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+ + - +. J.M. Link et al. [FOCUS Collaboration], Phys. Lett. B 601, 10-19 (2004).
« D > 77 K"

Decay channel  Fit fraction (%) Phase ¢; (degrees) Amplitude coefficient

p(7TT0) K™ 38.83 +£5.31 £ 2.61 0 (fixed) 1 (fixed)
K*(892)xt  21.64+321+1.14 161.7+£86+22  0.747 = 0.080 £ 0.031
'Df - Ktatn™) — 0.127 £ 0.007 + 0.014 NR 1588 +4.92+ 1.53  43.1+104+44  0.640 +0.118 + 0.026
'(Df - KtK-n+) 7~ e T i)et 158244035122 38+ 121543 0,696 0.097 £ 0.025
K;(1430)r*  7.654+50+£170  59.3+195+132  0.444 £ 0.141 + 0.060
p(1450)K+  10.62+£3.51£1.04 —151.7+£11.14+44 0.523 = 0.091 £ 0.020
C.L. =5.5% x* =385 d.o.f. = 43 (#bins) - 17 (#{ree parameters)

Medina Ablikim et al. [BESIII Collaboration], JHEP 08, 196 (2022). BF(10-3) PDG(1073)

1.99 £ 020 £ 0.22 25 £ 04

Intermediate process
+ + .0
Df — K'p

Df — Ktp(1450)°  0.78 + 0.20 + 0.17 0.69 + 0.64

Amplitude Phase ¢,, (rad) FF (%) Statistical significance(o)

DT = K+ 0 0.0 (fixed) 325 £ 31+ 36 ~10 Df — K*(892)°z+  1.85+0.13 £0.11 1.41 &+ 0.24
Dt — K+p(1450)°  2.72 4+ 0.14 £ 0.24 12.7 £ 3.2 + 2.7 ~10 D} — K*(1410)°7+  0.29 + 0.13 +£ 0.13  1.23 + 0.28
DY — K*fo(500) 098 £0.17£0.19 7.0+ 22+ 4.0 6.8 D — K3(1430)°7T 115+ 0.16 + 0.15  0.50 + 0.35
D — K™ f3(980) 5.02 + 0.15 £ 0.15 4.4 + 1.3 + 1.1 6.9 DF = K f4(500) 043 + 014 + 0.24 )

DF = K+f,(1370)  6.03 & 0.14 + 0.26 19.9 + 3.1 + 2.9 =10 " N

DF = K*(892)%  3.03+0.09 + 0.04 30.3+ 1.9+ 1.8 10 Dy — K™ fo(980) 0.27 £ 0.08 £ 0.07 -

D = K*(1410)°7+ 562+ 014+ 009 47 +22+21 5.2 DJ — K7 fo(1370) ~ 1.22 £ 0.19 £ 0.18 -

D} — K§(1430)%7+  1.89 & 0.19 & 0.18 18.9 & 2.5 + 2.4 8.6 Df - (Ktatn 7 )Ng - 1.03 + 0.34

B(DF — Ktatn™) = (6.11£0.18a;. £0.115y5.) x 1073
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D' > z'7n K’

* The external and internal W-emission mechanism:
u u d d 5 5
d 5
) _ Wt i ) R Wt . < / i / |
b > Lt [# b - Ll - [ I’{’; A u C L{] A u
D Dy DF D}
(a) (0) (a) (b)
FIG. 1: W-external emission mechanism for the D} — K77~ decay. FIG. 2: W-internal emission mechanism for the DY — K77~ decay.
_ _ a + 1 _ o T
HO9 —VoViaVia { (ud — 1) [d5 — d - (ui + dd + 55)] H) VoV { (00 ) s = s (v + 0+ 59)]
+(ds — KO)_[’M — ud - (uti + dd + s5) | } + (dcf—> %W) [u5 — u3 - (uii + dd + s5)]
=VpVeaVua 1 (ud = 7%) [Mas — (M - M)y +(u5 = K*) [dd — dd - (uii + dd + 55)]}
+ (ds = K°) [Myy — (M - M)}, _ |
—BVpVuiVia 1 dd — fTTr Mz — (M - M),,]
H) — K*) [35 — 55 (uti + dd + s3
=VpVesVus {(“92%' ) [55 — 55 (uii +dd + s5) ] (dd% — ) [Myg — (M - M)y + (us — KT) [May — (M - M),,)} .
+ (ss — ——n) [u§ — Us - (uﬁ + dd + sg)] } )
V6 =BVEVesVis {(99 - —— ) [u§ — US - (uﬂ +dd + 55)]
:VIQVCSVUS {(u§ — K*) [M3zz — (M - ]\/[)33]
9 + (us - K") [s5 — s5- (uu+ dd + ss)] }
+ (55 — ——17) (M3 — (M - M)lg]} :
V6 VAT {(99 - ) My — (M - M) ]
1 - 1 -
0 T - = +)
'y = —|(uit — dd)), = —|(uit +dd — 2s3)). + (us - K7) [Ms's—>(M M)as]}
") ﬁl( ) m) 7 ( )



