
Effective field theories for nuclear 
physics
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粒⼦物理与核物理结合，⼤有可为



Outline

• Brief intro to nuclear effective field theories 

• Expansion around unnatural leading-order interactions 
— Improving convergence of chiral nuclear forces 

• Small-momentum fluctuations around fixed-energy 
configuration 
— bridging nuclear bound-state and reaction problems



Multipole expansion 
A classical example of EFT

R

• Separation of scales:  R >> r0

charge 
distribution

r0

• Controlled approximation, able to estimate uncertainty

• Naturalness

• What if it is a rod? 
Slow convergence of a regular PC ⇒ possible fine-tuning ⇒ change PC

⇒ power counting based on 
naive dim. analysis (NDA)

Observer



Renormalization in effective (field) theory

• UV regularization needed for intermediate states 
— rendering loops finite

• Observables independent of reg. scale Λ 
— guideline for power counting: RG invariance must be satisfied by 
power counting 
— can upset NDA (OPE tensor force ∝ -1/r3)
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chiral EFT

Standard Model

beyond SM

Hierarchy of EFTs

chiral sym. breaking

avg. nucleon 
momentum 
inside nuclei

Pionless EFT



Dofs = nucleons + pions (Quark-gluon interactions encoded in 
low-energy constants (LECs)

� gA
2f⇡

N†⌧a~� · ~r⇡aN

Chiral EFT
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2.1.2. Chiral limit
The terminology chiral limit refers to massless quarks, resulting in an important additional global symmetry of the QCD

Lagrangian which will be discussed in the following. We introduce the chirality matrix �5 = � 5 = i� 0� 1� 2� 3 = �
Ñ
5 ,

{� µ, �5} = 0, � 2
5 = 1, and define the projection operators

PL =
1
2
(1� �5) = PÑ

L , PR =
1
2
(1+ �5) = PÑ

R . (11)

These operators satisfy the completeness relation PL + PR = 1, are idempotent, P2
L = PL, P2

R = PR, and respect the orthog-
onality relations PLPR = PRPL = 0. When applied to the solutions of the free massless Dirac equation, the operators PR and
PL project to the positive and negative helicity eigenstates — hence the subscripts R and L for right-handed and left-handed,
respectively.

Omitting color and flavor indices, we introduce left- and right-handed quark fields as

qL = PLq and qR = PRq. (12)

A quadratic form containing any of the 16 independent 4 ⇥ 4 matrices {1, � µ, �5, �
µ�5, �

µ⌫} can be decomposed as

q̄�iq =

⇢
q̄L�1qL + q̄R�1qR for �1 2 {� µ, � µ�5}

q̄R�2qL + q̄L�2qR for �2 2 {1, �5, �
µ⌫

},
(13)

where

q̄R = q̄PL and q̄L = q̄PR.

The validity of Eq. (13) is general and does not refer to ‘‘massless’’ quark fields.
From a phenomenological point of view, the u and d quarks and, to a lesser extent, also the s quark have relatively small

masses in comparison to a typical hadronic scale of the order of 1 GeV. On the other hand, we will neglect the three heavy
quarks c , b, and t , because we will restrict ourselves to energies well below the production threshold of particles containing
a heavy (anti-) quark. In the following, we will approximate the full QCD Lagrangian by its light-flavor version, and will
consider the chiral limit for the three light quarks u, d, and s. To that end, we apply Eq. (13) to the term containing the
contraction of the covariant derivative with � µ. This quadratic quark form decouples into the sum of two terms which
connect only left-handed with left-handed and right-handed with right-handed quark fields. The QCD Lagrangian in the
chiral limit can then be written as

L0
QCD =

X

l=u,d,s

(q̄R,li 6D qR,l + q̄L,li 6D qL,l) �
1
4

Gaµ⌫G
µ⌫
a . (14)

Note that, because of Eq. (13), the quark-mass term generates a coupling between left- and right-handed quark fields.

2.1.3. Global symmetry currents of the light quark sector
Due to the flavor independence of the covariant derivative, L0

QCD is invariant under the infinitesimal global transforma-
tions of the left- and right-handed quark fields,

qL ⌘

 uL
dL
sL

!
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qR. (15)

Note that the Gell-Mannmatrices act in flavor space.L0
QCD is said to have a classical globalU(3)L⇥U(3)R symmetry. Applying

Noether’s theorem [21–23], from such an invariance, one would expect a total of 2 ⇥ (8 + 1) = 18 conserved currents:

Lµ
a = q̄L� µ �a

2
qL, Lµ

= q̄L� µqL, Rµ
a = q̄R� µ �a

2
qR, Rµ

= q̄R� µqR. (16)

Making use of

PL� µPR ± PR� µPL =

⇢
� µ

� µ�5,

we introduce the linear combinations

Vµ
a = Rµ

a + Lµ
a = q̄� µ �a

2
q, (17)

Aµ
a = Rµ

a � Lµ
a = q̄� µ�5

�a

2
q, (18)
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(   )SU(3)L
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(   )SU(3)R

• Includes all symmetries of QCD, especially (approximate) chiral 
symmetry and its spontaneous breaking

→ chiral symmetry nonlinearly 
realized by hadronic Dofs CCWZ; Weinberg; …

• Only two flavors used in our work

(see Weinberg’s QFT Vol. 2)

Flavor u d s

Charge [e] 2/3 −1/3 −1/3

Mass [MeV] 1.5 − 3.3 3.5 − 6.0 70 − 130

Flavor c b t

Charge [e] 2/3 −1/3 2/3

Mass [GeV] 1.27+0.07
−0.11 4.20+0.17

−0.07 171.2 ± 2.1

Table 2: Quark flavors and their charges and masses. See [Manohar and Sachrajda, 2008] for details.

Suppressing the Dirac spinor index and introducing for each quark flavor f a color triplet

qf =




qf,1

qf,2

qf,3



 , (2)

the gauge principle is applied with respect to the group SU(3), i.e., all qf are subject to the same local
SU(3) transformation:

qf "→ q′f = exp

(

−i
8∑

a=1

Θa
λc

a

2

)

qf = Uqf , (3)

where the eight λc
a denote Gell-Mann matrices acting in color space and the Θa are smooth, real functions

in Minkowski space. Whenever convenient, we will make use of the summation convention implying a
summation over repeated indices. Introducing eight gauge potentials Aaµ, transforming as

Aµ ≡ Aaµ
λc

a

2
"→ A′

µ = UAµU
† +

i

g3
∂µUU †, (4)

the covariant derivative of the quark field, by construction, transforms as the quark field:

Dµqf ≡ (∂µ + ig3Aµ)qf "→ (Dµqf)
′ = D′

µq
′
f = UDµqf . (5)

In Eq. (5), g3 denotes the strong coupling constant. In order to treat the gauge potentials as dynamical
degrees of freedom, one defines a generalization of the field strength tensor to the non-Abelian case as

Gaµν = ∂µAaν − ∂νAaµ − g3fabcAbµAcν, (6)

where, suppressing the superscript c in the Gell-Mann matrices, the standard totally antisymmetric
SU(3) structure constants are given by (see Table 3)

fabc =
1

4i
Tr([λa,λb]λc). (7)

Given Eq. (4), the field strength tensor transforms under SU(3) as

Gµν ≡ Gaµν
λc

a

2
"→ UGµνU

†. (8)

The QCD Lagrangian obtained by applying the gauge principle to the free Lagrangian of Eq. (1), finally,
reads

LQCD =
∑

f= u,d,s,
c,b,t

q̄f(iD/ − mf )qf − 1

4
GaµνGµν

a . (9)

5

Chiral EFT



• Nucleon-pion couplings are always Qn ⇒ long-range nuclear forces 
naturally ordered

� gA
2f⇡

N†⌧a~� · ~r⇡aN � 1

4f2
⇡

N†✏abc⌧a⇡b⇡̇cN

Chiral EFT

one-pion exchange = O(1)
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• Short-range interactions: large numbers of contact operators 
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f = 131MeV is the pion-decay constant, the chiral covariant derivative is Dµ = ∂µ +
1
2 (ξ ∂µξ†+ξ† ∂µξ), andmξ = 1

2 (ξmqξ +ξ†mqξ†), wheremq = diag(mu,md) is the quark
mass matrix. At the order we are working ωTr(mξ ) = ω(mu + md) = m2

π = (137 MeV)2.
In Eq. (2), s = 1S0 or 3S1. Below this superscript will be dropped when it is clear from the
context which channel is being referred to or when the reference is to both channels. The
two-body nucleon operators are:
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where the projection matrices are

P
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i = (iσ2)(iτ2τi )

2
√
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, P
(3S1)
i = (iσ2σi )(iτ2)
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←→∇ 2
)

P
(3S1)
j , (5)

and←→∇ =←−∇ −−→∇ . The derivatives in Eqs. (4) and (5) should really be chirally covariant,
however, only the ordinary derivatives are needed for the calculations in this paper.
Ultraviolet divergences are regulated using dimensional regularization. All spin and

isospin traces are done in n dimensions, where d = n + 1 is the space–time dimension.
Regulating the theory in this way preserves the chiral and rotational symmetry of the theory
as well as the Wigner symmetry [38,39] of the leading-order Lagrangian, as discussed in
Ref. [35].
The KSW power counting is manifest in renormalization schemes such as power

divergence subtraction (PDS) [14,15] or off-shell momentum subtraction (OS) [37,40,41].
(In this paper the PDS schemewill be used.) In these schemes the coefficients of the S-wave
operators in Eq. (4) scale as C

(s)
2n ∼ 1/(MΛnµn+1), where µ is the renormalization scale,

and Λ is the range of the effective field theory. The renormalization scale is chosen to be
on the order of the nucleon momentum p which is of ordermπ . Letting µ∼ p ∼mπ ∼Q

the scaling of the coefficients in Eq. (2) is:

LO: C
(s)
0 (µ)∼ 1/Q, (6)

NLO: p2C
(s)
2 (µ)∼Q0, m2

π D
(s)
2 (µ)∼Q0,

NNLO: p4C
(s)
4 (µ)∼Q, m2

πp2E
(s)
4 (µ)∼Q, m4

π D
(s)
4 (µ)∼Q,

p2C(SD)
2 (µ)∼Q.

