
>�/`QMB+ +QMi`B#miBQMb iQ i?2 KmQM ;µ − 2
BM � /BbT2`bBp2 �TT`Q�+?

BM +QHH�#X rBi? JX >Q72`B+?i2` �M/ "X Em#Bb
C>1S RNy3 UkyRNV Rjd (�`sBp,RNydXyR88e (?2T@T?))

�M/ rBi? aX G2mTQH/ �M/ aX SX a+?M2B/2`
C>1S R3Ry UkyR3V R9R- (�`sBp,R3y3Xy93kj (?2T@T?))

S?vbX _2pX G2iiX RkR UkyR3V RRkyyk- (�`sBp,R3y8XyR9dR (?2T@T?))

"�B@GQM; >QB/

AMbiBimi2 7Q` h?2Q`2iB+�H S?vbB+b
lMBp2`bBiv Q7 "2`M

kNi? P+iQ#2` kykR
强子物理在线论坛 >�/`QM S?vbB+b PMHBM2 6Q`mK "�B@GQM; >QB/- AhS R



PmiHBM2

JmQM �MQK�Hv � /BbT2`bBQM `2H�iBQMb

>�/`QMB+ p�+mmK TQH�`Bx�iBQM
Pp2`pB2r � /BbT2`bBp2 �TT`Q�+?
3π +QMi`B#miBQM

>�/`QMB+ HB;?i@#v@HB;?i b+�ii2`BM;
Pp2`pB2r � /BbT2`bBp2 �TT`Q�+?
SBQM@TQH2 +QMi`B#miBQM

*QM+HmbBQM �M/ QmiHQQF

强子物理在线论坛 >�/`QM S?vbB+b PMHBM2 6Q`mK "�B@GQM; >QB/- AhS k



JmQM �MQK�Hv � /BbT2`bBQM `2H�iBQMb
h2bib Q7 i?2 ai�M/�`/ JQ/2H,

1M2`;v 7`QMiB2`






>B;;b #QbQM
G>*- kyRk

· · ·

S`2+BbBQM 7`QMiB2`






JmQM ;µ − 2

62`KBH�#- kykR
· · ·
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JmQM �MQK�Hv � /BbT2`bBQM `2H�iBQMb
h2bib Q7 i?2 ai�M/�`/ JQ/2H,

1M2`;v 7`QMiB2`






>B;;b #QbQM
G>*- kyRk

· · ·

S`2+BbBQM 7`QMiB2`






JmQM ;µ − 2

62`KBH�#- kykR
· · ·
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JmQM �MQK�Hv � /BbT2`bBQM `2H�iBQMb
h2bib Q7 i?2 ai�M/�`/ JQ/2H,

1M2`;v 7`QMiB2`






>B;;b #QbQM
G>*- kyRk

· · ·

S`2+BbBQM 7`QMiB2`






JmQM ;µ − 2

62`KBH�#- kykR
· · ·
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JmQM �MQK�Hv � /BbT2`bBQM `2H�iBQMb

h?2 KmQM ;µ − 2,
h?2 K�;M2iB+ /BTQH2 KQK2Mi Q7 � +?�`;2/ H2TiQM U" = 2- µ- τV,

µ! = ;!
( Z2
2K!

)
a

Ç .B`�+ 2[m�iBQM mMBp2`b�HHv T`2/B+ib ;! = 2

Ç Zm�MimK HQQT +Q``2+iBQMb H2�/ iQ � /2pB�iBQM 7`QK i?2 +H�bbB+�H .B`�+
p�Hm2 k

.2}M2 i?2 H2TiQM �MQK�HQmb K�;M2iB+ KQK2Mi UH2TiQM �MQK�HvV,

�! ≡
;! − 2

2

强子物理在线论坛 >�/`QM S?vbB+b PMHBM2 6Q`mK "�B@GQM; >QB/- AhS 9



JmQM �MQK�Hv � /BbT2`bBQM `2H�iBQMb

h?2 KmQM ;µ − 2,
Ç � Tm`2 /BK2MbBQMH2bb MmK#2` i?�i +�M #2 #Qi? i?2Q`2iB+�HHv +�H+mH�i2/

�M/ 2tT2`BK2Mi�HHv K2�bm`2/

Ç *QMi`B#miBQMb 7`QK � ?2�pv b+�H2 J mbm�HHv, ∝ K2
!/J2

Ç τ Bb bQ b?Q`iHv HBp2/c �µ Bb KQ`2 b2MbBiBp2 i?�M �2 #v � 7�+iQ` Q7
∼ 4× 104

Ç �aJ
µ = �Z1.

µ + �1q
µ + �>�/

µ︸︷︷︸
· >�/`QMB+ p�+mmK TQH�`Bx�iBQM U>oSV
· >�/`QMB+ HB;?i@#v@HB;?i U>G#GV b+�ii2`BM;

强子物理在线论坛 >�/`QM S?vbB+b PMHBM2 6Q`mK "�B@GQM; >QB/- AhS 8



JmQM �MQK�Hv � /BbT2`bBQM `2H�iBQMb

Z1. O(α),

a+?rBM;2`- RN93
µ µ

�

62vMK�M
/B�;`�Kb 62vMK�M- RN93

1H2+i`Qr2�F QM2@HQQT,
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JmQM �MQK�Hv � /BbT2`bBQM `2H�iBQMb

Z1. O(α),

a+?rBM;2`- RN93
µ µ

�

62vMK�M
/B�;`�Kb 62vMK�M- RN93

1H2+i`Qr2�F QM2@HQQT,

µ Z µ

�

µ H µ

�

µ

W
�

⌫µ

W
�

µ

�
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JmQM �MQK�Hv � /BbT2`bBQM `2H�iBQMb
ai�M/�`/ JQ/2H +QMi`B#miBQMb iQ i?2 KmQM ;µ − 2,

q?Bi2 T�T2` `2bmHi #v i?2 ǳJmQM ; − 2 h?2Q`v AMBiB�iBp2Ǵ UqS kykyV
�Qv�K�- XXX- "X@GX >X 2i �HX- kyky

*QMi`B#miBQMb �µ × 1011 ∆�µ × 1011

Z1. U8 HQQTbV RRe839dR3XNjR yXRy9
1H2+i`Qr2�F Uk HQQTbV R8jXe RXy
>oS Uj HQQTbV e398 9y
>G#G Uj HQQTbV Nk R3
�aJ
µ RRe8NR3Ry 9j

