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Discovering are piling up!  
About 90 black-hole binary mergers detected so far.   
Will become millions in ~20 years! LIGO 2021



Black-hole binary spin precession
1. A sweet relativistic effect full of surprises 

2. A treasure trove for black-hole astrophysics

Waveform modulations, frame dragging, 
resonances, instabilities, superkicks 

Formation channels, supernova kicks, mass transfer, tides, 
core-envelope interactions, accretion disk physics 



Spin in the waveform

M. Favata

P. Schmidt 

• Different merger frequency 
• Aligned spins take longer to 

merge

• Spin precession; orbital plane precession 
• Peculiar waveform modulations

Aligned spin 
components

Perpendicular spin 
components



• Originally constructed with the waveform problem in mind 
• And then widely used to interpret the physics

Effective spins
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FIG. 1. Reference frames used in this paper to study BBH
spin precession. The angles ✓1, ✓2, ��, and ✓12 are defined
is a frame aligned with the orbital angular momentum L (left
panel). The binary dynamics can also be studied in a frame
aligned with the total angular momentum J (right panel).
Once L is taken to lie in the xz-plane, its direction is spec-
ified by S through the angle ✓L. The angle '0 corresponds
to rotations of S1 and S2 about the total spin S. The two
frames pictured here are not inertial because the direction of
L changes together with the spins to conserve J. These angles
are defined in Eqs. (2), (4) and (9).

of these parameters, greatly reducing the number of de-
grees of freedom. At the PN order considered here, the
magnitudes of both spins are conserved throughout the
inspiral, reducing the number of degrees of freedom from
nine to seven. The magnitude of the orbital angular mo-
mentum is conserved on the precession time (although
it shrinks on the radiation-reaction time), further reduc-
ing the number of degrees of freedom from seven to six.
The total angular momentum J = L + S1 + S2 is also
conserved on the precession time, reducing the number
of degrees of freedom from six to three. As described
in greater detail in the next subsection, the projected
e↵ective spin ⇠ [55, 56] is also conserved by both the
orbit-averaged spin-precession equations at 2PN and ra-
diation reaction at 2.5 PN, providing a final constraint
that reduces the system to just two degrees of freedom.
In an appropriately chosen non-inertial reference frame
precessing about J, precessional motion associated with
one of these degrees of freedom can be suppressed, im-
plying that the relative orientations of the three angu-
lar momenta L, S1 and S2 can be specified by just a
single coordinate! We will provide an explicit analytic
construction of this procedure in this and the following
subsection.

We begin by introducing two alternative reference
frames in which the relative orientations of the three an-
gular momenta can be specified explicitly. As shown in
the left panel of Fig. 1, one may choose the z0-axis to lie
along L, the x0-axis such that S1 lies in the x0z0-plane,
and the y0-axis to complete the orthonormal triad. In

this frame only three independent coordinates are needed
to describe the relative orientations of the angular mo-
menta; we choose them to be the angles

cos ✓1 = Ŝ1 · L̂ , (2a)

cos ✓2 = Ŝ2 · L̂ , (2b)

cos �� =
Ŝ1 ⇥ L̂

|Ŝ1 ⇥ L̂|
·

Ŝ2 ⇥ L̂

|Ŝ2 ⇥ L̂|
, (2c)

where the sign of �� is given by (cf. Fig. 1)

sgn �� = sgn{L · [(S1 ⇥ L) ⇥ (S2 ⇥ L)]}. (2d)

The relative orientations of the three angular momenta
can alternatively be specified in a frame aligned with the
total angular momentum J. For fixed values of L, S1,
and S2, the allowed range for J = |J| is

Jmin  J  Jmax (3a)

where

Jmin = max(0, L � S1 � S2, |S1 � S2| � L) , (3b)

Jmax = L + S1 + S2 . (3c)

As shown in the right panel of Fig. 1, one can choose the
z-axis parallel to J and the x-axis such that L lies in the
xz-plane:

J = J ẑ and L = L sin ✓Lx̂ + L cos ✓Lẑ . (4)

The third unit vector ŷ = ẑ ⇥ x̂ completes the orthonor-
mal triad. The total spin S = S1 + S2 = J � L will also
lie in the xz-plane:

S = �L sin ✓Lx̂ + (J � L cos ✓L)ẑ , (5)

implying

cos ✓L =
J2 + L2

� S2

2JL
. (6)

We can also define a unit vector

Ŝ? =
(J � L cos ✓L)x̂ + L sin ✓Lẑ

S
(7)

which also lies in the xz-plane but is orthogonal to Ŝ.
While the magnitudes L and J of the orbital and to-

tal angular momenta are conserved on the precession
timescale, the same is not true for the total-spin mag-
nitude S, which oscillates within the range

Smin  S  Smax , (8a)

where

Smin = max(|J � L|, |S1 � S2|) , (8b)

Smax = min(J + L, S1 + S2) . (8c)

Full spin problem has 6 degrees of freedom  
• 2 spin magnitudes 
• 3 angles for the relative orientations 
• 1 overall rotation

Combination that is easiest to measure

What encodes the precession of the orbital plane?
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which at next-to-leading order in M2/L are given by [15]

⌦1 =
M2

2r3(1 + q)2


4 + 3q �

3q�e↵

(1 + q)

M2

L

�
, (3)

⌦2 =
qM2

2r3(1 + q)2


4q + 3 �

3q�e↵

(1 + q)

M2

L

�
, (4)

where �e↵ is the effective spin [15, 16]

�e↵ =
�1Ŝ1 + q�2Ŝ2

1 + q
· L̂ . (5)

The amount of orbital-plane precession is thus set by
the magnitude

�����
dL̂

dt

�����

2

=

⇣
⌦1�1|Ŝ1 ⇥ L̂|

⌘2
+

⇣
⌦2�2|Ŝ2 ⇥ L̂|

⌘2

+ 2⌦1⌦2�1�2

⇣
Ŝ1 ⇥ L̂

⌘
·

⇣
Ŝ2 ⇥ L̂

⌘
. (6)

We follow common practice and describe the geometry of
the systems in terms of the tilt angles ✓1,2 and the differ-
ence �� between the phases of the in-plane components
of the two spins.1 In symbols, these are

cos ✓1 = Ŝ1 · L̂ , (7)

cos ✓2 = Ŝ2 · L̂ , (8)

cos �� =
Ŝ1 ⇥ L̂

|Ŝ1 ⇥ L̂|
·
Ŝ2 ⇥ L̂

|Ŝ2 ⇥ L̂|
, (9)

which yields
�����
dL̂

dt

�����

2

= (⌦1�1 sin ✓1)
2

+ (⌦2�2 sin ✓2)
2

+ 2⌦1⌦2�1�2 sin ✓1 sin ✓2 cos �� . (10)

The argument made in Ref. [2] where �p is first intro-
duced can be recast as follows. The factor cos �� can (in
principle, at least) take values between �1 and +1. At
those extrema one has

�����
dL̂

dt

�����
±

= |⌦1�1 sin ✓1 ± ⌦2�2 sin ✓2| . (11)

The parameter �p is defined as the arithmetic mean of
these two contributions normalized by the frequency ⌦1,
i.e.

�p ⌘
1

2⌦1

 �����
dL̂

dt

�����
+

+

�����
dL̂

dt

�����
�

!

= max

⇣
�1 sin ✓1, ⌦̃�2 sin ✓2

⌘
, (12)

1
The angle �� is sometimes indicated as �12 in LIGO/Virgo

analyses and data products.

where we introduced the ratio between the spin frequencies

⌦̃ =
⌦2

⌦1
= q

4q + 3

4 + 3q
�

3�e↵q2(1 � q)

(4 + 3q)2(1 + q)

M2

L
+ O

✓
M4

L2

◆
.

(13)

To leading order in M2/L, one has

�p ' max

✓
�1 sin ✓1, q

4q + 3

4 + 3q
�2 sin ✓2

◆
, (14)

which is the expression from Ref. [2] used in current GW
analyses (e.g. [3–5]).

While the simplicity of this procedure is appealing, it
is worth pointing out that the three angles ✓1, ✓2 and
�� all vary on the same timescale tpre / (r/M)

5/2. One
is not justified to devise a procedure that removes the
�� dependence from Eq. (10) while at the same time
retaining ✓1 and ✓2. The definition of �p given in Eq. (14)
is therefore inconsistent because it contains some, but not
all, short-timescale variations. Let us stress that this is
not the case for the other commonly used spin parameter
�e↵ , which is a constant of motion at 2PN [15].

There are two possible strategies one can pursue: either
retain all the precession-timescale variations, or integrate
them out.

If precession-timescale variations are to be retained,
one can immediately generalize the definition of �p as the
magnitude of dL̂/dt normalized by ⌦1, i.e.:

�p ⌘

�����
dL̂

dt

�����
1

⌦1
=


(�1 sin ✓1)

2
+

⇣
⌦̃�2 sin ✓2

⌘2

+ 2⌦̃�1�2 sin ✓1 sin ✓2 cos ��

�1/2
. (15)

If one instead wishes to remove those variations, Eq. (15)
should be precession averaged in a consistent fashion.
Given a suitable quantity  (t) that parametrizes the
precession cycle (this is analogous to, say, Kepler’s mean
anomaly for the orbital problem), the precession-averaged
value of �p can be found by evaluating

h�pi =

Z
�p( )

✓
d 

dt

◆�1

d 

Z ✓
d 

dt

◆�1

d 

. (16)

When plugging Eq. (15) into Eq. (16), one should remem-
ber that the angles ✓1( ), ✓2( ), and ��( ) all vary on
the precession timescale and thus depend (perhaps non-
trivially) on  . On the other hand, the ratio ⌦̃ is constant
at leading order and presents only long-timescale varia-
tions if the first PN correction is included, see Eq. (13).
Two explicit parametrizations at 2PN are constructed in
Refs. [17–19]. In particular, the parameter  (t) can be
chosen to be either the angle

cos'0
=

S1 · [(S1 ⇥ L) ⇥ S2 + (S2 ⇥ L) ⇥ S2]

|S1 ⇥ S2| | (S1 + S2) ⇥ L|
(17)
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FIG. 5. Statistical properties of the precession parameter �p

for current GW events. We contrast the averaged [Eq. (16),
x-axis] and heuristic [Eq. (14), y-axis] definitions of �p. Scat-
ter points show the medians of the posterior distributions
(orange circles), the width of their 90% confidence interval
(purple triangles), and the KL divergence between prior and
posterior measured in bits (teal squares). The KL divergence
of GW190814 is ⇠ 4.3 bits, which is off the scale of this figure
in the direction of the arrow.

momentum is often condensed into �p for interpretation
purposes (for measurement accuracies on the individual
spins see e.g. [34, 35]). It is indeed very desirable to have
a single parameter that, if measured confidently, can be
interpreted as “the amount of precession” in a given GW
observation.

The parameter �p was first defined in Ref. [2] with
specific assumptions that are here relaxed for the first time.
In particular, we propose that the common definition

�p = max

✓
�1 sin ✓1, q

4q + 3

4 + 3q
�2 sin ✓2

◆
(22)

should be generalized to

�p =


(�1 sin ✓1)

2
+

✓
q
4q + 3

4 + 3q
�2 sin ✓2

◆2

+ 2q
4q + 3

4 + 3q
�1�2 sin ✓1 sin ✓2 cos ��

�1/2
. (23)

The latter can then be precession averaged as in
Eq. (16) and Appendix A. For a public implemen-
tation using the Python programming language see
github.com/dgerosa/generalizedchip [36].

The crucial difference between the two definitions above
is that �p depends not only on the magnitudes of the

in-plane spin components �1 sin ✓1 and �2 sin ✓2 but also
on the angle �� between them.

It is worth noting that the generalization we propose
is bound by �p  2, compared to �p  1 for the heuris-
tic definition. This reflects one’s intuition that binaries
where both BHs contribute significantly to the precession
dynamics cannot be reduced to an effective system with a
single spin. From the definition of Eq. (23) one can imme-
diately prove that �p < 1 if either spin is parallel to the
orbital angular momentum (�i sin ✓i = 0). It follows that
the additional region �p > 1 is exclusive to binaries with
two precessing spins. Much like an observation where �p

is confidently > 0 would indicate the presence of at least
one precessing spin, a GW event in the �p > 1 region can
be interpreted as a detection of two-spin effects.

It is important to note that there is some arbitrariness
in the precise definition of �p. For instance, instead of
the magnitude |dL̂/dt| adopted in Sec. II, one could use
the projection of the total spin onto the orbital plane

�? ⌘
|(S1 + S2) ⇥ L̂|

M2
=

1

(1 + q)2
⇥
(�1 sin ✓1)

2

+ (q�2 sin ✓2)
2

+ 2q�1�2 sin ✓1 sin ✓2 cos ��
⇤1/2

,
(24)

which differs from Eq. (23) only by some factors of q (see
also [37]). Similarly, in Eq. (15) we, somehow arbitrarily,
opted for normalizing the magnitude of dL̂/dt by the
precession frequency of the primary BH ⌦1. This is the
same choice made in Ref. [2] and was here retained to
allow for a meaningful comparison between our results
and theirs. This ensures that our �p re-definition agrees
with the heuristic one in the �p ! 0 limit, as evidenced by
the small-�p regions in Fig. 4. A reflection of this feature
is that the single-spin limit is preserved [cf. Eq. (21)].
An alternative normalization, which goes further in the
direction of putting the two BHs on equal footing, would
be to divide |dL̂/dt| by ⌦1 + ⌦2. Our results can trivially
be rescaled to that choice by the transformation

�p �!
�p

1 + ⌦̃
. (25)

In this case, one would obtain a precession parameter
that is  1 but it would present a different small-spin
behavior, resulting in an estimator that cannot be easily
compared with the heuristic definition.

We stress that our recipe for evaluating �p does not
require new or different parameter-estimation runs, which
are computationally expensive, but can be carried out
entirely in postprocessing. In this paper, we pursued
this strategy using public posterior samples from the
LIGO/Virgo events reported to date. We report the
generic occurrence of long tails in the posterior distribu-
tions of �p that extend smoothly into the previously
forbidden region where �p & 1. The most relevant
case to date which shows the importance of defining
a consistent precession parameter is GW190521, where
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Damour 2001• Only the aligned components 
• Constant of motion at 2PN 
• Allows for a great simplification of the overall dynamics… 
• …with key consequences for waveform building

Racine 2008
DG+ 2015

Chatziioannou+ 2017

Schmidt+ 2015
LIGO, many others



binaries. The NRSur7dq4 results are summarized in
Table I. Results for all three models are presented in the
companion paper [39].
Figure 2 shows our estimated 90% credible regions for

the individual masses of GW190521. We estimate indivi-
dual components with !m1; m2" # !85$21

!14 ; 66
$17
!18" M" and

a total mass 150$29
!17 M". This makes GW190521 the most

massive binary BH observed to date, as expected from its
short duration and low peak frequency. To quantify
compatibility with the PISN mass gap, we find the
probability of the primary component being below
65 M" to be 0.32%. The estimated mass and dimensionless
spin magnitude of the remnant object areMf # 142$28

!16 M"
and !f # 0.72$0.09

!0.12 respectively. The posterior forMf shows
no support below 100 M", making the remnant the first
conclusive direct observation of an IMBH.
The left panel of Fig. 3 shows the posterior distributions

for the magnitude and tilt angle of the individual spins,
measured at a reference frequency of 11 Hz. All pixels in
this plot have equal prior probability. While we obtain
posteriors with strong support at the ! # 1 limit imposed by
cosmic censorship [91], these also show non-negligible
support for zero spin magnitudes. In addition, the maxi-
mum posterior probability corresponds to large angles
between the spins and the orbital angular momentum.
Large spin magnitudes and tilt angles would lead to a
strong spin-orbit coupling, causing the orbital plane to

FIG. 2. Posterior distributions for the progenitor masses of
GW190521 according to the NRSur7dq4 waveform model. The
90% credible regions are indicated by the solid contour in the
joint distribution and by solid vertical and horizontal lines in
the marginalized distributions.

FIG. 3. Left: posterior distribution for the individual spins of GW190521 according to the NRSur7dq4 waveform model. The radial
coordinate in the plot denotes the dimensionless spin magnitude, while the angle denotes the spin tilt, defined as the angle between the
spin and the orbital angular momentum of the binary at reference frequency of 11 Hz. A tilt of 0° indicates that the spin is aligned with
the orbital angular momentum. A nonzero magnitude and a tilt away from 0° and 180° imply a precessing orbital plane. All bins have
equal prior probability. Right: posterior distributions for the effective spin and effective in-plane spin parameters. The 90% credible
regions are indicated by the solid contour in the joint distribution, and by solid vertical and horizontal lines in the marginalized
distributions. The large density for tilts close to 90° leads to large values for !p and low values for !eff.
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Spin things we know

LIGO/Virgo/Kagra 2020

4 Measurement of general-relativistic precession in a black-hole binary

Fig. 1 The precession frequency ⌦p of GW200129 as a function of time, from 0.2s before
merger, along with the 90% credible interval.

preference for much higher values, with a1/m1 = 0.9+0.1
-0.5. The signal is not strong

enough for the secondary spin to be measured; this is the case in all BBH observa-
tions to date, and in general accurate measurements of both spins are not expected
for SNRs less than ⇠100 [20], with our choice of priors.

