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Proton charge radius

Dispersion theoretical determination of .’

— Parametrization of nucleon FFs
— Application to data

— Results and uncertainty

Status of proton radius puzzle

Summary
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Proton charge radius

e Definition

2 4 6
Gr@) =1 2Q?+ gt T
2 dGE(Q?)
5= dQ)? QR?*=0

* Measurement C. Peset, et al. arXiv2106.00695

— Leptonic hydrogen Lamb shift
(AEL)measured — El + EQC(TI%) + O<mr046)7

— Lepton-proton Scattering

dQ dQ 1+,

C('rg) =c1 + 027“129 + O(a?)

d doMoe 1
( 0) — IMott (G% + %G?W) (1 + 5TPE) -+ O(Oé2>
measured
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Nucleon Form Factors

e Definition
W35 o) = a(p’) |Fi(t)y, + iFQ—(t)a,wq”] u(p), ’ % <

2m

t=qg°=—-Q*=(p' —p)?, t >0 for time-like, t < 0 for space-like
* Normalization FF(0)=1,F0) =0, FY(0) =k, , F5(0) = k, .
* Jsoscalar & isovector NFFs

1 1
Fz's — §(sz +Fz'n) sz'U — §(F¢p - an) 0 =1,2

e Sachs NFFs
Gp(t) = Fi(t) — 7Fy (1) ,Gup (1) = Fi(t) + Fa(t)
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Why Dispersion Theory?

e Difficulties on NFFs

— Unknown expression - » parametrization dependent

— Data at Q° = 0 is unachievable —» extrapolation needed

* Dispersion theoretical NFFs F(t) = 1 foo m F(t)
t

T Jt, t! —t — e

— Unitarity and analyticity guaranteed,
— Works well in whole energy region, (~ 10-%10sGeV?) experimentally

— Theoretical constrains of asymptotic behavior of NFFs can
be added easily,

— Connects to data from different process. (w/N-scattering, - )
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Dispersion Relations of NFFs

A Imt
1 > Im F(t
= / / ( ) dt,
T Ji, U —1T—1€
spacelike timelike
X _+

t Ingredients: multiple cuts

(start fromtg)
&& vector meson poles

The spectral function Im F'(¢) are central quantities.
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Spectral functions

* Spectral Decomposition (lower energy part)
— Crossing symmetry (N (p')[5;"|N(p)) «— (N (p)N(p)|5;"|0)

- Spectral decomposition G.F. Chew, et al. PhysRev110, 265(1958)

(N (p) ‘<->|fm\o> s

NZ p)|n) nljum‘0> (i

i !
|n¥Xn|
‘)
|

- Intermedlate mass states |n)

* Isoscalar: 3r,57,..., KK, mp,...

i $2 i v,
* Isovector: 27, 4m, . .. ‘ o ‘ M |
° | t‘ 1

P | ,
* Vector meson dominance — T T

N o, KK
v\/wé< Higher mass state S1, S92, ...
V1,UV9, ...
N 17 27
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Two-photon eftects

* Diagram .
oot
D2 D4

* Numerical result for 62 n, 2.4

0
. | | .I i | 0.02 - | Nlucleon FormI Factor sourcl:e:
diff. to soft-photon approx. by Maximon and Tjon: _~ Sachs-monopoles.
-0.005 |- o . Sachs-dipoles -------
o .l dispersion relation approach
L + e Dirac,Pauli-dipoles
-0.01 il = 0.015 - Thee calc. by Kondratyuk etal.  +
0.015 | -
z S o <
= ;e =
& i oS 0.01 -
-0.02 P =
-0.025 + ,,/ .
4 / 0.005 -
-0.03 | ,;-'/,," Nucleon Form Factor source: .
& dipoles - -
% pole fit -------
-0.035 ' : ' ' 0
0 0.2 0.4 0.6 0.8 1 0
€ €
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Two-photon effects

o Correctlon tO XS ; :r ‘ov:itiir;—?Ec:;t]a:with feshbach-approx. X*X*;
x % with TPE(N+A) ik e
smaller § — lower Q* — smaller d7pg
A simple form for d2~ that only osswev. " |
works in the limit Q% — 0
contained in MAMI data. & Mg
sin(#/2) — sin?(6/2) ) Ll
5F = Zar 5 585 Mev:o'gé:
cos?(6/2) '
W. A. McKinley, et al. PhysRev74,1759(1948) ssomev: 1|
315 Mev-l'ﬂll I
0.99 . i§§§*g*!‘§§E§§!¥§§§!§§§ﬁ§§§% Ex |
‘0.99 | Wﬁé’i*ﬁ*ﬁ*“;!*ﬁ‘g!*ii!li*ﬁi*'iii;&:

scattering angle 6[°]
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Theoretical constrains