�1tT
µ RRe8NkyeR 9R

�1tT
µ − �aJ

µ k8R 8N
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JmQM �MQK�Hv � /BbT2`bBQM `2H�iBQMb
;µ − 2 2tT2`BK2Mi pb i?2Q`v,

BNL 2004
Fermilab 2021

WP 2020

(a
E

x
p

µ
−

a
S

M
µ

)×
1
0

1
1

−200

−100

0

100

200

300

400

2004 2008 2012 2016 2020

Expected Fermilab precision

4
.
2
σ
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JmQM �MQK�Hv � /BbT2`bBQM `2H�iBQMb
ai�M/�`/ JQ/2H i?2Q`v,

*QMi`B#miBQMb

QED

2``Q`2

HVP

HLbL

Z1.
1q
>oS
>G#G

lM+2`i�BMiB2b K�BMHv bi2K 7Q`K ?�/`QMB+ +QMi`B#miBQMb
6mim`2 2tT2`BK2Mib �BK 7Q` 7Qm`@7QH/ BKT`Qp2K2Mi ∆�µ ≈ 16× 10−11

⇒ qBi? +m``2Mi i?2Q`v ∼ 5.5σ

q2H+QK2 KQ`2 T`2+Bb2 i?2Q`2iB+�H T`2/B+iBQMb
⇒ qBi? i?2Q`v BKT`Qp2K2Mib Q7 b�K2 T`2+BbBQM ∼ 11σ!
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JmQM �MQK�Hv � /BbT2`bBQM `2H�iBQMb
.BbT2`bBQM `2H�iBQMb U._V,

Ç JB+`Q+�mb�HBiv ⇒ �M�HviB+Biv

Ç lMBi�`Biv ⇒ 2 AK J7B =
∑
M

∫
/ΠM J∗

7M JBM

Ç S�`iB+H2@�MiBT�`iB+H2 i`�Mb7Q`K�iBQM ⇒ +`QbbBM;

*QK#BMBM; �M�HviB+Biv- mMBi�`Biv � +`QbbBM;,

J(b) = 1

2πB

∫ ∞

bi?

/Bb+ J(b′)
b′ − b /b′ = 1

π

∫ ∞

bi?

AK J(b′)
b′ − b /b′

Im s
′

Re s′γ

s

sth
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JmQM �MQK�Hv � /BbT2`bBQM `2H�iBQMb
SBQM p2+iQ` 7Q`K 7�+iQ` 6o

π (b),

γ
∗

v

π
+

π
−

π
+

π
−

π
+

π
−

disc

[ ]

=

γ
∗

v

/Bb+ 6o
π (b) = 2B AK 6o

π (b) = 2B6o
π (b) bBM δ11(b) 2−Bδ11(b)θ(b − 4J2

π)

q�ibQMǶb }M�H@bi�i2 i?2Q`2K, T?�b2 Q7 6o
π (b) Bb ;Bp2M #v δ11(b) q�ibQM- RN89

aQHmiBQM,

6o
π (b) = S(b)Ω(b), Ω(b) = 2tT

{
b
π

∫ ∞

4J2
π

/b′ δ11(b′)
b′(b′ − b)

}

Ç Ω(b) Bb i?2 PKMĕb 7mM+iBQM PKMĕb- RN83
Ç S(b) TQHvMQKB�H- S(0) = 1 7`QK +?�`;2 +QMb2`p�iBQM
Ç ππ S@r�p2 T?�b2 b?B7i δ11(b) 7`QK _Qv 2[m�iBQMb
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JmQM �MQK�Hv � /BbT2`bBQM `2H�iBQMb
SBQM p2+iQ` 7Q`K 7�+iQ` 6o

π (b),

γ
∗

v

π
+

π
−

π
+

π
−

π
+

π
−

disc

[ ]

=

γ
∗

v

/Bb+ 6o
π (b) = 2B AK 6o

π (b) = 2B6o
π (b) bBM δ11(b) 2−Bδ11(b)θ(b − 4J2

π)

q�ibQMǶb }M�H@bi�i2 i?2Q`2K, T?�b2 Q7 6o
π (b) Bb ;Bp2M #v δ11(b) q�ibQM- RN89

aQHmiBQM,

6o
π (b) = S(b)Ω(b), Ω(b) = 2tT

{
b
π

∫ ∞

4J2
π

/b′ δ11(b′)
b′(b′ − b)

}

Ç Ω(b) Bb i?2 PKMĕb 7mM+iBQM PKMĕb- RN83
Ç S(b) TQHvMQKB�H- S(0) = 1 7`QK +?�`;2 +QMb2`p�iBQM
Ç ππ S@r�p2 T?�b2 b?B7i δ11(b) 7`QK _Qv 2[m�iBQMb
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>�/`QMB+ p�+mmK TQH�`Bx�iBQM

Ç Kµ �b +?�`�+i2`BbiB+ b+�H2
⇒ LQi � T2`im`#�iBp2 Z*. T`Q#H2K5

Ç ._ iQ `2H�i2 iQ i?2 Q#b2`p�#H2

γ

µ µ

hadrons

Im ∝

2

∝ σ(e+e− → γ
∗
→ hadrons)

hadrons hadrons

�>oS
µ =

∫ ∞

bi?`
/bE(b)σ0(2+2− → ?�/`QMb)

Ç EBM2K�iB+�H 7mM+iBQM E(b), E(b)∝ 1/b 7Q` H�`;2 b
Ç σ0(2+2− → ?�/`QMb)∝ 1/b 7Q` H�`;2 b
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>�/`QMB+ p�+mmK TQH�`Bx�iBQM
*QKT�`BbQM #2ir22M /�i�@/`Bp2M �TT`Q�+?2b �M/ H�iiB+2,

KNT 2019 DHMZ 2019 WP 2020

BMW 2020

a
H

V
P
,
L

O
µ

×
1
0

1
0

680

685

690

695

700

705

710

715

720
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>�/`QMB+ p�+mmK TQH�`Bx�iBQM

*QKTH2i2 /�i�@/`Bp2M 2p�Hm�iBQM M22/b,

Ç 1t+HmbBp2 +?�MM2Hb π+π−- π+π−π0 - π0γ - . . .