Black-hole spin and precession leave only subtle imprints on the waveform. This
is why a high SNR is in general necessary for precession to be measured. Fig. 3
shows the plus polarisation of the theoretical signal preferred by our analysis, over
a ⇠0.25 s window that roughly corresponds to the length of data that we analyse.
It is possible to make an approximate decomposition of the signal into two non-
precessing harmonics, and to recover the mild precession modulations as the beating
between these two harmonics [21]. The leading harmonic (“harmonic 0”) makes up
the dominant part of the signal, while the next harmonic (“harmonic 1”) provides
the power in precession. Fig. 3 also shows these two harmonics. The harmonics are
in phase at merger and roughly ninety degrees out of phase 0.2 s earlier, illustrating

Measurement of general-relativistic precession in a black-hole binary 5

Fig. 2 Two-dimensional posterior probability for our measurement of the dimensionless spin
~a1/m1 of the primary black hole, and its mis-alignment (tilt) with the direction of the orbital
angular momentum. Tilt angles of 90� means that the spin vector lies within the plane of the
binary. The colour indicates the posterior probability per pixel. This plot is produced by using
histogram bins that are constructed linearly in spin magnitude and the cosine of the tilt angles
such that each bin contains identical prior probability. The probabilities are marginalized over
the azimuthal angles. Contours represent the 50% and 90% credible intervals.

that the system undergoes roughly half a precession cycle while in the detector’s
sensitivity band.

Having argued that the signal GW200129 was likely produced by a precessing
high-spin binary, we address the question of how it may have formed. A single obser-
vation is not informative about the overall binary population. However, GW200129
does tell us that black holes can form with high spins, and can end up in binaries
with a large spin misalignment. The 84 LVK BBH observations suggest that black-
hole spins are typically low, with half of spin magnitudes less than 0.26 [8], and this
is consistent with the expectation that black holes that form through stellar collapse
will not be highly spinning [22].

Although formation of a binary like GW200129 would be rare from the for-
mation mechanisms that are consistent with the currently observed astrophysical

Hannam+ 2021

GW200129

GW190521Mild evidence that some 
systems are precessing

The two strongest cases IMO
But careful with the waveforms, 
eccentricity, and they are short signals! 
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FIG. 19. The dependence of aligned spin magnitude on the
chirp mass. The light/dark shaded regions are the aligned
spin magnitude at a credibility 90%/50%. The distribution
is consistent with small values for lower chirp mass binaries,
however, the spin magnitude is less tightly constrained for
chirp masses of 30 M� and higher.

FIG. 20. Posterior constraints on the mean (top) and stan-
dard deviation (bottom) of the �e↵ distribution as a function
of mass ratio q. At 97.5% credibility, we find that the mean
of the �e↵ shifts towards larger values for more unequal mass
systems. The grey region in the lower panel shows the area
artificially excluded by our prior on the parameters �0 and �;
see Eq. (20).

FIG. 21. Posteriors on the mass ratios and e↵ective inspi-
ral spins of BBHs in GWTC-3, reweighted to a population-
informed prior allowing for a correlation between q and �e↵ .
We infer that the mean of the BBH �e↵ distribution shifts
towards larger values with decreasing mass ratios. Accord-
ingly, reweighted events shift considerably, such that events
with q ⇠ 1 contract about �e↵ ⇡ 0 while events with q < 1
shift towards larger e↵ective inspiral spins.

allowed to evolve with q:

p(�e↵ |q) / exp


� (�e↵ � µ(q))2

2�2(q)

�
, (19)

with

µ(q) = µ0 + ↵(q � 1) (20a)

log10 �(q) = log10 �0 + �(q � 1). (20b)

The new hyperparameters ↵ and � measure the extent
to which the location or width of the �e↵ distribution
changes as a function of mass-ratio.

We repeat hierarchical inference of the BBH popula-
tion, adopting the fiducial model for the primary mass
and redshift distribution. At 97.5% credibility, we con-
strain ↵ < 0, indicating that more unequal-mass bina-
ries preferentially possess larger, more positive �e↵ . Fig-
ure 20 illustrates our constraints on the mean and stan-
dard deviation of the �e↵ distribution as a function of
mass ratio. Each light trace represents a single sample
from our hyperposterior, and the solid black lines denote
the median values and central 90% bounds on µ(q) and
�(q) at a given value of q. If we adopt these hierarchi-
cal results as a new, population-informed prior, Fig. 21
shows the resulting reweighted posteriors for the BBHs
among GWTC-3. Each filled contour bounds the central
90% region for a given event in the q–�e↵ plane, while
black points mark events’ one-dimensional median q and
�e↵ measurements.

Spin things we know
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FIG. 15. The distributions of component spin magnitudes � (left) and spin-orbit misalignment angles ✓ (right) among
binary black hole mergers, inferred using the Default component spin model described further in Sect. B 2 a; e.g., both
spin magnitudes are drawn from the same distribution. In each figure, solid black lines denote the median and central 90%
credible bounds inferred on p(�) and p(cos ✓) using GWTC-3. The light grey traces show individual draws from our posterior
distribution on the Default model parameters, while the blue traces show our previously published results obtained using
GWTC-2. As with GWTC-2, in GWTC-3 we conclude that the spin magnitude distribution peaks near �i ⇡ 0.2, with a tail
extending towards larger values. Meanwhile, we now more strongly favor isotropy, obtaining a broad cos ✓i distribution that
may peak at alignment (cos ✓i = 1) but that is otherwise largely uniform across all cos ✓.
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FIG. 16. Left panel : Inferred distribution of �e↵ for our latest full analysis in black. For comparison, the blue distribution and
interval shows our inferences derived from GWTC2. Right panel : Corresponding result for �p. While both panels in this figure
are derived using the Gaussian spin model, we find similar conclusions with the other spin models used to analyze GWTC-2.

at 99.7% credibility.
This interpretation was challenged in [194] and [195],

which argued that no evidence for extreme spin misalign-
ment exists if BBH spin models are expanded to allow the
existence of a secondary subpopulation with vanishingly
small spins. Other avenues of investigation are also in
tension with the identification of extreme spin-orbit mis-
alignment. When the �e↵ distribution is allowed to cor-

relate with other BBH parameters, like the binary mass
ratio (see Sec. VIIB), evidence for negative �e↵ values
diminishes [196]. Motivated by the concerns raised in
[194] and [195], we repeat our inference of �e↵,min but
under an expanded model that allows for a narrow sub-
population of BBH events with extremely small e↵ective

inspiral spins:

p(�e↵ |µe↵ , �e↵ , �e↵,min) = ⇣bulkN[�eff,min,1](�e↵ |µe↵ , �e↵)

+ (1 � ⇣bulk)N[�1,1](�e↵ |0, 0.01).
(18)

Here, ⇣bulk is the fraction of BBHs in the wide bulk pop-
ulation, truncated above �e↵,min, while (1 � ⇣bulk) is the
fraction of events residing in the vanishing spin sub-
population, which formally extends from �1 to 1. When
repeating our inference of �e↵,min under this expanded
model, our data still prefer a negative �e↵,min but with
lower significance. As seen in Fig. 18, we now infer that
�e↵,min < 0 at 92.5% credibility. This expanded model
allows us to additionally investigate evidence for the exis-
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at 99.7% credibility.
This interpretation was challenged in [194] and [195],

which argued that no evidence for extreme spin misalign-
ment exists if BBH spin models are expanded to allow the
existence of a secondary subpopulation with vanishingly
small spins. Other avenues of investigation are also in
tension with the identification of extreme spin-orbit mis-
alignment. When the �e↵ distribution is allowed to cor-

relate with other BBH parameters, like the binary mass
ratio (see Sec. VIIB), evidence for negative �e↵ values
diminishes [196]. Motivated by the concerns raised in
[194] and [195], we repeat our inference of �e↵,min but
under an expanded model that allows for a narrow sub-
population of BBH events with extremely small e↵ective

inspiral spins:

p(�e↵ |µe↵ , �e↵ , �e↵,min) = ⇣bulkN[�eff,min,1](�e↵ |µe↵ , �e↵)

+ (1 � ⇣bulk)N[�1,1](�e↵ |0, 0.01).
(18)

Here, ⇣bulk is the fraction of BBHs in the wide bulk pop-
ulation, truncated above �e↵,min, while (1 � ⇣bulk) is the
fraction of events residing in the vanishing spin sub-
population, which formally extends from �1 to 1. When
repeating our inference of �e↵,min under this expanded
model, our data still prefer a negative �e↵,min but with
lower significance. As seen in Fig. 18, we now infer that
�e↵,min < 0 at 92.5% credibility. This expanded model
allows us to additionally investigate evidence for the exis-

Stronger evidence emerges 
at the population level

LIGO/Virgo/Kagra 2021

LIGO/Virgo/Kagra 2021

Definitely need some (aligned) spin to fit the data
Intriguing correlation with the mass ratio

Callister+ 2021



A tale of three timescales

1. Orbital motion 
2. Spin & orbital-plane precession 
3. GW emission and inspiral tRR / (r/rg)

4

torb / (r/rg)
3/2

Kepler’s third law 

Quadrupole formula 
Peters & Matthews 1963

tpre / (r/rg)
5/2

Apostolatos et al 1994

if (Post-)Newtonian

Precession InspiralOrbit << <<
:  timescale hierarchy

BH binary multi-timescale analysis:
1. Solve the dynamics (hopefully analytically) on the shorter time 
2. Quasi-adiabatic evolution (“average”) on the longer time

r � rg = GM/c2

DG+ 2015a; Kesden, DG+, 2014



Two-spin PN dynamics

• Spin magnitudes are constants 
• Reference frame (3 constraints) 

• Three momenta, 9 components L,S1,S2

tRR

Damour 2001; Racine 2008

•     and also                                 vary on  
• Effective spin is constant (at least) at 2PN!

r J = |L+ S1 + S2|

Spin precession is (actually) a 1D problem!

r, ✓1, ✓2, ��
Spin precession is a 4D problem!

Chosen parameter is S = |S1 + S2|

(⇠ = �e↵)

Precession InspiralOrbit << << 3

L
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ŷ
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x̂0

ẑ0
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S? = ŷ ⇥ S

FIG. 1. Reference frames used in this paper to study BBH
spin precession. The angles ✓1, ✓2, ��, and ✓12 are defined
is a frame aligned with the orbital angular momentum L (left
panel). The binary dynamics can also be studied in a frame
aligned with the total angular momentum J (right panel).
Once L is taken to lie in the xz-plane, its direction is spec-
ified by S through the angle ✓L. The angle '0 corresponds
to rotations of S1 and S2 about the total spin S. The two
frames pictured here are not inertial because the direction of
L changes together with the spins to conserve J. These angles
are defined in Eqs. (2), (4) and (9).

of these parameters, greatly reducing the number of de-
grees of freedom. At the PN order considered here, the
magnitudes of both spins are conserved throughout the
inspiral, reducing the number of degrees of freedom from
nine to seven. The magnitude of the orbital angular mo-
mentum is conserved on the precession time (although
it shrinks on the radiation-reaction time), further reduc-
ing the number of degrees of freedom from seven to six.
The total angular momentum J = L + S1 + S2 is also
conserved on the precession time, reducing the number
of degrees of freedom from six to three. As described
in greater detail in the next subsection, the projected
e↵ective spin ⇠ [55, 56] is also conserved by both the
orbit-averaged spin-precession equations at 2PN and ra-
diation reaction at 2.5 PN, providing a final constraint
that reduces the system to just two degrees of freedom.
In an appropriately chosen non-inertial reference frame
precessing about J, precessional motion associated with
one of these degrees of freedom can be suppressed, im-
plying that the relative orientations of the three angu-
lar momenta L, S1 and S2 can be specified by just a
single coordinate! We will provide an explicit analytic
construction of this procedure in this and the following
subsection.

We begin by introducing two alternative reference
frames in which the relative orientations of the three an-
gular momenta can be specified explicitly. As shown in
the left panel of Fig. 1, one may choose the z0-axis to lie
along L, the x0-axis such that S1 lies in the x0z0-plane,
and the y0-axis to complete the orthonormal triad. In

this frame only three independent coordinates are needed
to describe the relative orientations of the angular mo-
menta; we choose them to be the angles

cos ✓1 = Ŝ1 · L̂ , (2a)

cos ✓2 = Ŝ2 · L̂ , (2b)

cos �� =
Ŝ1 ⇥ L̂

|Ŝ1 ⇥ L̂|
·

Ŝ2 ⇥ L̂

|Ŝ2 ⇥ L̂|
, (2c)

where the sign of �� is given by (cf. Fig. 1)

sgn �� = sgn{L · [(S1 ⇥ L) ⇥ (S2 ⇥ L)]}. (2d)

The relative orientations of the three angular momenta
can alternatively be specified in a frame aligned with the
total angular momentum J. For fixed values of L, S1,
and S2, the allowed range for J = |J| is

Jmin  J  Jmax (3a)

where

Jmin = max(0, L � S1 � S2, |S1 � S2| � L) , (3b)

Jmax = L + S1 + S2 . (3c)

As shown in the right panel of Fig. 1, one can choose the
z-axis parallel to J and the x-axis such that L lies in the
xz-plane:

J = J ẑ and L = L sin ✓Lx̂ + L cos ✓Lẑ . (4)

The third unit vector ŷ = ẑ ⇥ x̂ completes the orthonor-
mal triad. The total spin S = S1 + S2 = J � L will also
lie in the xz-plane:

S = �L sin ✓Lx̂ + (J � L cos ✓L)ẑ , (5)

implying

cos ✓L =
J2 + L2

� S2

2JL
. (6)

We can also define a unit vector

Ŝ? =
(J � L cos ✓L)x̂ + L sin ✓Lẑ

S
(7)

which also lies in the xz-plane but is orthogonal to Ŝ.
While the magnitudes L and J of the orbital and to-

tal angular momenta are conserved on the precession
timescale, the same is not true for the total-spin mag-
nitude S, which oscillates within the range

Smin  S  Smax , (8a)

where

Smin = max(|J � L|, |S1 � S2|) , (8b)

Smax = min(J + L, S1 + S2) . (8c)



What you do: 
• One effective particle: 3D 
• 3D to 2D problem:                        

L is a constant of motion! 
• Energy is constant: 2D to 1D? 
• Effective potential

Kepler’s two-body problem

What you get: 
• A lot of understanding 
• Bound and unbound orbits, etc

Integrating                  to get a bunch of points along an orbit or…  
knowing that that curve is an ellipse! 

GMm/r2
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Effective potentials for spin precession
What you do: 
• Start from 4D problem 
• 4D to 2D problem: GW are frozen,                       

r and J are constant, 
• Further constant of motion, effective 

spin: 2D to 1D 
• Effective potentials for BH binary    spin 

precession

What you get: 
• Analytical solutions 
• Phases, resonances  
• A lot of understanding

Integrating the PN eq. to get a bunch of points on a precession cone or…  
knowing the shape of that cone! 

DG+ 2015a
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these extrema the derivatives

d⇠±
dS
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1 + q

2qM2S3L

⇢
(1 � q)(J2

� L2)(S2

1
� S2

2
) � (1 + q)S4

±
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A1A2A3A4

h
S8
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1
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1
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2
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� (S2

1
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(18)

vanish and S = S� = S+ is constant. Since

lim
S!Smin

d⇠+

dS
� lim

S!Smin

d⇠�
dS

, (19a)

lim
S!Smax

d⇠+

dS
 lim

S!Smax

d⇠�
dS

, (19b)

and at most two turning points can exist, it follows that
⇠+ admits a single maximum in [Smin, Smax] and ⇠� ad-
mits a single minimum in [Smin, Smax]. The e↵ective po-
tentials therefore have exactly two distinct extrema for
each value of the constants J , r, q, �1 and �2. As clari-
fied below, these special configurations correspond to the
spin-orbit resonances discovered by other means in [37].

The equal-mass limit q ! 1 corresponds to ⇠+(S) =
⇠�(S) [cf. Eq. (14)] implying that S is constant for all
values of ⇠ [note that ⇠±(Smin) 6= ⇠±(Smax)]. This fact
was noted at least as early as 2008 by Racine [56] and it
was recently exploited in numerical-relativity simulations
[39, 58], but the constancy of S is a peculiarity of the
equal-mass case and does not hold for generic binaries.

C. Morphological classification

Although the evolution of '0 already provides a way to
characterize the precessional dynamics (Fig. 2), a more
intuitive understanding can be gained by switching back
to the L-aligned frame illustrated in the left panel of
Fig. 1. Substituting Eqs. (10) and (13) into (2), we can
express the angles ✓1, ✓2 and �� as functions of S, J and
⇠. This yields the remarkably simple expressions [1]

cos ✓1 =
1

2(1 � q)S1


J2

� L2
� S2

L
�

2qM2⇠

1 + q

�
,

(20a)

cos ✓2 =
q

2(1 � q)S2


�

J2
� L2

� S2

L
+

2M2⇠

1 + q

�
,

(20b)

cos �� =
cos ✓12 � cos ✓1 cos ✓2

sin ✓1 sin ✓2

, (20c)

where the angle ✓12 = arccos Ŝ1 · Ŝ2 between the two
spins can also be written in terms of S:

cos ✓12 =
S2

� S2
1

� S2
2

2S1S2

. (20d)
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FIG. 3. Analytical solutions given by Eq. (20) for the evo-
lution of the angles ✓1 (top panel), ✓2 (middle panel), and
�� (bottom panel) during a precession cycle. The evolution
of three binaries with ⇠ = 0.25 (blue), 0.3 (green) and 0.35
(red) is shown for q = 0.8, �1 = 1, �2 = 0.8, r = 20M and
J = 1.29M2. The evolution of ✓1 and ✓2 is monotonic during
each half of a precession cycle and is bounded by the dotted
lines for which cos' = ⌥1 [these curves can be found by sub-
stituting ⇠±(S) for ⇠ in Eq. (20)]. Three classes of solutions
are possible and define the binary morphology: �� can oscil-
late about 0 (⇠ = 0.25), circulate (⇠ = 0.3) or oscillate about
⇡ (⇠ = 0.35). An animated version of this figure is available
online at [54], where precession solutions are evolved on tRR.