* Normalization (4)

* Neutron charge radius squared (1)
A. A Filin, et al. PhysRevLett124, 082501(2020)

(r2) = —0.1057900¢ fm”

* pQCD asymptotic behavior of NFFs (6)

/ Im F;(t) t"dt =0, i=1,2

to

withn = Ofor Fy, n = 0, 1 for F5
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Data bases

e Differential cross section
- MAMI (0.00384-0.977 GeV?, )
- PRad (0.000215-0.058, 71)

* World data on Neutron form factor
- G%  (0.14-1.47, 25)
- G% (0.071-10.0, 23)

e JLab data on Proton FFs ratio

up,GP/GP - (1.18-8.49, 16)

* Number of free parameter

— 4+ 3(N,+ N,) —11+31+2
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* Best configuration ‘6s+4v’

Results I: Differential cross section

50 parameters

W, ¢1 S$1,52, 53, S4+KK + pT

U1, U2, U3, U4+7T7T

x> /dof = 1.927

Line best fit

error band from bootstrap sampling.
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Focusing on proton charge radius

Systematical error from variation of spectral function

* Our determination (statistical error form bootstrap)

rh = 0.839+0.00270 003

fm

fm, 75 = 0.846+0.0017) 005

* Comparing to existing DR determination

—e
CODATA,2018¢} g
This work } —e e
Lin,2021¢ — e ®
Lorenz,2014t & v
Lorenz,2012¢ & ! °
Belushkin,2006+ - .
Hammer,2003} ®
Mergell, 1995+ = ®
Hohler,1976¢ ® ®
0.8 0.81 082 083 084 085 0.86 087 083 08 081 0.82 083 0.84 0.85 0.86 0.87 0.88 0.89 0.9
p P
T'E 'ng
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Comparing to newest measurement

Fundamental Physical Constants

proton rms charge radius

s 5

Numerical value 8.414 x 10-16
Standard uncertainty ©.019 x 1016 p

Relative standard uncertainty 2.2 x 10-3

borrowed from Christian Dreisbach (TUM)

UNIVERSITAT

Concise form 8.414(19) x 10-16 m
ep scattering MAMI - il - Bernauer et al., Al coll. [PRL 105 242001 (2010)]
wp spectroscopy CREMA - - Pohl et al., CREMA coll. [Nature 466 213 (2010)]
All ep scattering data, no MAMI - S - Zhan et al. [PLB 705 59 (2011)]
wp spectroscopy CREMA - - Antognini et al., CREMA coll. [Science 339 417 (2013)]
ep spectroscopy - ——— - Beyer et al. [Science 358 6359 (2017)]
ep spectroscopy - & - Fleurbaey et al. [PRL.120 183001 (2018)]
CODATA (2018) + - - Tiesinga et al. [Rev. Mod. Phys. 93 025010 (2021)]
ep scattering MAMI - A - MihoviloviC et al. [arXiv:1905.11182 (2019)]
ep spectroscopy 1 ———— - Bezginov et al. [Science 365 1007 (2019)]
ep scattering JLab - A - Xiong et al. [Nature 575, 147-150 (2019)]
up scattering AMBER - —— - Proposal AMBER [SPSC-P-360 (2019)]
Dispersion-theoretical analysis - —e— - Lin et al. [Phys. Lett. B 816 136254 (2021)]
0.I82 | IO.I84 | | 0.I86 | | 0.I88 | | 0.I90
rp (fm)
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Status of proton radius “puzzle”

* Determination of ep scattering

C. Peset, et al. 2106.00695

Linetal. ‘21
Alarconetal. ‘18
Lorenzetal. ‘12

—— DR derived

Belushkin et al. ‘06

Horbatschetal. ‘16 -

Horbatsch and Hessels ‘15
Leeetal. ‘15

Zhanetal. ‘11
Bernaueretal. ‘10

o ChPT

° non-DR fits

PRad ‘19 ®

uH Peset, Pineda ‘14
uHCREMA ‘13

CODATA06 -

°¢

0.82

0.84 0.86 0.88 0.90

r, (fm)
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Status of proton radius “puzzle”

* Determination of hydrogen energy shift
C. Peset, et al. 2106.00695

1S —3S MPQ20F | ——
2§ —2PYU 19} .