Ç AM+HmbBp2 /�i�

Ç S2`im`#�iBp2 Z*.

>�/`QMB+ +`Qbb b2+iBQM,
Ç AM+HmbBp2 Q7 }M�H bi�i2 `�/B�iBQM

Ç 1t2KTi 7`QK BMBiB�H bi�i2 `�/B�iBQM � p�+mmK TQH�`Bx�iBQM UoSV

强子物理在线论坛 >�/`QM S?vbB+b PMHBM2 6Q`mK "�B@GQM; >QB/- AhS R9



Pp2`pB2r Q7 i?2 π+π−π0 +?�MM2H

Ç a2+QM/ H�`;2bi 2t+HmbBp2 +?�MM2H �7i2` π+π−

Ç G�`;2 `2H�iBp2 /Bb+`2T�M+v #2ir22M /B`2+i /�i�@BMi2;`�iBQM rQ`Fb

�3π
µ × 1010 #2HQr 1.8:2o #27Q`2 kyRN

.�pB2` 2i �HX- kyRd E2b?�p�`xB 2i �HX- kyR3 `2H�iBp2 /Bz2`2M+2

46.20± 1.45 47.70± 0.89 jXkW UyXdW 7Q` π+π−V

1p2M HQr2` p�Hm2 �3π
µ |≤2.0 :2o = 44.3(1.5)× 10−10! C2;2`H2?M2`- kyRd

Ç Pi?2` BM/2T2M/2Mi �M�Hvb2b M2+2bb�`v

⇒ .BbT2`bBp2 ;HQ#�H }i 7mM+iBQM 7mH}HHBM; �M�HviB+Biv- mMBi�`Biv � Z*.
+QMbi`�BMib
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γ∗ → 3π /BbT2`bBp2 `2T`2b2Mi�iBQM

h?2 γ∗([) → π+(T+)π−(T−)π0(T0) /2+�v �KTHBim/2 F(b, i, m; [2),

〈0|Dµ(0)|π+(T+)π
−(T−)π

0(T0)〉 = −εµνρσ T ν
+T ρ

−Tσ
0 F(b, i, m; [2)

[ = T+ + T− + T0c b- i � m �`2 J�M/2Hbi�K p�`B�#H2b
.2+QKTQb2 BMiQ bBM;H2@p�`B�#H2 7mM+iBQMb,

F(b, i, m; [2) = F(b, [2) + F(i, [2) + F(m, [2)

LQ`K�HBx�iBQM 7`QK i?2 q2bbĜwmKBMQĜqBii2M UqwqV �MQK�Hv,

F(0, 0, 0; 0) =
1

4π263
π

≡ 63π

6π = 92.28(10)J2o, TBQM /2+�v +QMbi�Mi SX wvH� 2i �HX- kyky

强子物理在线论坛 >�/`QM S?vbB+b PMHBM2 6Q`mK "�B@GQM; >QB/- AhS Re



γ∗ → 3π /BbT2`bBp2 `2T`2b2Mi�iBQM

.Bb+QMiBMmBiv 2[m�iBQM,

/Bb+F(b, [2) = 2B(F(b, [2) + F̂(b, [2))θ(b − 4J2
π) bBM δ11(b) 2−Bδ11(b)

Ç F(b, [2), `B;?i@?�M/ +mi

Ç F̂(b, [2), H27i@?�M/ +mic �M;mH�` �p2`�;2b Q7 F(i, [2) � F(m, [2)
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γ∗ → 3π /BbT2`bBp2 `2T`2b2Mi�iBQM
� QM+2@bm#i`�+i2/ /BbT2`bBp2 bQHmiBQM iQ i?2 /Bb+QMiBMmBiv 2[m�iBQM,

>Q72`B+?i2` 2i �HX- kyR9

F(b, [2) = �([2)Ω(b)
{
1 +

b
π

∫ ∞

4J2
π

/b′ F̂(b′, [2) bBM δ11(b′)
b′(b′ − b)|Ω(b′)|

}

Ω(b) = 2tT
{

b
π

∫ ∞

4J2
π

/b′ δ11(b′)
b′(b′ − b)

}

Bb i?2 PKMĕb 7mM+iBQM PKMĕb- RN83

F̂(b, [2) �#b2Mi,

F(b, [2) =

F̂(b, [2) T`2b2Mi,

F(b, [2) =

Ç AM+Q`TQ`�i2/ +`Qbb2/@+?�MM2H BMi2`�+iBQMb

强子物理在线论坛 >�/`QM S?vbB+b PMHBM2 6Q`mK "�B@GQM; >QB/- AhS R3



γ∗ → 3π /BbT2`bBp2 `2T`2b2Mi�iBQM
� QM+2@bm#i`�+i2/ /BbT2`bBp2 bQHmiBQM iQ i?2 /Bb+QMiBMmBiv 2[m�iBQM,

>Q72`B+?i2` 2i �HX- kyR9

F(b, [2) = �([2)Ω(b)
{
1 +

b
π

∫ ∞

4J2
π

/b′ F̂(b′, [2) bBM δ11(b′)
b′(b′ − b)|Ω(b′)|

}

Ω(b) = 2tT
{

b
π

∫ ∞

4J2
π

/b′ δ11(b′)
b′(b′ − b)

}

Bb i?2 PKMĕb 7mM+iBQM PKMĕb- RN83

F̂(b, [2) �#b2Mi,

F(b, [2) =

F̂(b, [2) T`2b2Mi,

F(b, [2) = + · · ·+

Ç AM+Q`TQ`�i2/ +`Qbb2/@+?�MM2H BMi2`�+iBQMb
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γ∗ → 3π /BbT2`bBp2 `2T`2b2Mi�iBQM
�([2) }i iQ /Bz2`2Mi 2+2− → 3π +`Qbb@b2+iBQM /�i� rBi? T�`�K2i2`Bx�iBQM,

�([2) = 63π

3
+

[2
π

∫ ∞

bi?`

/b′ AKA(b′)
b′(b′ − [2) + *M([2)

A([2) =
∑

o

+o

J2
o − [2 − B

√
[2 Γo([2)

