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Review of covariant L-S scheme
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« Orbital angular momentum tensor 75{*1),,“ N Vu=&u(P)Y" )

* Lorentz structures (pa)us 9w €uvpo

S.Dulat and B.S.Zou, Eur.Phys.J.A, 26,125-134 (2005)

S.Dulat, J.J.Wu and B.S.Zou, PhysRevD.83.094032 (2011)
* additional conditions on amplitudes due to gauge invariance

For radiative decay process:
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Spin wave function for massive particle

A massive particle can be stationary p,=A,"k, [A=R-B.-R™', k,=(m,0,0,0),]
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Lp = SU(2) — U(l) Csumy = B+ B+J2  Cywy=Js
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Partial wave decomposition

AngB (P1,P2:P3) = Fgf% (P1,P2,P3) ﬂgll (P1,51) Ugé (P2, 52) UZ‘E(P& 53)

* Definition of pure-orbital and pure-spin component
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* Decomposition of covariant tensors
O =37 T (0F) ey (0F)) =37 PP (ps) (OM

[c] s€[a]



Partial wave decomposition
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Partial wave decomposition
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Partial wave decomposition

« Example: amplitude with spin-1/2 Lorentz structure Partial wave COI;]pOIleIltS (25+1L!;)
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. Example: amplitude with spin-1/2 Lorentz structure Partial wave COI;]pOIleIltS (25+1L=;)
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Partial wave decomposition

* Example: amplitude with spin-3/2 Lorentz structure Partial wave components (***1L )
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Partial wave decomposition

* Example: amplitude with spin-3/2

* With the increase of spin, the
amount of computation will in-

crease dramatically.

Lorentz structure

Partial wave components (***1L )
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Partial wave decomposition

* Example: amplitude with spin-3/2

* With the increase of spin, the
amount of computation will in-

crease dramatically.

* It is useful to consider how to
construct the Lorentz covariant

partial wave amplitude.

Lorentz structure
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Construction of partial wave amplitudes
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Construction of partial wave amplitudes

- - -

iyl e
pure-orbital part pure-spin part

Eélgfag (k17 p§7 pg) - ngﬁ(& (kh p;; pi;) DBQQQ (AQ*) DBBQS (Ag*) X ﬁgll (Sl) Ug% (82) Ugg(Sd) }

AZ27% (k1,p3, P3; L, S) = T2 (k1, p5, P3; L, S) tig! (51) uga(s2) ug, (83) J

Fgfag(khp;:p?;;[’a S) - PglLaS(kHXLs: 51) ngag(kl; X235 S) f&?(khpg — PE)



Construction of partial wave amplitudes

* Partial wave formula A
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Construction of partial wave amplitudes

* Partial wave formula A
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Spin wave function for massless particle

A massless particle can not be stationary p, = ]i#” k, [f\ = R-B,, k, = (k,0,0, H)M}
 S.Weinberg, PhysRev.134.B882(1964)
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Spin wave function for massless particle

A massless particle can not be stationary p,, = K#” k., [[X =R-B,, k, = (k, 0,0, HZ)M}
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Spin wave function for massless particle

A massless particle can not be stationary p,, = K#” k., [f& =R-B,, k, = (k, 0,0, F.:)M}
 S.Weinberg, PhysRev.134.B882(1964)
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Amplitudes with massless particle

* Partial wave formula he (p,s,5)= D,P(A) x ug'(s) D(f)"(R)
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Amplitudes with massless particle

* Partial wave formula h? (p,s,5) = D
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Amplitudes with massless particle

* Partial wave formula he (p,s,5)= D,P(A) x ug'(s) ij)"(R)
N— — ~ R
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A7 (K, 3, P3; L, §) = 7029 (k1 p3, P5; L, §) g1 (1) ulh (s2) ugi (s3) D7 (Rar) D7 (Ry)
* From c.m.f.to any frame  D_ 7 (A)) 1% (p;,si,3) = h% (piysi3i) D57 (Ru) [RM = R7'Ry; - RZ-*} (i =2,3)
Agias (pla P2, P3; La S) — AZEJS (klu p;: p§7 L? S) Dt(;?)a2 (R121) D(E'Zz)a3 (Rl;)

* Weight function for linear independent (L,S) bases

Two or three massless particles: W (s, sy, 53, L, S) = Fs(s1, 82,53, 5) + Fr(s1, 52,53, L, S) + Fy(s1, 52, 53, L, S)