Note that from simple dimensional analysis one would expect these coefficients to scale as
C2n ∼ 1/(MΛ2n+1). However, these coefficients are larger than naive dimensional analysis
predicts because the theory flows to a nontrivial fixed point for a→±∞. (See Refs. [15,
42,43] for a more detailed explanation.) Since C

(s)
0 (µ)∼ 1/Q, and each nucleon loop gives
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its limited range [4]. Nevertheless, a lot of interesting nuclear
physics is thought to take place at momenta of the order of
the pion mass. (The Fermi momentum of isospin-symmetric
nuclear matter, for example, is about 300 MeV.) It seems
unavoidable that in this larger momentum range pion exchange
has to be iterated.

It is now well known that the renormalization of an EFT is
not necessarily the same as that of its perturbative series. This
is seen clearly in the three-body problem in the pionless EFT
[36–38]. The origin of this feature lies in the renormalization
of singular potentials [39,40]. In the specific case of OPE, the
singularity is the 1/r3 behavior of the tensor force in spin-
triplet channels. It has been found that the cutoff dependence
of an uncoupled 1/rn interaction in the S wave can be absorbed
into one counterterm [40].

The renormalization of OPE in lowest waves was reexam-
ined from the nonperturbative viewpoint in Refs. [41,42]. The
problem with the ultraviolet divergence proportional to the
pion mass squared in the 1S0 channel persists in this context
[42]. However, the divergence associated with momenta,
present in the 3S1-3D1 coupled channel, can be absorbed into
the available leading order counterterm [41,42]. With a further
expansion around the chiral limit, Weinberg’s power counting
seems to be consistent in a nonperturbative calculation of these
waves [42–44]. (For a different conclusion, see Ref. [45].)

One-pion exchange contributes, however, also in higher
partial waves. The naive power counting does not predict
leading order counterterms in these partial waves. However, the
singularity of the tensor interaction exists in all the spin-triplet
channels. In fact, it has been argued that for an uncoupled
singular interaction boundary conditions need to be fixed in all
waves where the potential is attractive [46]. Therefore, cutoff
dependence can be expected in some spin-triplet channels if
there are no corresponding counterterms, posing a significant
difficulty for Weinberg’s power counting.

Another important renormalization issue concerns
few-nucleon forces. In the pionless theory it has been shown
that consistent renormalization requires a 3N force in leading
order [38]. This result does not necessarily contradict Wein-
berg’s power counting in the “pionful” EFT, because the 3N
force in the pionless theory includes contributions that are
iterations of the NN force with intermediate-state nucleons of
momentum O(mπ ) in the pionful theory. The two EFTs have
NN interactions with different ultraviolet behaviors. Whether
OPE sufficiently softens the asymptotic behavior of the 3N LS
equation is an issue that remains unresolved.

In practice, the renormalization issue has been sidestepped
by choosing rather low cutoffs to regularize the LS equation
and by varying the cutoffs only in a very limited range
[14–23]. Cutoff dependence has generally been observed in
higher partial waves; see, for example, the discussion in
Ref. [47] regarding higher orders in the Weinberg expansion.
For relatively small cutoff variations, it has been noticed
that the resulting variations in the phase shifts decreases
with increasing order. It has then been assumed that the
observed cutoff dependence is of the order of the error expected
from the truncation of the expansion. In fact, it has been
argued that the EFT involving nucleons and pions necessarily
involves a mild cutoff dependence and that cutoff values

exist that are optimal for the convergence of the expansion
[48,49].

An in-depth study of the cutoff dependence in higher NN
partial waves and in the 3N system still needs to be performed.
This study is the aim of this work. We seek to quantify the
cutoff dependence in lowest order and, if possible, to identify
ranges of cutoffs in which only small variations of observables
occur. We then discuss how to absorb the cutoff dependence
in a finite number of counterterms. We first consider NN
scattering, in which case we compare our results with the phase
shifts and mixing angles from the energy-dependent Nijmegen
PWA93 [24], which provide an optimal representation of the
NN database. (The fact that this PWA93 did not yet include
TPE [27,28] does not affect our investigation of OPE.) We then
extend our analysis to the 3N bound state. We will restrict
ourselves to total NN angular momentum j ! 4, which is
sufficient to study the 3N binding energy. As we are going
to show, our results have significant implications: We present
here a modification of power counting that is consistent with
all known results and could become a new basis to organize
nuclear interactions in the EFT with pions.

Section II describes the interaction and our approach to
regularize and solve the NN LS equation. In Sec. III, we
identify problematic partial waves, explicitly show their cutoff
dependence, and present counterterms that generate cutoff-
independent phase shifts in reasonable agreement with the
PWA. Section IV is devoted to the 3N system. The implications
of our findings to power counting in nuclear ChPT are analyzed
in Sec. V. Finally, our conclusions and an outlook are given
in Sec. VI.

II. REGULARIZATION OF THE LIPPMANN-SCHWINGER
EQUATION

We first consider NN scattering in the center-of-mass
frame. We denote by µ the reduced mass (where mN = 2µ
is the nucleon mass), by E the energy, and by !p and !p ′ the
relative momenta, respectively, before and after interaction;
the momentum transfer is !q = !p − !p ′. The relative distance
between the two nucleons is !r . The standard Pauli matrices in
spin and isospin space are denoted by !σi and τ i , respectively.

With a standard normalization for plane waves, the LS
equation for the T matrix reads, in momentum space,

T ( !p ′, !p,E) = V ( !p ′, !p) +
∫

d3p′′V ( !p′, !p′′)

× 1

E + iε − !p ′′2

2µ

T ( !p′′, !p,E), (1)

where V is the potential. The OPE potential is

V1π (!q ) = − 1
(2π )3

(
gA

2fπ

)2

τ 1 · τ 2
(!σ1 · !q )(!σ2 · !q )

!q 2 + m2
π

, (2)

where mπ is the pion mass. In lowest order the strength of
OPE is completely determined by the axial-coupling constant
gA = 1.26 and the pion-decay constant fπ = 92.4 MeV.

In addition to pion exchanges, the EFT contains short-range
interactions that represent high-energy degrees of freedom

054006-2
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• OPE (long-range) is much weaker in 1S0
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Unnatural LO forces
• Two parameters to describe non-pion forces:  

⇒ Two-dimensional surface in parameter space of LECs

OPE

= λ(# + #
p2

mNΔ
+ ⋯)(# + #

p′ 
2

mNΔ
+ ⋯)

* Only low-momenta scales at LO 

* Compatible with chiral Lagrangian (non-trivial) 

* Order-by-order convergence (NLO, NNLO…) 

* UV cutoff independence (satisfying RG invariance)

• How is this not just another model?
Other efforts to improve 1S0: 

“Energy-dependent,” Long, PRC 
88, 014002 (’13) 

“Covariant ChPT,” Xiu-Lei Ren 
et al. CPL 38 (2021) 6, 062101 
“TPE as LO,” Mishra et al. arxiv 
2111.15515 
…

Peng, Lyu, Koenig & Long, 
arxiv 2112.00947

https://arxiv.org/abs/2111.15515


Compatible w/ chiral Lag.
• Non-trivial radiative corrections at NNLO 

- long-range forces 
- could have impact on triplet channels (3S1-3D1…)

• Non-trivial chiral connections 
- able to derive additional forces  
- existing convergence preserved



Up to NNLO

BeforeAfter

• Better convergence in 1S0

• 3S1 not spoiled by 
radiative corrections

Λ = 600 MeV
Λ = 2400 MeV



3N systems
• Does it work in 3N systems? 

• Solving the Faddeev equation (equivalent to the Schrodinger equation) 
- 3H binding energy, neutron-deuteron scattering phase shifts …

Before After

PreliminaryPreliminary

E.g., neuteron-deuteron scattering (JP = 1/2+, S wave)