D' > 2777 K"

* The SU(3) matrix M in quark and * The hadonizations at the hadron level:
hadron level: (M- M) = ——rty + K* K,
uii ud us \fé 1
M=\ adz ad 45 |. M- M KT+ 717K’ — —pKT,
di dd ds ( )13 =5 N
si sd s§ R N | 1 0 =0
(M- M)y =7tn +§?T?T +énn—ﬁ'nn+fo,
1 -0 1 + +
57’: ‘|‘ﬁn T K ot 1 0 0 1 0
M — T —%?TUJrﬁﬂ K0 | (M- M)az ="K —E?TK —EK n;
: - a2
K K vl (M- M)ss = K*K~ 4+ K°K° + 30
* The contributions for different mechanism: e The relationship of the CKM
HO9 = Vi ViVia(n 7 K — %ﬂﬂo KO+ %?ﬁ K%+ K*K°R®), matrix elements :
HOY = VAV, Vi (KYKH K™ + KV KOR® + Ky — —= a0k — = K%)
prestus \/g \/6 " Vchud — _Vu.s‘vcs
1 1
H® = B x VpVegVua(n"n KT+ KYK°K® — —a"n°K® + —nnt K°),
PVed d( /2 \/6?7 ;
‘ _ 1 2
H® =3 x VIV Vo (KT K"K~ + KTK°K° + ypK+ — —nn° K+ — —=nnTK°).
Bx Vy ( nm 7 75" )



D > 7z'7n K"

* The total contributions for the decay D] -> K 7"z

H =H@ + g® 4 f2a) o py(2b)
1 1
?T+7T0RO — 1 K -0 Rr—i_KOI{U
V2 NGk
2
+ V(= KTKTK™ — K" + “—nrtK° — KYK°K° + ﬂﬁm
P MK+ e ,7

=VeaVud(1 + ) {Vp (’FT+’FT_K+

1 1 _
=Cy(rfn K" — —=n*a’K° + —nn" K’ + K*K"K")

V2 75
2 _
— CZ(K+K+K_ + Kt — —nrt K’ + K+K0K0).

V6
* Tree-level production and final state interactions via rescattering mechanism:
at K+
D} > / DY é
\\ K+ K" K+ 7, K'Y K~ .n T
K+ '
(b) Rescattering of K*7~, K97 and K. (c¢) Rescattering of 7+n~, 7%, nm and KT K.

(a) Tree-level production.



DS > 7z'7n K™

* The amplitudes for the decay D] - K"z 7z~ In the S-wave:

t (512: 523) :Cl [1 + Gﬂ'_K+ (923) Tfr_K+—>7r_K+ (523) + Gﬁ+7r— (512 Tw+7r_—>7r+11'—](312)

1 1
- EGT(OKO (o3| Lrok0sn—x+)(S23) + TEGT;KO (523)[TnK0—>7r—K+ (S23)

+ Ggogo (812)|Tko g0y pt - 512)] — (s [GK+K— (s12)| Tk + K~ —mtn| (512)

2
+ G???? (812) T?]'?‘}—}?T+Tf_ (512) - _GnKO (923) TnK“—}ﬂ'—K+ (523)
V6

+ GK“R'O (512) TKORO—>F+7T_ (512)]

* The diagonal matrix G Is two intermediate meson propagators:
. d'q 1 1
Gfg(S) _l/(

27)* q* —mi +i€ (py + pr—q)° —mE+ie

* The integral i1s logarithmically divergent, there are two methods to solve this problem:

v the three-momentum cut off: v" the dimensional regularization method:
Gmax 2d 0 1 m> mi-mi+s_  ml

G“(S) = / qz q2 I + @) 5 Gij (S) = 1622 {ap + In #—21 + % In m—;
o (27) (010)2{8—((014-0)2) —l—is] o (5) !

