavy.

mMS(2GeV)
q

mMS(mq)
q

light quarks, u+d
0.046(7)(23) GeV

YBY, et.al. 𝜒QCD Collaboration, PRD94(2016)054503



Xiangdong Ji, PRL 74(1995)1071

With  
The quark 

mass

The QCD anomaly
The glue
anomaly

The quark mass anomaly

Gauge Invariant and 
scale independent 
combinations.

The quark energy

The glue field energy

The total energy

Ji’s sum rule
for the hadron energy



Glue energy
Quark energy

Trace Anomaly
Quark condensate

Total proton mass 
0.960(13) GeV

• Direct calculation of the quark/glue momentum fraction with non-
perturbative renormalization and normalization. 

• Trace anomaly contribution deduced by the direct calculation of the 
quark scalar condensate in nucleon, based on the sum rule.

YBY, J. Liang, et. al., 𝜒QCD Collaboration, 
PRL121(2018)212001, 

ViewPoint and Editor’s suggestion

Ji’s sum rule
for the nucleon



The charm quark mass contribution in all 
the different charmonia are around 2.2 GeV. 

Most of the mass difference between different 
charmonia comes from the dynamics. 

Supported by Strategic Priority Research Program of 
Chinese Academy of Sciences, Grant No. XDC01040100W. Sun, et.al, 𝜒QCD Collaboration, PRD103(2021)094503

Ji’s sum rule
for the charmonium



The trace of QCD energy momentum tensor (EMT), 
     
    is just the quark mass term  at the classical level. 

But with the quantum corrections, the quantum correction changes the trace term into: 
       

     where the terms proportional to  are the QCD quantum corrections. 

Then the hadron mass can be decomposed into three pieces:  
      

Tμν =
i
2

ψ̄D(μγν)ψ +
1
4

gμνF2 − FμρFρν

mψ̄ψ

Tμ
μ = [1 +

2
π

αs + 𝒪(α2
s )]mψ̄ψ + [(−

11
8π

+
Nf

12π
)αs + 𝒪(α2

s )]F2,

αs

mN = m⟨ψ̄ψ⟩N + [2
π

αs + 𝒪(α2
s )]m⟨ψ̄ψ⟩N + [(−

11
8π

+
Nf

12π
)αs + 𝒪(α2

s )]⟨F2⟩N .

Trace anomaly 
Defintion

J.Collins et,al. PRD16(1977) 438

M.A. SHIFMAN et,al. PLB78(1978) 

YBY, et. al., 𝜒QCD Collaboration, PRD94(2016)054503



Trace anomaly 
Hadron matrix elements

Valence quark mass ~ 500 MeV. 

Considering pseudo-scalar (PS) and vector (V) 
mesons 

Their quark matrix elements are similar within 
~10% difference; 

But the gluon matrix elements differ by a factor 
of 2 in those two hadrons ! 

……and the uncertainty is much larger even with 
5 steps of HYP smearing on the gluon operator.F. He, P. Sun, YBY, 𝜒QCD Collaboration,  PRD104 (2021) 074507

Supported by Strategic Priority Research Program of Chinese Academy of Sciences, Grant No. XDC01040100



Trace anomaly 
Gluon contribution

The gluon contribution 

to the hadron mass .  

•  is around 800 MeV in 
the chiral limit .

•  will be less than 100 
MeV in the chiral limit .

They are exact what QCD 
predict.

β
2g

⟨F2⟩H

mH

β
2g

⟨F2⟩N

mq → 0
β
2g

⟨F2⟩π

mq → 0

Supported by Strategic Priority Research Program of Chinese Academy of Sciences, Grant No. XDC01040100

F. He, P. Sun, YBY, 𝜒QCD Collaboration,  PRD104 (2021) 074507



Supported by Strategic Priority Research Program of Chinese Academy of Sciences, Grant No. XDC01040100

F. He, P. Sun, YBY, 𝜒QCD Collaboration,  arXiv:2101.04942

Trace anomaly 
Density inside hadron

X. Feng. et.al, PRD101(2020)051502, arXiv:1911.04064

• Similar strategy as that 
proposed for the pion 
charge radius;


• The density is an order of 
magnitude smaller than 
the usual estimate of 
⟨F2⟩ ∼ 0.01 − 0.06

M. Shifman. et.al, NPB147(1979)448
G. Bali. et.al, PRL113(2014)092001, arXiv:1403.6477
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The light quark masses
Renormalization

The RI/MOM renormalization targets to 
cancel the  divergences using the 
off-shell quark matrix element; 

Up to the  correction which can be 
eliminated by the  extrapolation.