• Monotonic oscillations 
• Bounded by the effective potentials

Spin tilts ✓1, ✓2
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FIG. 4. E↵ective potentials ⇠±(S) of Eq. (14) for values of L, J , S1, and S2 leading to three di↵erent sets of spin morphologies.
The loop formed by the two curves encloses all allowed configurations for the constants listed in the legends. As in the left panel
of Fig. 2, empty squares mark the extrema of S (Smin and Smax), empty triangles mark the extrema of ⇠ (⇠min and ⇠max), and
conservation of ⇠ restricts the BBH spins to precess along horizontal lines between the turning points S±. BBH spin precession
can be classified into three di↵erent morphologies by the behavior of �� during a precession cycle: oscillation about 0 (blue
region), circulation from �⇡ to ⇡ (green region), or oscillation about ⇡ (red region). The dashed boundaries between these
morphologies occur at values of ⇠ where the dotted curves cos ✓i = ±1 intersect the e↵ective-potential loop, as shown by the
empty circles. All three morphologies are present if one intersection occurs on ⇠+(S) and a second occurs on ⇠�(S) (left panel),
oscillation of �� about 0 is forbidden if two intersections occur on either ⇠+(S) or ⇠�(S) (middle panel), and only oscillations
about ⇡ are allowed if there are no such intersections (right panel).

FIG. 5. The (J, ⇠) parameter space for BBHs with di↵erent minimum allowed total angular momentum Jmin. BBH spin
morphology is shown with di↵erent colors, as indicated in the legend. The extrema ⇠min(J) and ⇠max(J) of the e↵ective
potentials constitute the edges of the allowed regions and are marked by solid blue (red) curves for �� = 0 (⇡). Dashed
lines mark the boundaries between the di↵erent morphologies. The parameters q, �1, �2 and r are chosen as in Fig. 4, whose
panels can be thought of as vertical (constant J) “sections” of this figure (where we suppress the S dependence). The lowest
allowed value of ⇠ occurs at J = |L � S1 � S2| in all three panels. Three phases are present for each vertical section with
J > |L� S1 � S2|. This condition may either cover the entire parameter space (left panel) or leave room for additional regions
where vertical sections include two di↵erent phases in which �� oscillates about ⇡ and a circulating phase in between (center
panel) or only a single phase where the spins librate about �� = ⇡ (right panel). An animated version of this figure evolving
on the radiation-reaction time tRR is available online [54].

Azimuthal projections
• Three different morphologies 
• Boundaries if aligned
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FIG. 1. Reference frames used in this paper to study BBH
spin precession. The angles ✓1, ✓2, ��, and ✓12 are defined
is a frame aligned with the orbital angular momentum L (left
panel). The binary dynamics can also be studied in a frame
aligned with the total angular momentum J (right panel).
Once L is taken to lie in the xz-plane, its direction is spec-
ified by S through the angle ✓L. The angle '0 corresponds
to rotations of S1 and S2 about the total spin S. The two
frames pictured here are not inertial because the direction of
L changes together with the spins to conserve J. These angles
are defined in Eqs. (2), (4) and (9).

of these parameters, greatly reducing the number of de-
grees of freedom. At the PN order considered here, the
magnitudes of both spins are conserved throughout the
inspiral, reducing the number of degrees of freedom from
nine to seven. The magnitude of the orbital angular mo-
mentum is conserved on the precession time (although
it shrinks on the radiation-reaction time), further reduc-
ing the number of degrees of freedom from seven to six.
The total angular momentum J = L + S1 + S2 is also
conserved on the precession time, reducing the number
of degrees of freedom from six to three. As described
in greater detail in the next subsection, the projected
e↵ective spin ⇠ [55, 56] is also conserved by both the
orbit-averaged spin-precession equations at 2PN and ra-
diation reaction at 2.5 PN, providing a final constraint
that reduces the system to just two degrees of freedom.
In an appropriately chosen non-inertial reference frame
precessing about J, precessional motion associated with
one of these degrees of freedom can be suppressed, im-
plying that the relative orientations of the three angu-
lar momenta L, S1 and S2 can be specified by just a
single coordinate! We will provide an explicit analytic
construction of this procedure in this and the following
subsection.

We begin by introducing two alternative reference
frames in which the relative orientations of the three an-
gular momenta can be specified explicitly. As shown in
the left panel of Fig. 1, one may choose the z0-axis to lie
along L, the x0-axis such that S1 lies in the x0z0-plane,
and the y0-axis to complete the orthonormal triad. In

this frame only three independent coordinates are needed
to describe the relative orientations of the angular mo-
menta; we choose them to be the angles

cos ✓1 = Ŝ1 · L̂ , (2a)

cos ✓2 = Ŝ2 · L̂ , (2b)

cos �� =
Ŝ1 ⇥ L̂

|Ŝ1 ⇥ L̂|
·

Ŝ2 ⇥ L̂

|Ŝ2 ⇥ L̂|
, (2c)

where the sign of �� is given by (cf. Fig. 1)

sgn �� = sgn{L · [(S1 ⇥ L) ⇥ (S2 ⇥ L)]}. (2d)

The relative orientations of the three angular momenta
can alternatively be specified in a frame aligned with the
total angular momentum J. For fixed values of L, S1,
and S2, the allowed range for J = |J| is

Jmin  J  Jmax (3a)

where

Jmin = max(0, L � S1 � S2, |S1 � S2| � L) , (3b)

Jmax = L + S1 + S2 . (3c)

As shown in the right panel of Fig. 1, one can choose the
z-axis parallel to J and the x-axis such that L lies in the
xz-plane:

J = J ẑ and L = L sin ✓Lx̂ + L cos ✓Lẑ . (4)

The third unit vector ŷ = ẑ ⇥ x̂ completes the orthonor-
mal triad. The total spin S = S1 + S2 = J � L will also
lie in the xz-plane:

S = �L sin ✓Lx̂ + (J � L cos ✓L)ẑ , (5)

implying

cos ✓L =
J2 + L2

� S2

2JL
. (6)

We can also define a unit vector

Ŝ? =
(J � L cos ✓L)x̂ + L sin ✓Lẑ

S
(7)

which also lies in the xz-plane but is orthogonal to Ŝ.
While the magnitudes L and J of the orbital and to-

tal angular momenta are conserved on the precession
timescale, the same is not true for the total-spin mag-
nitude S, which oscillates within the range

Smin  S  Smax , (8a)

where

Smin = max(|J � L|, |S1 � S2|) , (8b)

Smax = min(J + L, S1 + S2) . (8c)

DG+ 2015a

DG+ 2015a



• Quasi-adiabatic approach 
• Only r and J vary on        . Can we relate them? 

Averaging the average

Let’s turn on GW emission

tRR

Usual orbit average
Some parameters for the dynamics 
(here     is Kepler’s true anomaly)

Orbital period

hXipre =
R
dS hXiorb dt/dSR

dS dt/dS

hXiorb =

R
d X dt/d R
d dt/d 

 

Now a precession average!
Dynamics is now parametrized by S 

Precession period

Precession InspiralOrbit << <<



A predictive statement

The final morphology encodes 
the initial spin orientation:  

how BHs form! 

• Morphology: feature of spin precession that 
does not vary on the precessional time! 

• The final spin orientations are scattered around,          
let’s propagate them back!

At formation LIGO band
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FIG. 4. E↵ective potentials ⇠±(S) of Eq. (14) for values of L, J , S1, and S2 leading to three di↵erent sets of spin morphologies.
The loop formed by the two curves encloses all allowed configurations for the constants listed in the legends. As in the left panel
of Fig. 2, empty squares mark the extrema of S (Smin and Smax), empty triangles mark the extrema of ⇠ (⇠min and ⇠max), and
conservation of ⇠ restricts the BBH spins to precess along horizontal lines between the turning points S±. BBH spin precession
can be classified into three di↵erent morphologies by the behavior of �� during a precession cycle: oscillation about 0 (blue
region), circulation from �⇡ to ⇡ (green region), or oscillation about ⇡ (red region). The dashed boundaries between these
morphologies occur at values of ⇠ where the dotted curves cos ✓i = ±1 intersect the e↵ective-potential loop, as shown by the
empty circles. All three morphologies are present if one intersection occurs on ⇠+(S) and a second occurs on ⇠�(S) (left panel),
oscillation of �� about 0 is forbidden if two intersections occur on either ⇠+(S) or ⇠�(S) (middle panel), and only oscillations
about ⇡ are allowed if there are no such intersections (right panel).

FIG. 5. The (J, ⇠) parameter space for BBHs with di↵erent minimum allowed total angular momentum Jmin. BBH spin
morphology is shown with di↵erent colors, as indicated in the legend. The extrema ⇠min(J) and ⇠max(J) of the e↵ective
potentials constitute the edges of the allowed regions and are marked by solid blue (red) curves for �� = 0 (⇡). Dashed
lines mark the boundaries between the di↵erent morphologies. The parameters q, �1, �2 and r are chosen as in Fig. 4, whose
panels can be thought of as vertical (constant J) “sections” of this figure (where we suppress the S dependence). The lowest
allowed value of ⇠ occurs at J = |L � S1 � S2| in all three panels. Three phases are present for each vertical section with
J > |L� S1 � S2|. This condition may either cover the entire parameter space (left panel) or leave room for additional regions
where vertical sections include two di↵erent phases in which �� oscillates about ⇡ and a circulating phase in between (center
panel) or only a single phase where the spins librate about �� = ⇡ (right panel). An animated version of this figure evolving
on the radiation-reaction time tRR is available online [54].
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FIG. 15. LIGO detection rates r for binary BHs in bins of
total mass M , divided into the three spin morphologies. Low-
mass systems subject to tidal realignment are mostly found
in the L⇡ morphology. They are invisible to LIGO but will
dominate the detection rate for future detectors like Cosmic
Explorer. Most binaries of high mass subject to pulsational
pair-instability supernova are found in the C morphology.

D. Dependence on the formation pathway

We now present a classification of the BH binaries in
our samples based on both, the three spin morphologies
and the eight formation pathways of Sec. II D. This infor-
mation is summarized in Fig. 16 for some indicative runs
among our simulations.

As already stressed above, strong tidal interactions
preferentially populate the two librating morphologies.
This is especially true for binaries formed in the more
standard channels where a common-envelope phase takes
place between the two explosions. In the alltides case,
almost all binaries formed in the “BH1 CE BH2” (“BH2
CE BH1”) channel are found in the L⇡ (L0) morphology.
As we discussed in Sec. II D and Fig. 3, these two channels
dominate the detection rate for � . 100 km/s. Therefore,
a larger fraction of librating binaries is present for these
values of the kicks (assuming tides are efficient at realign-
ing spins). For higher kicks, the “CE BH1 BH2” channel
becomes more important. Binaries from this channel have
on average smaller misalignments (because they have been
hardened by a common-envelope phase before the first
explosion) and are thus closer to equipartition among the
three morphologies.

Transitions into any of the two librating morphologies
are much less likely in the notides case. In these models,

the “BH1 CE BH2” and “BH2 CE BH1” channels mostly
generate circulating binaries. The contribution to the
two librating morphologies mainly comes from the “CE
BH1 BH2” and “CE BH2 BH1” channels, where rough
equipartition is reached. Since these channels dominate
in the large-� regime, the morphological classification in
the alltides and notides cases becomes more similar when
BH kicks are large.

VI. CONCLUSIONS

After the first LIGO detections, it is becoming more
widely accepted by the scientific community that BH
spin orientations are possibly the cleanest indicators of
BH-binary formation channels. In particular, binaries
formed in dynamical interactions are predicted to have
randomly distributed spins, while conventional wisdom
asserts that the spins of binaries formed in isolation are
more or less aligned. In this paper, we carefully distin-
guished between spin alignment at BH-binary formation
and as observed in GWs, and we quantified the expected
degree of (mis)alignment for the first time. We studied
an extensive set of astrophysical models, combining for
the first time state-of-the-art stellar population synthesis
(StarTrack [53]) and advanced PN evolution schemes
(precession [54]). We quantified the impact of several
model parameters –namely the strength of natal kicks,
the spin magnitude at formation and the efficiency of
tidal alignment– on the population of spinning BH bina-
ries detectable by current and future ground-based GW
interferometers.

Within the context of these models, we showed that
future measured distributions of effective spins alone could
break the degeneracy between spin orientation and spin
magnitude encoded in the very definition of �e↵ . We
also confirmed previous claims that binaries formed in
isolation cannot produce a symmetric �e↵ distribution
[50, 52], although individual binaries can have �e↵ < 0

(in contrast with some previous claims [41]).
The directions of the individual spins have not been

confidently measured so far,5 but louder events, improved
waveform models and more sophisticated parameter-
estimation techniques may soon allow us to characterize
the full (two-spin) dynamics of BH binaries. As shown
here, this can have a significant payoff: we may be able
to reconstruct the binary’s formation history. Our study
confirms some of our earlier results [39], and in particular
the observation that the azimuthal precession phase ��

encodes clean information on processes that may (or may
not) realign stellar spins in between the two core-collapse
events forming each BH. We also presented the first pre-
diction of how detectable sources would be distributed in

5 GW151226 data contains hints of a primary-BH misalignment in
the range 25� . ✓1 . 80� [49, 101].
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FIG. 16. Bars showing the fractions of binaries detectable by LIGO in each of the three spin-precession morphologies: librating
about �� = 0 (L0, blue), circulating (C, green) and librating about �� = ⇡ (L⇡, red). Each panel is produced from a different
population-synthesis simulation varying over assumptions on natal kicks (left: � = 70 km/s; right: � = 200 km/s) and tidal
interactions (top: alltides; middle: time; bottom: notides); the spin-magnitude model is kept fixed to collapse. The larger bar at
the top of each panel shows the overall fraction of binaries in that particular simulation. The smaller bars instead, only consider
binaries in each of the eight formation pathways of Sec. IID, where “BH1” (“BH2”) stands for the formation of the more (less)
massive BH and “CE” stands of a common-envelope phase. The percentage in boldface next to each small bar indicates the
fraction of the LIGO detection rate originating from that particular subchannel.
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FIG. 16. Bars showing the fractions of binaries detectable by LIGO in each of the three spin-precession morphologies: librating
about �� = 0 (L0, blue), circulating (C, green) and librating about �� = ⇡ (L⇡, red). Each panel is produced from a different
population-synthesis simulation varying over assumptions on natal kicks (left: � = 70 km/s; right: � = 200 km/s) and tidal
interactions (top: alltides; middle: time; bottom: notides); the spin-magnitude model is kept fixed to collapse. The larger bar at
the top of each panel shows the overall fraction of binaries in that particular simulation. The smaller bars instead, only consider
binaries in each of the eight formation pathways of Sec. IID, where “BH1” (“BH2”) stands for the formation of the more (less)
massive BH and “CE” stands of a common-envelope phase. The percentage in boldface next to each small bar indicates the
fraction of the LIGO detection rate originating from that particular subchannel.

The occurrence of binaries in different morphologies depends on both
the detector… …and the astrophysics



Aligned configurations

All these configurations are solutions  
of the PN equations at any separation…  

• Astrophysical processes drive binary here (maybe) 
• Used as testbed for waveforms developing

are they stable?

DG+ 2015b,  Mould DG 2020, Varma Mould DG 2021
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FIG. 1. The four binary BH configurations with aligned spins. The BH with higher (lower) mass is indexed by the number 1 (2).
We refer to the orientation of a BH whose spin vector Si is parallel (antiparallel) to the orbital angular momentum vector L as
“up” (“down”). The four distinct binary configurations are then labeled with the orientation of the primary (secondary) BH
appearing before (after) the hyphen.

approximately aligned under a small perturbation of the
spin directions. This is not the case for up-down binaries,
i.e. those where the heavier BH is aligned with the orbital
angular momentum while the lighter BH is antialigned.
They report the presence of a critical orbital separation

rud+ =

�p
�1 +

p
q�2

�4

(1 � q)2
M (1)

which defines the onset of the instability (here q < 1 is
the binary mass ratio, M is the total mass, �1 and �2

are the Kerr parameters of the more and less massive BH,
respectively, and we use geometrical units G = c = 1). An
up-down binary that is formed at large orbital separations
r > rud+ will at first inspiral much as the other stable
aligned binaries do, with the spins remaining arbitrarily
close to the aligned configuration. However, upon reaching
the instability onset at r = rud+, the binary becomes
unstable to spin precession, leading to large misalignments
of the spins.

Figure 2 shows the evolution of the spins for a binary BH
in the up-down configuration. The binary is evolved from
an orbital separation of r = 1000M > rud+ to r = 10M .
At the initial separation, the spin directions are perturbed
such that there is a misalignment of 1

� in the spins from
the exact up-down configuration. The response to this
perturbation is initially tight polar oscillations (black dots
in Fig. 2) of the BH spins around the aligned configuration.
After the onset of instability, precession induces large spin
misalignments (colored tracks in Fig. 2).

A key question so far unanswered is the following: after
becoming unstable, to what configuration do up-down
binaries evolve? In other words: what is the endpoint of
the up-down instability?

In this paper, we present a detailed study on the onset
and evolution of unstable up-down binary BHs. In Sec. II
we provide a novel derivation of the stability onset directly
from the orbit-averaged 2PN spin precession equations.
We test the robustness of the result with numerical PN

FIG. 2. Numerical evolution of the normalized spins Ŝi =
Si/Si of a BH binary with mass ratio q = 0.5 and dimension-
less spins �1 = �2 = 1. The blue (red) curve traces the path
of the spin vector S1 (S2) of the heavier (lighter) BH over
the evolution. The integration is performed from a binary
separation r = 1000M to 10M ; the colors of the curves darken
with decreasing separation. The binary is initialized with
misalignments of 1� in the BH spins from the up-down con-
figuration. The vertical z-axis is initially aligned to the total
angular momentum, the x-axis is constructed such that the
initial orbital angular momentum lies in the x-z plane, and the
y-axis completes the orthogonal frame. The black dots show
the location of the spins for r > rud+ ' 34M , before the onset
of instability. The arrows show the orientation of the spins at
the final separation r = 10M . The binary is approaching the
endpoint listed in Eq. (2). An animated version of this figure
is available at www.davidegerosa.com/spinprecession.