1S — 35 LKB °

2§ — 4PMPQ ‘17

1S — 35 MPQ ‘16 :

p—
o 8]
I
[ ]

H,y, [CODATA10]
CODATA18
CODATA 06 | —_—

t

t

uH Peset, Pineda “14
#HCREMA ‘13 |- .

0.82 0.84 0.86 0.88 0.90 0.92 0.94

r, (fm)
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From “puzzle” to precision

* Open discussion C. Peset, et al. 2106.00695

(AFEL ) measured = F1 + EQC(TZ%) + O(m,ab), C(ri) =c1 + 027“]% + O(a?)
drpg ecoded in Fy, Ey, and C ~ O(my)

do dJMott 1 9 Tp 9 ,
— i Tp !
(dQ>measured d} 1+ 7, (GE b £ GM) (1+drpE) +O()

r2), 6rpr, higher moments((r™)) and polarizabilities
D p

interwinded together when goes to the higher order corrections

Precision is the object that really matters in proton
charge radius problem.
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Summary

* We updated previous DR analysis on ep scattering
data in following aspects,

— Including the unprecedented low-transfer-momentum data by PRad
— Improved high precise 7T 7T continuum

— Improved uncertainty estimation

* DR analysis on NFFs data provide robust, steady
and consistent .’ over decades.

* Newest regular hydrogen measurements and DR
determination definitely agree with ‘small” ,H-CREMA
proton radius. Should not call it puzzle anymore.
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Thank you very much for your attention!
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Proton charge radius

* In Breit frame (non-relativistic limit), e~ +p — e +p

q:(an)a sz_qzchzzo

Go(q?) = / 47 i (7) €17

Considering a spherical density,
1

Gr(q®) = 27 / r2dr pp(r) / d cos(6) ¢l T cos(®)
0

~1
Re-define the momentum dependence,|q] = Q

A7 [

G@)=7 |,

rpc(r)sin(Qr) dr
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Proton charge radius
Expanding at Q2 =0
2\ " o0
_ 4WZ o) [ ey ar

= Ge0)S (~1) e (g2

— (2n—|—1)

A7 [ 22 o (r) dr 1

2" = Am /oo r?"t2op(r)dr,n € N
< >E 47rf0 rsz( ) dr Gg(0) 0 pE(r)

Comparing with the Taylor series of Gk (Q?), centered at Q° =0

@)

1 d"Gg
Gr(Q?) = m
" nz::O n! d(Q?)




Parametrization of NFFEFs

* Qur spectral functions of NFFs read

Im F7(t) = Im FZ.(S’KK) (t) + Im Fi(s’pw)(t) + Z ra) 6(Mz —1t),
V:w,qb,sl,...

Im FY(t) = Im F" @)+ Y mal 6(ME —t), i=1,2.
V:’Ul,...

e Im P59 (1), Im F&P™ (1), ma¥ §(M2 — t)

can be converted into (after DR integral)

aV
Fi(t) = —a
i(1) MZ —t
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Parametrization of NFFEFs

* Continuum contribution (not fitted to data)

M. Hoferichter, et al. EPJA52,331(2016)

— U777 based on very precise analysis of pion-nucleon scattering
H.-W. Hammer, et al. PRC60,045205(1999)

- KK from an analytic continuation of kaon-nucleon scattering data
U.-G.Mesifiner, et al. PLB633,507(2006)

- PT from investigation of the Bonn-Jiilich N-N interaction model

0.4_III T T T I\Il\ll|l||_ 3 T T T T T T III|III|III

- 1 1 1 | 1 1 1 | 1 | 1 | 1 1 1 1 1 | 1 1 1 1 1 1 ‘ 1 1 1 1 1 1 1
0.8, 1 2 3 4 5 0 1 2 3 4 5
Q° [GeV’] Q° [GeV’]