, o = ω,φ,ω′,ω′′

*M([2) =
M∑

B=1

+B
(
x([2)B − x(0)B), x([2) =

√bBM2H − b1 −
√

bBM2H − [2
√bBM2H − b1 +

√
bBM2H − [2

Ç a@r�p2 +mbT 2HBKBM�i2/
Ç 1t�+i BKTH2K2Mi�iBQM Q7 γ∗ → 3π �MQK�Hv,

63π

3
=

1

π

∫ ∞

bi?`
/b′ AK �(b′)

b′
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γ∗ → 3π /BbT2`bBp2 `2T`2b2Mi�iBQM
�([2) }i iQ /Bz2`2Mi 2+2− → 3π +`Qbb@b2+iBQM /�i� rBi? T�`�K2i2`Bx�iBQM,

�([2) = 63π

3
+

[2
π

∫ ∞

bi?`

/b′ AKA(b′)
b′(b′ − [2) + *M([2)

A([2) =
∑

o

+o

J2
o − [2 − B

√
[2 Γo([2)

, o = ω,φ,ω′,ω′′

*M([2) =
M∑

B=1

+B
(
x([2)B − x(0)B), x([2) =

√bBM2H − b1 −
√

bBM2H − [2
√bBM2H − b1 +

√
bBM2H − [2

Ç a@r�p2 +mbT 2HBKBM�i2/
Ç 1t�+i BKTH2K2Mi�iBQM Q7 γ∗ → 3π �MQK�Hv,

63π

3
=

1

π

∫ ∞

bi?`
/b′ AK �(b′)

b′
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2+2− → 3π +`Qbb b2+iBQM /�i� b2ib
1tT2`BK2Mi _2;BQM Q7 √b :2o O /�i� TQBMib LQ`K�HBx�iBQM mM+2`i�BMiv

aL. kyyk [0.98, 1.38] 67 5.0W Q` 5.4W
aL. kyyj [0.66, 0.97] 49 3.4W Q` 4.5W
aL. kyR8 [1.05, 1.80] 31 3.7W

*J.@k RNN8 [0.99, 1.03] 16 4.6W
*J.@k RNN3 [0.99, 1.03] 13 2.3W
*J.@k kyy9 [0.76, 0.81] 13 1.3W
*J.@k kyye [0.98, 1.06] 54 2.5W

.JR RN3y [0.75, 1.10] 26 3.2W
L. RNNR [0.81, 1.39] 28 10W Q` 20W
.Jk RNNk [1.34, 1.80] 10 8.7W
"�"�` kyy9 [1.06, 1.80] 30 �HH bvbi2K�iB+b

Ç LQ`K�HBx�iBQM@ivT2 bvbi2K�iB+ mM+2`i�BMiB2b �`2 �bbmK2/ iQ #2 100W
+Q``2H�i2/

Ç LQ`K�HBx�iBQM mM+2`i�BMiB2b T`Q/m+2 � #B�b2/ }i 7Q` �M 2KTB`B+�H 7mHH
+Qp�`B�M+2@K�i`Bt KBMBKBx�iBQM
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.Ƕ�;QbiBMB #B�b � mM#B�b2/ }ib

aBKTH2 2t�KTH2 Q7 Qp2`�HH MQ`K�HBx�iBQM mM+2`i�BMiv BM/m+BM; � #B�b,
.Ƕ�;QbiBMB- RNN9

v1 = 8.0± 2W � v2 = 8.5± 2W- MQ`K�HBx�iBQM 2``Q` Q7 ε = 10W

Ç *Qp�`B�M+2 K�i`Bt

o =

(
σ2
1 0

0 σ2
2

)
+ ε2

(
v21 v1v2

v1v2 v22

)
=

(
σ2
1 + ε2v21 ε2v1v2
ε2v1v2 σ2

2 + ε2v22

)

Ç χ2 = ∆ho−1∆- ∆ =

(
v1 − v̂
v2 − v̂

)

Ç ⇒ v̂ = 7.87± 0.81 < v1 � v2 \
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.Ƕ�;QbiBMB #B�b � mM#B�b2/ }ib

Ç >�TT2Mb r?2M i?2 /�i� p�Hm2b �`2 `2b+�H2/ BM/2T2M/2MiHv Q7 i?2B` 2``Q`b

Ç aK�HH2` /�i� TQBMib �`2 �bbB;M2/ � bK�HH2` mM+2`i�BMiv i?�M H�`;2` QM2b

� #2ii2` +Qp�`B�M+2 K�i`Bt,

o =

(
σ2
1 0

0 σ2
2

)
+ ε2

(
v̂2 v̂2
v̂2 v̂2

)
=

(
σ2
1 + ε2v̂2 ε2v̂2
ε2v̂2 σ2

2 + ε2v̂2

)

:2M2`�H Bi2`�iBp2 bQHmiBQM, LLS.6 +QHH�#Q`�iBQM- kyRy

oM+1(B, D) = obi�i(B, D) + obvbi(B, D)
vBvD

7M(tB)7M(tD)

强子物理在线论坛 >�/`QM S?vbB+b PMHBM2 6Q`mK "�B@GQM; >QB/- AhS kk



6Bi `2bmHib

Ç _2bQM�M+2 T�`�K2i2`b Jω,Γω,Jφ,Γφ, +ω- +φ- +ω′ � +ω′′

Ç *QM7Q`K�H T�`�K2i2`b +1- +2 � +3

Ç 1M2`;v `2b+�HBM; √b → √b + ξ(
√b − 3Jπ)

h?Bb rQ`F
χ2//Q7 9jyX3fjy84RX9R

Ç 6Bi 2``Q`b �`2 BM~�i2/ #v i?2 b+�H2 7�+iQ` a =
√
χ2//Q7
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6Bi `2bmHib
6Bi iQ 2+2− → 3π /�i� mT iQ 1.8:2o,

0.6 0.8 1 1.2 1.4 1.6

1

10

100

1000

√
s [GeV]

σ
(e

+
e
−

→
3π

)
[n
b
]

BaBar 2004

CMD-2 1995

CMD-2 1998

CMD-2 2004

CMD-2 2006

DM1 1980

ND 1991

SND 2002

SND 2003

SND 2015

Ç oS `2KQp2/ 7`QK i?2 +`Qbb b2+iBQM
Ç "H�+F �M/ :`�v #�M/b `2T`2b2Mi }i �M/ iQi�H mM+2`i�BMiB2b
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6Bi `2bmHib