New precessional instability!
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FIG. 1. The four binary BH configurations with aligned spins. The BH with higher (lower) mass is indexed by the number 1 (2).
We refer to the orientation of a BH whose spin vector Si is parallel (antiparallel) to the orbital angular momentum vector L as
“up” (“down”). The four distinct binary configurations are then labeled with the orientation of the primary (secondary) BH
appearing before (after) the hyphen.

approximately aligned under a small perturbation of the
spin directions. This is not the case for up-down binaries,
i.e. those where the heavier BH is aligned with the orbital
angular momentum while the lighter BH is antialigned.
They report the presence of a critical orbital separation

rud+ =

�p
�1 +

p
q�2

�4

(1 � q)2
M (1)

which defines the onset of the instability (here q < 1 is
the binary mass ratio, M is the total mass, �1 and �2

are the Kerr parameters of the more and less massive BH,
respectively, and we use geometrical units G = c = 1). An
up-down binary that is formed at large orbital separations
r > rud+ will at first inspiral much as the other stable
aligned binaries do, with the spins remaining arbitrarily
close to the aligned configuration. However, upon reaching
the instability onset at r = rud+, the binary becomes
unstable to spin precession, leading to large misalignments
of the spins.

Figure 2 shows the evolution of the spins for a binary BH
in the up-down configuration. The binary is evolved from
an orbital separation of r = 1000M > rud+ to r = 10M .
At the initial separation, the spin directions are perturbed
such that there is a misalignment of 1

� in the spins from
the exact up-down configuration. The response to this
perturbation is initially tight polar oscillations (black dots
in Fig. 2) of the BH spins around the aligned configuration.
After the onset of instability, precession induces large spin
misalignments (colored tracks in Fig. 2).

A key question so far unanswered is the following: after
becoming unstable, to what configuration do up-down
binaries evolve? In other words: what is the endpoint of
the up-down instability?

In this paper, we present a detailed study on the onset
and evolution of unstable up-down binary BHs. In Sec. II
we provide a novel derivation of the stability onset directly
from the orbit-averaged 2PN spin precession equations.
We test the robustness of the result with numerical PN

FIG. 2. Numerical evolution of the normalized spins Ŝi =
Si/Si of a BH binary with mass ratio q = 0.5 and dimension-
less spins �1 = �2 = 1. The blue (red) curve traces the path
of the spin vector S1 (S2) of the heavier (lighter) BH over
the evolution. The integration is performed from a binary
separation r = 1000M to 10M ; the colors of the curves darken
with decreasing separation. The binary is initialized with
misalignments of 1� in the BH spins from the up-down con-
figuration. The vertical z-axis is initially aligned to the total
angular momentum, the x-axis is constructed such that the
initial orbital angular momentum lies in the x-z plane, and the
y-axis completes the orthogonal frame. The black dots show
the location of the spins for r > rud+ ' 34M , before the onset
of instability. The arrows show the orientation of the spins at
the final separation r = 10M . The binary is approaching the
endpoint listed in Eq. (2). An animated version of this figure
is available at www.davidegerosa.com/spinprecession.

• First found using the effective potentials 
• Then with explicit perturbation theory (still PN) 
• And then even with full numerical relativity! Varma  Mould DG 2021

DG+ 2015b,
 Mould DG 2020

Stable at all  
frequencies
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FIG. 1. The four binary BH configurations with aligned spins. The BH with higher (lower) mass is indexed by the number 1 (2).
We refer to the orientation of a BH whose spin vector Si is parallel (antiparallel) to the orbital angular momentum vector L as
“up” (“down”). The four distinct binary configurations are then labeled with the orientation of the primary (secondary) BH
appearing before (after) the hyphen.

approximately aligned under a small perturbation of the
spin directions. This is not the case for up-down binaries,
i.e. those where the heavier BH is aligned with the orbital
angular momentum while the lighter BH is antialigned.
They report the presence of a critical orbital separation

rud+ =

�p
�1 +

p
q�2

�4

(1 � q)2
M (1)

which defines the onset of the instability (here q < 1 is
the binary mass ratio, M is the total mass, �1 and �2

are the Kerr parameters of the more and less massive BH,
respectively, and we use geometrical units G = c = 1). An
up-down binary that is formed at large orbital separations
r > rud+ will at first inspiral much as the other stable
aligned binaries do, with the spins remaining arbitrarily
close to the aligned configuration. However, upon reaching
the instability onset at r = rud+, the binary becomes
unstable to spin precession, leading to large misalignments
of the spins.

Figure 2 shows the evolution of the spins for a binary BH
in the up-down configuration. The binary is evolved from
an orbital separation of r = 1000M > rud+ to r = 10M .
At the initial separation, the spin directions are perturbed
such that there is a misalignment of 1

� in the spins from
the exact up-down configuration. The response to this
perturbation is initially tight polar oscillations (black dots
in Fig. 2) of the BH spins around the aligned configuration.
After the onset of instability, precession induces large spin
misalignments (colored tracks in Fig. 2).

A key question so far unanswered is the following: after
becoming unstable, to what configuration do up-down
binaries evolve? In other words: what is the endpoint of
the up-down instability?

In this paper, we present a detailed study on the onset
and evolution of unstable up-down binary BHs. In Sec. II
we provide a novel derivation of the stability onset directly
from the orbit-averaged 2PN spin precession equations.
We test the robustness of the result with numerical PN

FIG. 2. Numerical evolution of the normalized spins Ŝi =
Si/Si of a BH binary with mass ratio q = 0.5 and dimension-
less spins �1 = �2 = 1. The blue (red) curve traces the path
of the spin vector S1 (S2) of the heavier (lighter) BH over
the evolution. The integration is performed from a binary
separation r = 1000M to 10M ; the colors of the curves darken
with decreasing separation. The binary is initialized with
misalignments of 1� in the BH spins from the up-down con-
figuration. The vertical z-axis is initially aligned to the total
angular momentum, the x-axis is constructed such that the
initial orbital angular momentum lies in the x-z plane, and the
y-axis completes the orthogonal frame. The black dots show
the location of the spins for r > rud+ ' 34M , before the onset
of instability. The arrows show the orientation of the spins at
the final separation r = 10M . The binary is approaching the
endpoint listed in Eq. (2). An animated version of this figure
is available at www.davidegerosa.com/spinprecession.

3

FIG. 2. The angles cos ✓i = Ŝi · L̂ for spin-orbit resonances
[extrema of ⇠±(S)] for BHs with q = 0.95, �1 = 0.3, and
�2 = 1. The solid (dashed) curves indicate the �� = 0 (⇡)
family and the five curves for each family correspond to binary
separations r/M = 3000, 720, 170, 40, and 10. The up-down
configuration (bottom right corner) belongs to the �� = 0
family for r > rud+ ' 2149M , to the �� = ⇡ family for r <
rud� ' 13M , and is unstable for intermediate values rud� <
r < rud+. An animated version of this figure is available
online at Ref. [35].

⇠�(S) coincide. Whether this point is also an extremum
⇠min,max depends on the slopes of these two functions
at that point. Both slopes are always negative for the
down-up configuration, implying that it is a maximum
⇠max and thus a spin-orbit resonance like the up-up and
down-down configurations. At large binary separations
r, the slopes of ⇠±(S) are both positive for the up-down
configuration, making it a minimum ⇠min. However, be-
low rud+ given by

rud± =
(
p
�1 ± p

q�2)4

(1 � q)2
M , (2)

the slope of ⇠�(S) becomes negative and up-down is no
longer an extremum of the e↵ective-potential loop, as
seen in Fig. 1. At separations below rud�, the slope of
⇠+(S) also becomes negative and up-down is again an
extremum, this time a maximum ⇠max. Misaligned BHs
with the same values of J and ⇠ as the up-down con-
figuration but S > Smin exist in the intermediate range
rud� < r < rud+, as shown by the dashed red line. These
misaligned BHs have an infinite precessional period ⌧ :
they exponentially approach the up-down configuration
on the precession time tpre but never reach it.

The evolving relationship between the up-down con-
figuration and the spin-orbit resonances parameterized
by the angles ✓i is seen in Fig. 2. The solid curves
show the �� = 0 resonances [⇠min(J)] for separations
10M  r  3000M , while the dashed curves show the
�� = ⇡ resonances [⇠max(J)]. The up-down configura-

FIG. 3. Precession-averaged radiation reaction dJ/dL as a
function of J and ⇠ for binaries with q = 0.8, �1 = �2 = 1, and
separation r = 10M in the unstable region rud� < r < rud+.
Spin-orbit resonances including the up-up, down-down, and
down-up configurations are extrema of ⇠±(S) and constitute
the boundary of the allowed region. All four aligned con-
figurations are maxima where dJ/dL = 1, but the unstable
up-down configuration (shown in the inset) is a cusp. An
animated version of this figure is available online at Ref. [35].

tion is located in the bottom right corner of this figure.
For r > rud+, the up-down configuration lies on the solid
curves and belongs to the �� = 0 family, but for smaller
separations these curves detach from the bottom right
corner, and thus up-down is no longer a minimum of
⇠±(S). The dashed curves indicating the �� = ⇡ fam-
ily migrate to the right with decreasing separation and
reach the bottom right corner, making the up-down con-
figuration a maximum of ⇠±(S), for r < rud�. The up-up
and down-down configurations (top right and bottom left
corners) belong to both resonant families, reflecting the
degeneracy of the e↵ective-potential loop as a single point
that is both minimum and maximum. The down-up con-
figuration (top left) always belongs to the �� = ⇡ family
and is thus a maximum ⇠max.

The stability of a system is determined by its re-
sponse to perturbations, in this case to the spin angles
(�✓1, �✓2, ���) or equivalently to the angular momenta
(�S, �J, �⇠). After such a perturbation, configurations
that are extrema of ⇠±(S) (all aligned configurations ex-
cept up-down for rud� < r < rud+) will undergo oscil-
lations in S (and thus the three spin angles) that are
linear in the perturbation amplitude, and have a period
⌧ that is independent of this amplitude. This is a sta-
ble response equivalent to that of a simple harmonic os-
cillator. The response of the up-down configuration for
rud� < r < rud+ is very di↵erent, as seen in the middle
panels of Fig. 1: S oscillates between the turning points
S± independent of the perturbation amplitude, but the
period ⌧ of these oscillations – as predicted by Eq. (27) of
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FIG. 2. The angles cos ✓i = Ŝi · L̂ for spin-orbit resonances
[extrema of ⇠±(S)] for BHs with q = 0.95, �1 = 0.3, and
�2 = 1. The solid (dashed) curves indicate the �� = 0 (⇡)
family and the five curves for each family correspond to binary
separations r/M = 3000, 720, 170, 40, and 10. The up-down
configuration (bottom right corner) belongs to the �� = 0
family for r > rud+ ' 2149M , to the �� = ⇡ family for r <
rud� ' 13M , and is unstable for intermediate values rud� <
r < rud+. An animated version of this figure is available
online at Ref. [35].

⇠�(S) coincide. Whether this point is also an extremum
⇠min,max depends on the slopes of these two functions
at that point. Both slopes are always negative for the
down-up configuration, implying that it is a maximum
⇠max and thus a spin-orbit resonance like the up-up and
down-down configurations. At large binary separations
r, the slopes of ⇠±(S) are both positive for the up-down
configuration, making it a minimum ⇠min. However, be-
low rud+ given by

rud± =
(
p
�1 ± p

q�2)4

(1 � q)2
M , (2)

the slope of ⇠�(S) becomes negative and up-down is no
longer an extremum of the e↵ective-potential loop, as
seen in Fig. 1. At separations below rud�, the slope of
⇠+(S) also becomes negative and up-down is again an
extremum, this time a maximum ⇠max. Misaligned BHs
with the same values of J and ⇠ as the up-down con-
figuration but S > Smin exist in the intermediate range
rud� < r < rud+, as shown by the dashed red line. These
misaligned BHs have an infinite precessional period ⌧ :
they exponentially approach the up-down configuration
on the precession time tpre but never reach it.

The evolving relationship between the up-down con-
figuration and the spin-orbit resonances parameterized
by the angles ✓i is seen in Fig. 2. The solid curves
show the �� = 0 resonances [⇠min(J)] for separations
10M  r  3000M , while the dashed curves show the
�� = ⇡ resonances [⇠max(J)]. The up-down configura-

FIG. 3. Precession-averaged radiation reaction dJ/dL as a
function of J and ⇠ for binaries with q = 0.8, �1 = �2 = 1, and
separation r = 10M in the unstable region rud� < r < rud+.
Spin-orbit resonances including the up-up, down-down, and
down-up configurations are extrema of ⇠±(S) and constitute
the boundary of the allowed region. All four aligned con-
figurations are maxima where dJ/dL = 1, but the unstable
up-down configuration (shown in the inset) is a cusp. An
animated version of this figure is available online at Ref. [35].

tion is located in the bottom right corner of this figure.
For r > rud+, the up-down configuration lies on the solid
curves and belongs to the �� = 0 family, but for smaller
separations these curves detach from the bottom right
corner, and thus up-down is no longer a minimum of
⇠±(S). The dashed curves indicating the �� = ⇡ fam-
ily migrate to the right with decreasing separation and
reach the bottom right corner, making the up-down con-
figuration a maximum of ⇠±(S), for r < rud�. The up-up
and down-down configurations (top right and bottom left
corners) belong to both resonant families, reflecting the
degeneracy of the e↵ective-potential loop as a single point
that is both minimum and maximum. The down-up con-
figuration (top left) always belongs to the �� = ⇡ family
and is thus a maximum ⇠max.

The stability of a system is determined by its re-
sponse to perturbations, in this case to the spin angles
(�✓1, �✓2, ���) or equivalently to the angular momenta
(�S, �J, �⇠). After such a perturbation, configurations
that are extrema of ⇠±(S) (all aligned configurations ex-
cept up-down for rud� < r < rud+) will undergo oscil-
lations in S (and thus the three spin angles) that are
linear in the perturbation amplitude, and have a period
⌧ that is independent of this amplitude. This is a sta-
ble response equivalent to that of a simple harmonic os-
cillator. The response of the up-down configuration for
rud� < r < rud+ is very di↵erent, as seen in the middle
panels of Fig. 1: S oscillates between the turning points
S± independent of the perturbation amplitude, but the
period ⌧ of these oscillations – as predicted by Eq. (27) of

Instability kicks in at separations 



Observational predictions

 Mould DG 2020• Binary likely underwent the 
instability before entering the 
LIGO band 

• Mechanisms to deplete the 
aligned region 

• Well defined endpoint

3

evolutions of BH binaries and find that unstable binaries
tend to cluster in specific locations of the parameter space
by the end of their evolutions. In Sec. III we explore
this observation analytically. Previous investigations [40]
highlighted connections between the up-down instability
and the so-called spin-orbit resonances [42] – peculiar
BH binary configurations where the two spins and the
angular momentum remain coplanar. We present a new
semianalytic scheme to locate the resonances and confirm
that the evolution of the up-down instability is inherently
connected to the nature of these configurations.

We obtain a surprisingly simple result (Sec. IV): after
undergoing the instability, up-down binaries tend to the
very special configuration where the two BH spins S1 and
S2 are coaligned with each other and equally misaligned
with the orbital angular momentum L. More specifically,
the endpoint of the up-down instability is a precessing
configuration with (using hats to denote unit vectors)

Ŝ1 = Ŝ2 and Ŝ1 · L̂ = Ŝ2 · L̂ =
�1 � q�2

�1 + q�2

. (2)

From the distribution of endpoints of populations of up-
down binaries, we characterize the typical conditions re-
quired for such binaries to become unstable before the
end of their evolutions and the typical growth time of the
precessional instability. We then explore the astrophysical
relevance of our finding for a population of stellar-mass
BH binaries formed in AGN disks, and finally draw our
concluding remarks (Sec. V).

II. INSTABILITY THRESHOLD

A. 2PN binary black hole spin precession

We denote vectors in bold, e.g. v, magnitudes with
v = |v|, and unit vectors with v̂. Throughout the paper
we use geometrical units G = c = 1. Let us consider
binary BHs with component masses m1 and m2, total
mass M = m1 + m2, mass ratio q = m2/m1  1 and
symmetric mass ratio ⌘ = q/(1+q)2. We denote the binary
separation with r and the Newtonian angular momentum
with L = ⌘(M3r)1/2. The spins of the two BHs are
denoted by Si = m2

i �iŜi (i = 1, 2), where 0  �i  1

are the dimensionless Kerr parameters. The total spin is
S = S1+S2 and the total angular momentum is J = L+S.
We consider orbital separations r � 10M , which is taken
as the breakdown of the PN approximation [43–45].

There are three timescales on which generically precess-
ing binary BHs evolve:

• the orbital timescale, given by the Keplarian expres-
sion torb/M ' (r/M)

3/2, on which the BHs orbit
each other,

• the precession timescale, torb/M ' (r/M)
5/2, on

which S1, S2, and L change direction [9], and

• the radiation-reaction timescale, torb/M ' (r/M)
4,

on which the binary separation shrinks due to GW
emission [46].