Ab initio calculations of nuclear reactions

• Ab initio ≈ diagonalizing nuclear Hamiltonian of  A-nucleon systems 

• Scattering and reactions normally involve larger configuration space

LLNL-PRES- 817357
2

Light-ion reac.ons in stellar interiors.
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<latexit sha1_base64="XK+ojmH1zdVfll7jsC8fn3f70p0=">AAACCHicbZDLSsNAFIYn9VbrrerShYNFEAolEUGXRTcuK9gLNDFMJqft0MkkzEyUErp046u4caGIWx/BnW/jtM1CW38Y+PjPOZw5f5BwprRtf1uFpeWV1bXiemljc2t7p7y711JxKik0acxj2QmIAs4ENDXTHDqJBBIFHNrB8GpSb9+DVCwWt3qUgBeRvmA9Rok2ll8+THAVJ9iVrD/QRMr4AYdVuKsa1xWpD365YtfsqfAiODlUUK6GX/5yw5imEQhNOVGq69iJ9jIiNaMcxiU3VZAQOiR96BoUJALlZdNDxvjYOCHuxdI8ofHU/T2RkUipURSYzojogZqvTcz/at1U9y68jIkk1SDobFEv5VjHeJIKDpkEqvnIAKGSmb9iOiCSUG2yK5kQnPmTF6F1WnMM35xV6pd5HEV0gI7QCXLQOaqja9RATUTRI3pGr+jNerJerHfrY9ZasPKZffRH1ucP6GqX/A==</latexit><latexit sha1_base64="XK+ojmH1zdVfll7jsC8fn3f70p0=">AAACCHicbZDLSsNAFIYn9VbrrerShYNFEAolEUGXRTcuK9gLNDFMJqft0MkkzEyUErp046u4caGIWx/BnW/jtM1CW38Y+PjPOZw5f5BwprRtf1uFpeWV1bXiemljc2t7p7y711JxKik0acxj2QmIAs4ENDXTHDqJBBIFHNrB8GpSb9+DVCwWt3qUgBeRvmA9Rok2ll8+THAVJ9iVrD/QRMr4AYdVuKsa1xWpD365YtfsqfAiODlUUK6GX/5yw5imEQhNOVGq69iJ9jIiNaMcxiU3VZAQOiR96BoUJALlZdNDxvjYOCHuxdI8ofHU/T2RkUipURSYzojogZqvTcz/at1U9y68jIkk1SDobFEv5VjHeJIKDpkEqvnIAKGSmb9iOiCSUG2yK5kQnPmTF6F1WnMM35xV6pd5HEV0gI7QCXLQOaqja9RATUTRI3pGr+jNerJerHfrY9ZasPKZffRH1ucP6GqX/A==</latexit><latexit sha1_base64="XK+ojmH1zdVfll7jsC8fn3f70p0=">AAACCHicbZDLSsNAFIYn9VbrrerShYNFEAolEUGXRTcuK9gLNDFMJqft0MkkzEyUErp046u4caGIWx/BnW/jtM1CW38Y+PjPOZw5f5BwprRtf1uFpeWV1bXiemljc2t7p7y711JxKik0acxj2QmIAs4ENDXTHDqJBBIFHNrB8GpSb9+DVCwWt3qUgBeRvmA9Rok2ll8+THAVJ9iVrD/QRMr4AYdVuKsa1xWpD365YtfsqfAiODlUUK6GX/5yw5imEQhNOVGq69iJ9jIiNaMcxiU3VZAQOiR96BoUJALlZdNDxvjYOCHuxdI8ofHU/T2RkUipURSYzojogZqvTcz/at1U9y68jIkk1SDobFEv5VjHeJIKDpkEqvnIAKGSmb9iOiCSUG2yK5kQnPmTF6F1WnMM35xV6pd5HEV0gI7QCXLQOaqja9RATUTRI3pGr+jNerJerHfrY9ZasPKZffRH1ucP6GqX/A==</latexit><latexit sha1_base64="XK+ojmH1zdVfll7jsC8fn3f70p0=">AAACCHicbZDLSsNAFIYn9VbrrerShYNFEAolEUGXRTcuK9gLNDFMJqft0MkkzEyUErp046u4caGIWx/BnW/jtM1CW38Y+PjPOZw5f5BwprRtf1uFpeWV1bXiemljc2t7p7y711JxKik0acxj2QmIAs4ENDXTHDqJBBIFHNrB8GpSb9+DVCwWt3qUgBeRvmA9Rok2ll8+THAVJ9iVrD/QRMr4AYdVuKsa1xWpD365YtfsqfAiODlUUK6GX/5yw5imEQhNOVGq69iJ9jIiNaMcxiU3VZAQOiR96BoUJALlZdNDxvjYOCHuxdI8ofHU/T2RkUipURSYzojogZqvTcz/at1U9y68jIkk1SDobFEv5VjHeJIKDpkEqvnIAKGSmb9iOiCSUG2yK5kQnPmTF6F1WnMM35xV6pd5HEV0gI7QCXLQOaqja9RATUTRI3pGr+jNerJerHfrY9ZasPKZffRH1ucP6GqX/A==</latexit>

d+ p ! 3
He + �

<latexit sha1_base64="82yMBT6TditaL2pxnRtikds0iA4=">AAACGHicbZDLahtBEEV7/I78iOIss2ksDAaDPOMYnKWwN14qENkGjSxqWiWpcT+G7honYtBneONf8caLhJCtdvkbt2Qt/LrQcLhVRXXdLFfSUxz/jxYWl5ZXVtc+VNY3Nrc+Vj9tn3tbOIEtYZV1lxl4VNJgiyQpvMwdgs4UXmTXp9P6xQ06L635QaMcOxoGRvalAApWt3rQ4/s856mTgyGBc/YnT/MhGLK6rI+vvqaEv6g8w/F+OgCtoVutxfV4Jv4WkjnU2FzNbnWS9qwoNBoSCrxvJ3FOnRIcSaFwXEkLjzmIaxhgO6ABjb5Tzg4b893g9HjfuvAM8Zn7fKIE7f1IZ6FTAw3969rUfK/WLqj/rVNKkxeERjwt6heKk+XTlHhPOhSkRgFAOBn+ysUQHAgKWVZCCMnrk9/C+WE9Cfz9qNY4mcexxr6wHbbHEnbMGuyMNVmLCXbL7tlv9ie6ix6iv9G/p9aFaD7zmb1QNHkEW/2f/w==</latexit><latexit sha1_base64="82yMBT6TditaL2pxnRtikds0iA4=">AAACGHicbZDLahtBEEV7/I78iOIss2ksDAaDPOMYnKWwN14qENkGjSxqWiWpcT+G7honYtBneONf8caLhJCtdvkbt2Qt/LrQcLhVRXXdLFfSUxz/jxYWl5ZXVtc+VNY3Nrc+Vj9tn3tbOIEtYZV1lxl4VNJgiyQpvMwdgs4UXmTXp9P6xQ06L635QaMcOxoGRvalAApWt3rQ4/s856mTgyGBc/YnT/MhGLK6rI+vvqaEv6g8w/F+OgCtoVutxfV4Jv4WkjnU2FzNbnWS9qwoNBoSCrxvJ3FOnRIcSaFwXEkLjzmIaxhgO6ABjb5Tzg4b893g9HjfuvAM8Zn7fKIE7f1IZ6FTAw3969rUfK/WLqj/rVNKkxeERjwt6heKk+XTlHhPOhSkRgFAOBn+ysUQHAgKWVZCCMnrk9/C+WE9Cfz9qNY4mcexxr6wHbbHEnbMGuyMNVmLCXbL7tlv9ie6ix6iv9G/p9aFaD7zmb1QNHkEW/2f/w==</latexit><latexit sha1_base64="82yMBT6TditaL2pxnRtikds0iA4=">AAACGHicbZDLahtBEEV7/I78iOIss2ksDAaDPOMYnKWwN14qENkGjSxqWiWpcT+G7honYtBneONf8caLhJCtdvkbt2Qt/LrQcLhVRXXdLFfSUxz/jxYWl5ZXVtc+VNY3Nrc+Vj9tn3tbOIEtYZV1lxl4VNJgiyQpvMwdgs4UXmTXp9P6xQ06L635QaMcOxoGRvalAApWt3rQ4/s856mTgyGBc/YnT/MhGLK6rI+vvqaEv6g8w/F+OgCtoVutxfV4Jv4WkjnU2FzNbnWS9qwoNBoSCrxvJ3FOnRIcSaFwXEkLjzmIaxhgO6ABjb5Tzg4b893g9HjfuvAM8Zn7fKIE7f1IZ6FTAw3969rUfK/WLqj/rVNKkxeERjwt6heKk+XTlHhPOhSkRgFAOBn+ysUQHAgKWVZCCMnrk9/C+WE9Cfz9qNY4mcexxr6wHbbHEnbMGuyMNVmLCXbL7tlv9ie6ix6iv9G/p9aFaD7zmb1QNHkEW/2f/w==</latexit><latexit sha1_base64="82yMBT6TditaL2pxnRtikds0iA4=">AAACGHicbZDLahtBEEV7/I78iOIss2ksDAaDPOMYnKWwN14qENkGjSxqWiWpcT+G7honYtBneONf8caLhJCtdvkbt2Qt/LrQcLhVRXXdLFfSUxz/jxYWl5ZXVtc+VNY3Nrc+Vj9tn3tbOIEtYZV1lxl4VNJgiyQpvMwdgs4UXmTXp9P6xQ06L635QaMcOxoGRvalAApWt3rQ4/s856mTgyGBc/YnT/MhGLK6rI+vvqaEv6g8w/F+OgCtoVutxfV4Jv4WkjnU2FzNbnWS9qwoNBoSCrxvJ3FOnRIcSaFwXEkLjzmIaxhgO6ABjb5Tzg4b893g9HjfuvAM8Zn7fKIE7f1IZ6FTAw3969rUfK/WLqj/rVNKkxeERjwt6heKk+XTlHhPOhSkRgFAOBn+ysUQHAgKWVZCCMnrk9/C+WE9Cfz9qNY4mcexxr6wHbbHEnbMGuyMNVmLCXbL7tlv9ie6ix6iv9G/p9aFaD7zmb1QNHkEW/2f/w==</latexit>