*2Mi`�H `2bmHi 7Q` i?2 3π +QMi`B#miBQM iQ >oS,

�3πµ |≤1.8:2o = 46.2(6)(6)× 10−10 = 46.2(8)× 10−10

Ç AMi2`TQH�iBQM 2``Q`b ⇒ K�BM /Bb+`2T�M+v #2ir22M /Bz2`2Mi ;`QmTb

h?`2b?QH/ `2;BQM �3π
µ |≤0.66 J2o = 0.02× 10−10

Ç hrB+2 i?2 2biBK�i2 7`QK qwq �+iBQMYp2+iQ` K2bQM /QKBM�M+2 KQ/2H
Em`�2p �M/ aBH�;�/x2- RNN8- �?K2/Qp 2i �HX- kyyk
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6Bi `2bmHib

lT/�i2 �7i2` i?2 +m``2Mi �M�HvbBb,

�3π
µ × 1010 #2HQr 1.8:2o BM qS kyky

.�pB2` 2i �HX- kyRN E2b?�p�`xB 2i �HX- kyRN >Q72`B+?i2` 2i �HX- kyRN

46.21± 1.45 46.63± 0.94 46.16± 0.82

Ç G�`;2 `2H�iBp2 /Bz2`2M+2 `2bQHp2/
AM +QK#BM�iBQM rBi? i?2 2π +?�MM2H, *QH�M;2HQ 2i �HX- kyR3

�2πµ |≤1.0:2o + �3πµ |≤1.8:2o = 541.2(2.7)× 10−10

Ç 3yW Q7 >oS BKTQbBM; �M�HviB+Biv �M/ mMBi�`Biv +QMbi`�BMib
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>�/`QMB+ HB;?i@#v@HB;?i b+�ii2`BM;

Ç S`2pBQmb 2biBK�i2b #�b2/ QM ?�/`QMB+ KQ/2Hb 2t+2Ti
7Q` H�iiB+2

Ç L2r KQ/2H@BM/2T2M/2Mi BMBiB�iBp2b, 2KTHQv ._ iQ
`2H�i2 /QKBM�Mi +QMi`B#miBQMb iQ Q#b2`p�#H2b HBF2
7Q`K 7�+iQ`b *QH�M;2HQ 2i �HX- kyR9-

S�mF- o�M/2`?�2;?2M- kyR9

γ

µ µ

γ

µ µ

π0, η, η′

γ

µ µ

π±,K±

γ

µ µ

resonances

γ

µ µ

quarks

Ç π0@TQH2 i2`K Bb i?2 H�`;2bi BM/BpB/m�H +QMi`B#miBQM iQ >G#G
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>�/`QMB+ HB;?i@#v@HB;?i b+�ii2`BM;
*QKT�`BbQM #2ir22M /BbT2`bBp2 �TT`Q�+? �M/ H�iiB+2,

RBC/UKQCD 2019

Dispersive 2020 WP 2020

Mainz 2021
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H
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SBQM@TQH2 +QMi`B#miBQMě/2}MBiBQM
� j /BK2MbBQM�H `2T`2b2Mi�iBQM 7Q` i?2 TBQM@TQH2 +QMi`B#miBQM,

EM2+?i- Lvz2H2`- kyyk
C2;2`H2?M2`- Lvz2H2`- kyyN

q2

γ

µ µ

q1q3

π
0

γ

µ µ

γ

µ µ
+ +

�π0@TQH2
µ =

(α
π

)3
∫ ∞

0

/Z1

∫ ∞

0

/Z2

∫ 1

−1

/τ

×
[
r1(Z1,Z2, τ)6π0γ∗γ∗(−Z2

1,−(Z1 + Z2)
2)6π0γ∗γ∗(−Z2

2, 0)

+ r2(Z1,Z2, τ)6π0γ∗γ∗(−Z2
1,−Z2

2)6π0γ∗γ∗(−(Z1 + Z2)
2, 0)

]

Ç r1(Z1,Z2, τ) � r2(Z1,Z2, τ), r2B;?i 7mM+iBQMbc +QM+2Mi`�i2/ BM ZB≤ y.8 :2o
Ç 6π0γ∗γ∗(−Z2

1,−Z2
2), QM@b?2HH bT�+2@HBF2 TBQM i`�MbBiBQM 7Q`K 7�+iQ`b
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SBQM i`�MbBiBQM 7Q`K 7�+iQ`
Ç .2}M2/ #v i?2 K�i`Bt 2H2K2Mi Q7 irQ 2H2+i`QK�;M2iB+ +m``2Mib Dµ(t)

B
∫

/4t 2B[1·t 〈0
∣∣h {Dµ(t)Dν(0)}

∣∣π0([1 + [2)
〉

= −εµνρσ [ ρ
1 [σ

2 6π0γ∗γ∗([21, [22)

π
0

γ
∗(q2)

γ
∗(q1)

Ç LQ`K�HBx�iBQM }t2/ #v i?2 �/H2`Ĝ"2HHĜC�+FBr �MQK�Hv,

6π0γ∗γ∗(0, 0) =
1

4π26π
≡ 6πγγ

q2 #mBH/ i?2 7Q`K 7�+iQ` `2T`2b2Mi�iBQM,

6π0γ∗γ∗([21, [22) = 6/BbT
π0γ∗γ∗([21, [22) + 62z

π0γ∗γ∗([21, [22) + 6�bvK
π0γ∗γ∗([21, [22)

Ç _2+QMbi`m+i2/ 7`QK �HH HQr2bi@HvBM; bBM;mH�`BiB2b
Ç 6mH}HHb i?2 �bvKTiQiB+ +QMbi`�BMib �i O

(
1/Z2

)

Ç amBi�#H2 7Q` �µ HQQT@BMi2;`�H 2p�Hm�iBQM
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SBQM i`�MbBiBQM 7Q`K 7�+iQ`
Ç .2}M2/ #v i?2 K�i`Bt 2H2K2Mi Q7 irQ 2H2+i`QK�;M2iB+ +m``2Mib Dµ(t)