In the post-Newtonian (PN) regime r � M these
timescales are separated, so that

torb ⌧ tpre ⌧ tRR . (3)

The BHs orbit each other many times before completing
one precession cycle, and complete many precession cycles
before the binary separation decreases. This hierarchy
of timescales allows each part of the binary dynamics –
the orbital, precessional, and radiation-reaction motion
– to be addressed independently. The inequality torb ⌧

tpre has been used to study precession in binary BHs
by averaging the motion over the orbital period (e.g.,
[42, 47]). Further, the inequality tpre ⌧ tRR has been
used to separate the precessional motion from the GW-
driven inspiral [38, 39, 48–50].

The 2PN orbit-averaged equations describing the evolu-
tions of the BH spins and the orbital angular momentum
read [47]

dS1

dt
=

1

2r3

⇢
4 + 3q �

3M2q⇠

(1 + q)L

�
L + S2

�
⇥ S1 , (4a)

dS2

dt
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1

2r3

⇢
4 +

3

q
�

3M2⇠

(1 + q)L

�
L + S1

�
⇥ S2 , (4b)

dL
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2r3

⇢
4 + 3q �

3M2q⇠

(1 + q)L

�
S1

+


4 +

3

q
�

3M2⇠

(1 + q)L

�
S2

�
⇥ L +

dL

dt
L̂ , (4c)

where ⇠ is the projected effective spin (often referred to
as �e↵ [1, 51]),

⇠ =
1

M2


(1 + q)S1 +

✓
1 +

1

q

◆
S2

�
· L̂ . (5)

On the precessional timescale, dL/dt ' 0 and the evo-
lutionary equations describe precessional motions of the
three vectors L, S1, and S2 about J. The evolution on
the longer radiation-reaction timescale is supplemented
by a PN equation for dL/dt. In this paper we include
(non) spinning terms up to 3.5PN (2PN); cf. e.g. Eq. (27)
in Ref. [52].

The effective spin ⇠ is a constant of motion of the orbit-
averaged problem at 2PN in spin precession and 2.5PN in
radiation reaction [47]. The magnitudes S1 and S2 of the
BHs spins are also constant. On the short precessional
timescale, the separation r and total angular momentum

J = |L + S1 + S2| (6)

are conserved. The entire precessional dynamics can
be parametrized with a single variable, the total spin
magnitude [38, 39]

S = |S1 + S2| . (7)

3

evolutions of BH binaries and find that unstable binaries
tend to cluster in specific locations of the parameter space
by the end of their evolutions. In Sec. III we explore
this observation analytically. Previous investigations [40]
highlighted connections between the up-down instability
and the so-called spin-orbit resonances [42] – peculiar
BH binary configurations where the two spins and the
angular momentum remain coplanar. We present a new
semianalytic scheme to locate the resonances and confirm
that the evolution of the up-down instability is inherently
connected to the nature of these configurations.

We obtain a surprisingly simple result (Sec. IV): after
undergoing the instability, up-down binaries tend to the
very special configuration where the two BH spins S1 and
S2 are coaligned with each other and equally misaligned
with the orbital angular momentum L. More specifically,
the endpoint of the up-down instability is a precessing
configuration with (using hats to denote unit vectors)
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There are three timescales on which generically precess-
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3/2, on which the BHs orbit
each other,

• the precession timescale, torb/M ' (r/M)
5/2, on

which S1, S2, and L change direction [9], and
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emission [46].

In the post-Newtonian (PN) regime r � M these
timescales are separated, so that
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The BHs orbit each other many times before completing
one precession cycle, and complete many precession cycles
before the binary separation decreases. This hierarchy
of timescales allows each part of the binary dynamics –
the orbital, precessional, and radiation-reaction motion
– to be addressed independently. The inequality torb ⌧

tpre has been used to study precession in binary BHs
by averaging the motion over the orbital period (e.g.,
[42, 47]). Further, the inequality tpre ⌧ tRR has been
used to separate the precessional motion from the GW-
driven inspiral [38, 39, 48–50].

The 2PN orbit-averaged equations describing the evolu-
tions of the BH spins and the orbital angular momentum
read [47]
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where ⇠ is the projected effective spin (often referred to
as �e↵ [1, 51]),
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On the precessional timescale, dL/dt ' 0 and the evo-
lutionary equations describe precessional motions of the
three vectors L, S1, and S2 about J. The evolution on
the longer radiation-reaction timescale is supplemented
by a PN equation for dL/dt. In this paper we include
(non) spinning terms up to 3.5PN (2PN); cf. e.g. Eq. (27)
in Ref. [52].

The effective spin ⇠ is a constant of motion of the orbit-
averaged problem at 2PN in spin precession and 2.5PN in
radiation reaction [47]. The magnitudes S1 and S2 of the
BHs spins are also constant. On the short precessional
timescale, the separation r and total angular momentum

J = |L + S1 + S2| (6)

are conserved. The entire precessional dynamics can
be parametrized with a single variable, the total spin
magnitude [38, 39]

S = |S1 + S2| . (7)

• But how about binaries that 
start precessing while being 
observed?!
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A generalized precession parameter �p to interpret gravitational-wave data
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Originally designed for waveform approximants, the effective precession parameter �p is the most
commonly used quantity to characterize spin-precession effects in gravitational-wave observations of
black-hole binary coalescences. We point out that the current definition of �p retains some, but not
all, variations taking place on the precession timescale. We rectify this inconsistency and propose
more general definitions that either fully consider or fully average those oscillations. Our generalized
parameter �p 2 [0, 2] presents an exclusive region �p > 1 that can only be populated by binaries
with two precessing spins. We apply our prescriptions to current LIGO/Virgo events and find that
posterior distributions of �p tend to show longer tails at larger values. This appears to be a generic
feature, implying that (i) current �p measurement errors might be underestimated, but also that (ii)
evidence for spin precession in current data might be stronger than previously inferred. Among the
gravitational-wave events released to date, that which shows the most striking behavior is GW190521.

I. INTRODUCTION

Spin precession is a key phenomenological feature of
black-hole (BH) binary coalescences. As the two BHs in-
spiral toward merger due to the emission of gravitational-
waves (GWs), relativistic spin-spin and spin-orbit cou-
plings cause the orbital plane and the spins to precess
about the direction of the total angular momentum [1].

BH binary spin precession is often characterized us-
ing a single effective parameter, denoted as �p. First
introduced by Schmidt et al. [2] for waveform building
purposes, �p is now widely used in state-of-the-art analy-
ses of LIGO/Virgo data to infer the occurrence of spin
precession [3–5]. A confident measurement of �p away
from zero with significant information gain from the prior
is considered a strong indication that orbital-plane preces-
sion has been measured. Alternatively, Ref. [6] proposed
to quantify spin precession in terms of the excess signal-
to-noise-ratio (SNR) ⇢p of a precessing signal compared
to a non-precessing one.

Most recently, the parameter �p was the main tool used
by Abbott et al. [7] to claim that, although evidence for
spin precession in individual events is mild to moderate,
current data show a much stronger collective evidence
for precessing spins that emerges at the population level.
This has important consequences for the astrophysical
interpretation of BH mergers, most notably in terms of
their formation channel(s). Precessing spins are a key
prediction of BH binaries formed in dense clusters, but
might also be present in the case of sources formed in
isolation because of, e.g., supernova kicks [8–14].

In this paper, we reinvestigate the derivation of �p and
rectify an inconsistency in its current definition —namely
that only some, but not all, of the precession-timescale
oscillations are averaged. Section II provides a concrete
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recipe to either retain all such variations or properly av-
erage them. The latter approach results in an augmented
definition of �p that varies only on the longer radiation-
reaction timescale and includes two-spin effects. Some
details of the full averaging procedure are postponed to
Appendix A. Section III presents a brief exploration of
the parameter space using post-Newtonian (PN) inte-
grations and quantifies the extent to which the current
definition of �p fails to properly capture two-spin effects.
Section IV explores the consequences of our findings on
current LIGO/Virgo events. The proposed generalization
of �p causes long tails in the posterior distributions, in-
dicating that evidence for spin precession inferred from
current data might be underestimated, while the accuracy
may be overestimated. This is a generic feature, with po-
tential consequences for GW population studies. Finally,
in Sec. V we make our conclusions and discuss future
prospects.

II. HOW TO QUANTIFY PRECESSION?

Let us consider a quasicircular BH binary with total
mass M = m1 + m2, mass ratio q = m2/m1  1, spin
vectors S1,2, and dimensionless spin magnitudes �1,2. We
employ geometric units G = c = 1. The orbit-averaged
evolution of the orbital angular momentum L can be
written as

dL

dt
=

dL̂

dt
L +

dL

dt
L̂ = (⌦L ⇥ L̂)L +

dL

dt
L̂ , (1)

where the first term describes precession and the second
term encodes radiation reaction. The magnitude of the
angular momentum L is related to the orbital separation r
by the Newtonian expression L/M2

= (r/M)
1/2q/(1+q)2.

The precession frequency ⌦L includes contributions from
both spins,

⌦L = ⌦1�1Ŝ1 + ⌦2�2Ŝ2 , (2)
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recipe to either retain all such variations or properly av-
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definition of �p that varies only on the longer radiation-
reaction timescale and includes two-spin effects. Some
details of the full averaging procedure are postponed to
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the parameter space using post-Newtonian (PN) inte-
grations and quantifies the extent to which the current
definition of �p fails to properly capture two-spin effects.
Section IV explores the consequences of our findings on
current LIGO/Virgo events. The proposed generalization
of �p causes long tails in the posterior distributions, in-
dicating that evidence for spin precession inferred from
current data might be underestimated, while the accuracy
may be overestimated. This is a generic feature, with po-
tential consequences for GW population studies. Finally,
in Sec. V we make our conclusions and discuss future
prospects.

II. HOW TO QUANTIFY PRECESSION?

Let us consider a quasicircular BH binary with total
mass M = m1 + m2, mass ratio q = m2/m1  1, spin
vectors S1,2, and dimensionless spin magnitudes �1,2. We
employ geometric units G = c = 1. The orbit-averaged
evolution of the orbital angular momentum L can be
written as

dL

dt
=

dL̂

dt
L +

dL

dt
L̂ = (⌦L ⇥ L̂)L +

dL

dt
L̂ , (1)

where the first term describes precession and the second
term encodes radiation reaction. The magnitude of the
angular momentum L is related to the orbital separation r
by the Newtonian expression L/M2

= (r/M)
1/2q/(1+q)2.

The precession frequency ⌦L includes contributions from
both spins,

⌦L = ⌦1�1Ŝ1 + ⌦2�2Ŝ2 , (2)
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which at next-to-leading order in M2/L are given by [15]
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2r3(1 + q)2
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�
, (3)

⌦2 =
qM2

2r3(1 + q)2
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3q�e↵

(1 + q)

M2

L

�
, (4)

where �e↵ is the effective spin [15, 16]

�e↵ =
�1Ŝ1 + q�2Ŝ2

1 + q
· L̂ . (5)

The amount of orbital-plane precession is thus set by
the magnitude
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⌘2
+

⇣
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+ 2⌦1⌦2�1�2
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Ŝ1 ⇥ L̂

⌘
·

⇣
Ŝ2 ⇥ L̂

⌘
. (6)

We follow common practice and describe the geometry of
the systems in terms of the tilt angles ✓1,2 and the differ-
ence �� between the phases of the in-plane components
of the two spins.1 In symbols, these are

cos ✓1 = Ŝ1 · L̂ , (7)

cos ✓2 = Ŝ2 · L̂ , (8)

cos �� =
Ŝ1 ⇥ L̂

|Ŝ1 ⇥ L̂|
·
Ŝ2 ⇥ L̂

|Ŝ2 ⇥ L̂|
, (9)

which yields
�����
dL̂

dt

�����

2

= (⌦1�1 sin ✓1)
2

+ (⌦2�2 sin ✓2)
2

+ 2⌦1⌦2�1�2 sin ✓1 sin ✓2 cos �� . (10)

The argument made in Ref. [2] where �p is first intro-
duced can be recast as follows. The factor cos �� can (in
principle, at least) take values between �1 and +1. At
those extrema one has
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dL̂

dt

�����
±

= |⌦1�1 sin ✓1 ± ⌦2�2 sin ✓2| . (11)

The parameter �p is defined as the arithmetic mean of
these two contributions normalized by the frequency ⌦1,
i.e.
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The angle �� is sometimes indicated as �12 in LIGO/Virgo

analyses and data products.

where we introduced the ratio between the spin frequencies

⌦̃ =
⌦2

⌦1
= q

4q + 3

4 + 3q
�

3�e↵q2(1 � q)

(4 + 3q)2(1 + q)
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L
+ O

✓
M4
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◆
.

(13)

To leading order in M2/L, one has

�p ' max

✓
�1 sin ✓1, q

4q + 3

4 + 3q
�2 sin ✓2

◆
, (14)

which is the expression from Ref. [2] used in current GW
analyses (e.g. [3–5]).

While the simplicity of this procedure is appealing, it
is worth pointing out that the three angles ✓1, ✓2 and
�� all vary on the same timescale tpre / (r/M)

5/2. One
is not justified to devise a procedure that removes the
�� dependence from Eq. (10) while at the same time
retaining ✓1 and ✓2. The definition of �p given in Eq. (14)
is therefore inconsistent because it contains some, but not
all, short-timescale variations. Let us stress that this is
not the case for the other commonly used spin parameter
�e↵ , which is a constant of motion at 2PN [15].

There are two possible strategies one can pursue: either
retain all the precession-timescale variations, or integrate
them out.

If precession-timescale variations are to be retained,
one can immediately generalize the definition of �p as the
magnitude of dL̂/dt normalized by ⌦1, i.e.:

�p ⌘
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�1/2
. (15)

If one instead wishes to remove those variations, Eq. (15)
should be precession averaged in a consistent fashion.
Given a suitable quantity  (t) that parametrizes the
precession cycle (this is analogous to, say, Kepler’s mean
anomaly for the orbital problem), the precession-averaged
value of �p can be found by evaluating

h�pi =

Z
�p( )

✓
d 

dt
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d 
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◆�1

d 

. (16)

When plugging Eq. (15) into Eq. (16), one should remem-
ber that the angles ✓1( ), ✓2( ), and ��( ) all vary on
the precession timescale and thus depend (perhaps non-
trivially) on  . On the other hand, the ratio ⌦̃ is constant
at leading order and presents only long-timescale varia-
tions if the first PN correction is included, see Eq. (13).
Two explicit parametrizations at 2PN are constructed in
Refs. [17–19]. In particular, the parameter  (t) can be
chosen to be either the angle

cos'0
=

S1 · [(S1 ⇥ L) ⇥ S2 + (S2 ⇥ L) ⇥ S2]

|S1 ⇥ S2| | (S1 + S2) ⇥ L|
(17)
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|Ŝ2 ⇥ L̂|
, (9)

which yields
�����
dL̂

dt

�����

2

= (⌦1�1 sin ✓1)
2

+ (⌦2�2 sin ✓2)
2

+ 2⌦1⌦2�1�2 sin ✓1 sin ✓2 cos �� . (10)

The argument made in Ref. [2] where �p is first intro-
duced can be recast as follows. The factor cos �� can (in
principle, at least) take values between �1 and +1. At
those extrema one has

�����
dL̂

dt

�����
±

= |⌦1�1 sin ✓1 ± ⌦2�2 sin ✓2| . (11)

The parameter �p is defined as the arithmetic mean of
these two contributions normalized by the frequency ⌦1,
i.e.

�p ⌘
1

2⌦1

 �����
dL̂

dt

�����
+

+

�����
dL̂

dt

�����
�

!

= max

⇣
�1 sin ✓1, ⌦̃�2 sin ✓2

⌘
, (12)

1
The angle �� is sometimes indicated as �12 in LIGO/Virgo

analyses and data products.

where we introduced the ratio between the spin frequencies

⌦̃ =
⌦2

⌦1
= q

4q + 3

4 + 3q
�

3�e↵q2(1 � q)

(4 + 3q)2(1 + q)

M2

L
+ O

✓
M4

L2

◆
.

(13)

To leading order in M2/L, one has

�p ' max

✓
�1 sin ✓1, q

4q + 3

4 + 3q
�2 sin ✓2

◆
, (14)

which is the expression from Ref. [2] used in current GW
analyses (e.g. [3–5]).

While the simplicity of this procedure is appealing, it
is worth pointing out that the three angles ✓1, ✓2 and
�� all vary on the same timescale tpre / (r/M)

5/2. One
is not justified to devise a procedure that removes the
�� dependence from Eq. (10) while at the same time
retaining ✓1 and ✓2. The definition of �p given in Eq. (14)
is therefore inconsistent because it contains some, but not
all, short-timescale variations. Let us stress that this is
not the case for the other commonly used spin parameter
�e↵ , which is a constant of motion at 2PN [15].

There are two possible strategies one can pursue: either
retain all the precession-timescale variations, or integrate
them out.