3
He +

3
He ! 4

He + p+ p
<latexit sha1_base64="b/L3Y23V/isH4Lf/VtuqEj5IBO0=">AAACP3icbVBNSwMxFMz6WetX1aOXYBEEoexqQY9FLx4VbC10a8mmr20wmyzJW7Us/Wde/AvevHrxoIhXb6a1SP0YeDDMzCN5EyVSWPT9R29qemZ2bj63kF9cWl5ZLayt16xODYcq11KbesQsSKGgigIl1BMDLI4kXERXx0P/4hqMFVqdYz+BZsy6SnQEZ+ikVqEWJj2mUMdZaXC5HyLcYnYCg93/5dCIbg+ZMfpmMlD+DtBdmgynVSj6JX8E+pcEY1IkY5y2Cg9hW/M0BoVcMmsbgZ9gM2MGBZcwyIephYTxK9aFhqOKxWCb2ej+Ad12Spt2tHGjkI7UyY2Mxdb248glY4Y9+9sbiv95jRQ7h81MqCRFUPzroU4qKWo6LJO2hQGOsu8I40a4v1LeY4ZxdJXnXQnB75P/ktpeKXD8rFysHI3ryJFNskV2SEAOSIWckFNSJZzckSfyQl69e+/Ze/Pev6JT3nhng/yA9/EJsEGw/g==</latexit><latexit sha1_base64="b/L3Y23V/isH4Lf/VtuqEj5IBO0=">AAACP3icbVBNSwMxFMz6WetX1aOXYBEEoexqQY9FLx4VbC10a8mmr20wmyzJW7Us/Wde/AvevHrxoIhXb6a1SP0YeDDMzCN5EyVSWPT9R29qemZ2bj63kF9cWl5ZLayt16xODYcq11KbesQsSKGgigIl1BMDLI4kXERXx0P/4hqMFVqdYz+BZsy6SnQEZ+ikVqEWJj2mUMdZaXC5HyLcYnYCg93/5dCIbg+ZMfpmMlD+DtBdmgynVSj6JX8E+pcEY1IkY5y2Cg9hW/M0BoVcMmsbgZ9gM2MGBZcwyIephYTxK9aFhqOKxWCb2ej+Ad12Spt2tHGjkI7UyY2Mxdb248glY4Y9+9sbiv95jRQ7h81MqCRFUPzroU4qKWo6LJO2hQGOsu8I40a4v1LeY4ZxdJXnXQnB75P/ktpeKXD8rFysHI3ryJFNskV2SEAOSIWckFNSJZzckSfyQl69e+/Ze/Pev6JT3nhng/yA9/EJsEGw/g==</latexit><latexit sha1_base64="b/L3Y23V/isH4Lf/VtuqEj5IBO0=">AAACP3icbVBNSwMxFMz6WetX1aOXYBEEoexqQY9FLx4VbC10a8mmr20wmyzJW7Us/Wde/AvevHrxoIhXb6a1SP0YeDDMzCN5EyVSWPT9R29qemZ2bj63kF9cWl5ZLayt16xODYcq11KbesQsSKGgigIl1BMDLI4kXERXx0P/4hqMFVqdYz+BZsy6SnQEZ+ikVqEWJj2mUMdZaXC5HyLcYnYCg93/5dCIbg+ZMfpmMlD+DtBdmgynVSj6JX8E+pcEY1IkY5y2Cg9hW/M0BoVcMmsbgZ9gM2MGBZcwyIephYTxK9aFhqOKxWCb2ej+Ad12Spt2tHGjkI7UyY2Mxdb248glY4Y9+9sbiv95jRQ7h81MqCRFUPzroU4qKWo6LJO2hQGOsu8I40a4v1LeY4ZxdJXnXQnB75P/ktpeKXD8rFysHI3ryJFNskV2SEAOSIWckFNSJZzckSfyQl69e+/Ze/Pev6JT3nhng/yA9/EJsEGw/g==</latexit><latexit sha1_base64="b/L3Y23V/isH4Lf/VtuqEj5IBO0=">AAACP3icbVBNSwMxFMz6WetX1aOXYBEEoexqQY9FLx4VbC10a8mmr20wmyzJW7Us/Wde/AvevHrxoIhXb6a1SP0YeDDMzCN5EyVSWPT9R29qemZ2bj63kF9cWl5ZLayt16xODYcq11KbesQsSKGgigIl1BMDLI4kXERXx0P/4hqMFVqdYz+BZsy6SnQEZ+ikVqEWJj2mUMdZaXC5HyLcYnYCg93/5dCIbg+ZMfpmMlD+DtBdmgynVSj6JX8E+pcEY1IkY5y2Cg9hW/M0BoVcMmsbgZ9gM2MGBZcwyIephYTxK9aFhqOKxWCb2ej+Ad12Spt2tHGjkI7UyY2Mxdb248glY4Y9+9sbiv95jRQ7h81MqCRFUPzroU4qKWo6LJO2hQGOsu8I40a4v1LeY4ZxdJXnXQnB75P/ktpeKXD8rFysHI3ryJFNskV2SEAOSIWckFNSJZzckSfyQl69e+/Ze/Pev6JT3nhng/yA9/EJsEGw/g==</latexit>

3
He + p ! 4

He + e+ + ⌫e
<latexit sha1_base64="Umd7+lL7bf1Irf/Xju+zMFryS70=">AAACMHicbVDLSgMxFM34tr6qLt0EiyAUyowWdFl0oUsFq0KnLZn0tg3NJENyRy1DP8mNn6IbBUXc+hWmtYivAwmHc84luSdKpLDo+0/exOTU9Mzs3HxuYXFpeSW/unZudWo4VLmW2lxGzIIUCqooUMJlYoDFkYSLqHc49C+uwFih1Rn2E6jHrKNEW3CGTmrmj8KkyxTqOCsNGrshwg1mxzAoJqERnS4yY/T190j5K0KLFBpFd4cqbUIzX/BL/gj0LwnGpEDGOGnm78OW5mkMCrlk1tYCP8F6xgwKLmGQC1MLCeM91oGao4rFYOvZaOEB3XJKi7a1cUchHanfJzIWW9uPI5eMGXbtb28o/ufVUmzv1zOhkhRB8c+H2qmkqOmwPdoSBjjKviOMG+H+SnmXGcbRdZxzJQS/V/5LzndKgeOn5ULlYFzHHNkgm2SbBGSPVMgxOSFVwskteSDP5MW78x69V+/tMzrhjWfWyQ947x8T16oZ</latexit><latexit sha1_base64="Umd7+lL7bf1Irf/Xju+zMFryS70=">AAACMHicbVDLSgMxFM34tr6qLt0EiyAUyowWdFl0oUsFq0KnLZn0tg3NJENyRy1DP8mNn6IbBUXc+hWmtYivAwmHc84luSdKpLDo+0/exOTU9Mzs3HxuYXFpeSW/unZudWo4VLmW2lxGzIIUCqooUMJlYoDFkYSLqHc49C+uwFih1Rn2E6jHrKNEW3CGTmrmj8KkyxTqOCsNGrshwg1mxzAoJqERnS4yY/T190j5K0KLFBpFd4cqbUIzX/BL/gj0LwnGpEDGOGnm78OW5mkMCrlk1tYCP8F6xgwKLmGQC1MLCeM91oGao4rFYOvZaOEB3XJKi7a1cUchHanfJzIWW9uPI5eMGXbtb28o/ufVUmzv1zOhkhRB8c+H2qmkqOmwPdoSBjjKviOMG+H+SnmXGcbRdZxzJQS/V/5LzndKgeOn5ULlYFzHHNkgm2SbBGSPVMgxOSFVwskteSDP5MW78x69V+/tMzrhjWfWyQ947x8T16oZ</latexit><latexit sha1_base64="Umd7+lL7bf1Irf/Xju+zMFryS70=">AAACMHicbVDLSgMxFM34tr6qLt0EiyAUyowWdFl0oUsFq0KnLZn0tg3NJENyRy1DP8mNn6IbBUXc+hWmtYivAwmHc84luSdKpLDo+0/exOTU9Mzs3HxuYXFpeSW/unZudWo4VLmW2lxGzIIUCqooUMJlYoDFkYSLqHc49C+uwFih1Rn2E6jHrKNEW3CGTmrmj8KkyxTqOCsNGrshwg1mxzAoJqERnS4yY/T190j5K0KLFBpFd4cqbUIzX/BL/gj0LwnGpEDGOGnm78OW5mkMCrlk1tYCP8F6xgwKLmGQC1MLCeM91oGao4rFYOvZaOEB3XJKi7a1cUchHanfJzIWW9uPI5eMGXbtb28o/ufVUmzv1zOhkhRB8c+H2qmkqOmwPdoSBjjKviOMG+H+SnmXGcbRdZxzJQS/V/5LzndKgeOn5ULlYFzHHNkgm2SbBGSPVMgxOSFVwskteSDP5MW78x69V+/tMzrhjWfWyQ947x8T16oZ</latexit><latexit sha1_base64="Umd7+lL7bf1Irf/Xju+zMFryS70=">AAACMHicbVDLSgMxFM34tr6qLt0EiyAUyowWdFl0oUsFq0KnLZn0tg3NJENyRy1DP8mNn6IbBUXc+hWmtYivAwmHc84luSdKpLDo+0/exOTU9Mzs3HxuYXFpeSW/unZudWo4VLmW2lxGzIIUCqooUMJlYoDFkYSLqHc49C+uwFih1Rn2E6jHrKNEW3CGTmrmj8KkyxTqOCsNGrshwg1mxzAoJqERnS4yY/T190j5K0KLFBpFd4cqbUIzX/BL/gj0LwnGpEDGOGnm78OW5mkMCrlk1tYCP8F6xgwKLmGQC1MLCeM91oGao4rFYOvZaOEB3XJKi7a1cUchHanfJzIWW9uPI5eMGXbtb28o/ufVUmzv1zOhkhRB8c+H2qmkqOmwPdoSBjjKviOMG+H+SnmXGcbRdZxzJQS/V/5LzndKgeOn5ULlYFzHHNkgm2SbBGSPVMgxOSFVwskteSDP5MW78x69V+/tMzrhjWfWyQ947x8T16oZ</latexit>

3
He +

4
He ! 7

Be + �
<latexit sha1_base64="z149Dt9y2IqYLek3c2OAy350xLI="></latexit><latexit sha1_base64="z149Dt9y2IqYLek3c2OAy350xLI="></latexit><latexit sha1_base64="z149Dt9y2IqYLek3c2OAy350xLI="></latexit><latexit sha1_base64="z149Dt9y2IqYLek3c2OAy350xLI="></latexit>