αslog(a)

𝒪(a2p2)
a2p2 → 0

Non-
perturbative IR 
region can only 
be calculate by 

Lattice QCD 

UV region 
with 

obvious 
regularizat
ion effects

Perturbative 
region 

accessible by 
kinds of the 

regularizations

G. Martinelli, et.al, NPB445(1995)81, arXiv: hep-lat/9411010

mMS
q (μ) =

ZMOM,Lat
m (Q,1/a)

ZMOM,Dim
m (Q, μ, ϵ)

ZMS,Dim
m (ϵ)mLat

q (1/a) + 𝒪(am, αn
s )



Λp,p,Γ

Γ
pp

The regularization-independent 
momentum subtraction scheme

First of all, we introduce a perturbative calculable scale ，

Then we can calculate the quark propagator  ，


And also vertex function
 under the 

Landau gauge.


Eventually we can define the RI/MOM renormalization condition as the 

following: 。


It can be applied to any regularization scheme.

Q2 = − p2

S(p) = ∑
x

e−i(p⋅x)⟨ψ(x)ψ̄(0)⟩

Λ(p, p, Γ) = S−1(p)∑
x,y

e−i p⋅(x−y)⟨ψ(x)ψ̄(0)Γψ(0)ψ̄(y)⟩S−1(p)

12ZRI
q (Q)

Tr[Γ†Λ(p, p, Γ)]p2=−Q2

=
C0

mn
q

+ ZMOM
S (Q) + 𝒪(mq)



• The RI/MOM renormalization constant of the quark mass under the lattice regularization is: 


             
;


• The RI/MOM and  renormalization constants under the dimensional regularization are: 


             


                 


• Thus the renormalized quark mass under the  scheme can be defined by:

ZMOM,Lat
m (Q,1/a, ξ) = (ZMOM,Lat

S (Q,1/a, ξ))−1 = ⟨q |𝒪 |q⟩Lat = 1 +
αsCF

4π
[−3log(a2Q2) − ξ + bS] + 𝒪(α2

s , a2Q2)

MS

ZMOM,Dim
m (Q, μ, ϵ, ξ) = ⟨q |𝒪 |q⟩Dim = 1 +

αsCF

4π
[
3
ϵ̃

− 3log(
Q2

μ2
) − ξ + 5] + 𝒪(α2

s )

ZMS,Dim
m (Q, μ) = 1 +

αsCF

4π
3
ϵ̃

+ 𝒪(α2
s )

MS

RI/MOM scheme 
Perturbative calculation

mMS
q (μ) =

ZMOM,Lat
m (Q,1/a, ξ)

ZMOM,Dim
m (Q, μ, ϵ, ξ)

ZMS,Dim
m (ϵ)mLat

q (1/a) + 𝒪(a2mQ2m, αn
s )



RI/MOM scheme 
Discretization errors

Original lattice results  term subtracted𝒪(a2p2)

ZMOM,Lat
m (Q, a,0) = (ZMOM,Lat

S (Q, a,0))−1

F. He, et.al, QCD, arXiv: 2204.09246χ

The discretization is 
sizable at  fm; 

Becomes much smaller 
after the  
correction is removed; 

The higher order   
correction can also be 
removed in the practical 
calculation. 

a ∼ 0.1

𝒪(a2p2)

a2np2n



The light quark masses
Renormalization

mMS
q (μ) = ZMS,Lat

m (μ,1/a)mLat
q (1/a) + 𝒪(a2mQ2m, αn

s )

F. He, et.al, QCD, arXiv: 2204.09246χ

mbare
l (a) (MeV)

mbare
s (a) (MeV)

mbare
c (a) (MeV)

ZMS
m (μ) = (ZMS

S (μ))−1 =
ZMOM,Lat

m (Q,1/a, ξ)
ZMOM,Dim

m (Q, μ, ϵ, ξ)
ZMS,Dim

m (ϵ) |a2Q2→0 + 𝒪(α4
s )

The scalar renormalization 
constant  shares the 
similar lattice spacing 
dependence as the bare quark 
mass ; 

The renormalized quark mass 

should 

be free of .

ZMS
S (μ)

mLat
q (1/a)

mMS
q (μ) =

mLat
q (1/a)

ZMS,Lat
S (μ,1/a)

1/a

A. Bazavov, et,al., MILC, PRD87(2013)054505



Quark masses
From lattice QCD

FLAG, EPJC80(2020)113



• If we define the mass renormalization 
constant through , 
then we have  for arbitrary 
quark mass and scale, and then a non-
zero “dynamical mass” will appear in the 
renormalized quark mass


.