One massless particle: W (s1,s2,53,L,5) = Fs(s1, 52, 53,5)
0so+s
Fs(s1,82,83,5) = —(s2+s3+1)|S—s1|+ 8 —2(szy+ 53+ 1)%(s1 + 52 +83) for (CF%) 57 =0
1 FU(817523531LDS) —
Fr(s1,s2,83,L,5) = —2(sa+s3+1)°|L—[S—s1|— 3 0 for others



Numerical calculation part

* Partial wave formula for numerical calculation

o0 ‘p*‘L (o2+03)0 598 : ~
AR (kP3P L, S) = o2 (C3),, (C8%) 55, Yiew (B2)



umerical calculation part

Partial wave formula for numerical calculation

L
o p* (o2+03) 598 %
Az (ki P, P35 L, §) = ‘2—‘“ (C)g, " (C8™) 000 Vi (B2r)

Transformation Wigner-D

MassiveTrans [{pt_, px_, py_, pz_}, {qt_, ax_, qy_, qz_}, s_] := MasslessTrans [{pt_, px_, py_, pz_}, {qt_, qx_, qy_, qz_}, s_] :=
Module[(p, q, hat, m1, m2, y1, ¥2, cos, nhat, 6, ¢, ¥, res}, Module[{p, hat, M, A, gsl, qs2, gs3, pd, A, X1, x2, x3, &1, &2, 63, cos, sign, ¥, res},
p =+ (px* + py* + p2%) ; If[Or[gx # 8, qy # @1, p = (PX* + py* + p2*) ;

a=+(9x* + qy* + g2%) ;
hat = {pyqz - pz qy, pz qx - px qz, pxqy - py qx};
If[Or[pq=0, hat = {0, 0, 8}], res = IdentityMatrix[2s + 1],

hat = {py 9z - pz gy, pz qx - px 4z, px qy - py 4x};
M=+ (pt? - p?); pa=ptqt - pxqx - pyqy - pzqz; A= (Mgt +pq) / (M (M+pt));
as3 = (Apz-qz); A= (pq® - M’ qs3?);

2 N If[Or[p =0, hat = {0, 0, 0}, A= 0], res = IdentityMatrix[2s + 1],
ml =~/ (pt? - p*); ¥1=pt/mi;

m2 =/ (qt* - %) ; ¥2 = qt /m2; gsl= (Apx-qx); qs2= (Apy-qy);
cos = (px qx + py qy + pzqz) / (-pq) ; nhat = hat / (pa+/(1- cosz)); x1 = p? px (M? py qs2qs3 - pzA);
{6, ¢} = If[Or[nhat[1] # @, nhat[2] # @], x2 = p? py (M* px qs1as3 - pza);
x3 = M p? pz (px qsl + py qs2) qs3;
{ArcCos [nhat[3]], If[nhat[2] = @, ArcCos[nhat[1] / (+/ (1 - nhat[31%))], 61= (Mp?pt+pt? px® + W (py* + pz®)) W qs1qs3 + x1;
62 = (ptpy® + M (px* + pz*) ) M* (M + pt) qs2qs3 + x2;
2 7 - ArcCos [nhat[1] / (+/ (1 - nhat[31%))]]}, (@, @}]; 53 =x3 - (M (px® + py?) + pt pz’) M (M + pt) A;
cos = (Mgx gz 61 + Mgy qz 62 - (qt® - gz°) 63) / (W p* (M + pt) paqt «/ ((qt? - g2°) A) ) ;
U =ArcCos[1- ((y1-1) (¥2-1) (1- cosz) ) / (L+¥1ly2+ (p/ml) (q/m2) cos) 15 sign= (-qy 61 +gx 62);

Y =If[sign 20, ArcCos[cos], 2w - ArcCos[cos]]; res =DFunc[s, 0, 0, zlz]];,
res = DFunc[s, -¢, -6, -¢].DFunc[s, 0, 6, ¢];
]; res = DFunc[s, @, @, (-x) /2];];

res B

I .
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* Combine with isobar model
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Numerical calculation part

* Combine with isobar model
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(AI)ZTUBCMUS = _Agfaz Agﬁog Ag%a5 x BW; FF; (.Az)gfaacmar) — Ag‘ng Agg}'g «4%05 % BW2 FF2
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Numerical calculation part

* Combine with isobar model
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* Crosscheck this scheme with the helicity amplitude (TFPWA)

1. Boson case
2. Fermion case
3. Radiative decay
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* Combine with isobar model
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* Crosscheck this scheme with the helicity amplitude (TFPWA)