7Be + e� ! 7Li + ⌫e
<latexit sha1_base64="V4rHnTTH4GKb060UCETYQ5mB4v8=">AAACL3icbVDLSgMxFM34tr6qLt0EiyCIZUYEXYqCuHChYFuhU0smvW2DmWRI7qhlmD9y46+4EVHErX9h+lho9UDgcM653NwTJVJY9P1Xb2Jyanpmdm6+sLC4tLxSXF2rWp0aDhWupTbXEbMghYIKCpRwnRhgcSShFt2e9P3aHRgrtLrCXgKNmHWUaAvO0EnN4mmYdJlCHWfl/OYgRHjA7BhyukPhZpeGRnS6yIzR9/Sf4LnId2io0iY0iyW/7A9A/5JgREpkhItm8TlsaZ7GoJBLZm098BNsZMyg4BLyQphaSBi/ZR2oO6pYDLaRDe7N6ZZTWrStjXsK6UD9OZGx2NpeHLlkzLBrx72++J9XT7F92MiESlIExYeL2qmkqGm/PNoSBjjKniOMG+H+SnmXGcbRVVxwJQTjJ/8l1b1y4PjlfunoeFTHHNkgm2SbBOSAHJEzckEqhJNH8kzeyLv35L14H97nMDrhjWbWyS94X9/7mamf</latexit><latexit sha1_base64="V4rHnTTH4GKb060UCETYQ5mB4v8=">AAACL3icbVDLSgMxFM34tr6qLt0EiyCIZUYEXYqCuHChYFuhU0smvW2DmWRI7qhlmD9y46+4EVHErX9h+lho9UDgcM653NwTJVJY9P1Xb2Jyanpmdm6+sLC4tLxSXF2rWp0aDhWupTbXEbMghYIKCpRwnRhgcSShFt2e9P3aHRgrtLrCXgKNmHWUaAvO0EnN4mmYdJlCHWfl/OYgRHjA7BhyukPhZpeGRnS6yIzR9/Sf4LnId2io0iY0iyW/7A9A/5JgREpkhItm8TlsaZ7GoJBLZm098BNsZMyg4BLyQphaSBi/ZR2oO6pYDLaRDe7N6ZZTWrStjXsK6UD9OZGx2NpeHLlkzLBrx72++J9XT7F92MiESlIExYeL2qmkqGm/PNoSBjjKniOMG+H+SnmXGcbRVVxwJQTjJ/8l1b1y4PjlfunoeFTHHNkgm2SbBOSAHJEzckEqhJNH8kzeyLv35L14H97nMDrhjWbWyS94X9/7mamf</latexit><latexit sha1_base64="V4rHnTTH4GKb060UCETYQ5mB4v8=">AAACL3icbVDLSgMxFM34tr6qLt0EiyCIZUYEXYqCuHChYFuhU0smvW2DmWRI7qhlmD9y46+4EVHErX9h+lho9UDgcM653NwTJVJY9P1Xb2Jyanpmdm6+sLC4tLxSXF2rWp0aDhWupTbXEbMghYIKCpRwnRhgcSShFt2e9P3aHRgrtLrCXgKNmHWUaAvO0EnN4mmYdJlCHWfl/OYgRHjA7BhyukPhZpeGRnS6yIzR9/Sf4LnId2io0iY0iyW/7A9A/5JgREpkhItm8TlsaZ7GoJBLZm098BNsZMyg4BLyQphaSBi/ZR2oO6pYDLaRDe7N6ZZTWrStjXsK6UD9OZGx2NpeHLlkzLBrx72++J9XT7F92MiESlIExYeL2qmkqGm/PNoSBjjKniOMG+H+SnmXGcbRVVxwJQTjJ/8l1b1y4PjlfunoeFTHHNkgm2SbBOSAHJEzckEqhJNH8kzeyLv35L14H97nMDrhjWbWyS94X9/7mamf</latexit><latexit sha1_base64="V4rHnTTH4GKb060UCETYQ5mB4v8=">AAACL3icbVDLSgMxFM34tr6qLt0EiyCIZUYEXYqCuHChYFuhU0smvW2DmWRI7qhlmD9y46+4EVHErX9h+lho9UDgcM653NwTJVJY9P1Xb2Jyanpmdm6+sLC4tLxSXF2rWp0aDhWupTbXEbMghYIKCpRwnRhgcSShFt2e9P3aHRgrtLrCXgKNmHWUaAvO0EnN4mmYdJlCHWfl/OYgRHjA7BhyukPhZpeGRnS6yIzR9/Sf4LnId2io0iY0iyW/7A9A/5JgREpkhItm8TlsaZ7GoJBLZm098BNsZMyg4BLyQphaSBi/ZR2oO6pYDLaRDe7N6ZZTWrStjXsK6UD9OZGx2NpeHLlkzLBrx72++J9XT7F92MiESlIExYeL2qmkqGm/PNoSBjjKniOMG+H+SnmXGcbRVVxwJQTjJ/8l1b1y4PjlfunoeFTHHNkgm2SbBOSAHJEzckEqhJNH8kzeyLv35L14H97nMDrhjWbWyS94X9/7mamf</latexit>

7
Li + p ! 4

He +
4
He

<latexit sha1_base64="Nk6ms2azH4b42JzW/8rIXqfesi8=">AAACPnicdVC7SgNBFJ31bXxFLW0GgyAIYVcCWoo2FhYRTBSyMcxObpLB2Zll5q4alv0yG7/BztLGQhFbSyePwueBgcM553LnniiRwqLvP3oTk1PTM7Nz84WFxaXlleLqWt3q1HCocS21uYiYBSkU1FCghIvEAIsjCefR1dHAP78GY4VWZ9hPoBmzrhIdwRk6qVWshUmPKdRxVs4v90KEW8xORE53aEJDI7o9ZMboG/o1VhnFjiHf+UdvFUt+2R+C/ibBmJTIGNVW8SFsa57GoJBLZm0j8BNsZsyg4BLyQphaSBi/Yl1oOKpYDLaZDc/P6ZZT2rSjjXsK6VD9OpGx2Np+HLlkzLBnf3oD8S+vkWJnv5kJlaQIio8WdVJJUdNBl7QtDHCUfUcYN8L9lfIeM4yja7zgSgh+nvyb1HfLgeOnldLB4biOObJBNsk2CcgeOSDHpEpqhJM78kReyKt37z17b977KDrhjWfWyTd4H5+IILCG</latexit><latexit sha1_base64="Nk6ms2azH4b42JzW/8rIXqfesi8=">AAACPnicdVC7SgNBFJ31bXxFLW0GgyAIYVcCWoo2FhYRTBSyMcxObpLB2Zll5q4alv0yG7/BztLGQhFbSyePwueBgcM553LnniiRwqLvP3oTk1PTM7Nz84WFxaXlleLqWt3q1HCocS21uYiYBSkU1FCghIvEAIsjCefR1dHAP78GY4VWZ9hPoBmzrhIdwRk6qVWshUmPKdRxVs4v90KEW8xORE53aEJDI7o9ZMboG/o1VhnFjiHf+UdvFUt+2R+C/ibBmJTIGNVW8SFsa57GoJBLZm0j8BNsZsyg4BLyQphaSBi/Yl1oOKpYDLaZDc/P6ZZT2rSjjXsK6VD9OpGx2Np+HLlkzLBnf3oD8S+vkWJnv5kJlaQIio8WdVJJUdNBl7QtDHCUfUcYN8L9lfIeM4yja7zgSgh+nvyb1HfLgeOnldLB4biOObJBNsk2CcgeOSDHpEpqhJM78kReyKt37z17b977KDrhjWfWyTd4H5+IILCG</latexit><latexit sha1_base64="Nk6ms2azH4b42JzW/8rIXqfesi8=">AAACPnicdVC7SgNBFJ31bXxFLW0GgyAIYVcCWoo2FhYRTBSyMcxObpLB2Zll5q4alv0yG7/BztLGQhFbSyePwueBgcM553LnniiRwqLvP3oTk1PTM7Nz84WFxaXlleLqWt3q1HCocS21uYiYBSkU1FCghIvEAIsjCefR1dHAP78GY4VWZ9hPoBmzrhIdwRk6qVWshUmPKdRxVs4v90KEW8xORE53aEJDI7o9ZMboG/o1VhnFjiHf+UdvFUt+2R+C/ibBmJTIGNVW8SFsa57GoJBLZm0j8BNsZsyg4BLyQphaSBi/Yl1oOKpYDLaZDc/P6ZZT2rSjjXsK6VD9OpGx2Np+HLlkzLBnf3oD8S+vkWJnv5kJlaQIio8WdVJJUdNBl7QtDHCUfUcYN8L9lfIeM4yja7zgSgh+nvyb1HfLgeOnldLB4biOObJBNsk2CcgeOSDHpEpqhJM78kReyKt37z17b977KDrhjWfWyTd4H5+IILCG</latexit><latexit sha1_base64="Nk6ms2azH4b42JzW/8rIXqfesi8=">AAACPnicdVC7SgNBFJ31bXxFLW0GgyAIYVcCWoo2FhYRTBSyMcxObpLB2Zll5q4alv0yG7/BztLGQhFbSyePwueBgcM553LnniiRwqLvP3oTk1PTM7Nz84WFxaXlleLqWt3q1HCocS21uYiYBSkU1FCghIvEAIsjCefR1dHAP78GY4VWZ9hPoBmzrhIdwRk6qVWshUmPKdRxVs4v90KEW8xORE53aEJDI7o9ZMboG/o1VhnFjiHf+UdvFUt+2R+C/ibBmJTIGNVW8SFsa57GoJBLZm0j8BNsZsyg4BLyQphaSBi/Yl1oOKpYDLaZDc/P6ZZT2rSjjXsK6VD9OpGx2Np+HLlkzLBnf3oD8S+vkWJnv5kJlaQIio8WdVJJUdNBl7QtDHCUfUcYN8L9lfIeM4yja7zgSgh+nvyb1HfLgeOnldLB4biOObJBNsk2CcgeOSDHpEpqhJM78kReyKt37z17b977KDrhjWfWyTd4H5+IILCG</latexit>

7Be + p ! 8B+ �
<latexit sha1_base64="U0qx62LAyc+V8uKa84ZYnhf7EGM="></latexit><latexit sha1_base64="U0qx62LAyc+V8uKa84ZYnhf7EGM="></latexit><latexit sha1_base64="U0qx62LAyc+V8uKa84ZYnhf7EGM="></latexit><latexit sha1_base64="U0qx62LAyc+V8uKa84ZYnhf7EGM="></latexit>