B
∫

/4t 2B[1·t 〈0
∣∣h {Dµ(t)Dν(0)}

∣∣π0([1 + [2)
〉

= −εµνρσ [ ρ
1 [σ

2 6π0γ∗γ∗([21, [22)

π
0

γ
∗(q2)

γ
∗(q1)

Ç LQ`K�HBx�iBQM }t2/ #v i?2 �/H2`Ĝ"2HHĜC�+FBr �MQK�Hv,

6π0γ∗γ∗(0, 0) =
1

4π26π
≡ 6πγγ

q2 #mBH/ i?2 7Q`K 7�+iQ` `2T`2b2Mi�iBQM,

6π0γ∗γ∗([21, [22) = 6/BbT
π0γ∗γ∗([21, [22) + 62z

π0γ∗γ∗([21, [22) + 6�bvK
π0γ∗γ∗([21, [22)

Ç _2+QMbi`m+i2/ 7`QK �HH HQr2bi@HvBM; bBM;mH�`BiB2b
Ç 6mH}HHb i?2 �bvKTiQiB+ +QMbi`�BMib �i O

(
1/Z2

)

Ç amBi�#H2 7Q` �µ HQQT@BMi2;`�H 2p�Hm�iBQM
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SBQM i`�MbBiBQM 7Q`K 7�+iQ`
.BbT2`bBp2 `2+QMbi`m+iBQM 7`QK i?2 HQr2bi@HvBM; ?�/`QMB+ BMi2`K2/B�i2 bi�i2b,

6π0γ∗γ∗([21, [22) = 6pb([21, [22) + 6pb([22, [21)

γ
∗

v

γ
∗

s

π
0

π
+

π
−

γ
∗

s

γ
∗

v

π
0

π
+

π
−

π
0

AbQp2+iQ` T?QiQM, k TBQMb
Ç γ∗p → π+π− → γ∗bπ

0

Ç /Bb+ ∝ TBQM p2+iQ` 7Q`K 7�+iQ`
× γ∗b → 3π �KTHBim/2

AbQb+�H�` T?QiQM, j TBQMb
Ç γ∗b → π+π−π0 → γ∗pπ

0

Ç .QKBM�i2/ #v `2bQM�M+2b
ω, φ, ω′, �ω′′
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SBQM i`�MbBiBQM 7Q`K 7�+iQ`
.BbT2`bBp2 `2+QMbi`m+iBQM 7`QK i?2 HQr2bi@HvBM; ?�/`QMB+ BMi2`K2/B�i2 bi�i2b,

6π0γ∗γ∗([21, [22) = 6pb([21, [22) + 6pb([22, [21)

γ
∗

v

γ
∗

s

π
0

π
+

π
−

γ
∗

s

γ
∗

v

π
0

π
+

π
−

π
0

AbQp2+iQ` T?QiQM, k TBQMb
Ç γ∗p → π+π− → γ∗bπ

0

Ç /Bb+ ∝ TBQM p2+iQ` 7Q`K 7�+iQ`
× γ∗b → 3π �KTHBim/2

AbQb+�H�` T?QiQM, j TBQMb
Ç γ∗b → π+π−π0 → γ∗pπ

0

Ç .QKBM�i2/ #v `2bQM�M+2b
ω, φ, ω′, �ω′′

γ∗

s

γ∗

v

π0

ω,φ (ω′,ω′′)
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SBQM i`�MbBiBQM 7Q`K 7�+iQ`
.BbT2`bBp2 `2+QMbi`m+iBQM 7`QK i?2 HQr2bi@HvBM; ?�/`QMB+ BMi2`K2/B�i2 bi�i2b,

6π0γ∗γ∗([21, [22) = 6pb([21, [22) + 6pb([22, [21)

γ
∗

v

γ
∗

s

π
0

π
+

π
−

γ
∗

s

γ
∗

v

π
0

π
+

π
−

π
0

"mBH/BM; #HQ+Fb Q7 i?2 /BbT2`bBp2 i`2�iK2Mi,

Ç SBQM p2+iQ` 7Q`K 7�+iQ` 6o
π (b)

Ç S�`iB�H r�p2 �KTHBim/2 71(b, [2) 7Q` i?2 γ∗b ([) → π+π−π0 `2�+iBQM
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SBQM i`�MbBiBQM 7Q`K 7�+iQ`

6Bi �([2) iQ /Bz2`2Mi 2+2− → 3π +`Qbb@b2+iBQM /�i� rBi?,
Ç a@r�p2 +mbT 2HBKBM�i2/

Ç 1t�+i BKTH2K2Mi�iBQM Q7 γ∗b ([) → 3π �MQK�Hv

63π

3
=

1

π

∫ ∞

bi?`
/b′ AK �(b′)

b′

Ç �bvKTiQiB+ #2?�pBQ` Q7 *M([2) +QMi`QHH2/
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SBQM i`�MbBiBQM 7Q`K 7�+iQ`
e UdV T�`�K2i2`b +ω- +φ- +ω′ - +ω′′ - +1- +2 � U+3V }i iQ 2+2− → 3π /�i�,

0.6 0.8 1.0 1.2 1.4 1.6 1.8

10
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0

10
1

10
2

10
3

√

s

[

GeV
]

σ
e
+
e
−
→

3
π
[n
b
]

HKLNS14

this work

SND

BaBar

Ç am#bi�MiB�HHv BKT`Qp2/ �#Qp2 i?2 φ T2�F
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SBQM i`�MbBiBQM 7Q`K 7�+iQ`

.Qm#H2@bT2+i`�H `2T`2b2Mi�iBQM Q7 i?2 7Q`K 7�+iQ`,

6/BbT
π0γ∗γ∗(−Z2

1,−Z2
2) =

1

π2

∫ bBp

4J2
π

/t
∫ bBb

bi?`

ρ/BbT(t, v) /v(
t + Z2

1

)(
v + Z2

2

) ,

ρ/BbT(t, v) = [3π(t)
12π

√t AK
[(

6o
π (t)

)∗71(t, v)
]
+ [t ↔ v]

71(b, [2) = F(b, [2) + F̂(b, [2), γ∗
b ([) → 3π S@r�p2
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SBQM i`�MbBiBQM 7Q`K 7�+iQ`