• It is an important feature in the DSE 
approach to understand the IR physics of 
QCD.


• But where does the feature come from?

mRI(Q) =
Tr[⟨S(p)⟩−1]

Zq(Q)
|Q= −p2

Zp(Q)Zm(Q) = 1

mR
q (a, mq; Q) = Zmmbare

q (a, mq)

Chiral symmetry breaking
dynamical quark mass under the Landau gauge

YBY, QCD, Lattice2019 001, 2003.12914χ

L. Chang et.al., PRD104(2021)094509, 2105.06596



• Under the Landau gauge, we can 
define the vertex correction at given 
off-shell scale as:


.


• Then we have 


, if  is small.


• And we can see  approaches 
zero when .

ZΓ(Q) ≡
Zq(Q)

Tr[⟨S(p)⟩−1 . ⟨S(p) . Γ . S(p)⟩ . ⟨S(p)⟩−1]
|Q= −p2

ZS ≠ ZP, ZV ≠ ZA Q

ZP = Z−1
m

Q → 0

Chiral symmetry breaking
in the vertex correction under the Landau gauge



• Based on the 2pt correlator 
 

in the Euclidean space, the ground state 
mass with given interpolation field  can 
be defined by:


.


• The spontaneous chiral symmetry breaking 
makes 


, .


• But the correlators seem to be closer at 
smaller t…

C2(t, Γ) = ∑⃗
x

Tr[⟨ΓS(0⃗,0; ⃗x, t)ΓS( ⃗x, t; 0⃗,0)⟩]

q̄1Γq2

mΓ ≡
1
a

lim
t→∞

log
C2(t, Γ)

C2(t + a, Γ)

ma0
≡ mI ≠ mγ5

≡ mπ ma1
≡ mγ5γi

≠ mγi
≡ mρ

Chiral symmetry breaking
in the hadron masses

M. Denissenya, et al., PRD91(2015)034505, 1410.8751



• Based on the 2pt correlator 
 in 

the Euclidean space, the renormalized 
quark mass can be defined by:


;


• Then we have 


1. , if 
;


2. , if 
.

C2( |x | , Γ) = Tr[⟨ΓS(0; x)ΓS(x; 0)⟩]

mMS
ud,S/P(1/ |x | ) =

C2( |x | , I/γ5)
CMS

2 ( |x | , I/γ5)
mbare

ud

mMS
ud,S(1/ |x | ) ≃ mMS

ud,P(1/ |x | ), C2( |x | , I) ≃ C2( |x | , γ5)
1/ |x | ≫ 1 GeV

mMS
ud,S(1/ |x | ) ≠ mMS

ud,P(1/ |x | ), C2( |x | , I) ≃ C2( |x | , γ5)
1/ |x | ≪ 1 GeV

Chiral symmetry breaking
in the correlators

M. Tomii, et al., PRD99(2019)014515, 1811.11238



• If we compare  

with , they are 
somehow close to each other at 
large .


• But it would not be a well-defined 
comparison and requires further 
investigation.


• Let us consider the problem in 
another way, through the Dirac 
spectrum…

mR
q (a, mq; Q) = Zmmbare

q (a, mq)

⟨q |mqψ̄ψ −
β
2g

F2 |q⟩

Q

Chiral symmetry breaking
dynamical quark mass and trace anomaly

YBY, QCD, Lattice2019 001, 2003.12914χ



• The non-zero and finite 
eigenvalues of the overlap 
fermion are all paired, 




• Thus if has a lower band 
, then 




• and then the chiral symmetry 
restores in such a case.

Dcv = iλcv, Dcγ5v = − iλcγ5v

|λc |
λ0 ≫ mq
γ5

1
Dc + mq

+
1

Dc + mq
γ5 ∝

mq

λ2
0

∝
mq

λ0

γ5

Dc + mq

Dirac spectrum
and chiral symmetry breaking



If we put a hard cutoff  at small , then one would expect that the chiral 
condensate “vanishes”, and chiral symmetry “restores” with a “spin symmetry”.

λ0 λ

Dirac spectrum
with hard cutoff at small eigenvalues

λ0

YBY, QCD, Lattice2019 001, 2003.12914χ M. Denissenya, et al., PRD91(2015)034505, 1410.8751

Sh(y, x; λc) = ⟨ψ̄(x)ψ(y)⟩ − ∑
−λ0<λ<λ0

vλ(x)
1

iλ + m
v†

λ(y)



Dirac spectrum
with hard cutoff at small eigenvalues

• We define the subtracted 
propagator as 




• And then the subtracted vertex 
correction is defined by 

.