8B ! 8Be⇤ + e+ + ⌫e
<latexit sha1_base64="h2ivA+MP5hPE/CtnXMjmes/3CZE=">AAACL3icbVDLSgMxFM34rPVVdekmWASxUGZEsEtREJcKVoVOWzLpbRvMJENyRy3D/JEbf6UbEUXc+hemtQtfBwKHc87l5p4okcKi7z97U9Mzs3PzhYXi4tLyymppbf3S6tRwqHMttbmOmAUpFNRRoITrxACLIwlX0c3xyL+6BWOFVhc4SKAZs54SXcEZOqldOgmTPlOo46yat2ohwj1mRzkNjej1kRmj7+h/CchbuxVoVWglVGkbaLtU9qv+GPQvCSakTCY4a5eGYUfzNAaFXDJrG4GfYDNjBgWXkBfD1ELC+A3rQcNRxWKwzWx8b063ndKhXW3cU0jH6veJjMXWDuLIJWOGffvbG4n/eY0Uu7VmJlSSIij+taibSoqajsqjHWGAoxw4wrgR7q+U95lhHF3FRVdC8Pvkv+Ryrxo4fr5fPjya1FEgm2SL7JCAHJBDckrOSJ1w8kCG5IW8eo/ek/fmvX9Fp7zJzAb5Ae/jEw+PqZQ=</latexit><latexit sha1_base64="h2ivA+MP5hPE/CtnXMjmes/3CZE=">AAACL3icbVDLSgMxFM34rPVVdekmWASxUGZEsEtREJcKVoVOWzLpbRvMJENyRy3D/JEbf6UbEUXc+hemtQtfBwKHc87l5p4okcKi7z97U9Mzs3PzhYXi4tLyymppbf3S6tRwqHMttbmOmAUpFNRRoITrxACLIwlX0c3xyL+6BWOFVhc4SKAZs54SXcEZOqldOgmTPlOo46yat2ohwj1mRzkNjej1kRmj7+h/CchbuxVoVWglVGkbaLtU9qv+GPQvCSakTCY4a5eGYUfzNAaFXDJrG4GfYDNjBgWXkBfD1ELC+A3rQcNRxWKwzWx8b063ndKhXW3cU0jH6veJjMXWDuLIJWOGffvbG4n/eY0Uu7VmJlSSIij+taibSoqajsqjHWGAoxw4wrgR7q+U95lhHF3FRVdC8Pvkv+Ryrxo4fr5fPjya1FEgm2SL7JCAHJBDckrOSJ1w8kCG5IW8eo/ek/fmvX9Fp7zJzAb5Ae/jEw+PqZQ=</latexit><latexit sha1_base64="h2ivA+MP5hPE/CtnXMjmes/3CZE=">AAACL3icbVDLSgMxFM34rPVVdekmWASxUGZEsEtREJcKVoVOWzLpbRvMJENyRy3D/JEbf6UbEUXc+hemtQtfBwKHc87l5p4okcKi7z97U9Mzs3PzhYXi4tLyymppbf3S6tRwqHMttbmOmAUpFNRRoITrxACLIwlX0c3xyL+6BWOFVhc4SKAZs54SXcEZOqldOgmTPlOo46yat2ohwj1mRzkNjej1kRmj7+h/CchbuxVoVWglVGkbaLtU9qv+GPQvCSakTCY4a5eGYUfzNAaFXDJrG4GfYDNjBgWXkBfD1ELC+A3rQcNRxWKwzWx8b063ndKhXW3cU0jH6veJjMXWDuLIJWOGffvbG4n/eY0Uu7VmJlSSIij+taibSoqajsqjHWGAoxw4wrgR7q+U95lhHF3FRVdC8Pvkv+Ryrxo4fr5fPjya1FEgm2SL7JCAHJBDckrOSJ1w8kCG5IW8eo/ek/fmvX9Fp7zJzAb5Ae/jEw+PqZQ=</latexit><latexit sha1_base64="h2ivA+MP5hPE/CtnXMjmes/3CZE=">AAACL3icbVDLSgMxFM34rPVVdekmWASxUGZEsEtREJcKVoVOWzLpbRvMJENyRy3D/JEbf6UbEUXc+hemtQtfBwKHc87l5p4okcKi7z97U9Mzs3PzhYXi4tLyymppbf3S6tRwqHMttbmOmAUpFNRRoITrxACLIwlX0c3xyL+6BWOFVhc4SKAZs54SXcEZOqldOgmTPlOo46yat2ohwj1mRzkNjej1kRmj7+h/CchbuxVoVWglVGkbaLtU9qv+GPQvCSakTCY4a5eGYUfzNAaFXDJrG4GfYDNjBgWXkBfD1ELC+A3rQcNRxWKwzWx8b063ndKhXW3cU0jH6veJjMXWDuLIJWOGffvbG4n/eY0Uu7VmJlSSIij+taibSoqajsqjHWGAoxw4wrgR7q+U95lhHF3FRVdC8Pvkv+Ryrxo4fr5fPjya1FEgm2SL7JCAHJBDckrOSJ1w8kCG5IW8eo/ek/fmvX9Fp7zJzAb5Ae/jEw+PqZQ=</latexit>

p+ e� + p ! d+ ⌫e
<latexit sha1_base64="P5drzX85gJ7h0jAwIkuWT1nMj9s=">AAACBHicbZDLSgMxFIYzXmu9jbrsJlgEoVhmRNBl0Y3LCvYC7Thk0tM2NJMJSUYppQs3voobF4q49SHc+Tam7Sy09YfAx3/O4eT8keRMG8/7dpaWV1bX1nMb+c2t7Z1dd2+/rpNUUajRhCeqGRENnAmoGWY4NKUCEkccGtHgalJv3IPSLBG3ZighiElPsC6jxFgrdAuyBHcnJdlWrNc3RKnkAXdwqS3SEEK36JW9qfAi+BkUUaZq6H61OwlNYxCGcqJ1y/ekCUZEGUY5jPPtVIMkdEB60LIoSAw6GE2PGOMj63RwN1H2CYOn7u+JEYm1HsaR7YyJ6ev52sT8r9ZKTfciGDEhUwOCzhZ1U45NgieJ4A5TQA0fWiBUMftXTPtEEWpsbnkbgj9/8iLUT8u+5ZuzYuUyiyOHCugQHSMfnaMKukZVVEMUPaJn9IrenCfnxXl3PmatS042c4D+yPn8AXmgl1Y=</latexit><latexit sha1_base64="P5drzX85gJ7h0jAwIkuWT1nMj9s=">AAACBHicbZDLSgMxFIYzXmu9jbrsJlgEoVhmRNBl0Y3LCvYC7Thk0tM2NJMJSUYppQs3voobF4q49SHc+Tam7Sy09YfAx3/O4eT8keRMG8/7dpaWV1bX1nMb+c2t7Z1dd2+/rpNUUajRhCeqGRENnAmoGWY4NKUCEkccGtHgalJv3IPSLBG3ZighiElPsC6jxFgrdAuyBHcnJdlWrNc3RKnkAXdwqS3SEEK36JW9qfAi+BkUUaZq6H61OwlNYxCGcqJ1y/ekCUZEGUY5jPPtVIMkdEB60LIoSAw6GE2PGOMj63RwN1H2CYOn7u+JEYm1HsaR7YyJ6ev52sT8r9ZKTfciGDEhUwOCzhZ1U45NgieJ4A5TQA0fWiBUMftXTPtEEWpsbnkbgj9/8iLUT8u+5ZuzYuUyiyOHCugQHSMfnaMKukZVVEMUPaJn9IrenCfnxXl3PmatS042c4D+yPn8AXmgl1Y=</latexit><latexit sha1_base64="P5drzX85gJ7h0jAwIkuWT1nMj9s=">AAACBHicbZDLSgMxFIYzXmu9jbrsJlgEoVhmRNBl0Y3LCvYC7Thk0tM2NJMJSUYppQs3voobF4q49SHc+Tam7Sy09YfAx3/O4eT8keRMG8/7dpaWV1bX1nMb+c2t7Z1dd2+/rpNUUajRhCeqGRENnAmoGWY4NKUCEkccGtHgalJv3IPSLBG3ZighiElPsC6jxFgrdAuyBHcnJdlWrNc3RKnkAXdwqS3SEEK36JW9qfAi+BkUUaZq6H61OwlNYxCGcqJ1y/ekCUZEGUY5jPPtVIMkdEB60LIoSAw6GE2PGOMj63RwN1H2CYOn7u+JEYm1HsaR7YyJ6ev52sT8r9ZKTfciGDEhUwOCzhZ1U45NgieJ4A5TQA0fWiBUMftXTPtEEWpsbnkbgj9/8iLUT8u+5ZuzYuUyiyOHCugQHSMfnaMKukZVVEMUPaJn9IrenCfnxXl3PmatS042c4D+yPn8AXmgl1Y=</latexit><latexit sha1_base64="P5drzX85gJ7h0jAwIkuWT1nMj9s=">AAACBHicbZDLSgMxFIYzXmu9jbrsJlgEoVhmRNBl0Y3LCvYC7Thk0tM2NJMJSUYppQs3voobF4q49SHc+Tam7Sy09YfAx3/O4eT8keRMG8/7dpaWV1bX1nMb+c2t7Z1dd2+/rpNUUajRhCeqGRENnAmoGWY4NKUCEkccGtHgalJv3IPSLBG3ZighiElPsC6jxFgrdAuyBHcnJdlWrNc3RKnkAXdwqS3SEEK36JW9qfAi+BkUUaZq6H61OwlNYxCGcqJ1y/ekCUZEGUY5jPPtVIMkdEB60LIoSAw6GE2PGOMj63RwN1H2CYOn7u+JEYm1HsaR7YyJ6ev52sT8r9ZKTfciGDEhUwOCzhZ1U45NgieJ4A5TQA0fWiBUMftXTPtEEWpsbnkbgj9/8iLUT8u+5ZuzYuUyiyOHCugQHSMfnaMKukZVVEMUPaJn9IrenCfnxXl3PmatS042c4D+yPn8AXmgl1Y=</latexit>