=]
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Two-photon-exchange correction

Soft-photon approximation

dacorr L dO_lfy QRG(MIWM}y)
df) df)

* One-gamma amplitude

62

Miy = —q—zﬂe(ps)wue(m)”L_LN(M)FVUN(Z?Q)
* Two-gamma amplitude

| d*k L
MbOX:—ze4/ o )41:';,, (HY + HX"YD(k)D(q — k)

LBJO/X = Ue(P3)VuSF(P1 — k. me)Nte(p1) Hy = un(pa)T*(q — k)SF(p2 + k,mn)T (k)un (p2)
HL" = tn(pa)(pa ) 7MN(pz +k,q— k)Sas
x (p2 + k)T A (P2 + kb, k)un (p2),
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Values of proton charge radius

 Historical DR determination

Ref. . [fm] i [fm]
Hohler:1976ax 0.836 + 0.025 0.843 £ 0.025
Mergell:1995bf |  0.847 = 0.008 0.836 + 0.008
Hammer:2003ai 0.848* 0.857*

Belushkin:2006qa 0.8447 5003 0.854 & 0.005
Lorenz:2012tm 0.84 + 0.01 0.86" 03
Lorenz:2014yda 0.84010:915 0.84819-09

Lin:2021umk | 0.83870 004 0003 0.847 £ 0.004 & 0.004
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Bootstrap vs Bayesian in PRad fits

* Bayesian theorem

P(parameters) P(data|parameters)
P(data)
posterior ~ prior X likelihood

P(parameters|data) =

@ ¥
aaaaaaaaaa ay ay aj a) a’

o

* Bayesian analysis IO TA AT

o

posterior
posterior

— L I

1272 1.274 1.276 1.278 1280 0.50 0.55 0.60 0.65 0.70 0.75
v w
m{ ai

05
0
5 0 05 5 0.99 10 101
Lo 10 Lo 10 10 Lo 10
m 05 05 OSJ 05 05 05 05
0 0 0 0 == L 0
0.5 10 5 0 05 -2 0 2 -1 o 1 -5 0 5 1 5

.
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Bootstrap vs Bayesian in PRad fits

* Comparing with bootstrap sampling

Method ro [fm] ri [fm]

Bayesian normal | 0.828 & 0.011 0.843 £ 0.004
Bayesian uniform | 0.828 +£0.011 0.843 + 0.004

Bootstrap 0.828 2 0.012 0.843 = 0.005
1.15
1.10 L
1.05 e
S <
= 100} — —— | 2105
: 3
0.95
0.90 1.00
085 . 00 02 04 06 08
0.0 0.2 0.4 0.6 0.8 9 Ge\fz]
Q% [GeV?] QI
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Parameters of best fit

 Best fit “6s+4v”

Vs my al’ ay Vi my ay ay

w | 0.7830 | 0.6893 0.0431 v | 1.1222 1.0414 —0.6239

0] 1.0190 | —0.0281 | —0.4705 || v2 | 1.5147 | —4.0062 | —3.0365

s1 | 1.8267 | 0.3768 0.5590 vy | 1.8062 4.8533 2.1897

sg | 4.0020 | —1.2786 | —4.882 vy | 2.2543 | —2.0208 | —0.0438

s3 | 4.0713 1.8028 4.0681

sq | 4.3075 | —0.6576 | 0.4944
nl 0.9965 | n2 1.0061 | n3 1.0028 | n4 1.0010 | nb 1.0035 | nb6 0.9914
n7 0.9982 | n8 0.9929 | n9 1.0076 | n10 | 1.0000 | n11 | 1.0000 | nl12 | 1.0037
nl3 | 1.0030 | n14 | 1.0044 | nl5 | 1.0055 | nl6 | 1.0027 | n17 | 1.0048 | nl18& | 1.0013
nl9 | 0.9995 | n20 | 1.0029 | n21 | 0.9977 | n22 | 0.9905 | n23 | 0.9985 | n24 | 1.0100
n25 | 1.0080 | n26 | 1.0069 | n27 | 0.9999 | n28 | 1.0100 | n29 | 1.0066 | n30 | 0.9999
n3l | 1.0100 | nl 0.9989 | n2 1.0059
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