If precession-timescale variations are to be retained,
one can immediately generalize the definition of �p as the
magnitude of dL̂/dt normalized by ⌦1, i.e.:

�p ⌘

�����
dL̂

dt

�����
1

⌦1
=


(�1 sin ✓1)

2
+

⇣
⌦̃�2 sin ✓2

⌘2

+ 2⌦̃�1�2 sin ✓1 sin ✓2 cos ��

�1/2
. (15)

If one instead wishes to remove those variations, Eq. (15)
should be precession averaged in a consistent fashion.
Given a suitable quantity  (t) that parametrizes the
precession cycle (this is analogous to, say, Kepler’s mean
anomaly for the orbital problem), the precession-averaged
value of �p can be found by evaluating

h�pi =

Z
�p( )

✓
d 

dt

◆�1

d 

Z ✓
d 

dt

◆�1

d 

. (16)

When plugging Eq. (15) into Eq. (16), one should remem-
ber that the angles ✓1( ), ✓2( ), and ��( ) all vary on
the precession timescale and thus depend (perhaps non-
trivially) on  . On the other hand, the ratio ⌦̃ is constant
at leading order and presents only long-timescale varia-
tions if the first PN correction is included, see Eq. (13).
Two explicit parametrizations at 2PN are constructed in
Refs. [17–19]. In particular, the parameter  (t) can be
chosen to be either the angle

cos'0
=

S1 · [(S1 ⇥ L) ⇥ S2 + (S2 ⇥ L) ⇥ S2]

|S1 ⇥ S2| | (S1 + S2) ⇥ L|
(17)

9

FIG. 5. Statistical properties of the precession parameter �p

for current GW events. We contrast the averaged [Eq. (16),
x-axis] and heuristic [Eq. (14), y-axis] definitions of �p. Scat-
ter points show the medians of the posterior distributions
(orange circles), the width of their 90% confidence interval
(purple triangles), and the KL divergence between prior and
posterior measured in bits (teal squares). The KL divergence
of GW190814 is ⇠ 4.3 bits, which is off the scale of this figure
in the direction of the arrow.

momentum is often condensed into �p for interpretation
purposes (for measurement accuracies on the individual
spins see e.g. [34, 35]). It is indeed very desirable to have
a single parameter that, if measured confidently, can be
interpreted as “the amount of precession” in a given GW
observation.

The parameter �p was first defined in Ref. [2] with
specific assumptions that are here relaxed for the first time.
In particular, we propose that the common definition

�p = max

✓
�1 sin ✓1, q

4q + 3

4 + 3q
�2 sin ✓2

◆
(22)

should be generalized to

�p =


(�1 sin ✓1)

2
+

✓
q
4q + 3

4 + 3q
�2 sin ✓2

◆2

+ 2q
4q + 3

4 + 3q
�1�2 sin ✓1 sin ✓2 cos ��

�1/2
. (23)

The latter can then be precession averaged as in
Eq. (16) and Appendix A. For a public implemen-
tation using the Python programming language see
github.com/dgerosa/generalizedchip [36].

The crucial difference between the two definitions above
is that �p depends not only on the magnitudes of the

in-plane spin components �1 sin ✓1 and �2 sin ✓2 but also
on the angle �� between them.

It is worth noting that the generalization we propose
is bound by �p  2, compared to �p  1 for the heuris-
tic definition. This reflects one’s intuition that binaries
where both BHs contribute significantly to the precession
dynamics cannot be reduced to an effective system with a
single spin. From the definition of Eq. (23) one can imme-
diately prove that �p < 1 if either spin is parallel to the
orbital angular momentum (�i sin ✓i = 0). It follows that
the additional region �p > 1 is exclusive to binaries with
two precessing spins. Much like an observation where �p

is confidently > 0 would indicate the presence of at least
one precessing spin, a GW event in the �p > 1 region can
be interpreted as a detection of two-spin effects.

It is important to note that there is some arbitrariness
in the precise definition of �p. For instance, instead of
the magnitude |dL̂/dt| adopted in Sec. II, one could use
the projection of the total spin onto the orbital plane

�? ⌘
|(S1 + S2) ⇥ L̂|

M2
=

1

(1 + q)2
⇥
(�1 sin ✓1)

2

+ (q�2 sin ✓2)
2

+ 2q�1�2 sin ✓1 sin ✓2 cos ��
⇤1/2

,
(24)

which differs from Eq. (23) only by some factors of q (see
also [37]). Similarly, in Eq. (15) we, somehow arbitrarily,
opted for normalizing the magnitude of dL̂/dt by the
precession frequency of the primary BH ⌦1. This is the
same choice made in Ref. [2] and was here retained to
allow for a meaningful comparison between our results
and theirs. This ensures that our �p re-definition agrees
with the heuristic one in the �p ! 0 limit, as evidenced by
the small-�p regions in Fig. 4. A reflection of this feature
is that the single-spin limit is preserved [cf. Eq. (21)].
An alternative normalization, which goes further in the
direction of putting the two BHs on equal footing, would
be to divide |dL̂/dt| by ⌦1 + ⌦2. Our results can trivially
be rescaled to that choice by the transformation

�p �!
�p

1 + ⌦̃
. (25)

In this case, one would obtain a precession parameter
that is  1 but it would present a different small-spin
behavior, resulting in an estimator that cannot be easily
compared with the heuristic definition.

We stress that our recipe for evaluating �p does not
require new or different parameter-estimation runs, which
are computationally expensive, but can be carried out
entirely in postprocessing. In this paper, we pursued
this strategy using public posterior samples from the
LIGO/Virgo events reported to date. We report the
generic occurrence of long tails in the posterior distribu-
tions of �p that extend smoothly into the previously
forbidden region where �p & 1. The most relevant
case to date which shows the importance of defining
a consistent precession parameter is GW190521, where
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2PN spin precession equations: 
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which at next-to-leading order in M2/L are given by [15]
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where �e↵ is the effective spin [15, 16]

�e↵ =
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The amount of orbital-plane precession is thus set by
the magnitude
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⌦1�1|Ŝ1 ⇥ L̂|

⌘2
+

⇣
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We follow common practice and describe the geometry of
the systems in terms of the tilt angles ✓1,2 and the differ-
ence �� between the phases of the in-plane components
of the two spins.1 In symbols, these are
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The argument made in Ref. [2] where �p is first intro-
duced can be recast as follows. The factor cos �� can (in
principle, at least) take values between �1 and +1. At
those extrema one has
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To leading order in M2/L, one has
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which is the expression from Ref. [2] used in current GW
analyses (e.g. [3–5]).

While the simplicity of this procedure is appealing, it
is worth pointing out that the three angles ✓1, ✓2 and
�� all vary on the same timescale tpre / (r/M)

5/2. One
is not justified to devise a procedure that removes the
�� dependence from Eq. (10) while at the same time
retaining ✓1 and ✓2. The definition of �p given in Eq. (14)
is therefore inconsistent because it contains some, but not
all, short-timescale variations. Let us stress that this is
not the case for the other commonly used spin parameter
�e↵ , which is a constant of motion at 2PN [15].

There are two possible strategies one can pursue: either
retain all the precession-timescale variations, or integrate
them out.

If precession-timescale variations are to be retained,
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is therefore inconsistent because it contains some, but not
all, short-timescale variations. Let us stress that this is
not the case for the other commonly used spin parameter
�e↵ , which is a constant of motion at 2PN [15].

There are two possible strategies one can pursue: either
retain all the precession-timescale variations, or integrate
them out.

If precession-timescale variations are to be retained,
one can immediately generalize the definition of �p as the
magnitude of dL̂/dt normalized by ⌦1, i.e.:

�p ⌘

�����
dL̂

dt

�����
1

⌦1
=


(�1 sin ✓1)

2
+

⇣
⌦̃�2 sin ✓2

⌘2

+ 2⌦̃�1�2 sin ✓1 sin ✓2 cos ��

�1/2
. (15)

If one instead wishes to remove those variations, Eq. (15)
should be precession averaged in a consistent fashion.
Given a suitable quantity  (t) that parametrizes the
precession cycle (this is analogous to, say, Kepler’s mean
anomaly for the orbital problem), the precession-averaged
value of �p can be found by evaluating

h�pi =

Z
�p( )

✓
d 

dt

◆�1

d 

Z ✓
d 

dt

◆�1

d 

. (16)

When plugging Eq. (15) into Eq. (16), one should remem-
ber that the angles ✓1( ), ✓2( ), and ��( ) all vary on
the precession timescale and thus depend (perhaps non-
trivially) on  . On the other hand, the ratio ⌦̃ is constant
at leading order and presents only long-timescale varia-
tions if the first PN correction is included, see Eq. (13).
Two explicit parametrizations at 2PN are constructed in
Refs. [17–19]. In particular, the parameter  (t) can be
chosen to be either the angle

cos'0
=

S1 · [(S1 ⇥ L) ⇥ S2 + (S2 ⇥ L) ⇥ S2]

|S1 ⇥ S2| | (S1 + S2) ⇥ L|
(17)
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Two strategies to fix this
1. Retain all variations on the precessional timescale 
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FIG. 5. Statistical properties of the precession parameter �p

for current GW events. We contrast the averaged [Eq. (16),
x-axis] and heuristic [Eq. (14), y-axis] definitions of �p. Scat-
ter points show the medians of the posterior distributions
(orange circles), the width of their 90% confidence interval
(purple triangles), and the KL divergence between prior and
posterior measured in bits (teal squares). The KL divergence
of GW190814 is ⇠ 4.3 bits, which is off the scale of this figure
in the direction of the arrow.

momentum is often condensed into �p for interpretation
purposes (for measurement accuracies on the individual
spins see e.g. [34, 35]). It is indeed very desirable to have
a single parameter that, if measured confidently, can be
interpreted as “the amount of precession” in a given GW
observation.

The parameter �p was first defined in Ref. [2] with
specific assumptions that are here relaxed for the first time.
In particular, we propose that the common definition

�p = max

✓
�1 sin ✓1, q

4q + 3

4 + 3q
�2 sin ✓2

◆
(22)

should be generalized to

�p =


(�1 sin ✓1)

2
+

✓
q
4q + 3

4 + 3q
�2 sin ✓2

◆2

+ 2q
4q + 3

4 + 3q
�1�2 sin ✓1 sin ✓2 cos ��

�1/2
. (23)

The latter can then be precession averaged as in
Eq. (16) and Appendix A. For a public implemen-
tation using the Python programming language see
github.com/dgerosa/generalizedchip [36].

The crucial difference between the two definitions above
is that �p depends not only on the magnitudes of the

in-plane spin components �1 sin ✓1 and �2 sin ✓2 but also
on the angle �� between them.

It is worth noting that the generalization we propose
is bound by �p  2, compared to �p  1 for the heuris-
tic definition. This reflects one’s intuition that binaries
where both BHs contribute significantly to the precession
dynamics cannot be reduced to an effective system with a
single spin. From the definition of Eq. (23) one can imme-
diately prove that �p < 1 if either spin is parallel to the
orbital angular momentum (�i sin ✓i = 0). It follows that
the additional region �p > 1 is exclusive to binaries with
two precessing spins. Much like an observation where �p

is confidently > 0 would indicate the presence of at least
one precessing spin, a GW event in the �p > 1 region can
be interpreted as a detection of two-spin effects.

It is important to note that there is some arbitrariness
in the precise definition of �p. For instance, instead of
the magnitude |dL̂/dt| adopted in Sec. II, one could use
the projection of the total spin onto the orbital plane

�? ⌘
|(S1 + S2) ⇥ L̂|

M2
=

1

(1 + q)2
⇥
(�1 sin ✓1)

2

+ (q�2 sin ✓2)
2

+ 2q�1�2 sin ✓1 sin ✓2 cos ��
⇤1/2

,
(24)

which differs from Eq. (23) only by some factors of q (see
also [37]). Similarly, in Eq. (15) we, somehow arbitrarily,
opted for normalizing the magnitude of dL̂/dt by the
precession frequency of the primary BH ⌦1. This is the
same choice made in Ref. [2] and was here retained to
allow for a meaningful comparison between our results
and theirs. This ensures that our �p re-definition agrees
with the heuristic one in the �p ! 0 limit, as evidenced by
the small-�p regions in Fig. 4. A reflection of this feature
is that the single-spin limit is preserved [cf. Eq. (21)].
An alternative normalization, which goes further in the
direction of putting the two BHs on equal footing, would
be to divide |dL̂/dt| by ⌦1 + ⌦2. Our results can trivially
be rescaled to that choice by the transformation

�p �!
�p

1 + ⌦̃
. (25)

In this case, one would obtain a precession parameter
that is  1 but it would present a different small-spin
behavior, resulting in an estimator that cannot be easily
compared with the heuristic definition.

We stress that our recipe for evaluating �p does not
require new or different parameter-estimation runs, which
are computationally expensive, but can be carried out
entirely in postprocessing. In this paper, we pursued
this strategy using public posterior samples from the
LIGO/Virgo events reported to date. We report the
generic occurrence of long tails in the posterior distribu-
tions of �p that extend smoothly into the previously
forbidden region where �p & 1. The most relevant
case to date which shows the importance of defining
a consistent precession parameter is GW190521, where

2

which at next-to-leading order in M2/L are given by [15]

⌦1 =
M2

2r3(1 + q)2


4 + 3q �

3q�e↵

(1 + q)

M2

L

�
, (3)

⌦2 =
qM2

2r3(1 + q)2


4q + 3 �

3q�e↵

(1 + q)

M2

L

�
, (4)

where �e↵ is the effective spin [15, 16]

�e↵ =
�1Ŝ1 + q�2Ŝ2

1 + q
· L̂ . (5)

The amount of orbital-plane precession is thus set by
the magnitude

�����
dL̂

dt

�����

2

=

⇣
⌦1�1|Ŝ1 ⇥ L̂|

⌘2
+

⇣
⌦2�2|Ŝ2 ⇥ L̂|

⌘2

+ 2⌦1⌦2�1�2

⇣
Ŝ1 ⇥ L̂

⌘
·

⇣
Ŝ2 ⇥ L̂

⌘
. (6)

We follow common practice and describe the geometry of
the systems in terms of the tilt angles ✓1,2 and the differ-
ence �� between the phases of the in-plane components
of the two spins.1 In symbols, these are

cos ✓1 = Ŝ1 · L̂ , (7)

cos ✓2 = Ŝ2 · L̂ , (8)

cos �� =
Ŝ1 ⇥ L̂

|Ŝ1 ⇥ L̂|
·
Ŝ2 ⇥ L̂

|Ŝ2 ⇥ L̂|
, (9)

which yields
�����
dL̂

dt

�����

2

= (⌦1�1 sin ✓1)
2

+ (⌦2�2 sin ✓2)
2

+ 2⌦1⌦2�1�2 sin ✓1 sin ✓2 cos �� . (10)

The argument made in Ref. [2] where �p is first intro-
duced can be recast as follows. The factor cos �� can (in
principle, at least) take values between �1 and +1. At
those extrema one has

�����
dL̂

dt

�����
±

= |⌦1�1 sin ✓1 ± ⌦2�2 sin ✓2| . (11)

The parameter �p is defined as the arithmetic mean of
these two contributions normalized by the frequency ⌦1,
i.e.

�p ⌘
1

2⌦1

 �����
dL̂

dt

�����
+

+

�����
dL̂

dt

�����
�

!

= max

⇣
�1 sin ✓1, ⌦̃�2 sin ✓2

⌘
, (12)

1
The angle �� is sometimes indicated as �12 in LIGO/Virgo

analyses and data products.

where we introduced the ratio between the spin frequencies

⌦̃ =
⌦2

⌦1
= q

4q + 3

4 + 3q
�

3�e↵q2(1 � q)

(4 + 3q)2(1 + q)

M2

L
+ O

✓
M4

L2

◆
.

(13)

To leading order in M2/L, one has

�p ' max

✓
�1 sin ✓1, q

4q + 3

4 + 3q
�2 sin ✓2

◆
, (14)

which is the expression from Ref. [2] used in current GW
analyses (e.g. [3–5]).

While the simplicity of this procedure is appealing, it
is worth pointing out that the three angles ✓1, ✓2 and
�� all vary on the same timescale tpre / (r/M)

5/2. One
is not justified to devise a procedure that removes the
�� dependence from Eq. (10) while at the same time
retaining ✓1 and ✓2. The definition of �p given in Eq. (14)
is therefore inconsistent because it contains some, but not
all, short-timescale variations. Let us stress that this is
not the case for the other commonly used spin parameter
�e↵ , which is a constant of motion at 2PN [15].

There are two possible strategies one can pursue: either
retain all the precession-timescale variations, or integrate
them out.

If precession-timescale variations are to be retained,
one can immediately generalize the definition of �p as the
magnitude of dL̂/dt normalized by ⌦1, i.e.:

�p ⌘

�����
dL̂

dt

�����
1

⌦1
=


(�1 sin ✓1)

2
+

⇣
⌦̃�2 sin ✓2

⌘2

+ 2⌦̃�1�2 sin ✓1 sin ✓2 cos ��

�1/2
. (15)

If one instead wishes to remove those variations, Eq. (15)
should be precession averaged in a consistent fashion.
Given a suitable quantity  (t) that parametrizes the
precession cycle (this is analogous to, say, Kepler’s mean
anomaly for the orbital problem), the precession-averaged
value of �p can be found by evaluating

h�pi =

Z
�p( )

✓
d 

dt

◆�1

d 

Z ✓
d 

dt

◆�1

d 

. (16)

When plugging Eq. (15) into Eq. (16), one should remem-
ber that the angles ✓1( ), ✓2( ), and ��( ) all vary on
the precession timescale and thus depend (perhaps non-
trivially) on  . On the other hand, the ratio ⌦̃ is constant
at leading order and presents only long-timescale varia-
tions if the first PN correction is included, see Eq. (13).
Two explicit parametrizations at 2PN are constructed in
Refs. [17–19]. In particular, the parameter  (t) can be
chosen to be either the angle

cos'0
=

S1 · [(S1 ⇥ L) ⇥ S2 + (S2 ⇥ L) ⇥ S2]

|S1 ⇥ S2| | (S1 + S2) ⇥ L|
(17)

9

FIG. 5. Statistical properties of the precession parameter �p

for current GW events. We contrast the averaged [Eq. (16),
x-axis] and heuristic [Eq. (14), y-axis] definitions of �p. Scat-
ter points show the medians of the posterior distributions
(orange circles), the width of their 90% confidence interval
(purple triangles), and the KL divergence between prior and
posterior measured in bits (teal squares). The KL divergence
of GW190814 is ⇠ 4.3 bits, which is off the scale of this figure
in the direction of the arrow.

momentum is often condensed into �p for interpretation
purposes (for measurement accuracies on the individual
spins see e.g. [34, 35]). It is indeed very desirable to have
a single parameter that, if measured confidently, can be
interpreted as “the amount of precession” in a given GW
observation.