99.6%
<latexit sha1_base64="VwjEImOuEP3ibQtwVX34S4Bp7Fs=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8FScFVmRNTuim5cVrAXaIeSSTNtbCYZkoxQhr6DGxeKuPV93Pk2ptNZaOsPgY//nEPO+YOYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aWiSK0RSSXqhtgTTkTtGWY4bQbK4qjgNNOMLmd1ztPVGkmxYOZxtSP8EiwkBFsrNWu12uX/eqgXHFrbia0Cl4OFcjVHJS/+kNJkogKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGeRYEjqv0023aGqtYZolAq+4RBmft7IsWR1tMosJ0RNmO9XJub/9V6iQmv/ZSJODFUkMVHYcKRkWh+OhoyRYnhUwuYKGZ3RWSMFSbGBlSyIXjLJ69C+7zmWb6/qDRu8jiKcAKncAYeXEED7qAJLSDwCM/wCm+OdF6cd+dj0Vpw8plj+CPn8wf0MI4N</latexit><latexit sha1_base64="VwjEImOuEP3ibQtwVX34S4Bp7Fs=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8FScFVmRNTuim5cVrAXaIeSSTNtbCYZkoxQhr6DGxeKuPV93Pk2ptNZaOsPgY//nEPO+YOYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aWiSK0RSSXqhtgTTkTtGWY4bQbK4qjgNNOMLmd1ztPVGkmxYOZxtSP8EiwkBFsrNWu12uX/eqgXHFrbia0Cl4OFcjVHJS/+kNJkogKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGeRYEjqv0023aGqtYZolAq+4RBmft7IsWR1tMosJ0RNmO9XJub/9V6iQmv/ZSJODFUkMVHYcKRkWh+OhoyRYnhUwuYKGZ3RWSMFSbGBlSyIXjLJ69C+7zmWb6/qDRu8jiKcAKncAYeXEED7qAJLSDwCM/wCm+OdF6cd+dj0Vpw8plj+CPn8wf0MI4N</latexit><latexit sha1_base64="VwjEImOuEP3ibQtwVX34S4Bp7Fs=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8FScFVmRNTuim5cVrAXaIeSSTNtbCYZkoxQhr6DGxeKuPV93Pk2ptNZaOsPgY//nEPO+YOYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aWiSK0RSSXqhtgTTkTtGWY4bQbK4qjgNNOMLmd1ztPVGkmxYOZxtSP8EiwkBFsrNWu12uX/eqgXHFrbia0Cl4OFcjVHJS/+kNJkogKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGeRYEjqv0023aGqtYZolAq+4RBmft7IsWR1tMosJ0RNmO9XJub/9V6iQmv/ZSJODFUkMVHYcKRkWh+OhoyRYnhUwuYKGZ3RWSMFSbGBlSyIXjLJ69C+7zmWb6/qDRu8jiKcAKncAYeXEED7qAJLSDwCM/wCm+OdF6cd+dj0Vpw8plj+CPn8wf0MI4N</latexit><latexit sha1_base64="VwjEImOuEP3ibQtwVX34S4Bp7Fs=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8FScFVmRNTuim5cVrAXaIeSSTNtbCYZkoxQhr6DGxeKuPV93Pk2ptNZaOsPgY//nEPO+YOYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aWiSK0RSSXqhtgTTkTtGWY4bQbK4qjgNNOMLmd1ztPVGkmxYOZxtSP8EiwkBFsrNWu12uX/eqgXHFrbia0Cl4OFcjVHJS/+kNJkogKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGeRYEjqv0023aGqtYZolAq+4RBmft7IsWR1tMosJ0RNmO9XJub/9V6iQmv/ZSJODFUkMVHYcKRkWh+OhoyRYnhUwuYKGZ3RWSMFSbGBlSyIXjLJ69C+7zmWb6/qDRu8jiKcAKncAYeXEED7qAJLSDwCM/wCm+OdF6cd+dj0Vpw8plj+CPn8wf0MI4N</latexit>

85%
<latexit sha1_base64="+TA1CBRQsjJKRKT35yUKvEjEaYA=">AAAB63icbZDLSgMxFIbP1Futt6pLN8FScFVmRLHLohuXFewF2qFk0kwbmmSGJCOUoa/gxoUibn0hd76NmekstPWHwMd/ziHn/EHMmTau++2UNja3tnfKu5W9/YPDo+rxSVdHiSK0QyIeqX6ANeVM0o5hhtN+rCgWAae9YHaX1XtPVGkWyUczj6kv8ESykBFsMqt5PayPqjW34eZC6+AVUINC7VH1aziOSCKoNIRjrQeeGxs/xcowwumiMkw0jTGZ4QkdWJRYUO2n+a4LVLfOGIWRsk8alLu/J1IstJ6LwHYKbKZ6tZaZ/9UGiQmbfspknBgqyfKjMOHIRCg7HI2ZosTwuQVMFLO7IjLFChNj46nYELzVk9ehe9nwLD9c1Vq3RRxlOINzuAAPbqAF99CGDhCYwjO8wpsjnBfn3flYtpacYuYU/sj5/AEJUY2Q</latexit><latexit sha1_base64="+TA1CBRQsjJKRKT35yUKvEjEaYA=">AAAB63icbZDLSgMxFIbP1Futt6pLN8FScFVmRLHLohuXFewF2qFk0kwbmmSGJCOUoa/gxoUibn0hd76NmekstPWHwMd/ziHn/EHMmTau++2UNja3tnfKu5W9/YPDo+rxSVdHiSK0QyIeqX6ANeVM0o5hhtN+rCgWAae9YHaX1XtPVGkWyUczj6kv8ESykBFsMqt5PayPqjW34eZC6+AVUINC7VH1aziOSCKoNIRjrQeeGxs/xcowwumiMkw0jTGZ4QkdWJRYUO2n+a4LVLfOGIWRsk8alLu/J1IstJ6LwHYKbKZ6tZaZ/9UGiQmbfspknBgqyfKjMOHIRCg7HI2ZosTwuQVMFLO7IjLFChNj46nYELzVk9ehe9nwLD9c1Vq3RRxlOINzuAAPbqAF99CGDhCYwjO8wpsjnBfn3flYtpacYuYU/sj5/AEJUY2Q</latexit><latexit sha1_base64="+TA1CBRQsjJKRKT35yUKvEjEaYA=">AAAB63icbZDLSgMxFIbP1Futt6pLN8FScFVmRLHLohuXFewF2qFk0kwbmmSGJCOUoa/gxoUibn0hd76NmekstPWHwMd/ziHn/EHMmTau++2UNja3tnfKu5W9/YPDo+rxSVdHiSK0QyIeqX6ANeVM0o5hhtN+rCgWAae9YHaX1XtPVGkWyUczj6kv8ESykBFsMqt5PayPqjW34eZC6+AVUINC7VH1aziOSCKoNIRjrQeeGxs/xcowwumiMkw0jTGZ4QkdWJRYUO2n+a4LVLfOGIWRsk8alLu/J1IstJ6LwHYKbKZ6tZaZ/9UGiQmbfspknBgqyfKjMOHIRCg7HI2ZosTwuQVMFLO7IjLFChNj46nYELzVk9ehe9nwLD9c1Vq3RRxlOINzuAAPbqAF99CGDhCYwjO8wpsjnBfn3flYtpacYuYU/sj5/AEJUY2Q</latexit><latexit sha1_base64="+TA1CBRQsjJKRKT35yUKvEjEaYA=">AAAB63icbZDLSgMxFIbP1Futt6pLN8FScFVmRLHLohuXFewF2qFk0kwbmmSGJCOUoa/gxoUibn0hd76NmekstPWHwMd/ziHn/EHMmTau++2UNja3tnfKu5W9/YPDo+rxSVdHiSK0QyIeqX6ANeVM0o5hhtN+rCgWAae9YHaX1XtPVGkWyUczj6kv8ESykBFsMqt5PayPqjW34eZC6+AVUINC7VH1aziOSCKoNIRjrQeeGxs/xcowwumiMkw0jTGZ4QkdWJRYUO2n+a4LVLfOGIWRsk8alLu/J1IstJ6LwHYKbKZ6tZaZ/9UGiQmbfspknBgqyfKjMOHIRCg7HI2ZosTwuQVMFLO7IjLFChNj46nYELzVk9ehe9nwLD9c1Vq3RRxlOINzuAAPbqAF99CGDhCYwjO8wpsjnBfn3flYtpacYuYU/sj5/AEJUY2Q</latexit>

15%
<latexit sha1_base64="q2pV0b5X4IFdfKK1Z7RkbV1OfyM=">AAAB63icbZDLSgMxFIZP6q3WW9Wlm2ApuCozouiy6MZlBXuBdiiZNNOGJpkhyQhl6Cu4caGIW1/InW9jpp2FVn8IfPznHHLOHyaCG+t5X6i0tr6xuVXeruzs7u0fVA+POiZONWVtGotY90JimOCKtS23gvUSzYgMBeuG09u83n1k2vBYPdhZwgJJxopHnBKbW/7loD6s1ryGtxD+C34BNSjUGlY/B6OYppIpSwUxpu97iQ0yoi2ngs0rg9SwhNApGbO+Q0UkM0G22HWO684Z4SjW7imLF+7PiYxIY2YydJ2S2IlZreXmf7V+aqPrIOMqSS1TdPlRlApsY5wfjkdcM2rFzAGhmrtdMZ0QTah18VRcCP7qyX+hc97wHd9f1Jo3RRxlOIFTOAMfrqAJd9CCNlCYwBO8wCuS6Bm9ofdlawkVM8fwS+jjG/6RjYk=</latexit><latexit sha1_base64="q2pV0b5X4IFdfKK1Z7RkbV1OfyM=">AAAB63icbZDLSgMxFIZP6q3WW9Wlm2ApuCozouiy6MZlBXuBdiiZNNOGJpkhyQhl6Cu4caGIW1/InW9jpp2FVn8IfPznHHLOHyaCG+t5X6i0tr6xuVXeruzs7u0fVA+POiZONWVtGotY90JimOCKtS23gvUSzYgMBeuG09u83n1k2vBYPdhZwgJJxopHnBKbW/7loD6s1ryGtxD+C34BNSjUGlY/B6OYppIpSwUxpu97iQ0yoi2ngs0rg9SwhNApGbO+Q0UkM0G22HWO684Z4SjW7imLF+7PiYxIY2YydJ2S2IlZreXmf7V+aqPrIOMqSS1TdPlRlApsY5wfjkdcM2rFzAGhmrtdMZ0QTah18VRcCP7qyX+hc97wHd9f1Jo3RRxlOIFTOAMfrqAJd9CCNlCYwBO8wCuS6Bm9ofdlawkVM8fwS+jjG/6RjYk=</latexit><latexit sha1_base64="q2pV0b5X4IFdfKK1Z7RkbV1OfyM=">AAAB63icbZDLSgMxFIZP6q3WW9Wlm2ApuCozouiy6MZlBXuBdiiZNNOGJpkhyQhl6Cu4caGIW1/InW9jpp2FVn8IfPznHHLOHyaCG+t5X6i0tr6xuVXeruzs7u0fVA+POiZONWVtGotY90JimOCKtS23gvUSzYgMBeuG09u83n1k2vBYPdhZwgJJxopHnBKbW/7loD6s1ryGtxD+C34BNSjUGlY/B6OYppIpSwUxpu97iQ0yoi2ngs0rg9SwhNApGbO+Q0UkM0G22HWO684Z4SjW7imLF+7PiYxIY2YydJ2S2IlZreXmf7V+aqPrIOMqSS1TdPlRlApsY5wfjkdcM2rFzAGhmrtdMZ0QTah18VRcCP7qyX+hc97wHd9f1Jo3RRxlOIFTOAMfrqAJd9CCNlCYwBO8wCuS6Bm9ofdlawkVM8fwS+jjG/6RjYk=</latexit><latexit sha1_base64="q2pV0b5X4IFdfKK1Z7RkbV1OfyM=">AAAB63icbZDLSgMxFIZP6q3WW9Wlm2ApuCozouiy6MZlBXuBdiiZNNOGJpkhyQhl6Cu4caGIW1/InW9jpp2FVn8IfPznHHLOHyaCG+t5X6i0tr6xuVXeruzs7u0fVA+POiZONWVtGotY90JimOCKtS23gvUSzYgMBeuG09u83n1k2vBYPdhZwgJJxopHnBKbW/7loD6s1ryGtxD+C34BNSjUGlY/B6OYppIpSwUxpu97iQ0yoi2ngs0rg9SwhNApGbO+Q0UkM0G22HWO684Z4SjW7imLF+7PiYxIY2YydJ2S2IlZreXmf7V+aqPrIOMqSS1TdPlRlApsY5wfjkdcM2rFzAGhmrtdMZ0QTah18VRcCP7qyX+hc97wHd9f1Jo3RRxlOIFTOAMfrqAJd9CCNlCYwBO8wCuS6Bm9ofdlawkVM8fwS+jjG/6RjYk=</latexit>