• One can see that the chiral 
symmetry restores after the low 
mode with  are subtracted.

Sh(p, x; λc) = ∑
y

eipy(⟨ψ̄(x)ψ(y)⟩ − ∑
−λ0<λ<λ0

vλ(x)
1

iλ + m
v†

λ(y));

Zp

Zs
(λ0) =

Tr[⟨Sh⟩−1 . ⟨Sh . γ5 . Sh⟩ . ⟨Sh⟩−1]
Tr[⟨Sh⟩−1 . ⟨Sh . Sh⟩ . ⟨Sh⟩−1]

(λ0)

λ < 10mq
YBY, QCD, Lattice2019 001, 2003.12914χ

γ5
1

Dc + mq
+

1
Dc + mq

γ5 ∝
mq

λ2
0

∝
mq

λ0

γ5

Dc + mq



Dirac spectrum
with hard cutoff at small eigenvalues

• Similar feature appears in the 
“dynamical quark mass”, when we 
define the subtracted quark mass as 

.


• Subtracted quark mass 
 when the low mode 

with  are subtracted.


• It is consistent with the chiral 
symmetry “restoring” picture in the 
other examples.

mRI(Q; λ0) =
Tr[⟨Sh(p; λ0)⟩−1]

Zq(Q; λ0)
|Q= −p2

mRI(mq; Q; λ0) ∝ mq
λ < 10mq

YBY, QCD, Lattice2019 001, 2003.12914χ

γ5
1

Dc + mq
+

1
Dc + mq

γ5 ∝
mq

λ2
0

∝
mq

λ0

γ5

Dc + mq



• The  will be suppressed at 
small  when  and/or 
is small enough (T here 
corresponds the temperature): 


1.  , -regime;


2.   , finite temperature 
regime.


• The chiral symmetry breaking are 
also suppressed in these two 
cases.

ρ(λ)
λ LS LT = 1/T

LS <
1

mπ
≪ LT ϵ

LT <
1

mπ
≪ LS

Dirac spectrum
on a lattice with small volume L3

S × LT

JLQCD and TWQCD,  
PRD83(2010), 074501,  

1012.4052

S. Aoki, et.al, JLQCD,  
PRD103(2021), 074506, 

2011.01499



• The result suggests that the 
chiral symmetry is restored in 
the -regime: 

.


• The effective mass of “the 
vector meson” would be also 
small in such a case.

ϵ
C2,P = C2,S, C2,V = C2,A

Dirac spectrum
on a lattice with small spacial volume

JLQCD, PRD77(2008), 074503, 0711.4965



• Similarly, the  is 
suppressed at small , when 
the temperature T is above 
the critical (cross-over) 
temperature .


• The chiral condensates 
 vanishes;


• The chiral symmetry should 
also restores in such a case.

ρ(λ)
λ

∼ 150 MeV

Σ = π lim
λ→0

lim
V→∞

ρ(λ)

Dirac spectrum
at high temperature

S. Aoki, et.al, JLQCD,  PRD103(2021), 074506, 2011.01499



•  


• The chiral symmetry is restored, as 
.


• Even more, .


• Chiral-spin symmetry within the 
 intervals?

323 × 8, T = 380 MeV ∼ 2.2Tc, Nf = 2

C2,P = C2,S, C2,V = C2,A

C2,T = C2,V = C2,A

Tc − 3Tc

Dirac spectrum
at high temperature

L. Ya Glozman,  PRD101(2020), 074516, 1912.06505



X. Meng, et.al, QCD &CLQCD, in preparationχ

Distribution
at different temperatures

T = 234 MeVT = 0



• .


• Overlap valence fermion and Clover 
fermion sea


•  for the eigenvector with  and 
.


•  for the non-zero mode cases with 
.


•  for the cases with 
.

Nf = 2 + 1, T = 234 MeV

dIR = 3 λ = 0
λ ≥ 300 MeV

dIR → 2
λ → 0

dIR = 1
λ ∈ [10,200] MeV

Measure-based dimension
in the 2+1 flavor case

X. Meng, et.al, QCD &CLQCD, in preparationχ



Summary

• Lattice QCD provides a systematic solution to describe QCD precisely and 
accurately;


• Most of the light hadron masses and more than 1/3 charmonium masses 
come from the QCD dynamics.


• The spontaneous chiral symmetry breaking directly relates to the low lying 
eigen modes of the Dirac operator spectrum in the Euclidean space.


• Non-perturbative understandings of QCD are essential to understand the 
Lattice QCD “observations”.