The parameter �p was first defined in Ref. [2] with
specific assumptions that are here relaxed for the first time.
In particular, we propose that the common definition

�p = max

✓
�1 sin ✓1, q

4q + 3

4 + 3q
�2 sin ✓2

◆
(22)

should be generalized to

�p =


(�1 sin ✓1)

2
+

✓
q
4q + 3

4 + 3q
�2 sin ✓2

◆2

+ 2q
4q + 3

4 + 3q
�1�2 sin ✓1 sin ✓2 cos ��

�1/2
. (23)

The latter can then be precession averaged as in
Eq. (16) and Appendix A. For a public implemen-
tation using the Python programming language see
github.com/dgerosa/generalizedchip [36].

The crucial difference between the two definitions above
is that �p depends not only on the magnitudes of the

in-plane spin components �1 sin ✓1 and �2 sin ✓2 but also
on the angle �� between them.

It is worth noting that the generalization we propose
is bound by �p  2, compared to �p  1 for the heuris-
tic definition. This reflects one’s intuition that binaries
where both BHs contribute significantly to the precession
dynamics cannot be reduced to an effective system with a
single spin. From the definition of Eq. (23) one can imme-
diately prove that �p < 1 if either spin is parallel to the
orbital angular momentum (�i sin ✓i = 0). It follows that
the additional region �p > 1 is exclusive to binaries with
two precessing spins. Much like an observation where �p

is confidently > 0 would indicate the presence of at least
one precessing spin, a GW event in the �p > 1 region can
be interpreted as a detection of two-spin effects.

It is important to note that there is some arbitrariness
in the precise definition of �p. For instance, instead of
the magnitude |dL̂/dt| adopted in Sec. II, one could use
the projection of the total spin onto the orbital plane

�? ⌘
|(S1 + S2) ⇥ L̂|

M2
=

1

(1 + q)2
⇥
(�1 sin ✓1)

2

+ (q�2 sin ✓2)
2

+ 2q�1�2 sin ✓1 sin ✓2 cos ��
⇤1/2

,
(24)

which differs from Eq. (23) only by some factors of q (see
also [37]). Similarly, in Eq. (15) we, somehow arbitrarily,
opted for normalizing the magnitude of dL̂/dt by the
precession frequency of the primary BH ⌦1. This is the
same choice made in Ref. [2] and was here retained to
allow for a meaningful comparison between our results
and theirs. This ensures that our �p re-definition agrees
with the heuristic one in the �p ! 0 limit, as evidenced by
the small-�p regions in Fig. 4. A reflection of this feature
is that the single-spin limit is preserved [cf. Eq. (21)].
An alternative normalization, which goes further in the
direction of putting the two BHs on equal footing, would
be to divide |dL̂/dt| by ⌦1 + ⌦2. Our results can trivially
be rescaled to that choice by the transformation

�p �!
�p

1 + ⌦̃
. (25)

In this case, one would obtain a precession parameter
that is  1 but it would present a different small-spin
behavior, resulting in an estimator that cannot be easily
compared with the heuristic definition.

We stress that our recipe for evaluating �p does not
require new or different parameter-estimation runs, which
are computationally expensive, but can be carried out
entirely in postprocessing. In this paper, we pursued
this strategy using public posterior samples from the
LIGO/Virgo events reported to date. We report the
generic occurrence of long tails in the posterior distribu-
tions of �p that extend smoothly into the previously
forbidden region where �p & 1. The most relevant
case to date which shows the importance of defining
a consistent precession parameter is GW190521, where

same terms as before 
this is new! 

2. Average them all
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2

which at next-to-leading order in M2/L are given by [15]

⌦1 =
M2

2r3(1 + q)2


4 + 3q �

3q�e↵

(1 + q)

M2

L

�
, (3)

⌦2 =
qM2

2r3(1 + q)2


4q + 3 �

3q�e↵

(1 + q)

M2

L

�
, (4)

where �e↵ is the effective spin [15, 16]

�e↵ =
�1Ŝ1 + q�2Ŝ2

1 + q
· L̂ . (5)

The amount of orbital-plane precession is thus set by
the magnitude

�����
dL̂

dt

�����

2

=
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⌦1�1|Ŝ1 ⇥ L̂|

⌘2
+

⇣
⌦2�2|Ŝ2 ⇥ L̂|

⌘2

+ 2⌦1⌦2�1�2

⇣
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⌘
·

⇣
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⌘
. (6)

We follow common practice and describe the geometry of
the systems in terms of the tilt angles ✓1,2 and the differ-
ence �� between the phases of the in-plane components
of the two spins.1 In symbols, these are

cos ✓1 = Ŝ1 · L̂ , (7)

cos ✓2 = Ŝ2 · L̂ , (8)

cos �� =
Ŝ1 ⇥ L̂

|Ŝ1 ⇥ L̂|
·
Ŝ2 ⇥ L̂

|Ŝ2 ⇥ L̂|
, (9)

which yields
�����
dL̂

dt

�����

2

= (⌦1�1 sin ✓1)
2

+ (⌦2�2 sin ✓2)
2

+ 2⌦1⌦2�1�2 sin ✓1 sin ✓2 cos �� . (10)

The argument made in Ref. [2] where �p is first intro-
duced can be recast as follows. The factor cos �� can (in
principle, at least) take values between �1 and +1. At
those extrema one has

�����
dL̂

dt

�����
±

= |⌦1�1 sin ✓1 ± ⌦2�2 sin ✓2| . (11)

The parameter �p is defined as the arithmetic mean of
these two contributions normalized by the frequency ⌦1,
i.e.

�p ⌘
1

2⌦1

 �����
dL̂

dt

�����
+

+

�����
dL̂

dt

�����
�

!

= max

⇣
�1 sin ✓1, ⌦̃�2 sin ✓2

⌘
, (12)

1
The angle �� is sometimes indicated as �12 in LIGO/Virgo

analyses and data products.

where we introduced the ratio between the spin frequencies

⌦̃ =
⌦2

⌦1
= q

4q + 3

4 + 3q
�

3�e↵q2(1 � q)

(4 + 3q)2(1 + q)

M2

L
+ O

✓
M4

L2

◆
.

(13)

To leading order in M2/L, one has

�p ' max

✓
�1 sin ✓1, q

4q + 3

4 + 3q
�2 sin ✓2

◆
, (14)

which is the expression from Ref. [2] used in current GW
analyses (e.g. [3–5]).

While the simplicity of this procedure is appealing, it
is worth pointing out that the three angles ✓1, ✓2 and
�� all vary on the same timescale tpre / (r/M)

5/2. One
is not justified to devise a procedure that removes the
�� dependence from Eq. (10) while at the same time
retaining ✓1 and ✓2. The definition of �p given in Eq. (14)
is therefore inconsistent because it contains some, but not
all, short-timescale variations. Let us stress that this is
not the case for the other commonly used spin parameter
�e↵ , which is a constant of motion at 2PN [15].

There are two possible strategies one can pursue: either
retain all the precession-timescale variations, or integrate
them out.

If precession-timescale variations are to be retained,
one can immediately generalize the definition of �p as the
magnitude of dL̂/dt normalized by ⌦1, i.e.:

�p ⌘

�����
dL̂

dt

�����
1

⌦1
=


(�1 sin ✓1)

2
+

⇣
⌦̃�2 sin ✓2

⌘2

+ 2⌦̃�1�2 sin ✓1 sin ✓2 cos ��

�1/2
. (15)

If one instead wishes to remove those variations, Eq. (15)
should be precession averaged in a consistent fashion.
Given a suitable quantity  (t) that parametrizes the
precession cycle (this is analogous to, say, Kepler’s mean
anomaly for the orbital problem), the precession-averaged
value of �p can be found by evaluating

h�pi =

Z
�p( )

✓
d 

dt

◆�1

d 

Z ✓
d 

dt

◆�1

d 

. (16)

When plugging Eq. (15) into Eq. (16), one should remem-
ber that the angles ✓1( ), ✓2( ), and ��( ) all vary on
the precession timescale and thus depend (perhaps non-
trivially) on  . On the other hand, the ratio ⌦̃ is constant
at leading order and presents only long-timescale varia-
tions if the first PN correction is included, see Eq. (13).
Two explicit parametrizations at 2PN are constructed in
Refs. [17–19]. In particular, the parameter  (t) can be
chosen to be either the angle

cos'0
=

S1 · [(S1 ⇥ L) ⇥ S2 + (S2 ⇥ L) ⇥ S2]

|S1 ⇥ S2| | (S1 + S2) ⇥ L|
(17)

Some quantity that parametrizes 
a precession cycle 

Time spent by the binary along the cycle 

Period 

For an explicit 2PN parametrization: 
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FIG. 1. Evolution of �p during the inspiral of four representative BH binaries. The heuristic �p from Eq. (14) is shown in blue,
the asymptotic �p from Eq. (19) (here used inappropriately at finite separations) is shown in orange, the generalized �p from
Eq. (15) is shown in green and the averaged �p from Eq. (16) is shown red. Binaries are evolved from r = 100M to r = 10M
with initial conditions set by the values indicated to the right of each panel. The top axis indicates the corresponding GW
frequency f =

p
M/⇡2r3 for nominal sources with M = 60M�.

smaller!) variations that correlate with the precession pe-
riod. This is signaling the breaking down of the timescale
separation that underpins the averaging procedure. Much
like the quasicircular approximation cannot accurately
describe the orbital problem close to merger, averaging
over a precession cycle is also less justified at small or-
bital separations where radiation reaction becomes more
prominent.

Figure 2 explores the statistical distribution of �p for
all four definitions. Each panel is produced assuming a
population of sources with fixed values of q, �1, and �2,
and spin directions distributed isotropically. The values
of �p are evaluated at r ' 14M , corresponding to GW
frequencies of f = 20 Hz for a nominal source with total
mass M = 60M� (where we converted frequency to sepa-
ration using the Newtonian expression f =

p
M/⇡2r3).

An immediate observation is that the heuristic value
of �p is bounded by �p  1 while the generalized and
averaged estimates satisfy �p  2. This is another reflec-
tion of the fact that cases where both spins contribute
to the precession dynamics cannot be faithfully reduced
to a single spin. The blue histograms for the heuristic
�p in Fig. 2 show two prominent peaks at �p = �1 and
�p = �2q(4q + 3)/(4 + 3q). These artificial features are
not present in either the generalized or the averaged dis-
tributions. Interestingly, the averaged �p distributions lie
between the generalized and the heuristic ones. This is a
consequence of the derivation of the heuristic �p presented
in Sec. II which relies on an inconsistent average.

One could be tempted to evaluate the asymptotic limit
reported in Eq. (19) along the inspiral (much as we did
in Fig. 1) because it represents an easy-to-implement,
semianalytical expression. The red histograms in Fig. 2
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separation that underpins the averaging procedure. Much
like the quasicircular approximation cannot accurately
describe the orbital problem close to merger, averaging
over a precession cycle is also less justified at small or-
bital separations where radiation reaction becomes more
prominent.

Figure 2 explores the statistical distribution of �p for
all four definitions. Each panel is produced assuming a
population of sources with fixed values of q, �1, and �2,
and spin directions distributed isotropically. The values
of �p are evaluated at r ' 14M , corresponding to GW
frequencies of f = 20 Hz for a nominal source with total
mass M = 60M� (where we converted frequency to sepa-
ration using the Newtonian expression f =
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M/⇡2r3).

An immediate observation is that the heuristic value
of �p is bounded by �p  1 while the generalized and
averaged estimates satisfy �p  2. This is another reflec-
tion of the fact that cases where both spins contribute
to the precession dynamics cannot be faithfully reduced
to a single spin. The blue histograms for the heuristic
�p in Fig. 2 show two prominent peaks at �p = �1 and
�p = �2q(4q + 3)/(4 + 3q). These artificial features are
not present in either the generalized or the averaged dis-
tributions. Interestingly, the averaged �p distributions lie
between the generalized and the heuristic ones. This is a
consequence of the derivation of the heuristic �p presented
in Sec. II which relies on an inconsistent average.

One could be tempted to evaluate the asymptotic limit
reported in Eq. (19) along the inspiral (much as we did
in Fig. 1) because it represents an easy-to-implement,
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smaller!) variations that correlate with the precession pe-
riod. This is signaling the breaking down of the timescale
separation that underpins the averaging procedure. Much
like the quasicircular approximation cannot accurately
describe the orbital problem close to merger, averaging
over a precession cycle is also less justified at small or-
bital separations where radiation reaction becomes more
prominent.

Figure 2 explores the statistical distribution of �p for
all four definitions. Each panel is produced assuming a
population of sources with fixed values of q, �1, and �2,
and spin directions distributed isotropically. The values
of �p are evaluated at r ' 14M , corresponding to GW
frequencies of f = 20 Hz for a nominal source with total
mass M = 60M� (where we converted frequency to sepa-
ration using the Newtonian expression f =

p
M/⇡2r3).

An immediate observation is that the heuristic value
of �p is bounded by �p  1 while the generalized and
averaged estimates satisfy �p  2. This is another reflec-
tion of the fact that cases where both spins contribute
to the precession dynamics cannot be faithfully reduced
to a single spin. The blue histograms for the heuristic
�p in Fig. 2 show two prominent peaks at �p = �1 and
�p = �2q(4q + 3)/(4 + 3q). These artificial features are
not present in either the generalized or the averaged dis-
tributions. Interestingly, the averaged �p distributions lie
between the generalized and the heuristic ones. This is a
consequence of the derivation of the heuristic �p presented
in Sec. II which relies on an inconsistent average.

One could be tempted to evaluate the asymptotic limit
reported in Eq. (19) along the inspiral (much as we did
in Fig. 1) because it represents an easy-to-implement,
semianalytical expression. The red histograms in Fig. 2
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FIG. 6. Precession parameter �p for GW190521. Colors indicate the four definitions of �p described in this paper: heuristic
[Eq. (14), blue], asymptotic [Eq. (19), orange], generalized [Eq. (15), green], and averaged [Eq. (16), red]. The left panel
shows prior (dashed) and posterior (solid) distributions obtained by combining samples from different waveform approximants.
The right panel shows posterior distributions obtained with three different waveform models: NRSur7dq4 (“NRsur”, solid),
SEOBNRv4PHM (“EOB”, dashed), and IMRPhenomPv3HM (“Phenom”, dotted).

p(�p > 1) ' 16%. This number can be interpreted as a
lower limit to the probability that GW190521 contained
two precessing spins. In total, there are 6 (29) events for
which this “two-spin probability” is greater than 5% (1%).

Such tails in the �p posteriors have two main conse-
quences:

• First, they enlarge the 90% confidence interval of
�p, indicating that current estimates of the mea-
surement errors with which precession is measured
might be underestimated.

• Second, more posterior weight is placed at higher
values of �p, which can arguably be interpreted as
an indication that the data show more evidence for
spin precession than previously reported.

Both these points might have important consequences
for the astrophysical interpretation of GW events, because
spin precession is thought to be a key tracer of BH binary
formation pathways.

The issues of constructing waveform models and that
of interpreting observations are not decoupled. The rela-
tive success of approximants which rely on effective-spin
parameters indicates that two-spin effects are subdomi-
nant and intrinsically difficult to measure [34, 35]. One
should also keep in mind that the event posteriors are
dependent on the waveform models used in the analysis
and are therefore subject to their systematics [5]. With

these caveats in mind, our results indicate that some of
the current events present some hints of two-spin physics.
Data are bound to become more informative as detectors
improve in sensitivity.

Current GW population studies (e.g. Ref. [7]) all make
use of �p at a fixed reference frequency fref and neglect
its evolution along the inspiral. This issue is exacerbated
by the common adoption of the heuristic expression of �p,
which varies on the short timescale of the problem. The
averaging procedure proposed here is the most natural
mitigation strategy.

Large sets of software injections are necessary to better
understand how these augmented �p estimators respond
to current LIGO/Virgo parameter-estimation pipelines
and compare with other metrics such as excess SNR ⇢p
and Bayes’ factor. In this paper, we have only investigated
the relevance of our redefinition of �p on individual events,
not its collective effect on the detected population. The
impact of our findings on population studies might be
significant because the generalization of �p here proposed
affects current events in a weak but systematic manner.
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p(�p > 1) ' 16%. This number can be interpreted as a
lower limit to the probability that GW190521 contained
two precessing spins. In total, there are 6 (29) events for
which this “two-spin probability” is greater than 5% (1%).

Such tails in the �p posteriors have two main conse-
quences:

• First, they enlarge the 90% confidence interval of
�p, indicating that current estimates of the mea-
surement errors with which precession is measured
might be underestimated.

• Second, more posterior weight is placed at higher
values of �p, which can arguably be interpreted as
an indication that the data show more evidence for
spin precession than previously reported.

Both these points might have important consequences
for the astrophysical interpretation of GW events, because
spin precession is thought to be a key tracer of BH binary
formation pathways.

The issues of constructing waveform models and that
of interpreting observations are not decoupled. The rela-
tive success of approximants which rely on effective-spin
parameters indicates that two-spin effects are subdomi-
nant and intrinsically difficult to measure [34, 35]. One
should also keep in mind that the event posteriors are
dependent on the waveform models used in the analysis
and are therefore subject to their systematics [5]. With

these caveats in mind, our results indicate that some of
the current events present some hints of two-spin physics.
Data are bound to become more informative as detectors
improve in sensitivity.