99.9%
<latexit sha1_base64="/MO7vRdbLtvC30qq0dc9vYzVFkk=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8FScFVmRNDuim5cVrC10A4lk2ba2FyGJCOUoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5RwZqzvf3uFtfWNza3idmlnd2//oHx41DYq1YS2iOJKdyJsKGeStiyznHYSTbGIOH2Ixjez+sMT1YYpeW8nCQ0FHkoWM4Kts9r1eq3eq/bLFb/mz4VWIcihArma/fJXb6BIKqi0hGNjuoGf2DDD2jLC6bTUSw1NMBnjIe06lFhQE2bzbaeo6pwBipV2T1o0d39PZFgYMxGR6xTYjsxybWb+V+umNr4KMyaT1FJJFh/FKUdWodnpaMA0JZZPHGCimdsVkRHWmFgXUMmFECyfvArt81rg+O6i0rjO4yjCCZzCGQRwCQ24hSa0gMAjPMMrvHnKe/HevY9Fa8HLZ47hj7zPH/jCjhA=</latexit><latexit sha1_base64="/MO7vRdbLtvC30qq0dc9vYzVFkk=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8FScFVmRNDuim5cVrC10A4lk2ba2FyGJCOUoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5RwZqzvf3uFtfWNza3idmlnd2//oHx41DYq1YS2iOJKdyJsKGeStiyznHYSTbGIOH2Ixjez+sMT1YYpeW8nCQ0FHkoWM4Kts9r1eq3eq/bLFb/mz4VWIcihArma/fJXb6BIKqi0hGNjuoGf2DDD2jLC6bTUSw1NMBnjIe06lFhQE2bzbaeo6pwBipV2T1o0d39PZFgYMxGR6xTYjsxybWb+V+umNr4KMyaT1FJJFh/FKUdWodnpaMA0JZZPHGCimdsVkRHWmFgXUMmFECyfvArt81rg+O6i0rjO4yjCCZzCGQRwCQ24hSa0gMAjPMMrvHnKe/HevY9Fa8HLZ47hj7zPH/jCjhA=</latexit><latexit sha1_base64="/MO7vRdbLtvC30qq0dc9vYzVFkk=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8FScFVmRNDuim5cVrC10A4lk2ba2FyGJCOUoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5RwZqzvf3uFtfWNza3idmlnd2//oHx41DYq1YS2iOJKdyJsKGeStiyznHYSTbGIOH2Ixjez+sMT1YYpeW8nCQ0FHkoWM4Kts9r1eq3eq/bLFb/mz4VWIcihArma/fJXb6BIKqi0hGNjuoGf2DDD2jLC6bTUSw1NMBnjIe06lFhQE2bzbaeo6pwBipV2T1o0d39PZFgYMxGR6xTYjsxybWb+V+umNr4KMyaT1FJJFh/FKUdWodnpaMA0JZZPHGCimdsVkRHWmFgXUMmFECyfvArt81rg+O6i0rjO4yjCCZzCGQRwCQ24hSa0gMAjPMMrvHnKe/HevY9Fa8HLZ47hj7zPH/jCjhA=</latexit><latexit sha1_base64="/MO7vRdbLtvC30qq0dc9vYzVFkk=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8FScFVmRNDuim5cVrC10A4lk2ba2FyGJCOUoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5RwZqzvf3uFtfWNza3idmlnd2//oHx41DYq1YS2iOJKdyJsKGeStiyznHYSTbGIOH2Ixjez+sMT1YYpeW8nCQ0FHkoWM4Kts9r1eq3eq/bLFb/mz4VWIcihArma/fJXb6BIKqi0hGNjuoGf2DDD2jLC6bTUSw1NMBnjIe06lFhQE2bzbaeo6pwBipV2T1o0d39PZFgYMxGR6xTYjsxybWb+V+umNr4KMyaT1FJJFh/FKUdWodnpaMA0JZZPHGCimdsVkRHWmFgXUMmFECyfvArt81rg+O6i0rjO4yjCCZzCGQRwCQ24hSa0gMAjPMMrvHnKe/HevY9Fa8HLZ47hj7zPH/jCjhA=</latexit>
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Lesson from LQCD

• Energy levels of particles confined in 
finite volume (provided by LQCD) tell us 
information about their interaction 

• Use energy eigenvalues as inputs to 
model-independently determine phase 
shifts at the same energies 

Luscher’s formula:



Harmonic-oscillator trap

HO level (2nr +l+ 3/2) ℏω

Energy shift due to  
nuclear force

Energies of confined particles  
⟹ Amplitude

• HO potential is isotropic => angular momentum remains good quantum 
number  

• HO w.f. analytically known 

• Available software packages

Busch et al. ’98 
Luu, Savage & Vary ’10 
Rotureau, et al. ’10 ’12 
Xilin Zhang, et al. ’19 ’20



Trick: matching w.f.
Outside wf : scattering

<latexit sha1_base64="pwiL/u8SFv5oa0sMErJewEzlRhY="></latexit>

/ sin(kr + �)

Outside wf : HO trapped
<latexit sha1_base64="0gUqmVEZMKYhWja7bO6Ft7jLqhg="></latexit>

/ aR(r;E) + bY (r;E)

R & Y: solutions to 
HO Schrodinger eq.

Intrinsic 
potential

• Both wfs must match at the edge of the intrinsic potential Vi 

• To construct outside wfs, detail of Vi does not matter ⇒ use EFT !



Contact EFT
• Use NN as example

<latexit sha1_base64="G/7S14F5PkEPk2YpX76kORZ4K3Q="></latexit>

D
2 (p

02 + p2)

<latexit sha1_base64="jy+y8YIPL8MC1uWJHRXL7QFSYoI=">AAACJXicdVDNTgIxGGzxD1ER9OilkZh4IrtiRC5KwsUjJIIksCHd0oWGdnfTdk3Ihifwqs/gg3j2Zkw8+Sp2F6KCcZImk5n52q/jhpwpbVkfMLO2vrG5ld3O7ezu5fcLxYOOCiJJaJsEPJBdFyvKmU/bmmlOu6GkWLic3rmTRuLf3VOpWODf6mlIHYFHPvMYwdpIrcagULLKVgr0l9gLUrp+qaRoDoow3x8GJBLU14RjpXq2FWonxlIzwuks148UDTGZ4BHtGepjQZUTp5vO0IlRhsgLpDm+Rqn6eyLGQqmpcE1SYD1Wq14i/uclN6ql9+MkJ5W3orpiZUvtXTox88NIU5/Ml/QijnSAksrQkElKNJ8agolk5p+IjLHERJtic6ZB+6e4mkH1fEFq9neDnbOyfVGutOxS/QrMkQVH4BicAhtUQR3cgCZoAwIoeACP4Ak+w1f4Bt/n0QxczByCJcDPL2gzp80=</latexit>

C
…

<latexit sha1_base64="jRvgK4CSxh36I3xwIZM1VyyXchQ="></latexit>

LNN = �1

2
Cs(N

†N)2 � 1

2
Ct(N

†~�N)2 + · · ·



“Manifold” of EFTs

…
…

• One EFT in charge of a small domain around each eigen energy 
effective-range expansion around each energy

<latexit sha1_base64="eHMIK9/c/zYgvH6kQsbWZ29hmsU="></latexit>

LNN = � 1
2Cs(E0) (N†N)2 � 1

2Ct(E0) (N†~�N)2 + · · ·

<latexit sha1_base64="IzKQrc15sq58G/GasgPro4MkQ4I="></latexit>

LNN = � 1
2Cs(E4) (N†N)2 � 1

2Ct(E4) (N†~�N)2 + · · ·

• Weak predictive power, but it’s OK



Recipe
Vrealistic

⇒

(ab initio many-body)

inputs

VEFT

• Fix C0, C2, … of EFT⇒

(2B cal.)

VEFT scattering (2B cal.)



Exercise
• With three levels (ℏω = 7 MeV), NN 1S0 phase shifts are covered up to 

Ecm = 150 MeV 

Li, Yu, Peng, Lyu, BwL, PRC 104, 044001



Continuum limit

• Unlike a box, HO trap does not vanish at 
short distance. 

• EFT LECs contaminated by omega 
dependence 

• Need to extrapolate scattering observables to 
ℏω = 0 

• For small omega

1S0 scattering length

Exp.



• Inelastic threshold (optical potentials)? 

• Size effects of clusters? 

• Electroweak currents induced reactions? 
Importance of unknown contact operators 

More Q’s than A’s



Outlook

• neutron-deuteron elastic 
scattering by 
Faddeev equation

• conversion formula + 3N levels in 
HO trap (to be worked out!)

VS.

• Use neutron-deuteron scattering, breakup reaction as advanced test