1z2+iBp2 TQH2 i2`K,

6/BbT
π0γ∗γ∗([21, [22) 7mH}HHb i?2 +?B`�H �MQK�Hv 6πγγ #v �`QmM/ NyW

⇒ AMi`Q/m+2 �M 2z2+iBp2 TQH2 i2`K

62z
π0γ∗γ∗([21, [22) =

;2z
4π26π

J4
2z

(J2
2z − [21)(J2

2z − [22)

;2z }t2/ #v 7mH}HHBM; i?2 +?B`�H �MQK�Hv
;2z ∼ 10W- ⇒ bK�HH
J2z }i iQ bBM;Hv@pB`im�H /�i� 2t+Hm/BM; "�"�` �#Qp2 5:2o2 :`QM#2`; 2i �HX- RNN3-

�m#2`i 2i �HX- kyyN- l2?�`� 2i �HX- kyRk
J2z ∼ 1.5Ĝ2:2o- ⇒ `2�bQM�#H2

强子物理在线论坛 >�/`QM S?vbB+b PMHBM2 6Q`mK "�B@GQM; >QB/- AhS je



SBQM i`�MbBiBQM 7Q`K 7�+iQ`

�bvKTiQiB+�HHv- 6π0γ∗γ∗ b?QmH/ 7mH}HH "`Q/bFv- G2T�;2- RNdN@RN3R

6π0γ∗γ∗([21, [22) = −26π

3

∫ 1

0
/t φπ(t)

t[21 + (1− t)[22
+O

(
1

[4B

)
,

SBQM /Bbi`B#miBQM �KTHBim/2 φπ(t) = 6t(1− t) + · · ·

"`Q/bFvĜG2T�;2 U"GV HBKBi,

HBK
Z2→∞

6π0γ∗γ(−Z2, 0) =
26π

Z2

PT2`�iQ` T`Q/m+i 2tT�MbBQM UPS1V, L2bi2`2MFQ- _�/vmb?FBM- RN3j-
LQpBFQp 2i �HX- RN39- J�MQ?�`- RNNy

HBK
Z2→∞

6π0γ∗γ∗(−Z2,−Z2) =
26π

3Z2
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SBQM i`�MbBiBQM 7Q`K 7�+iQ`
_2r`Bi2 i?2 �bvKTiQiB+ 7Q`K BMiQ � /Qm#H2@bT2+i`�H `2T`2b2Mi�iBQM,

6�bvK
π0γ∗γ∗([21, [22) =

1

π2

∫ ∞

0

∫ ∞

0
/t/v ρ�bvK(t, v)

(t − [21)(v − [22)
,

ρ�bvK(t, v) = −2π26πtvδ′′(t − v)
.2+QKTQbBiBQM Q7 i?2 TBQM i`�MbBiBQM 7Q`K 7�+iQ`,

6π0γ∗γ∗ ([21, [22) =
1

π2

∫ bK

0
/t

∫ bK

0
/v ρ/BbT(t, v)

(t − [21)(v − [22)
+

1

π2

∫ ∞

bK
/t

∫ ∞

bK
/v ρ�bvK(t, v)

(t − [21)(v − [22)

+
1

π2

∫ bK

0
/t

∫ ∞

bK
/v ρ(t, v)

(t − [21)(v − [22)
+

1

π2

∫ ∞

bK
/t

∫ bK

0
/v ρ(t, v)

(t − [21)(v − [22)

Ç bK, +QMiBMmmK i?`2b?QH/
Ç ρ(t, v) MQi FMQrM `B;Q`QmbHv- ρ�bvK(t, v) �TTHB2/ BM KBt2/ `2;BQMb p�MBb?2b

⇒ �HH +QMbi`�BMib +�M #2 7mH}HH2/ /Bb+�`/BM; KBt2/ `2;BQMb
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SBQM i`�MbBiBQM 7Q`K 7�+iQ`

h?Bb /2}M2b i?2 �bvKTiQiB+ +QMi`B#miBQM,

6�bvK
π0γ∗γ∗([21, [22) = 26π

∫ ∞

bK
/t [21[22

(t − [21)2(t − [22)2

Ç .Q2b MQi +QMi`B#mi2 7Q` i?2 bBM;Hv@pB`im�H FBM2K�iB+b
Ç _2biQ`2b i?2 �bvKTQiB+b 7Q` bBM;Hv@f/Qm#Hv@pB`im�H FBM2K�iB+b

h?2 }M�H `2T`2b2Mi�iBQM,

6π0γ∗γ∗([21, [22) = 6/BbT
π0γ∗γ∗([21, [22) + 62z

π0γ∗γ∗([21, [22) + 6�bvK
π0γ∗γ∗([21, [22)
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LmK2`B+�H `2bmHib
lM+2`i�BMiv 2biBK�i2b,

Ç h?2 mM+2`i�BMiv BM 6πγγ �i 0.8W 7`QK S`BK1t AA G�`BM 2i �HX- kyky
! o�`vBM; i?2 +QmTHBM; ;2z

Ç .BbT2`bBp2 mM+2`i�BMiB2b 2biBK�i2/ #v
! o�`vBM; i?2 +miQzb #2ir22M 1.8 �M/ 2.5:2o

! .Bz2`2Mi ππ T?�b2 b?B7ib *�T`BMB 2i �HX- kyRk- :�`+ő�@J�`iőM 2i �HX- kyRR-
a+?M2B/2` 2i �HX- kyRk

! .Bz2`2Mi `2T`2b2Mi�iBQMb Q7 6o
π (b)

! .Bz2`2Mi +QM7Q`K�H TQHvMQKB�H }ib iQ 2+2− → 3π

Ç "G HBKBi mM+2`i�BMiv #v +20
−10W �m#2`i 2i �HX- kyyN- l2?�`� 2i �HX- kyRk

! o�`vBM; i?2 K�bb T�`�K2i2` J2z

! *QKTH2i2Hv +Qp2`b 3σ #�M/

Ç �bvKTiQiB+ T�`i bK = 1.7(3):2o2 E?Q/D�KB`B�M- RNNN- �;�2p 2i �HX- kyRR-
JBF?�BHQp 2i �HX- kyRe! 1tT2+i2/ 7`QK HB;?i@+QM2 bmK `mH2b

