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Outline

● Proton charge radius

● Dispersion theoretical determination of 
– Parametrization of nucleon FFs

– Application to data

– Results and uncertainty

● Status of proton radius puzzle

● Summary
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Proton charge radius

● Definition

● Measurement
– Leptonic hydrogen Lamb shift

– Lepton-proton Scattering
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Nucleon Form Factors

● Definition

● Normalization
● Isoscalar & isovector NFFs

● Sachs NFFs
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Why Dispersion Theory?

● Difficulties on NFFs
– Unknown expression              parametrization dependent
– Data at         is unachievable           extrapolation needed

● Dispersion theoretical NFFs

– Unitarity and analyticity guaranteed,

– Works well in whole energy region,

– Theoretical constrains of asymptotic behavior of NFFs can 
be added easily, 

– Connects to data from different process.
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Dispersion Relations of NFFs

timelikespacelike

Ingredients: multiple cuts 

&& vector meson poles
unphysical

The spectral function               are central quantities.
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Spectral functions

● Spectral Decomposition (lower energy part)
– Crossing symmetry

– Spectral decomposition

– Intermediate mass states 
● Isoscalar:

● Isovector: 
● Vector meson dominance

Higher mass state
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Two-photon effects

● Diagram

 

● Numerical result for 
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Two-photon effects

● Correction to XS

 

A simple form for       that only 
works in the limit
contained in MAMI data.
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Theoretical constrains

● Normalization (4)

● Neutron charge radius squared (1)

● pQCD asymptotic behavior of NFFs (6) 



07/23/21 YHL14

Data bases

● Differential cross section
– MAMI (0.00384-0.977         , 1422)
– PRad   (0.000215-0.058, 71)

● World data on Neutron form factor
–            (0.14-1.47, 25)
–            (0.071-10.0, 23)

● JLab data on Proton FFs ratio
                     (1.18-8.49, 16)

● Number of free parameter
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Results Ⅰ: Differential cross section

Line best fit
Shadow error band from bootstrap sampling.

● Best configuration ‘6s+4v’
– 50 parameters

–

–

–
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Results Ⅱ: NFFs

Line best fit
Shadow error band from bootstrap sampling.



07/23/21 YHL17

Focusing on proton charge radius

● Comparing to existing DR determination

● Our determination (statistical error form bootstrap)
Systematical error from variation of spectral function
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Comparing to newest measurement
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Status of proton radius “puzzle”

● Determination of ep scattering

DR derived

ChPT 

non-DR fits 
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Status of proton radius “puzzle”

● Determination of hydrogen energy shift
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From “puzzle” to precision

● Open discussion

Precision is the object that really matters in proton 
charge radius problem.
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Summary

● We updated previous DR analysis on ep scattering 
data in following aspects,
– Including the unprecedented low-transfer-momentum data by PRad
– Improved high precise        continuum 
– Improved uncertainty estimation

● DR analysis on NFFs data provide robust, steady 
and consistent      over decades. 

● Newest regular hydrogen measurements and DR 
determination definitely agree with ‘small’      
proton radius. Should not call it puzzle anymore. 
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Thank you very much for your attention!
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Proton charge radius

● In Breit frame (non-relativistic limit),

 

Considering a spherical density, 

Re-define the momentum dependence, 
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Proton charge radius
Expanding at 

Comparing with the Taylor series of           , centered at 
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Parametrization of NFFs

● Our spectral functions of NFFs read 

can be converted into (after DR integral)

●  
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Parametrization of NFFs

● Continuum contribution (not fitted to data)

–        based on very precise analysis of pion-nucleon scattering

–         from an analytic continuation of kaon-nucleon scattering data

–         from investigation of the 
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Two-photon-exchange correction

● Soft-photon approximation

● One-gamma amplitude

● Two-gamma amplitude
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Values of proton charge radius

● Historical DR determination
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Bootstrap vs Bayesian in PRad fits

● Bayesian theorem

● Bayesian analysis
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Bootstrap vs Bayesian in PRad fits

● Comparing with bootstrap sampling
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Parameters of best fit

● Best fit “6s+4v”
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