1. Boson case ??
2. Fermion case v
3. Radiative decay ?7?



Summary

* General framework of covariant LS scheme
» Unique building block: spin wave function
» Both the helicity amplitude and the covariant tensor amplitude can
be constructed through this framework
» Suitable for both massive and massless particles

* Numerical calculation programs can be easily implemented

Thank you for your attention!
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S1L S1R 51

Uas (68) = D V(251 + 1) (252 + 1) (252 + 1)(sr + 1) { saz s2r 52
51,82 S, SR S

(0-5152)0'102 ugll (Sl) UZQZ (82) 051052 (p7 X? ) - Dalﬁl (A) D(IQIBQ (A) U%152 (X? S)
S1L S1R 51
Ugt ™ (X", s) Z V(251 +1)(2s2 + 1)(25, + 1)(sr + 1) ¢ s21 sag 52
81,82 S, SR S

% (CT2) % B2 (1) 052 (30)

a:

0 @@‘i
ol=[W  X=|. 002 kerX = {e9|o = +1}
-1 920 o
4
X =

kerX = [a]



Range No(s1; 82, 53) Ni(s1;52,53) Na(s1;52,53) N3(s1; 82, 83)

0 0 0

Eg (251 + 1)(2s3 + 1) :
2(81 — 1
(c) n(s1; sz, 3) (51— s2+s3+1) 2 0
(d) 2
2 1)(2 1 2(2 1

© (251 +1)(2s52 + 1) (251 + 1) ; 5
(t) (2s9 +1)(2s3+ 1) 2(2s3 + 1) 4 2
(8) 7 > i 0

Table 4. The number of linearly independent terms of three-particle amplitudes (s; — s + s3) is
determined in seven different ranges: (a) s; < so — s3; (b) 51 = s9 — s3; (€) |s2 — s3] < s1 < 83+ $3;
(d) s1 = s3 — s2; (€) 51 < 83 — s2; (f) s1 = 2+ s3; (g) s1 > S2 + s3. N;(s1582,53) (i =0,1,2,3)
represents the number of linearly independent terms for four cases: (i = 0) all particles are massive;
(¢ = 1) particle-2 is massless and sg # 0; (i = 2) both particle-2 and 3 are massless and s2.3 # 0;
(¢ = 3) all particles are massless and s7 23 # 0. The value of n(s;;se, s3) is calculated as follows:
n(s1;82,83) = — (87 + 53 + 53) + 2(5152 + 5253 + 5183) + 51 + 52 + 53 + 1.



ww E.g. consider J/¢ — ~f.

w the possible (S, L) combinations are (1,0), (1,2),(2,2), (3,2),(3,4).
w based on the calculation in the previous slide, one has (in helicity basis),
sl=1;s2=1; s3 =2;

0 0 -2 0 o0 0 0 0 -J5 0 0 0 0 0 -—1\]77 WFuncl[sl_, s2 ,s3 ,S , L ] :=
2% |0 0o ¢ o o),/O 0o o o o ],[0 0 0 0 0 | -
/0 0 —-2X o0 o0 0 0 0 V2 0 0O 0 0 0 -1 7203
— ( o0 Ty oY )( SO - )( 0 0 0 0 o )] WFuncl1[s1, s2, s3,[1, o]
\1 0 o 0 o0 0 -v2 0 0 0 ¢ 8 w ¥ U gl WFuncl[s1, s2, s3,|1, 2]
([0 o 3 0 o O 0 0 0 0 o 0 0 0 -—1)\7°298 WFuncl[s1, s2, s3,(2, 2]
7293 o g @ 5 @ @ml:1l® o 8 @ o |, @ O 0 a1
.1 o o o0 o 0 0 0 0 0 ¢ @ —w/2 & ® WFuncl[s1, s2, s3, 3, 2]
18 a1l
) ol WFuncl[s1, s2, s3, 3, 4
0 0 —\/6 0 0 0 0 0 _% 0 0 0 0 0 1 203 [ 2 s 2 ) ]
T2 e 0 0 0 o o |,] o o o0 0 o |, o o o o o 1
3
| I 0 0 0 0 o 5 0 0 0 0 0 v6 0 o0 o
[/ 0 0 —-v6 0 o0 0 0 g =22 O @ o @ o —-i 9293 1
9293 0 0 0 o o |, o 0o 0 0 o |],l o o o o0 o
[\ 1 o 0 0 o0 0 2v2 0 0 0 0 0 v6 0 0 -
-2
w only 3 of the 5 amplitudes are linearly independent ! _E