+

2 , Ne [ln(s - (m% - mf) + 2qcm (5) \/E) + In (S + (m% — m%) + 2qem () \/E)
W, = (q +mf) s=(p,+p,) —1n (=5 = (12 = 112) + 2Gen () V5) = In (=5 + (m2 = 1) + 20, (5) V5)1)
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* Foragivenu , these two regularization methods can be related by demanding the
same value of the loop function at threshold, which results in a relationship
between the free parameters @, and G :

Gloria Montara, Angels Ramos, Laura Tolos, Juan M. Torres-Rincon,
a, = 16m*[G“C(s ) — GPE (s, )] -
7 Sthrs Qmax Sthry )|, Arxiv: 2211.01896 (2022).
M. Y. Duan, J. Y. Wang, G. Y. Wang, E. Wang, and D. M. Li,

* The value of the parameter: Eur. Phys. J. C 80, 1041 (2020).
Hiwa A. Ahmed, Wang, Zhong-Yu, Sun, Zhi-Feng and Xiao, C. W, Eur.
u=0.6 GeV Phys.J. C 81:695 (2021).
Wang, Zhong-Yu and Yi, Jing-Yu and Sun, Zhi-Feng and Xiao, C. W,
a . = -1.57, a 00 — -1.57, a _,=-1.66 Phys Rev D.105.016025 (2021).
71 7°K nK

a., =-130,a,,=-129 a. _=-163 A o0 = -1.63, a,, =-1.68

T T



D > 7z'n K"

* Tisthe two-body scattering amplitudes, it can be evaluated by the coupled channel
Bethe-Salpeter equation of ChUA:
T =[1-VG]'V,

* The Interaction potentials of each coupled channel for different i1sospin:

. - _ —0 - . + - 0_0 0
> | =077, 2°72°, K'K~, K°K , M > 1=1/2: Kz, Kz, K’
1 1 _ 1
o o ) o -1 (3 3 52
Vll = 2}(‘25'. V]z — \/Ef‘z (.'3' nlﬂ). V13 = 4If25'. V” — 6f2 (—S _ Z (mi _ m;() )
1 1 . | AT
Vl4=——..§‘~ V]SZ— .3?1-?:. V22=——_m;r, 1 3 4 (mﬂ_m,‘.’)
4f? 3\/§f2 2f? Vi, = —5 —m; —mi -
. : - “ y 2 2s
’ | ; | , L 2V2f :
B=" =5 1M ="""F7=75% 25 = — 2 My,
421 42 6/ Vis = ——— (25— L — 2n — s + 2 (2 — ) (2 mi)),
l I 2v6£2\2 6 27 3 2s 1
Vi =——=s, Vi =— 58,
BTt TRT T S s (m2 —m2)’
. ) 2 b 8 K
1 1 Vor = 1 vl -+- m, + myg — 2—
35 = 12\/§f2(93_6mq 2mz), Vi ——z—f;,s, ! 5
ll | Vo = : % —zmz—lmz—lmq+i(m2—m2)(m2—m2)
45——12\/§f2(9.?—61n§—2m§). # 4\/_]‘ 6 2" 3% 2 AN
' 1 3 2 3, , 522
1 Vs = —=s—=m; 3 — (m;, — m
Voo 18f2(16m%{_7m}%)‘ 33 4f ( s 3mJr +m + mK e (m,lr mK) )
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* The contribution of P-wave:

il

The ds quarks are not only in S-wave to form z K* through hadronization,
; but also in P-wave to produce the meson K’(892)° and K"(1430), which decays
W+

into #'K* finally. The full relativistic amplitude for D — z*K™ — z*z"K* can
r > > " be written as:

“: Doy el K* (892) m?2 i Trli
| M~ (s02) (512, 523) = S93 — M> - (Sé:Q—)-irrL » r (-mf( B mi) m ‘ —S13+ s12)
= - 3 523 Ko+ (892) T UMUK (892) 1 K*(892) WK+ (892)
. L D+ (1430)€°* < (1430) ) 29 i i 22
@) M o) (812, 823) = S23 — 'm%{*(mso) + im e+ (1430) L K+ (1430) [(s23 — mig —mz) - (513 + s12 — mg — mz)]
d d Similarly, the dd quarks can form the 2 meson in the P-wave, and then p, f,(1370)
and p(1450) decays into 7'z . The full relativistic amplitude for the these decay
processes is given by:
i > A > u D et
Jur g s — Pe ? s — 3 )
D7 p (512, 523) S12 — m.g +1im,l, (823 = s13).
=] -} =]

th (1370) €' o (1370)
M, (1370 (S12, S23) = j

S12 — m?%,(l?;?n) + img,(1370) I, (1370)
(c)

S;j are not independent totally and fulfill the constraint condition,

[(312 — 2-1n?.|) - (813 + S23 — 2-m;‘;)] ,

)
S12 + S23 + §13 = my,. + my + m + m2,
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* The double differential width distribution of three-body decay:
)

d2r 1 1 (
(=i emg) . _(m, =5 —m)

25 T 2s,

ds,,ds,, (27;)3 32mp,
* Forintegrating Sy, the limits of integration are:

2
(2) mas=(E3 +E5 ) —(VEZ —mZ - JEZ -

2

(S2) mn=(E3 + E5 ) —(VEZ —mZ + JEF -

* The limits of integral variable for the invariant masses are higher than 1.2 GeV, we need
to smoothly extrapolate G(s)T(s) above the energy cut /s = /Sq: = 1.1 GeV

G($)T(s5) = G(scur) T (scur) e~V 7V for /s > \/seur

* The parameters need to be fitted:

t<312 523 ) +M K™(892) +M K™ (1430) +M fo(1370) +M pT M p(1450)

where: E; =

Dp’ ap, Dg+(892), Ak*(892), Dk*(1430), AK*(1430), Df0(137o),

S—Wave: C11 Cz, a P_Wave:
ar, (1370) Dp(1450): Xp(1450),

V. R. Debastiani, W. H. Liang, J. J. Xie, and E. Oset, Phys. Lett. B 766, 59 (2017).






Fitting results (Combined fitting) &

« mhm 2/dof = 183.37/128 = 1.43
x"/dof / BESIIl Experiment:

Our Results:
100 . &
| — Total §
10T p° ) ¢ data
80 —.- k*(892)° i > —— fit result
- S-wave ] Q3 ——— background
[ —-- K{(1430) 3 l — Ll A IR Meemlele T | K*p’
60 =~ + 0
9 | —-= f5(1370) 2 K p(1450)
g | 7 PU430) = K" (500)
D 40k LE K" f (980)
- S 4 (1370)
e K(892)'m
201 - K (1410/'n
_ — — +
- : = (1430)71:
0F P T ] A
0.5 1.0 1.5
Mp+n-[GeV]

Parameters (1 C a Dy, «ap Dgxg92) Or=(892) Drc=(1430) QK+(1430) D fo(1370) Xfo(1370) Dp(1450) Qp(1450) x2/dof.
Fit 263.74 -63.08 12.34 80.77 0.18 62.99 3.54 -62.50 1.21 -60.24 3.07 -456.70 0.93 1.43




Fitting results (Combined fitting) \

 K'mt  y?/dof =183.37/128 = 1.43

Our Results: BESIII Experiment:
. , 1 | | | . | . 1 . 1 , 80—
30 _ —— Total _ ‘/\‘: i
[ o0 | . ; i ¢ data
) 60—
F—-= K7(892)° A (a) * —— fit result
[ S-wave 2 B
60 ) 1 »n F * ——— background
| —-- K;(1430) N 40— - K*p?
ﬂ [| == f{][1370) ~ I~ o= K+p(1450)
S [ —-- 0 w o
EEL] 1 E K* £ (500)
E 2()_— K+f (980)
- S—
| | ! L “f( 370)
ol - 1 [ (892) T
B 2000 LI N3 W 3 i mnma K (1410) I
: 3
A et S T Sz j | = S N A TR N l!}l 1L Hl L e K430
. , , . WIS M LPLTLITU O TR L TS Ll BT N
10 15 _3_I | | | | l l | | | l l |
My+n-[GeV] 1
M.,._. (GeV/cz)