强子物理在线论坛 >�/`QM S?vbB+b PMHBM2 6Q`mK "�B@GQM; >QB/- AhS 9y



LmK2`B+�H `2bmHib
lM+2`i�BMiv 2biBK�i2b,

Ç h?2 mM+2`i�BMiv BM 6πγγ �i 0.8W 7`QK S`BK1t AA G�`BM 2i �HX- kyky
! o�`vBM; i?2 +QmTHBM; ;2z

Ç .BbT2`bBp2 mM+2`i�BMiB2b 2biBK�i2/ #v
! o�`vBM; i?2 +miQzb #2ir22M 1.8 �M/ 2.5:2o

! .Bz2`2Mi ππ T?�b2 b?B7ib *�T`BMB 2i �HX- kyRk- :�`+ő�@J�`iőM 2i �HX- kyRR-
a+?M2B/2` 2i �HX- kyRk

! .Bz2`2Mi `2T`2b2Mi�iBQMb Q7 6o
π (b)

! .Bz2`2Mi +QM7Q`K�H TQHvMQKB�H }ib iQ 2+2− → 3π

Ç "G HBKBi mM+2`i�BMiv #v +20
−10W �m#2`i 2i �HX- kyyN- l2?�`� 2i �HX- kyRk

! o�`vBM; i?2 K�bb T�`�K2i2` J2z

! *QKTH2i2Hv +Qp2`b 3σ #�M/

Ç �bvKTiQiB+ T�`i bK = 1.7(3):2o2 E?Q/D�KB`B�M- RNNN- �;�2p 2i �HX- kyRR-
JBF?�BHQp 2i �HX- kyRe! 1tT2+i2/ 7`QK HB;?i@+QM2 bmK `mH2b
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LmK2`B+�H `2bmHib
aBM;Hv@pB`im�H bT�+2@HBF2 i`�MbBiBQM 7Q`K 7�+iQ` BM Z26π0γ∗γ∗(−Z2, 0),

0 0.5 1 1.5 2 2.5 3
0

0.05

0.1

0.15

0.2

Q2
[

GeV2
]

Q
2
F
π
0
γ
∗
γ
∗
(−

Q
2
,0
)
[G

eV
]

HKLNS14

this work

CLEO

CELLO

强子物理在线论坛 >�/`QM S?vbB+b PMHBM2 6Q`mK "�B@GQM; >QB/- AhS 9R



LmK2`B+�H `2bmHib
aBM;Hv@pB`im�H bT�+2@HBF2 i`�MbBiBQM 7Q`K 7�+iQ` BM Z26π0γ∗γ∗(−Z2, 0),
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LmK2`B+�H `2bmHib
.B�;QM�H 7Q`K 7�+iQ` BM Z26π0γ∗γ∗(−Z2,−Z2) BM +QKT�`BbQM iQ H�iiB+2,

:û`�`/BM 2i �HX- kyRN
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LmK2`B+�H `2bmHib
.B�;QM�H 7Q`K 7�+iQ` BM Z26π0γ∗γ∗(−Z2,−Z2) BM +QKT�`BbQM iQ GJ.Yo }i
iQ H�iiB+2, :û`�`/BM 2i �HX- kyRe

0

0.02

0.04

0.06

0.08

0 5 10 15 20 25 30 35 40

Q
2
F
π
0
γ
∗
γ
∗
(−

Q
2
,−

Q
2
)
[G

eV
]

Q2 [GeV2]

this work

lattice 2016

0

0.02

0.04

0.06

0.08

0 5 10 15 20 25 30 35 40

强子物理在线论坛 >�/`QM S?vbB+b PMHBM2 6Q`mK "�B@GQM; >QB/- AhS 99



LmK2`B+�H `2bmHib
(Z2

1 + Z2
2)6π0γ∗γ∗(−Z2

1,−Z2
2) �b � 7mM+iBQM Q7 Z2

1 �M/ Z2
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Ç 1/Z2
B #2?�pBQ` BM i?2 2MiB`2 /QK�BM Q7 bT�+2@HBF2 pB`im�HBiB2b

⇒ >�`/ iQ Q#i�BM BM `2bQM�M+2 KQ/2Hb
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LmK2`B+�H `2bmHib

SBQM@TQH2 +QMi`B#miBQM iQ �µ 7`QK i?2 }M�H `2T`2b2Mi�iBQM,

�π0@TQH2
µ = 63.0(0.9)6πγγ (1.1)/BbT(

2.2
1.4)"G(0.6)�bvK × 10−11

= 63.0+2.7
−2.1 × 10−11

Ç 6B`bi +QKTH2i2 /�i�@/`Bp2M /2i2`KBM�iBQM
Ç 6mHHv +QMi`QHH2/ mM+2`i�BMiv 2biBK�i2b

*QKT�`BbQM iQ H�iiB+2,
Ç G�iiB+2 kyRe, (65.0± 8.3)× 10−11 :û`�`/BM 2i �HX- kyRe
Ç G�iiB+2 kyRN, (59.7± 3.6)× 10−11- +?�M;2b iQ (62.3± 2.3)× 10−11 �7i2`

}tBM; MQ`K�HBx�iBQM 7`QK 2tT2`BK2Mi :û`�`/BM 2i �HX- kyRN
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*QM+HmbBQM �M/ QmiHQQF

Ç >�/`QMB+ p�+mmK TQH�`Bx�iBQM, 3π

! AM/2T2M/2Mi /BbT2`bBp2 �M�HvbBb 7Q` i?2 3π +?�MM2H

! _2bQHp2/ K�BM i2MbBQM BM 3π- `2�{`K2/ i2MbBQM BM �µ

Ç >�/`QMB+ HB;?i@#v@HB;?i b+�ii2`BM;, TBQM TQH2
! .BbT2`bBp2 `2+QMbi`m+iBQM Q7 i?2 TBQM i`�MbBiBQM 7Q`K 7�+iQ`

! .�i�@/`Bp2M /2i2`KBM�iBQM Q7 �π0@TQH2
µ rBi? +�`27mHHv 2biBK�i2/

BKT`Qp�#H2 mM+2`i�BMiB2b

Ç aBKBH�` �M�HvbBb /QM2 7Q` π0γ >QB/ 2i 2HX kyky

Ç π0 → 2+2− >Q72`B+?i2` 2i 2HX kykR

Ç η �M/ η′ TQH2 +QMi`B#miBQMb aX >QHx 2i 2HX
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