Current GW population studies (e.g. Ref. [7]) all make
use of �p at a fixed reference frequency fref and neglect
its evolution along the inspiral. This issue is exacerbated
by the common adoption of the heuristic expression of �p,
which varies on the short timescale of the problem. The
averaging procedure proposed here is the most natural
mitigation strategy.

Large sets of software injections are necessary to better
understand how these augmented �p estimators respond
to current LIGO/Virgo parameter-estimation pipelines
and compare with other metrics such as excess SNR ⇢p
and Bayes’ factor. In this paper, we have only investigated
the relevance of our redefinition of �p on individual events,
not its collective effect on the detected population. The
impact of our findings on population studies might be
significant because the generalization of �p here proposed
affects current events in a weak but systematic manner.
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which at next-to-leading order in M2/L are given by [15]

⌦1 =
M2

2r3(1 + q)2


4 + 3q �

3q�e↵

(1 + q)

M2

L

�
, (3)

⌦2 =
qM2

2r3(1 + q)2


4q + 3 �

3q�e↵

(1 + q)

M2

L

�
, (4)

where �e↵ is the effective spin [15, 16]

�e↵ =
�1Ŝ1 + q�2Ŝ2

1 + q
· L̂ . (5)

The amount of orbital-plane precession is thus set by
the magnitude

�����
dL̂

dt

�����

2

=

⇣
⌦1�1|Ŝ1 ⇥ L̂|

⌘2
+

⇣
⌦2�2|Ŝ2 ⇥ L̂|

⌘2

+ 2⌦1⌦2�1�2

⇣
Ŝ1 ⇥ L̂

⌘
·

⇣
Ŝ2 ⇥ L̂

⌘
. (6)

We follow common practice and describe the geometry of
the systems in terms of the tilt angles ✓1,2 and the differ-
ence �� between the phases of the in-plane components
of the two spins.1 In symbols, these are

cos ✓1 = Ŝ1 · L̂ , (7)

cos ✓2 = Ŝ2 · L̂ , (8)

cos �� =
Ŝ1 ⇥ L̂

|Ŝ1 ⇥ L̂|
·
Ŝ2 ⇥ L̂

|Ŝ2 ⇥ L̂|
, (9)

which yields
�����
dL̂

dt

�����

2

= (⌦1�1 sin ✓1)
2

+ (⌦2�2 sin ✓2)
2

+ 2⌦1⌦2�1�2 sin ✓1 sin ✓2 cos �� . (10)

The argument made in Ref. [2] where �p is first intro-
duced can be recast as follows. The factor cos �� can (in
principle, at least) take values between �1 and +1. At
those extrema one has

�����
dL̂

dt

�����
±

= |⌦1�1 sin ✓1 ± ⌦2�2 sin ✓2| . (11)

The parameter �p is defined as the arithmetic mean of
these two contributions normalized by the frequency ⌦1,
i.e.

�p ⌘
1

2⌦1

 �����
dL̂

dt

�����
+

+

�����
dL̂

dt

�����
�

!

= max

⇣
�1 sin ✓1, ⌦̃�2 sin ✓2

⌘
, (12)

1
The angle �� is sometimes indicated as �12 in LIGO/Virgo

analyses and data products.

where we introduced the ratio between the spin frequencies

⌦̃ =
⌦2

⌦1
= q

4q + 3

4 + 3q
�

3�e↵q2(1 � q)

(4 + 3q)2(1 + q)
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L
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✓
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◆
.

(13)

To leading order in M2/L, one has

�p ' max

✓
�1 sin ✓1, q

4q + 3

4 + 3q
�2 sin ✓2

◆
, (14)

which is the expression from Ref. [2] used in current GW
analyses (e.g. [3–5]).

While the simplicity of this procedure is appealing, it
is worth pointing out that the three angles ✓1, ✓2 and
�� all vary on the same timescale tpre / (r/M)

5/2. One
is not justified to devise a procedure that removes the
�� dependence from Eq. (10) while at the same time
retaining ✓1 and ✓2. The definition of �p given in Eq. (14)
is therefore inconsistent because it contains some, but not
all, short-timescale variations. Let us stress that this is
not the case for the other commonly used spin parameter
�e↵ , which is a constant of motion at 2PN [15].

There are two possible strategies one can pursue: either
retain all the precession-timescale variations, or integrate
them out.

If precession-timescale variations are to be retained,
one can immediately generalize the definition of �p as the
magnitude of dL̂/dt normalized by ⌦1, i.e.:

�p ⌘

�����
dL̂

dt

�����
1

⌦1
=


(�1 sin ✓1)

2
+

⇣
⌦̃�2 sin ✓2

⌘2

+ 2⌦̃�1�2 sin ✓1 sin ✓2 cos ��

�1/2
. (15)

If one instead wishes to remove those variations, Eq. (15)
should be precession averaged in a consistent fashion.
Given a suitable quantity  (t) that parametrizes the
precession cycle (this is analogous to, say, Kepler’s mean
anomaly for the orbital problem), the precession-averaged
value of �p can be found by evaluating

h�pi =

Z
�p( )

✓
d 

dt

◆�1

d 

Z ✓
d 

dt

◆�1

d 

. (16)

When plugging Eq. (15) into Eq. (16), one should remem-
ber that the angles ✓1( ), ✓2( ), and ��( ) all vary on
the precession timescale and thus depend (perhaps non-
trivially) on  . On the other hand, the ratio ⌦̃ is constant
at leading order and presents only long-timescale varia-
tions if the first PN correction is included, see Eq. (13).
Two explicit parametrizations at 2PN are constructed in
Refs. [17–19]. In particular, the parameter  (t) can be
chosen to be either the angle

cos'0
=

S1 · [(S1 ⇥ L) ⇥ S2 + (S2 ⇥ L) ⇥ S2]

|S1 ⇥ S2| | (S1 + S2) ⇥ L|
(17)
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FIG. 5. Statistical properties of the precession parameter �p

for current GW events. We contrast the averaged [Eq. (16),
x-axis] and heuristic [Eq. (14), y-axis] definitions of �p. Scat-
ter points show the medians of the posterior distributions
(orange circles), the width of their 90% confidence interval
(purple triangles), and the KL divergence between prior and
posterior measured in bits (teal squares). The KL divergence
of GW190814 is ⇠ 4.3 bits, which is off the scale of this figure
in the direction of the arrow.

momentum is often condensed into �p for interpretation
purposes (for measurement accuracies on the individual
spins see e.g. [34, 35]). It is indeed very desirable to have
a single parameter that, if measured confidently, can be
interpreted as “the amount of precession” in a given GW
observation.

The parameter �p was first defined in Ref. [2] with
specific assumptions that are here relaxed for the first time.
In particular, we propose that the common definition

�p = max

✓
�1 sin ✓1, q

4q + 3

4 + 3q
�2 sin ✓2

◆
(22)

should be generalized to

�p =


(�1 sin ✓1)

2
+

✓
q
4q + 3

4 + 3q
�2 sin ✓2

◆2

+ 2q
4q + 3

4 + 3q
�1�2 sin ✓1 sin ✓2 cos ��

�1/2
. (23)

The latter can then be precession averaged as in
Eq. (16) and Appendix A. For a public implemen-
tation using the Python programming language see
github.com/dgerosa/generalizedchip [36].

The crucial difference between the two definitions above
is that �p depends not only on the magnitudes of the

in-plane spin components �1 sin ✓1 and �2 sin ✓2 but also
on the angle �� between them.

It is worth noting that the generalization we propose
is bound by �p  2, compared to �p  1 for the heuris-
tic definition. This reflects one’s intuition that binaries
where both BHs contribute significantly to the precession
dynamics cannot be reduced to an effective system with a
single spin. From the definition of Eq. (23) one can imme-
diately prove that �p < 1 if either spin is parallel to the
orbital angular momentum (�i sin ✓i = 0). It follows that
the additional region �p > 1 is exclusive to binaries with
two precessing spins. Much like an observation where �p

is confidently > 0 would indicate the presence of at least
one precessing spin, a GW event in the �p > 1 region can
be interpreted as a detection of two-spin effects.

It is important to note that there is some arbitrariness
in the precise definition of �p. For instance, instead of
the magnitude |dL̂/dt| adopted in Sec. II, one could use
the projection of the total spin onto the orbital plane

�? ⌘
|(S1 + S2) ⇥ L̂|

M2
=

1

(1 + q)2
⇥
(�1 sin ✓1)

2

+ (q�2 sin ✓2)
2

+ 2q�1�2 sin ✓1 sin ✓2 cos ��
⇤1/2

,
(24)

which differs from Eq. (23) only by some factors of q (see
also [37]). Similarly, in Eq. (15) we, somehow arbitrarily,
opted for normalizing the magnitude of dL̂/dt by the
precession frequency of the primary BH ⌦1. This is the
same choice made in Ref. [2] and was here retained to
allow for a meaningful comparison between our results
and theirs. This ensures that our �p re-definition agrees
with the heuristic one in the �p ! 0 limit, as evidenced by
the small-�p regions in Fig. 4. A reflection of this feature
is that the single-spin limit is preserved [cf. Eq. (21)].
An alternative normalization, which goes further in the
direction of putting the two BHs on equal footing, would
be to divide |dL̂/dt| by ⌦1 + ⌦2. Our results can trivially
be rescaled to that choice by the transformation

�p �!
�p

1 + ⌦̃
. (25)

In this case, one would obtain a precession parameter
that is  1 but it would present a different small-spin
behavior, resulting in an estimator that cannot be easily
compared with the heuristic definition.

We stress that our recipe for evaluating �p does not
require new or different parameter-estimation runs, which
are computationally expensive, but can be carried out
entirely in postprocessing. In this paper, we pursued
this strategy using public posterior samples from the
LIGO/Virgo events reported to date. We report the
generic occurrence of long tails in the posterior distribu-
tions of �p that extend smoothly into the previously
forbidden region where �p & 1. The most relevant
case to date which shows the importance of defining
a consistent precession parameter is GW190521, where
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FIG. 5. Statistical properties of the precession parameter �p

for current GW events. We contrast the averaged [Eq. (16),
x-axis] and heuristic [Eq. (14), y-axis] definitions of �p. Scat-
ter points show the medians of the posterior distributions
(orange circles), the width of their 90% confidence interval
(purple triangles), and the KL divergence between prior and
posterior measured in bits (teal squares). The KL divergence
of GW190814 is ⇠ 4.3 bits, which is off the scale of this figure
in the direction of the arrow.

momentum is often condensed into �p for interpretation
purposes (for measurement accuracies on the individual
spins see e.g. [34, 35]). It is indeed very desirable to have
a single parameter that, if measured confidently, can be
interpreted as “the amount of precession” in a given GW
observation.

The parameter �p was first defined in Ref. [2] with
specific assumptions that are here relaxed for the first time.
In particular, we propose that the common definition

�p = max
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should be generalized to

�p =


(�1 sin ✓1)

2
+

✓
q
4q + 3

4 + 3q
�2 sin ✓2

◆2

+ 2q
4q + 3

4 + 3q
�1�2 sin ✓1 sin ✓2 cos ��

�1/2
. (23)

The latter can then be precession averaged as in
Eq. (16) and Appendix A. For a public implemen-
tation using the Python programming language see
github.com/dgerosa/generalizedchip [36].

The crucial difference between the two definitions above
is that �p depends not only on the magnitudes of the

in-plane spin components �1 sin ✓1 and �2 sin ✓2 but also
on the angle �� between them.

It is worth noting that the generalization we propose
is bound by �p  2, compared to �p  1 for the heuris-
tic definition. This reflects one’s intuition that binaries
where both BHs contribute significantly to the precession
dynamics cannot be reduced to an effective system with a
single spin. From the definition of Eq. (23) one can imme-
diately prove that �p < 1 if either spin is parallel to the
orbital angular momentum (�i sin ✓i = 0). It follows that
the additional region �p > 1 is exclusive to binaries with
two precessing spins. Much like an observation where �p

is confidently > 0 would indicate the presence of at least
one precessing spin, a GW event in the �p > 1 region can
be interpreted as a detection of two-spin effects.

It is important to note that there is some arbitrariness
in the precise definition of �p. For instance, instead of
the magnitude |dL̂/dt| adopted in Sec. II, one could use
the projection of the total spin onto the orbital plane

�? ⌘
|(S1 + S2) ⇥ L̂|

M2
=

1

(1 + q)2
⇥
(�1 sin ✓1)
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which differs from Eq. (23) only by some factors of q (see
also [37]). Similarly, in Eq. (15) we, somehow arbitrarily,
opted for normalizing the magnitude of dL̂/dt by the
precession frequency of the primary BH ⌦1. This is the
same choice made in Ref. [2] and was here retained to
allow for a meaningful comparison between our results
and theirs. This ensures that our �p re-definition agrees
with the heuristic one in the �p ! 0 limit, as evidenced by
the small-�p regions in Fig. 4. A reflection of this feature
is that the single-spin limit is preserved [cf. Eq. (21)].
An alternative normalization, which goes further in the
direction of putting the two BHs on equal footing, would
be to divide |dL̂/dt| by ⌦1 + ⌦2. Our results can trivially
be rescaled to that choice by the transformation

�p �!
�p

1 + ⌦̃
. (25)

In this case, one would obtain a precession parameter
that is  1 but it would present a different small-spin
behavior, resulting in an estimator that cannot be easily
compared with the heuristic definition.

We stress that our recipe for evaluating �p does not
require new or different parameter-estimation runs, which
are computationally expensive, but can be carried out
entirely in postprocessing. In this paper, we pursued
this strategy using public posterior samples from the
LIGO/Virgo events reported to date. We report the
generic occurrence of long tails in the posterior distribu-
tions of �p that extend smoothly into the previously
forbidden region where �p & 1. The most relevant
case to date which shows the importance of defining
a consistent precession parameter is GW190521, where
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x-axis] and heuristic [Eq. (14), y-axis] definitions of �p. Scat-
ter points show the medians of the posterior distributions
(orange circles), the width of their 90% confidence interval
(purple triangles), and the KL divergence between prior and
posterior measured in bits (teal squares). The KL divergence
of GW190814 is ⇠ 4.3 bits, which is off the scale of this figure
in the direction of the arrow.

momentum is often condensed into �p for interpretation
purposes (for measurement accuracies on the individual
spins see e.g. [34, 35]). It is indeed very desirable to have
a single parameter that, if measured confidently, can be
interpreted as “the amount of precession” in a given GW
observation.

The parameter �p was first defined in Ref. [2] with
specific assumptions that are here relaxed for the first time.
In particular, we propose that the common definition

�p = max
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should be generalized to
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The latter can then be precession averaged as in
Eq. (16) and Appendix A. For a public implemen-
tation using the Python programming language see
github.com/dgerosa/generalizedchip [36].

The crucial difference between the two definitions above
is that �p depends not only on the magnitudes of the

in-plane spin components �1 sin ✓1 and �2 sin ✓2 but also
on the angle �� between them.

It is worth noting that the generalization we propose
is bound by �p  2, compared to �p  1 for the heuris-
tic definition. This reflects one’s intuition that binaries
where both BHs contribute significantly to the precession
dynamics cannot be reduced to an effective system with a
single spin. From the definition of Eq. (23) one can imme-
diately prove that �p < 1 if either spin is parallel to the
orbital angular momentum (�i sin ✓i = 0). It follows that
the additional region �p > 1 is exclusive to binaries with
two precessing spins. Much like an observation where �p

is confidently > 0 would indicate the presence of at least
one precessing spin, a GW event in the �p > 1 region can
be interpreted as a detection of two-spin effects.

It is important to note that there is some arbitrariness
in the precise definition of �p. For instance, instead of
the magnitude |dL̂/dt| adopted in Sec. II, one could use
the projection of the total spin onto the orbital plane
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2
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,
(24)

which differs from Eq. (23) only by some factors of q (see
also [37]). Similarly, in Eq. (15) we, somehow arbitrarily,
opted for normalizing the magnitude of dL̂/dt by the
precession frequency of the primary BH ⌦1. This is the
same choice made in Ref. [2] and was here retained to
allow for a meaningful comparison between our results
and theirs. This ensures that our �p re-definition agrees
with the heuristic one in the �p ! 0 limit, as evidenced by
the small-�p regions in Fig. 4. A reflection of this feature
is that the single-spin limit is preserved [cf. Eq. (21)].
An alternative normalization, which goes further in the
direction of putting the two BHs on equal footing, would
be to divide |dL̂/dt| by ⌦1 + ⌦2. Our results can trivially
be rescaled to that choice by the transformation
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1 + ⌦̃
. (25)

In this case, one would obtain a precession parameter
that is  1 but it would present a different small-spin
behavior, resulting in an estimator that cannot be easily
compared with the heuristic definition.

We stress that our recipe for evaluating �p does not
require new or different parameter-estimation runs, which
are computationally expensive, but can be carried out
entirely in postprocessing. In this paper, we pursued
this strategy using public posterior samples from the
LIGO/Virgo events reported to date. We report the
generic occurrence of long tails in the posterior distribu-
tions of �p that extend smoothly into the previously
forbidden region where �p & 1. The most relevant
case to date which shows the importance of defining
a consistent precession parameter is GW190521, where
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Try this at home
precession: open-source python module 

pip install precession 
>>> import precession

1. Precessional dynamics 
2. Orbit-averaged inspirals 
3. Precession-averaged inspirals 
4. Superkick predictions 
5. API documentation 
6. Tests and tutorial

Features

Now working on v2 targeting 100x speedup
github.com/dgerosa/precession

Used in 50+ papers to date 
(by myself and many others)



Black-hole binary spin precession
1. A sweet relativistic effect full of surprises 

2. A treasure trove for black-hole astrophysics

Waveform modulations, frame dragging, 
resonances, instabilities, superkicks 

Formation channels, supernova kicks, mass transfer, tides, 
core-envelope interactions, accretion disk physics 
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