Parameters (1 C a Dy, «ap Dgxg92) Or=(892) Drc=(1430) QK+(1430) D fo(1370) Xfo(1370) Dp(1450) Qp(1450) x2/dof.
Fit 263.74 -63.08 12.34 80.77 0.18 62.99 3.54 -62.50 1.21 -60.24 3.07 -456.70 0.93 1.43




Fitting results (Combined fitting) \

« Ktm~  x?/dof =183.37/128 = 1.43

Our Results: BESIII Experiment:
ﬁ | | | | | | — Toltal ) g : .E
” ..... p(i | %100 (b) } data
L —-- K7(892)° | = —— fit result
ool 1 Swave | "C ——— background
| b el 8 ) o N R — K*p’
) ! —-- f(1370) | J N
: : T an) P 50 K+p(1450)
2 o - K" (500)
N _ v K”’f (980)
| 84 — K*f (1370)
— (892)1t
i — K (1410/
| .‘ : 1 ST I lm 1l uhlll PR V| R PP PO K (1430}
. . & T TR Hh”"‘i
10 15 _3 | | | | | | | | | | | |
MK’fn‘[GEV} 1

M. (GeV/cz)

Parameters (1 C a Dy, «ap Dgxg92) Or=(892) Drc=(1430) QK+(1430) D fo(1370) Xfo(1370) Dp(1450) Qp(1450) x2/dof.
Fit 263.74 -63.08 12.34 80.77 0.18 62.99 3.54 -62.50 1.21 -60.24 3.07 -456.70 0.93 1.43




Branching fractions

* The ratios of the branching fractions between different resonances :
B[D§ — K* fy(500) — K*rtn~] B[Dg — K*fp(980) = K*n¥n~]
B [D;L < (892)0 o+t K+7T+7T_] B [D; — K* (892)0 Tt — K+7T+7T_}
B|Df — Ktp— Ktota™]
B[D¥ — K*(892)° nt — Ktmtr—]

B|Dg — fo(1370) K* — Ktata—|
B |Df — K* (892)° 1t — K+ntm—|

B|D§ — Ktp(1450) — Ktatn] B
B[D¥ — K*(892)° it — Ktmtr—]
* The branching ratios for intermediate :

Decay process Ours (1073) BESIII (1073)  PDG (1073)
Df — KT fp(500)  0.38 £0.037003  0.43 £0.14 £ 0.24
Df — K*£(980)  0.114£0.01700] 0.27 £0.08 £0.07
B(DS - K (892)r™, K*(892% - K*m™) Df = K*+p" 29442027709 1994£020£022 25+04
=(1.85+ 0134 0.11) x 10 D} — K*£,(1370)  1.07£0.107035; 1.22+0.19 £0.18
DF — K;(1430)°7F  1.06 +0.10700; 1.15+0.16+0.15 0.50 £+ 0.35
Df — K*p(1450)°  2.38 £0.2270705 0.78 £0.20£0.17  0.69 + 0.64
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» Based on the BESIII Collaboration measurements for the decay Dy —» n*n~K*, we investigate
this decay process within the chiral unitary approach, where f;(500) and f;,(980) are
dynamically generated in the coupled channel interactions. Besides, the contributions of the

intermediate resonances K*(892), K*(1430), p, p(1450) and f,(1370) in the P wave are also
considered.

» Considering the coherent effects between the S and P waves, we obtain the free parameters by
combined fitting the experimental data, and then figure out the contributions of the S- and P-
waves intermediate resonances. The results show that the t*n~, K¥n~ and K*m* invariant
mass distributions are consistent with experiments. However, the contributions of p and

p(1450) in the coherent fit is significantly bigger than experiments, also see their obtained
branching fractions.

» We also calculate the branching fractions of the dominant decay channels, it is obvious that the
theoretical results are almost in good agreement with the experimental measurements and PDG

within the uncertainties, except for the branching ratio of the p and p(1450) is quite large and
the one of the f,(980) became half as small.
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